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PerynapHaoBaHHHe HTepanHOHHue npoueccu ( R -npoueccu)/I-6/ 

nee qa~e npHMeHHETCH B BH'IHCnHTenLHOA npaKTHKe Ha 9BM npH llOCTpoe

HHH aa,neKHwc anropHTMOB ~nH pemeHHH HenHHeAHbIX aa~aq/3 , 7-rr/. 
BH1lllCnHT8HLHHH OllHT Ha 9BM llOKaa11BaeT, qTo R -npoueccu o6na

~anT PHAOM npeHuy~eCTB no cpanae~Hn C aHanorH'lllHMR M8TOA8MH 6ea 

perynapHaanHH/?,B,I2/. 

nanLHeimee HayqeaHe R -npoueccoB cnoco6cTByeT pemeaHn Baa

aoA npo6neuu_nonaoA antoMaTH3aUHH Hccne~oBaHHH aenHaeiawc aa~aq 

npH llOUOIIIH 9BII. 

B aactoa~el pa6oTe paccuaTpHB88TCH o6~8H ("~HTHBHO-MYHLTR

nnHKaTHBHaH") perynHpHaanHH npoueccoB HLnTOHOBCKOro THna. nanTCH 

YTB8p~eHHH O CXOAHMOCTH H cy~eCTBOBaHHH OTHOCHtenLHO HTepanHOH

HOR cxeuu, OXB8TWlan~ea rnanaue llOAKBaCCH, R -npoueccoB HLDTOHOB

CKOro tHna. IlpHBOAHTCH cneACTBHH 3THX YTBep~8HHA AnH R -npouec

COB mpeAepa (Tp8TLero llOPHAKa) H R -npoueccoB raycca-HLnTOHa. 

§ I. HeKotopue OCHOBHHe llOHHTHH 

I. Ilycu, x H Y - 6aHaxoBH npocTpaacua, a J - ae

npepYBHHA aen1aelliui onepatop, npeo6paaynUUtA nunyxnyn o6nacTL 

D (f) B I? (f) SY• 
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IlycT» 3a,IlaHo onepaTopHoe ypaBH8Hlie 

f (.:,;} = ~ (x. E]J' if€.R). (f) 

BMeCTO pemeHlifl ypaBH6Hlifl ( f ) qaCTO npliXO,IlliTCfl pemaT» 

BcnouoraTenLHue (nHHellHo-npeo6pa30Baaaue) ypaBH8Hlifl cne.nyDll(liX 

,IIBYX TliilOB 
R R 

lf f X = lfe.<f, . HID! (1~f ) 

~ 1)-f X ~ tf' D ~ ' ( 'fD f ) . 

3.necb 'fRCX) , tf>(~). , X € D - orpaa14qeaH~~ JIHH8t;\HU6 o~'epairo-
,. • : . • ,· - , R. 

pl:l, .nellcTBY.!Jllll18 143,8, B .t. H H.3 R, B. D , coo~BeT~TBeHH~. _ <f rx.J 
'n•·· , .. , ....... , ...... ·. 'o 

14 lf ( X) npe.nnonaraDTCii HenpepuBHO 3aBHCHlllH"!li OT X • 

IlyCTb, pemeHH8 ypaBH8HliH ( f)OTUCKHBaerca Ha OCHOBe O~HOlliaroBo-
v• • t' ••- • ' • - • • • •>: :i ••: . ,-, ..; ,') 

ro ,~~epal.\liOH~o11,o n~o~e-~~-a . 

.XO > Xr1+1 :_xn -a,.,<f,., (f.Xn -y) 

x,, ED · ( ri.: ~ 0 1 i., .. , } :.,.,, (l) 

r,11e a~ - nHHetiH!:l8. onepa•.r'opl:l. 14'3' R ·. :8. D - B cnyqae npliM8Hl3HHli 

BCriOl.l,OI'~;~~l>HO;O YJJ8.~H6HHH. { lf DJ' h l:iJU1 ·mmellHli6 onepa.TOP!:l Ha· 
~ ·,,·,-~· .,.) :~ .•·,"· •. ~• ,; ' n .-_-"· 

R B R - B cnyqae npllM8H8liliii Bcno110rtlT8JlbHOro ypaBH6Hllfl 

( ~ if . ) . ( bhep~~-opu· . lf ~· :a (I) ,IIJIH '8THX ·:nByx cnyqae:a noirnuaDT-
... ' R '·. ·R ' .·. ·. ·,r· ·D , D" · ~ .. ·" .. ,. .. •· ' -

Cf! KElK lf,.,_ (= tf (X,,)) R. lfn (= 'f (Xn) , 'cOOTBf}fCTB81fHO). ' . 

0Tl.18THI.I HeKOTOpl:l8 06ll.ll18 CBOllCTBa npouecca ( 1)·. 

By,11eM rOBOp11Tb. qTo npouecc (1) 'o6na,D;a6T CBOilCTBOM: 

ca M .o H c n p ~-~.n e ~.H _e (llnli 11 cxo.nH1.1ocu 11
) B cnyqae, Kor.na 

• M • ~ •. • 

1111eeT M6CTO COOTH_?;,e1me ·:,: •. : ·:,, ..•. c:' ''i ··' _ !;,•,. ;·7 .;;! ·:~ 

&m I/ an <fn ( f Xn -y )ff "'0 _ •. i;, (2)' ' n--

< 4 

,. , 

1 
li 

:1 

I' i'\ 

1 
I ,I 

1\ 

(B 3TOM -0nyqae, oqeBH,IIHO, B CHJ16 lim ff :Zn,~ - XnU ""0 ,, __ ) i 

n pH TH x e H He - B TOM cnyqae, KOr'Aa ~nH npouecca (I) B 

CliJie KaK (2), TaK 14 COOTHOW8HH8 

lim H'f,, Cf x,, -'j>H =o 
n-= (3} 

Ha CT OH~ e 8 n pH TH Xe H 14 e - B TOM cnyqae, KOr,Ila 

~:n11 npouecca (I) B cune KaK (2), iraK H cooTHomeHHe 

Um.. If f Xn - 'j fl=: 0 ; 
n~oo 

:n OX HO 8 n pH THE 8 H H 8 - B TOM c:nyqae, KOr~a ~rut 

npouecca (I) BM6CT6 C {2) Z (3) HU88T COOTHOW6H146 

//fx•-ljll=!o 

l',Il6 x.*:=: /!im Xn ; 
n-oo 

0 T T a JI K Id B a H Id e ll O f ( 110TTa1IK14BaH!d8 no a. 11 HJIH 
11 0TTanKHB8.H148 no tf 11 ) - B TOM cnyqae, Kor,11a ,11n11 ;·~ouecca (I) B 

CH:ne COOTHOW6Hlie (2) Id B TO xe- BpeuH IlOCJI6,IIOBaT8JlbHOCT» 

[/I f:rn -'j If J;:=o ( {/lanll};=o , HJIH nocne,110Bairen»HOCTD 

[ II <fn II J; =o ) aeorpaHHqeHHo pacTeT, HaqHHaH c HeKOToporo aoue-

pa n • 

2a!e~a!!.H~ !• 
0TTanK14BaH148 no If BCTpeqaeTCfl B npaKTHKe Ha SBM. 9TOT cny

qall npHBO~JdTCH KaK pacm11peHHe yKaSaHH!ilX OCHOBH!ilX cnyqaeB npHU6H8-

Hli8 BCnouoraT8JI»HlilX ypaBH6HH!t ( 'f Rf ) 14 ( <f D f ) • 

Cne~D~ee nOHflTH8 flBJlfl8TCH OCHOBHlill B pa6oTe: 

IloA peryrutpH3auzeH npouecca (I) aa ocHoBe aa,D;aHHOH llHcnoBoll 

II_<>c:ne,IloBate:n:r.HocTH A = { A" > o }0": 0 noHHuaeirca noctpoeHHe 
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HOBoro npouecca -r1ma (I), D KoTopou _ onepa~opu _ an. _{tt=o,11 •• ,) aa-

ueHlllO_TC!i _ ~O,llXO~.llllt~ DU6IJaHH!lllH onepaTopa.MH a,,t_ (n.~o,(, ... ) , TaKH-

UH, ,llJlll KOTOpblX B CliJie orpaHlfqeBHll 

/fQ.n./1 ~ An (n=0,1., ... ). 

1!HCJIO r = max {Art) B83W!aeTC!l "ypoBH8U peryJI!lpliaaUHH". 
n,q1, ... 

nJlll peryJI!lpH3OBaHHOro Ha OCHOB8 IlOCJl8,llOBaT8JlbHOCTH A npogecca 

( I) D, .naJibHeRmeu npRM8Hll8TCll o6oaaaqeHH8 " RA -npouecc" 1 a ,llnll 
. - ~- . " . ; . . . ·-· 

R -npouecca ( I) 1 HM810Il!ero ypoBeBb peryJIHPff 3aUH11 r =- npHM8Bll8TCll 

oC!oaHaqeaHe " Rr -npouecc 11
• · · 

,2a!!e!a_!!.H~ _g_. 

ITpHB8,ll8HBOe 3,ll8Cb IlOHHTHe O perynHpHaaUHH npouecca (I) llBJIH

eTCll qacTHHM CJiyqaeu O6Il!ero IIOBHTH!l O perynapHS~UHH HTepaUHOHHblX 

npoueccoB, CO,llepxall!HX JIHHeRHue marH, KOTOpoe ,llaeTCll Ha OCBOBe 

11 £ -KBaaHo6paTHYOCTHi1 III. 

,. -2 ~ ilycorr, 38.,11;8.HH H8KOTOpue muieaHue onepaTop-qiyHKIU!lt 
. --- . --- R .·, . u., (i-i: De.Rf iflx): IJ-IJ ;_ z (xi: JJ-R 

7Ax) :'iJ"-.n"; zir])(x'i: R-JJ;. W'R(x): R-R

(B o6uteu 'cJiyqat/aaBHCH!llHe OT x €.-D ) : · 
ITyCTb 6Il!8 npe,llilOJiaraeTC!l CYII!8CTBOBaHHe OC!UKBOBeHHblX o6pall!eHHR 

(l/(xJf 1 (urh:, U(X}+ 2~.x,r1 
H (W'D(.X}U(.x}+•il.x'>F'. 

' 
.B.ztaJibHelitmeMpaccMaTpHBalOTCiI ,llBa OCHOBHblX IlO,llK:nacca npouec-

COD; THIIa ·( I),,' IIOJiyqaeMux Ha (I)· .lti)CJie -aaM8Hli Q., n. ortepaTopa1.1H 

]) . ( 1) l) -J. 
a,n. "' 1f,z. _ W:,:_,. ,,Un t:~ n. / 

. ~- :.:: :·: 
R R - R -1. 

afli_ ";-Yn~_( W'rt l!-_n -t 'ln ) ., 

6 

-.. ~\ ·; -~- , 

~ f l:-1) ) 

·. ( 1.aR ) 

ti 

I 
( 
l1 

\ 

!1 

\ 
ii 
\I 

i 
-l 
! ., 

.- j 
\ 

-I 
·, 
~ 

1 
l 
\ 

(3.necb HCIIOJlb3YlOTCll OC!OaHaqeHHH: 11n,= 1J(Xn.). ur:: = u?'r.:c,,, 
fl R. D7J I? R 

Wn=W'(Xn), 'Z-n,=Z{Xn)H 't-n.=1-(Xn1). 

Ecmt D npouecc (1a, R) IlO,llCTaBJieHU CJI8,llY10lllH8 KOHKpeTHHe 

onepaTopu 
,,,, D R R 
Vn_ = £ 1 1'1n_ :;:, £ J 

R 
Zn =_8 H 

I 
Un=f{.XnJ 

-
(B 3TOM CJiyqae B D npe,llilOJiaraeTCH CYII!eCTDOBaHHe npOH3DO,llHOR 

f' (X) ), TO Ha Hero noJiyqaeTCll O6UKHODeHHHH npouecc HblOTOHa-KaH

TOpOBHlla. 

. Ecmt B npouecc ( I a.» ) ( B cJiyqae X H Y -KOOP.zlHHaTHHe 
D ,,,,. 

eBKIDt,llODH npocTpaHCTD!l) UO,llCTaBJieHu onepaTopu Vr'z = E, W:,=tfn = {.Zn) 
,r . 

(r,lle f ( Xn J- TpaHCIIOHHpODaHHaH MaTpHUa flKO61t1 f 1 
( Xn} ) 1 

D , 
7, n == 0 1t1 Un == f < Xn J, TO noJiyqaeTCll mMpOKO npm.leH.ReMHil B 

D!illHCJIHT8JlbHOR npaKTHKe Ha 9BM npouecc raycca-HblOTOHa. naJiee, Ha 

O6o611leHHHX npoueccoB ( I a. D ) 11 ( I a I? ) npH '!OltXO.llHllleM no.n6ope 

onepaTopoB 11'n • w;, , <.f n Un It! ?,~ MOllHO IlOJIYllHTD Bee 

CJiyqaH paccvaTpHBaeMWC .no CHX nop R -npoueccoB HbDTOHOBCKoro THIIa. 

KaK BH,llHO, onepaTOp!i Un , W'.-i H Cf n. CJiyJtaT ,llJlll 38.,ll;a-

HH!l OCHOBHOR clrpaTer1111113/ HTepauHOHHWC npoueccoD ( 1 d' ) H 

( 1 a/l ) . B TO ae ~peM!l onepa-ropu in H 'lf'n ( n =O, i, •••• ) 

HrpaDT BCIIOMoraTenHyD pOJib - ,llJlll HcnpaBJI8Hllll npHM8Bll8MWC OCHOB-

HblX CTpa'ferHH. ITpH6aDJieHHe onepaTOPOB 'lo l'l. H Y,z_ K KXaCCHlle-

CKBM CTpaTerHllK o6yCJIOBJieHO B!iqlfCJIHTellHHM OIIHTOM/13- 15 ,3,9,ID/. 

B BaCTOllll!8'1 pa6oTe onepaTopu in H V'IL npBMeHllDTCH ,ltJlll 
R 

npoBe,iteHHH onpe.neJieHHOH Bume pery JIHpHaaUHH nponecco:s { i a. ) H 

( f Q,,D ) • 

B c:saaH co cnoco6ov y'l8.cTHll onepa-ropon 'l n. H 11'n. B npo-

neccax { ,{ <LR } if ( ,( o.!' ) pasJIHllaDTCll ,itBa BH.ita peryJIJipB38IUll1: 
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"an;Al1Tl1BHaH peryJrnp~rnau~H" (" a.-:-peryJI~p11aau11iI 11
) - B cJiyqae rrp11-

1,rnuett11H JleHyJieBblX orrepaTopoB tn, ( fl. =O,I, • • !) 11 MYJILTl1IImlKaTHB

HaH perym1p11aau11H ( 11.,u.-perym1p11aau11H") - B cJiy1-rne ,_npm.rnHeHl1H tte

e,!ll1Hl14HhlX onepaTopoB I{ ( n =O,I, •• ) • a-11 _µ., -perym1p11aau1111_ rrp11Me

HHIOTCH B OCHOBHOM ;!IJIH ,110CTl1l!(eHl1H .zlBYX pa3JIJ,l4HblX Bb1411.CJil1TeJILHhlX 

sqil.f>eJtTOB rrp11 peaJI11aau11}1 11Tepau110HHblX rrpoueccoB: a -peryJIHp11aau11H 

- ;!IJlfl 1136eJKaHl1fl IIJIOXOii o6yCJIOBJieHHOCT11 orrepaTopoB -zi;;,_ Un..(rL =O,L •• ) ; 

...u.-peryJittp11aau11H - ,11JIH pacw11pett11H 06JiacT11 cxo,1111uocT11 rrpouecca. 

0,11HaKO Bbl'll1CJI11TeJILHblil OIIblT IIOKa3blBae~, 4TO Q_ - peryJIHP113aUl1f1 11Me

eT 6oJiee w11p0Koe atta4ett11e. 

·TaK, Hanp11Mep, rrp11cyTcT:irne HettyJieBblX orrepaTopoB r,,;__ B npo-

ueccax HLIOTOHOBCKoro T11rra MOJKeT o6JierqHTL peaJi11aau11ro rrpouecqoB B 

TOM CJiyqae, Kor.11a orrepaTOpb1-IIp0113BO,!lHble aauetteHbl 4l1CJI8HHbIMl1 an

rrpoKCl1MaUl1HMl1. 06ocuoBamrn CXO.zll1MOCTl1 R -rrpoueccoB B STOM cJiyqae 
, . . - . 

(lil H8JCOlK,118H118 3aKOHOB IIOB8,11eHl1H ·orrepaTOpOB 'ln. ) paCCMaTp11Ba8TCfl 

KaK 06octtoBaH11·e rroJiyqae1mx "rpy6blX n~ouecco:s" HLIDT6HoBcKoro or11na. 

:npyrotl npm.iep: B npoueccax I'aycca-H1,ro£oua ·orrepaTOpbl -- ~n, 

( IIO;!IXO;!lfl~~ . Bb16pa!!H~e) ~OlKHO paCCMaTpl!BaTI, "it"a_K KOIJI16HC:°aJ.i11ro. OT6pOlli8l!-

HOrO rrp11 °BBe,11eHllli STl1X rrpoueccoB:4JieHa /
11(:x}ff.i)_(f.:i._.'1) 

[6, OTP·· 56). . - -

Ilo-BH,1111MOMY' 
0

heT Bbl'll1CJil1TeJi1,Horo OIIblTa no np111,1eae.Hllll 06lll8il 

. "n a~;__ peryJIHp11aau1111 II' 0,:!1Hait0' ila.110 npe;nnoJiaraTL' 4TO CO'l8T8H11e 
. ' , ., - - . . . . . . .· • .• ]) ·. - . R ,,. 

,11Byx peryJIHp11a·au11tt np11,11acT npouecca1,1 ( i ~ ) 11 · ( J ~ ) 
:. . .... . .. 

H8RO-~opyro ,1101IOJIHl1TeJILHyIO n16KOC.TI, 11 yHJ4BepCaJILHOCTI, 1Ip11 peaJI1138U1111 

Ha 8BM. 

OcHOBHOii aa,11a11ei1 TeOpl-111 061l(eil: a - fi -peryJIHpllaai£111,1 HBJIHBTCH 

HaxOlK,116Hl1e 3aKOHOB IIOB~~~~i,_"H orrepa.Topcll( H vJ ; =0,l, ••• ) KaK 

il>YHKUllli OT HOM~pa l1Tepau11n .-

8 

-• 

l 
i 
! 
I 
I 

l 

! 

-~ 

§ 2. Gxo,n111o1ocu H npnHsea11e R -npoueccoB 

HLDTOHOBCKOrO THII8 

B STOW naparpaqie peaym.TaTbl OTHOCHTCH O;!IHOBpeMeHHO K npouec

CaM ( -I a? ) 11 ( /~ R ) • 8TH npoueccu pacc11aTp11BaDTCH qiop11aJILHO 

KaK o,11HH npouecc 

r.ne 

<.f n. 

X 0 , Xm, = Xn - ii11, '-fn (f :Cn -y) , 

Xn E JJ ( n = 0, I, ... ) 
(-lo., ) 

Zin.== Vn{WirUnt-Zn)- 1
• (3,11ec1, onepaTopu Zn Ul'n. 11 

D JJ JJ 
IIOHJ4MaDTCH KaK oneparopu Zn. ' wfl. 1,1 tf r'I. ' J,IJil4 KaK 

R R R 
onep~Topu 't r'I. , urr'I. 1,1 tf n ) • 

Ilycn B CBHSH c npouecco1o1 ( 1 a, ) BBe,11euu o6oauaqamm 

J>n = ff W'n (f X n - lJ) fl , 1: n == /I ltJ,z U ,,,)I , 
f;n = !{( Wn Un+ Z.n) 11',;-' Y- 1 II, Cn::ff(w;,un 1- c~)ll'ri-'11 {;n 

H IIYCTI, BB6,116Hll l(B8 BCno11oraTenLHll6 ipyHKUHH 

f/e(S,t) ; S,t c [O,oo) , e = I Z ' , 
HM6DlllHe CBOKCTBa: 

( <Je) 6C.llll s 1 1, S:,, H t,1 ~ t 2, 

' 
TO 9e(S1,t 1 ) ~ 9e Csa.,tz.); 

<91> //Xn,.-:J:n//:f91 (6n,fn.) fn (n. =O,I, ••• ) 

( 9z) f n+< !:: {ja. ( £,, ,J'n) fn k 
(n =0,I, ••• ) 

r.ne K ~,l 

~YHKUHH 9 1 1,1 9 :z, H 'lHCJIO K B ,11a;n1,aeKme11 HaaYBaDTCH 
11qiyHKUHff CXOAHMOCTH 11 , "ipyHKIU!H npllTHS6Hl4H 11 H "nopHl(OK llPIITU6HHH 11

, 

COOTB6'1'CTB6BHO. 

IlycT.1, AM pemeHHH ypaBBeBHH ( f ) np1,11,1euneTCH npouecc ( I iL ) • 

.,,; 9 .. 



B CBH31! 'c paCCMOTpem1e1.1' Bi:mpoca: 0 CXO,ltl!IIOCTI! 11 Cyl!leCTBOBamrn 

pe111eHl!H npe,nBapl!T8JlbHO ~opuyn11pyllTCfi' cne,nyllllll!e rl!llOT831l: 

n,1) cy111ecTBYIOT 4lY,HKUl!I! ~ 1 ' ' 9), I! ~c~o, .. K ~- I I 

. Q()Jl8,ll8Jlli\1!8 CBOiiCTBalll! ( 9 eJ. ( j-1) ; I! ( ~ ~) i 

/2,1,) onepaTOPll <fn , Un I! V'n(tt=O,I, ..••• ) Il0,Il'll1-

HHIOTCH yCJIOBl!Jl 

// %, , Un t1 lfn-:, - Wn Un l/n-1
// ,f Z M If XnH - Xn I/ 

( n, =O,I, ••• ) 
(4) 

k3J 

hi() 

fts) 

(r.ne M ~ [ 0, 00) - IlOCTOHHH8H) i 

cy11teCTByeT orpaH11qeHa!la onepaTop 
I -I 

Q, 0 = ( Wo U 0 u;,-1 
f- lo if,, - ) ~ 38,llaHO ,neacTBl!TeJil>HOe 

1ll1CJIO 

r > la 
(5) 

I! BBe,neH!l B paCCIIOTpeHl!e CBH3aHH!le C Hl!II 1ll1CJia 

J =~2, ((,_?.)~:-( 
7 

0=91 ((,j'o) 

'f'o= ( ZMo.,. Nr) 60])0 ; 

I! 

.l(JIH HaqaJll,HllX X 0 1 'to I! 7;. I! H8KOTOpoa. IlOCTO-

HHHOa NE [ o, oO) B Cl!Jie COOTHomeHl!H 

II Zc II 
T.}>: == N 

~ "i tf0 < f - r-, 

2 
A. + ~ . r 1 
r 1 - 1.fo ('[ _:, €, 0) @, 0 ~ 

(6) 

(7) 

(8) 

onepaTOPll perymtp1!38UHI! 'ln H 1J' rt no,n1ll1Hl!JlTCH 
~ ' . ' 

orpaa1qeaHH11 

;; 10 

• 

,I 

'"' •' 

Hzn.zji_-l#~Ntnfn. (12=1,Z, ... ), (9) 

d 'lnt1 'lf,.-:
1 

- 'tn 1J~ld ~ # Z.n V'n- 1
// (n=0,-1,.,.) (IO) 

/i 6 ) cqiepa W=XcX/1/x,-xJ~ ~-~:" nelll!T B 

o6nacTI! D • 

H11eeT 118CTO CJI6,IIYIOlll88 YTBepa,neHl!e O CXO,ltl!IIOCTI!, npl!TH1t8Hl!I! I! 

perynHpHaoBaHHOCTI! np11MeH11e11oro npouecca _ ( 1 a, ) . 

_!eQP~II_!! l• 
IlycT:& np11 pemea:1111 ( f ) aa ocaoBe ( I ii ) B c11ne npe,nnono-

1tea:1111 /i 1) - /2,6) • Tor.n~ npouecc ( i a, ) HBJlll8TCll CXO,IllllllHIICH 

Rr -npouecco11 ( C ypOBHell peryJillp1!30BaHHOro 1ll1CJia y' H3 ycJIOBl!ll 

h,3 ) ). 
Ilpe,neJI:&HaH ToqKa .X-i = fim Xn JielltKT B cqiepe W II y,noBJieT-

n-~ -
BOpHeT Bcno11oraTeJII,HOIIY ypaBHeHl!Jl 

lf(x) (f-X.-<J)=0• 

H11eeT 116CTO OU6HKa 

fr~ - J:i // ~ r-; .Po Bn 
1 - PK" 

l+K-t •••Kn-f 
r,ne B n = t> , 80 = i 

( n = 1,2, ... ) 

( cp f ) 

(II) 

]l0_!8!8!6!1>£T!!,O. (IlpOBO,ltHTCH no cxe11el16• CTp. 3o21 C aeo6xo-

,nlM!lllB B3116H6Hl!HUH), 

I. Ilo BH.ztYKI.Uil! ,IIOKa3!lB86TCll cnpaB6,!tJIHllOCT:& YTBepx,newdt 

a) f n ~ S'o B n < . .Po . 
6) onepaTop a.,, cy~ecTByeT I! orpaHzqea; 

ll • 



B) 'fn e: '-fo < i , r;z1e <fn = (2Mut Nq)t'nfni 

r) /},,. = a - ( Y- - (; o ) B n ~ ( 

;11) XYL+ ◄ E D 

CnpaBe;11nnocn a)-;11) ;!IJifl n =O cne;11yeT Hs h 1) - h..6 ) • Ilycn 

a)-A) Bepm,1 AJlfl HeKOTOporo rt, • :zloKas1,rnaeTCfl, t{TO OHl4 Bepmi H AJlfl 

n. +i • 

a) IlpH6JIHKeHH8 Xn+{ cy111ecTBY8T cor;nacao 6) H B CHJIY ;11) 

npl4H8AJieitHT D • CJI8AOB8T8JU,HO, B8KTOP f Xn+1- ~ E R onpeAeJieH • 

Ha ocHoBe npeAnonoxeHHfl h1 ) H YTBepxAeHHn a) H r)'nonyttaDTCfl 

HepaB8HCTB8 

fn,1 ~ 9:i. ( gn' 5\,) f ~ ~ l},2, (t', f'o ) f ,t ~ 

{ ~ L ( r, Po ) (? 0 5 rt / = p fo B~ = ?o B n + 1 

(12) 

IlOCKOJII,KY ~ < 'I (Cl.I. (7) ) ' B CHne B~.1< I 14 ,Ta1rn11· 06Paso11, 

S\+1 ~ .fo & nH to fo • 
6) CorJiaCHO 6), BBO;lll4TCfl onepaTop 

en.= 0..n (([j_nff-+ (a_,11.Hr1
)==£])-!,n , 

D -:z - c- -1 r;11e £ - e;11HHHttH!itl onepaTop B D , a ,r:.,,i. = a-,, a. nt-1 ) 

.llnn HOpllbl // tnl! c IlOMOll(I,J) HepaBeHCTB (4), (9) H (IO) 

nonyttaeTCfi OU8HK8 

. II efl II = fin "it ~ ;,, '[r: 1 ~ iii11+1 lln., If,,:: if -f 

+ f 'Zn v-;,,- 1 
- .z v;,;1

1
// _,;; 2 Mfi,, f Xn -xn+f ff 1 tVln j n 

nt1 , . , . ·.. , 
(i3) 

,lJ,aJiee, B CHJIY ( ~ e . ) H ( r 1 / 14M8~T. MeCTO 

J/.tn -xn.,J = q, ({!,; ;pn) fn --~ g1 (f,pJf: = Vfrz 
TaKRM 06paao11 

/ltn/1 :f: (2Mu +/1/r)C,,_p,, =lfn <-1.. 

~2 

... 

\) 

" 

PH.II f f!n i .Z { .Z E. .D) CXO;!IHTCfl I H onepaTOp , .. CJI8,llOB8T8JII,HO, 

2 = t~ - en 
n I 

II - 1 II -' _{ - L. --
If 1n II - ,f-f/fnll - {-<fn 

HueeT orpaHHqeHHiin o6paTHHn, ,llllfl KOTOporo 

BwecTe c onepaTopawl4 an 14 :i ~' cy111ecTByeT orpaHl4 tteaault onepaTop 

ii,,H {( W',,, 1 (in+ 1 + 'lnn) v,;:,1
=iln 1-n) • ,ll,JIH ero HOpMii Cilp8B8,llJIHll8 OU8HK8 

0 II ~-1 - _,, II L. p -~
f0nt1 = .en (an) II - Vn 1 _<fn 

ll) lis COOTHOmeHBfl (12) H (14) nonyttaeTCfl 

(14) 

lf',.,t1 = (2Hu + Nr) tn,, fn+1,;; (2M~ +N{') 1~':rn <}2, ((', fo )f,,"' '"" 

== h {j:i, (r, Po) P:-1 

OTKy,lla C ytteTOM a) 14 B) 14 Toro q)8KT8~ ttTO f->< /-'fo (CY. (7) ) 

_nonyttaeica 
<. 'fn 

lf n-i-1 - {- Lfo ji~tfrz 

r) Cor;nacHO ll) HM6JlT ueCTO 

.f -:: cf,., > 0 , f - lf o > 0 1 lfn ( <f o - c.f n ) ~ 0 

H OTCll;ll8 

_f_= f-1..fo < f-<fo+Cfn(<fo-Cfn) _ 
I- 'fn {f-tfn )(f-1.fo) (I- lfn) ( 1 - c.f o) -

== i -t '-In = f + (2#6'+ IV{'J~n p,, 
f-<f'o 1-<fo 

TaKHM o6pasow, HS (14) c;ne;11yeT, ttTO 

f, i; f,11{-f+ (2H<J +-N('.)~n Pn Jc·· 
n+1 ~ _ '-l'o 

'•·,13 



IlpH llOMOll(H r), a) H npH o6oaHaqeHHH 

q,,;,, (2/<fu + N () Po -~ .1... 
-1 - Lfo - {- lfo e. 

nonyqaeTCll lb ~ ~n (1. + rn Bn) H :B cHny r) H8XO,ItHTCll OKOH-rz+~ . ,' 
'-IBT811l>HO 

f,nH ~ ((- o--lo)Bn)(i+(q,Bn)='[-{r-l.)BnP, 
(15) 

r.l(e 
P=f+f4Bn _C!JL_·>,,1.-!.Et.. 

r-~ 0 r-e- o 

3HBM8HBT8111> ( - lo > 0 :a CMllY ( 5) • EcnH llO,ltCTa:BHTI> q, , 
TO c yqeTOM % < f -J:, Ha ( 7) nonyqaeTCfl 

f ~ J _ ( 2, l.f o Kn 

((-lo)({-lfo)to 1' f ~ f 

OTCll.ita, B c1.111y Bn p ?, B n ,
1 

Hepa:seHCT:BO ( 15) npMHMMaeT BM.It 

!Jn,r £: ( - ( f -to) Bn+1 

Illa ('(-&.JBn,, >O · cne,ItyeT tnu 6 ( 

.it) B Hepa:seHcT:Be // x,,n-:r 1 II 6' ~ II xi -.xi.,, II Kai..itult 1111eH 

cyMMU o~eHH:saeTCll B OT.lt811l>HOCTH C llOMOIIll>ll ( ~1 ): 

llx;.1 -xdf !.tJ1 Ct;,J'd f;:: Cj1 (t',f.)ft, 8;, =: 

==u fo 8, (i.=f,2, ... , n+-1)_ (16) 

CJie.l(o:saTelI:&Ho, Mt 

fl Xnu - Xd "' o .f'o :[ B; = 
t..=1 

K K Kz Kn =<TfJ}-4-fp+ppf> .,. ... +J,y/'- ... f-> ). 
IIOCKOJI:&Ky _j-> < I H I< ~ I llOJiyllaeTCll 

_r-,K' ~ J,K ~ fo < l. .l(JIR Bcex i. = ,r
1 

!I., ... , n + ,1 

14 

I 
\ 

i 
~l 

j 
t 
1 

l 
~ 
' 
i1 

I 
I 
I 
r 
Q 
I 
~ 
I 
~ 
I 

I I 

t 
j 
1 

' 
Ii 
j: 
\ 
,'I 

1 
I,( 
t, 

Cne,ItOBBT81ll>HO, 

II Xnn -:C1'/ £: ojo ( f3 t- f> (f>K) + f (_f>/( l-,. .. , t p(pKJ rz) = 
== (j'() p, I - ( f,K)n+1 < U f L 

J or ,{ - _;-' K o 1- t'K 
0TCll.ltB nonyqaeTCH, llTO .'.tn+:z. E w H X.n+2 ED 

STMM ,ItOKaaaHo, llTO yT:sepx.l(eHHH a)-.It) BUil011H8HU .l(llfl ncex 

n.. =I,2, •••• 

2. Ha OCHOBe (16) no11yt1a1JTCH aepa:seHCTBa 

.n+m 

If Xn,m+1 - Xn ! £: ~ If Xi. - x,+18 ~ 
L=rt 

rtHT1 n 

~ ~ Ufo Bi == (J'P B . I- u~/< rH 
c•n Jo n -f_ - ;,"'" 

<'. u P. Bn,, 
f-j--K ( 17) 

IlpH n- oo r-pK" ocTaeTcR orpam1.11eHHuM, a rrf'. Bn 

BM8CTe C 8 n. CTpeMMTCll K o. Bee x,, JielltaT B W • .I{Jifl :scex 

nt=I,2, ••• //Xn,m•f-Xn/1-0 npM n.. --vo. 
TaKMM o6paaou, cy~ecT:syeT npe.l(eJI 

-:X:,.., E W • 

X-i: = f.im -.l:'n 
n-= 

,Uanee, npM n -oo BM8C'1'8 C Bn CTpeMHTCli K HYJIK> M 

!,I 

fn :f: _p
0 

Bn , a nocne,noBaTelI:&HOCTl> {lfn (J;:c.,-~) J ;;"., 0 B CHJIY 

aenpepUBHOI aaBHCHMOCTH (}/YHK~A Lf ( :r) H s :r - ~ OT :r CTpeMHTCli 

K 4' {_X7, )( f .Xr, -~)- TaKHM o6paaou, HM88T ueCT0 C00TH0meHHe 

U lf I :r -i )( .f x rz. -~)II= O , i-.. e. x 'Z. HBJIHeTCH pemeaieu :scnoMoraTen:&-

Horo ypaBH6HMli ( 4 f ). 

IlpM6JIMlt8HH8 X.n+rnH llpH m -o0 CTp8UHTCll K X" H 

(17) npll ~llKCHpOBaHHOM rt .l(B8'1' o~eHKY (II). YTBeplt.l(eHHe, qTo 

( f .i ) a:snlleTcll R r -npou.eccou ,cne.l(yeT Ha cnpa:se)(JIHBOCTH · Hepa

BeHCTB r) (.llllli :scex n.. ). STHM Teopeua I .l(OKaaaHa. 
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runoTe3bl -/i,,3 ) , IL,) H /i 5 ) 06ecne1nrna1JT anpmopH cBolitcT

Bo npouecca ( -UL ) 6b1Tl> R6 -npouecco11. C ,npyrolit cTopoHbl, 9BM H 

nporpaMMHpoBaHH8 npe,nocTaBnHllT 6on1>mHe B03110SHOCTU .nna pe8nH38UHH 

HTepauuoHHblX npoueccoB ,:una ( 1 {j, ) , KOTop1,1e np006peT8llT cBolitcua 

perynapuaoBaHHOCTU BO Bpeua Bb1Il0JlH8HHH H8 9BM. T8KHe npoueccbl, KaK 

np8BUJIO, flBnHllTCH 6onee cnosHblUH npH pe8nH38UHH H8 9BM, HO 88TO 

o6n8,llaDT 6onee npoCTOlit TeopHelit cxo,nHIIOCTH H npHTH&eHHH. B § 5 H8-

CTOH~elit pa60Tbl npUBO,nflTCfl HeKOTOpble YTBeps,neHHfl O cxo,nHMOCTH H 

npHTH&8HHH .nna npoueccoB, perynapH30B8HHblX BO Bp8MH BblllOllli8HHfl. 

§ 3. HBHbllit BH,n ycnoBHH perynapuaaUHH 

Onpe,neneaue onepaTopoB perynapusauuu 'l n u if ri. npa»o ua 

HepaBeHCTB (9) YOE8T qKa38Tl>CH aaTpy,nHHT8Jll>Hblll no npHtn!He aaBHCH

YOCTH &n. OT C8JlttlC onepaTOPOB "l n, H 1f 11.-. no 8TOlit npHtn!He CTa

BHTCfl a8,llaqa O Haxos,neHHH 8KBHB8Jl8HTHbllC ycnoBHlit (9), CBH8blB8D~X 

onepaTopil Zn. H 'if,, npo~e, qeu H8p8B8HCTB8 (9). B CBflSH C 8THY 

HU88T lol8CTO YTBepx,neuue. 

'.E,6.QP~!! g_. 

BblllOJlH8HHe HepaBeHCTB 

/I 'l" lJn - IJ/ ~ -1, ( V f/ Wn_ lL n 71' ;_ t· + 4 N Jn - I/ Wn U" ?I,, -
1 If) . 

Bneqe,: 38 co6olit Bb1Il0ml8HH8 HepaBeHCTB (9). 

Jl_o~0~a!_e]!1>£.T!o. 

Ha ( IS) cne.ny1>T 

(/!Zn v-,;'' !l-i Vi Wn lln 71:,-"1!2 + lfNfo --J:,Jlw;,u,ilrn-"/1)¥-

16 

(IS) 

i' 

11 

I 
I 

I 
I 
I 

( II 'in V:,-1
// rt Vt/W:.,UnV'n-"f(:i,t-4Nf:.,. i;//W'nUn V:,"' 1

// )~ 0 

( n.=0,I, ••• ). 

0TCD,n8 nonyqaDTCfl H8p8B8HCTB8 

/frin v,; 1 1/ (/1 "tn v-;;_1!/ + f/UJ;,_ unzr;;1{/2') ~ !Yf n ( n, =O, 1., · .. ) 

H aepaB6HCTB8 

/I Zn v;,--i I/// ( Wn Un.+ "tn) V'n -f // ~ N '1n fn • ( n = O, I, .. · ) 

Ha CBOlitCTBa lll!CJ18 06ycnOBJleHHOCTH ·en ~1 /l6/ IIOXHO a8KJ1D

qa,:1,, q,:o 0Kouqa,:en1,ao B cune 

/I (,n. lr1t 1 If~ N gn -911. (n=O,I, ••• ). 

. ]lna B0:a:uoro q0c,:soro cnyq0a a-perynnpus8UHH (U=ED, 'inf. 0 ) 

aepaBeBCTBa ( 18) l1BnflKlTCfl 'ycnoBHl1UH .nnn onepaTOPOB perym1pH88UHU 

"l, n. ( /1., =0, I, ••• ) yllte B l1BHOY BHJ{8 • 

AnanorHIIBO npHBe,neHHOlit ,:eopewe 2 UOXHO J{OK8a8Tl> YTB8PXJt8HHe, 

qTo BblllOJlH8HH8 H8p8B8HCTB 

ff i'n If~ f (i/,-i-_?;_t-___ 11'"-~~-
1
1-f._-f-,~

1 ~ 'tn ) 

. ( ~ =0,I,2, •• ~ ). (19) 

BJieqeT 38 co6olit BblilOJlH8BH8 (9) • 

Tenep1, oqeBH,nHO cne,ny~~ee cne,nCTBH8 T80P8Ybl I. 

1.e,Q.P~II!! ~ • 

Ilycu _Bblnoru1eabl ycnoBHH h1)- l,,b) Teope1.11,1 I, r.ne BuecTo He

p0BeHCTB8 ( 6): B cune' 
•,. 

J!.'tod.(ll<.illt'C/) ~N.Po , . .(20) 
. " ' . ' . ~ ·: - .· ~ . 

. ·.E!-. BY8CTO Hep~eHQT~ ,(9) l,l Ol!Jl_e (J;~) . (HJ,tH. (19); ) •. ToI,",na_ HWeDT. Y8CTO 

YTBep3:,nemrn .. ~eopew~ i. 
..·.1:._ 

i,17 



IlpB nocTpoeHMM R -npoueccoB c onepaTopaMH perynHpHsaUH1r1, 

Y.ItOBJieTBopftDIIUIMH saKoHaM (19) HJIH (20),cyllleCTBYDT .ttBe BOSMOltHOCTH 

onpe.7.te11eHBft ·onepaTOpOB 7/n. H 'Ztt.. • llepBall BOSMOllHOCT:& - KOr.tta 

CHaqaJia onpe.zteJillDTCll (Ha KaJE.Itlil mar) onepaTopu 'lln,, a noToM 

(Ha OCHOBe (19) J,UIH (20) ) onpe.7.t6JillDTCll onepaTOPli in... BTopall 

BOSMO:&HOCU. - KOr,zta CHaqana HaJC0.7.tllTCft Zn.(C //7,,._// =I O H He HC

llOJl:&Syft ]tJUI 8TOI! ueJIH (19) HJIH (20_) ) , a ¼ onpe.7.teJIHDTCft HS 

ycJIOBHlt 

If V' 11, - ~ II ~ .i V-ci i;~(-~/-=1:!'-'c: >,.,..1.--,_ 7:,=:;..-

( rL =D,I, ••• ). (21) 

IlpH npHM6H6HBH HepaB8HCTB (21) .7.tJlll nocTpoeHBll R -npoueccoB 

THna (IO) MOllHO .7.tOKasaT:& yTBep:&.7.t6HBH, aHanorHIIHlie npBB6.7.t8HH!,lM TeO

peMaM 2 H 3. 

~.a.~e!a!B~ i• 
TeopellH 2 H 3 .ttaDT BOSMOXHOCT:& OTB6TBT:& nono:&HT6Jl:&HO Ha 

Bonpoc O CYl!l8CTBO.BaHHH onepaTOpO.B tn. ,;o·. "tn. 4 £~ H qacna 

N -to TaKHX, ,ltJill KOTOPliX COOTHOmeHHll ( 6), ( 7), M (8) .BlillOJIHllDT

Cft (aaanorBIIHO Teopeue 5 Ms/21). 

§ 4. KoHKpe!Hli6 R -npoueccH H:&D!OHO.BCKOro TMna 

Bes JKQ8aHBll KOHKP6THlilX WYHKUHA CX0.7.tBMOCTH M npBTR:&6HBft OO'

IIU!8 T60p8MH O CX0.7.tMMOCTM l H 3 BMeDT WOPMQJI:&Hli! XapaKT8p. 

B aac,oa~e• naparpawe pacc■aTpBBae,ca noc,poeuae WYHKIUIR 

91 • ~L ]t:llft H8KOTOPYX HMellllHX saaqeaHe B npaKTBKe aa 9BY R-npo

uecco• K~DTOHOBCKOro TBDa H nplBO~TC8 COOTB8TCTBJDIIB8 CJI6]tCTBBH 

OCHOBHlilX TeopeM O CXO]tBMOCTH I. 3. 

II 

_.B_=gE~y~g2~_lliE~~~y~~ 
If 

IlycT:& .B D CyllleCT.ByeT BTopall npOH3B011:&Hall '1>peme f {X) (KOTO-

paa Kait 6Hn_HHel!HliH onepaTop .tteilcTByeT Ha.zt napa1m ( p, p ) ( P Ee IJ ) • 

IlycT:& sa.ztaH cne.ztyDlllHH npouecc THna 

S S '· )-1 R : Xc,Xnt1 ===;:£n-ifn (f(.Xn)+&n {fxn-~) 

:l:.n E 1) ( n=O,I, ••• ) ' (22) · 

r.zte onepaTopli 1f ;_ sa.zta10Tca cpopuynon 

1f! p = p + i {f'(Xn) +inr1 f i,(X,,,} (p,p) 

H HBnH10TCH o6paTlr!LllilMH .ztnH noooro KOHe11Horo n.. • flpouecc Rs 1,10JK-

HO paccMaTpH.BaT:& KaK 060611leH11e npouecca illpe.ztepa/17, CTP•270/ . . 
(npH I< =3). 

~MeeT MeCTO cne.ztY!Olllee cne.7.tCTBHe TeopeMll I. 

,le .QP~M,!! i • 

llycu ypa.BHeHHe ( .f ) pemaeTCH ua ocHoBe npouecca Rs M 

nycT:& BlillOJIH8HO ycno.BMe: 

I I I n J ) B D CYlll8CTBYIOT orP,aHH'leHHlie npOH8B0.7.tlili8,.;?P8fil8 f ( :r.), 

f"(x) H t 111 
(:J:.)_ 

{ J f 1 
( X) fl f T < ao, § f " ( X) // ~ 2 H < 00 , If f 111 

( X)/1 ~ U < 00) 
-· .. ·, 1 

a T8K:le .BlinonHeHbl ycnOBllll'· 11,.t.) - lisJ TeopeMli I. Tor,zta, OTHOCH-
s . 

TeJILHO R 11 ypaBHeHHll ( f ) B c11ne yT.Bep:s:AeHHH TeopeMli I (npH 

nopH,ztKe nplr!Tll:leHHH K =3). 

i'.!,0,!!_8~a.!e!_L£T.!!_O. 

Ha (22) cne.7.tYeT aepa.BeHCTBO 
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s 
// Xn+1 -XnH ~ <J1 fn 

r;zte S . 3 
~ I =en+ Men .fn , en =ll(S

1
(.x4J + 1-n f

1 II 

Ha 0CH0Be TOll;zteCTBa 

j :Z:n - ~ +if 11
( :l:n) (fJn , fn)+{f '{XnJ + tn) tn == 0 

"_p s-
r;zte On = :1:nH - Xn =- lfn Pn. H 

Pri = (f cx,d + zn.Y- 1 (f x,,_ -'j) 
n cpopuynbl Teilnopa nonyqaeTCH HepaBeHCTB0 

fnt1 f:: H2, en" ( '.L + Men )n)f-;,_ + U ff x,, ,- 1 - Xn/1
2 

+ 

+ //'"ln,/1/I Xn+1 _;_x,,// • 
~3 HepaBeHCTB (9), (23)-(25) CJie;ztyeT oueHKa 

(-) ~ as o 
J ntt / 2 J n ( n -=O, 1, ... ) 

. (23) 

(24) 

(25) 

(26) 

r;zte 
S Z it Z ) /4 .3 )3 I 3 ) j2, ==Men (Z,.Nfnfn +Ule,,,-MenJ>n +Nenten+Menpn . 

HepaBeHCTBa (23) H (26)' Bll6CTe C ( ~e ) ' ( 91 ) H ( ~2, ) ;ita

lOT 0CH0BaHHe 3aKJill4HTl> 1 4T0, Hail;zteHHb16 1pyHK~li 9: H rt HBJIH

IOTCH C00TBeTCTBeHH0 cpyHKUHHUH CX0;!tliU0CTH H IlPHTHS6HHH H, 4T0 nopa-
. g 

;ztoK npHTHZeHna npouecca R K =3. Tenep:r,, npHueHHH Teopeuy I 

(;ztJIH cpyHK~H ~: H 9; ) itoKa3HBa8TCH cnpaB8,1tJIHB0CTJ, Teopeubl 4. 

.. ·oqeBH;ztHo, HTepa~oHHaH cxeua (22) co;itepsHT·B ce6e paccuaTpHBa

euble pa.Hee R-npoueccbl H:r,11ToHa-KaHTopoBHqa/2/ (Teopeua 4 o6o6~aeT 

Teopeuy 3 na/2/). 

.. 

:0 20 

_ R -n2~~~~~bl -~~l::~-H:r,10T0Ha 

Ilycn X , Y - rHn:r,6epT0Bbl · .Ilp0CTpaHCTBa. Ilycn B. ]) cy-

~8CTBY8T nepBaH IlP0H3B0,1tHaH qipeme f 
1
( :X) 1 K0T0paa Ka.K onepaTop, . 

,-11-
:iteilCTByeT Ha Bce_u X • Ilycn f (Xn} o6oaHaqaeT. onepaTop,, conpm,eH-

Hhlil onepaTopy f 1 
( Xn.), :iteilcorByJ:i~il 1!3 iipocTpaHCTBa Y B X 

PaccuaTpnBaeTca cne;zty10~!.t R -npouecc THna (la!) (npouecc raycca-
, . . " ~ ' ' . 

Hl>lllTOHa) 

R
G-N. .. -:,.,. 1 -f 1¥-

• .'.t0 1 :Cn+1=Zn,-7/4(f (Xn)/{Xn}+'ln.) f {.X11.){f:r,, -yJ 

Xn c D 7 ("tn..X? :C)>o B D, (n=O,I, .. ,). (27) 
nG-N 

0TH0CHT8Jll>H0 K Hll88T U8CT0 CJI8,1tCTBH_e Teope1m 3. 

J.8.QPlM!. 2.· 

IIycTI, ypaBH8Hl!8 

f'*cx) (f x-y) (f'¥-f). 

5-N 
pemaeTCfi Ha ocHoBe npouecca R li nycn Bblil0JIH8H0 YClI0BHe: 

Ai j cyll(eCTBYllT nocToaaa~e l H f:i i [ o, ~) ' TaKHe' 'l~O ,. 

;ztllfi Jil)()0ro n,. =O ,I 1 • •. B Cl!Jl8. aepaBBHCTBa 
f '~ ,.. ~-

II f I -If ( X. nH) - f '*ca: n)ff ~- l # Xn+/ '-:C n I ? 

1/J Xn, 1 -{-ln -f(X,.)77;;_1 
(Xn+1 - Xn.)/1 f:: MI/ :Cn,rX n/12., 

( n =O,I, ••• } ,· 

(28) 

(29) 

a TaKxe ycJioBHH h:i,) - /z, 5) ieope11bl I, B K0T0PblX ·B11ecTo' cooTH0-

mem1i! (E) w:(9}, B '.CHJie '.COOffl0118HHH (20) ,H (19). · .. ,, /,' 

·Tor:ita',oTHciCHt"emmo,npotte.cca 'RGN 11. ypaBHeHliH.'(/1A<f ).:: 

IUlellT UBCT0 YTB8pJt,1t8Hlifl T80p811bl ! (npH nopH,1tK8 npHTiI&eHlill.i. K ·=I)·~ 
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J!.o!ia2,a!_el!L.£T.!!,O .!. 

Ha {27), ( gl) B ( 91) c!e:,yeT, qTo 91GN= tn HBnHeTCH 

g)yHKUBeA cxo.nswocTH npo~ecca Rr 

(rite 

Ha OCHOBe TOll,lt8CTBa 

f '*(xn) {f Xn -~ )t- ( I' '"r.x,,Jf '(x...) +- 'in) Vit.-"tn = 0 

On.= Xnt1 -X n. ) nonyqaDTCH COOTBOmeHHH 

Pn+1 = u f' *rxn+1) (f Xn+1 -1) -/{Xn) (f Zn -v) -
- ( f 

0 r .x n J !'<~> + z n> 11,;1 
<f'n. II ~ 

f II { J- 1 
f-( X n,. )- f 

I 
Jf( Xn ) ) ( f X n ,r - lj) I/ t-

+ # f' *r Xn) II !If Xnn - f Xn -f'[z,,,) r,;_'1 In II+ II (,It, v-,;• J;.lf 
0TCDita nocne npsweHeHHH HepaBeHCTB (28)-(29), a TaKxe orpa

HBqeHHi (19) B (20), nonyqaeTCH oueHKa 

0 ~ (L,R+ (M'Tt-N}t,,y,,)i,,,p,,,, 
Jn" . (29) 

3.nec1, R - noC'loHHHaa co c:eoAcuow I J x-yl~ R < = .zt1lfl Bcex 

'XE])• 

~a COO'l'HOmeHBA ( q~ ), ( ~~ ) B (29) cneAYeT, qTo 

a~ = ( I., R t- ( ilr ,. N) tn Pn) (!,rt. 
d G-N 

HBnll8'l'CH ltnll npouecca R g)yHKUB8£l llPB'l'HJ:8Hlr1H Id IITO nopHJtOK 

npara:a:ena K =I • 

nanee, Teopewa 5 cne.ztyeT Henocpe.ncTBeBHO Ba Teopew1,1 3. 

~9.!8.!8!,H!!_ i• 

fl1llO'r88a h ,~) HBnHeTCH ltOCTaTO'llllO 6C'l'8C'l'B6HHOA, TaK KaK 

]{nH 11acoraoro cnyqaa 'lfn. = E'JJ Hepa.aeHcuo .(29) cne]{yeT Ha yc-

XOBiUl Jb'ln■1ua. 

:2,2 

0 npouecce Rr;IV , npH .7/n. = El) , UOllHO ,ltOKasan YTBepllt,1{8-

HBe,aHanorH'IHOe Teopeue 5, B KOTOPOIJ nopH]{OK npHTHl18HHH K =2. 

J:(na··aTon uenH Ha.1{0 npe,11nonaraTI, BM8CTO -Bb1Il01IH8HHH (28) Bb1Il01IH8HHe 

COOTHomeHHH/?, 5/ 
// (1 1 ,.(.x) -F'Jf"(!i))(fx-y)//;(, Q!J'.ifcxJ(Sx;~Jf, 

r,11e QE[O,I), ,l{nH BC8X X 11 X HS w. 
0,11HaKO 8TO COOTHOmeHHe yweH1>maeT cg)epy CXO,l{Hl!OCTH paccMaTpH

G-N 
Baeuoro npouecca R r B cpaBHeHHH co cg)epon cxo,1111uocTB, 060-

cHoBaHHoll Teopewon 5 •. 

. ConocTa~1!HH Teopeuy 5.c COOTB~TCTBYD~HIJH YTBepx,11eHHHIJH s~2,5{ 

MOXHO saKnDqBTI, cne,l{yD~ee. 

RHHeftHblil nopa.no~ npHTHJ:eHHH ( K =I) HB1lfl8TCH TllnHqHl,IIJ ,lt1IH 
. ·- . . 0-N . D . . 

6on1,men_ qac;s HTepa~BOHHoro npouecca R K (_.ff,., = E ) , HO lt1IH 

,ltOCTaTO'IHO 60111,moro HOYepa HTepa~lrn n, KBa]{pau1qecKHli saKOH np11-

THJt8HHH ( I( =2) TOE8 B031JOl18H •. 

· _R :...nQogecc1,1 raicca-HLJ>TOHa= c =Ko11neHc11JioBaHH0£l=Qer;urnQHBag11elt • 

. IlpH ycnoBHHX, -B KOTopwcpaccwaTpHBaeTCH npouecc R6-N ' MOXHO 
~ .. ' . . 

paCCl!aTPB,BaTI, Tamite BTepa~HOHHblA npo~ec~, .. - ·. 

R~N.: :r·~ .x~.',-'-= x,._ -(J'*rx .. ·Jf'r±n)+inT1
!f,,c(f:r~ ~yJ 

'.:X:nC: D. .. (n:,=□ ,r,· ... ), 
. . . .. ·-~ .•.. C . . .. 

r,l{e nHHeltHUe onepSTOpbl. tfn 'HlleDT Bl!~ 

· "· Lf'J == ( £1J-t-n(I"f(.x >f'(x,.,)+t'n-T1
) f '~<X+...). 

~N GN 
llpouecc R c nony11aeTcH aaanorH'IHO npoueccy R r ,: C 

Toll T01lbKO paaHHuen, qTo npH pemeHHH JIHHeapH80B8HHOro YPfil,3H8HBH 

npH6aBneHHe pery1lilpB8YJ>~ero BeKTOpa Gn(Xn+1-Xn) KOMil8HCBpyeTCH 

.zto6ruiire111r1eil B npanbia ·tactH/I8/ ·H~Boro .B8KTOp~ 
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Zn. (f 1 ~(X...)f
1c.x...Jt'Zn.r1 f'}.xn;(fa:n. -ij) . 

nna nonyqeHHH TaKHY o6pasou nponecca 
Rr,.N 

C B CHJie YTB8pllt,1leHHe 

0 CXO,J.tHYOCTH H cy~eCTBOBaHHH pemeHHH, aHanorH11H08 Teopeue 5. 
G-N 

Ilponecc R c CXO,J.tHTCH K pemeHHD ypaBH8HHH 

C lf (X)(fx-'ij) =0. 

§ 5. 0 R -nponeccax HbDTOHOBCKO~O THna, peryllHpHSOB8.HHHX 

BO BpeuH BWIOJIH8HHH 

Ilycn ,J.tJIH npouecca ( ,{a,) s~aH HeK0Top111t ypoBeH» peryJIHpHao

BaHHOCTH f < 00 ii nycn onepaTOPli 1Tn H '7, 11., llO,J.t6HpaDTCH TaK, 

qTo orpaHHqeHHH 

I 1 -I 'If tt. C urn. u >t + 'tn.f II ~ r (30) 

BllllOJIH8Hli ,J.t]Ifl BC8X 11. =0,Ip .. ,n 1- , r,J.te n if-- ,J.tOCTaT011HO CSommoe 

qftCJIO. Tor,J.ta npouecc C 1 ii ) llOHHUaeTCfi KaK perynHpHSOBaHHlilt BO 

BpeMH B11nonHeHHH. R -npouecca raycca-HbDTOHa cy~eCTB8HHO OTmtqa

DTCH OT ,7.tpyrHX nponeccoB HbllTOHOBCKOro THna no BOSYOlltHOCTH anro

PHTUHqecKH npOCTW, o6ecneqeHH8M HepaBeHCTB (30) - Ha OCHOBe TOJibKO 

a, -pery1rnpHsau~rn. B STOM cny1:me Hcnon»syeTcH, qTo onepaTopli 

f'\:r11.)J1(xn)HBJIHDTCH H80TPHl.\aTeJI»HO onpe,7.teJieHHaMH BX • 0 CXO,J.tH

MOCTH R -nponeccoB, peryJIHpHSOBaHHHX BO BpeuH BblllOJIHeHHH, HueeT 

uecTo CJie,J.tyD~ee o6~ee yTBepE,J.teHHe. 

,!.8.QP~M!! §_. 

IlyCTb ( f ) pewaeTCH Ha OCHOBe peryJIHpHSOBaHHoro B_O BpeuH . 

24· 

BHnoJIHeilHH · npouecca Rt -hfoa ( ~ iL ) • ii iiycTi · BHno11HeHa"yc110-

BHH ft-,) H /r,6)· T80p8Uli 1; a TaKllt8''BblIIOJIHeHo' ycn6Bl!e:· .~ 

/z.,~) ,J.tJIH \PYHKI.\HH npHTHll8HHH 9z ·H S!!JtaHHOro ypOl!HH peiyim..:. . 

pHSOBaHHOCTH f . B ·caire ·Hepa:eeHCT:ilO .. ., . 

~,..,,,~ 
} r== i;f f/fo) ft·,f _ <"[ - · 

.(3~) 

Tor,J.ta O!cHDCHTeJI»H,O _n~Ol.\8CCa_ ,_Rf ; . • ~-MellT 118,CTO yuep:,7.teHHH 

Teopeua I. . _ . 

IlpH ,J.toKasaTe.Ji»cTBe aTolt Teopeua cna~aJia ycTaua:im11iiaeTcii cnpa

Be,J.tJIHBOCT» yTB~px,7.teHHlt a) 11,,7.t) {cu • .J.tOKasaTeJI»CTBO Teopeu11 I). IlpH 

STOJ.I HU88TCH paSHHl:~a TOJibKO 
0

B ycTaHOl3ll8HHH ·a)~- nm1 "npOl.\8CC'8. f?. r 
npH6n1r1:en1r1e Xnrt Bcer,J.ta cy~eCTByeT H cornacHo .J.t) npHHa,J.tne:HT 

D • !tis fz,,) H ynep11t,7.teHiH a) CJJe,ity~T HepaileHCTBa 

J'n+-1 / jz (Cn,jn.)fnK :f ~:l ((,f'0 )f; • -~ . 
I' 

- . K . K ' 
l ~z ( {', .f•) (-_fo Bn) == j>J. Brz == f. Bn1-1 ~ 

(32). 

Yc:JIOBHe A;) ,J.taeT, qTo Bn+1<1. 

Ha OCHOBe (32) saKJIDqaeTCH, qTo B CHll8 

~ n+1 {, Jo Bn+1 6 fo 
, f': 

.,,r, 

OxoHqaHHe ]tOKaaaTeJI»CTBa T60p8Ubl 6 COBila;1taeT C qacbD 2";1toxa-

aaTeJI»CTBa· Tf;lqPQJ!li I.,. .. , . ., ·,;,,,·: 

.. B cpaBaemut -~ Teop_eMQlt I;-·"leop_eua,fr,.1r1ueeT, uell»me. yc,noBHlt. 

{ oTcyicTBYllT aHanoru YCJl.OBHil .. h:v) u ,-h4), a ycmonHe /i~f. npo

ll!e, qeu ycnoBHe ft3). .:-:::--;:,•;; ,., .. · · "~' 

B qacTHOll cnyqae R -npon.eccoB H»llTOH?,:KaHTOPOBHqa_: Teopeua 6 

060_6,~aeT HaBeCTHYll Teopeuy/19(' ;/."'' ' ' ,)" I '
1 ' ' 

~ c ...... 
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I 
I 

) 

~rut R ~npoueccoB raycca-lihllTOHa, perynap1r1aoBaHHWC BO Bpeue

HH BUil0:7IH8HHH,a;zteCh npHB0.1lHTCH TOnhKO YTB8pJQ8HH8 B cnyqae a.-pe-

rynapH38$UI ( 11'n == E 1J ) • 

llpe,1tBapHTe.JITHO qiopuyJlllpyllTCH C.lI8.1tYlllliH8 ycnomm: 

1,,;) B ]) CYlll8CTByeT orpaHHqeHHaH BTopaa npOH8B0,1tH8Jl ~peme 

f 11 
( 1) ( '1,f/J''{x}f£1.f<oo) i 

h,;) onepaTopu · pery1mp0aauHH no,1tt1HHeHH orpam1qeHHHM 

hn.f ~i ( Vu'rxn)/{X11)//2,+I/N//f'"r.r,,)(f.xn -:;J!l 1 -!lf'[.z,,Jf'rx,.)ff) 

( n =O,I ••• ), 

r.ite fi - IlOCTOHHH8H co CBOllCTBOU 

r]te 

0 ~ N < I - MT .J. ('1, -.ZM Rf 
~ ~ r .Po , 

-h;) ctIJepa 

W = { :t EX / II X1 -xH ~ ff> .f o 

{ - g, 

f-> =(ZMf t(M'r+iv)fjo)f, 

npHHS)tll8UT o6nacTH D. 

1,6.QP!M! 1• 

(33) 

(34) 

1 

I* '*f Ilycn B cue ycnoBHe nz) H nycn ypaBHeHHe ( f ) pema-

eTca Ha OCHOBe Ct--pery.JIHpHSOBaHHOro (BO Bp8UH BllfiOJIH8BHH) npoue
Gtl 

ca Rf , ypoBeHL perynap1aau1r1H KoToporo (B cnyqae T fJ H M 1'()) 

fi0,1ltn1H6H yCJIOBHll 

- V(f<~ :f. R r !: ( rpJ + MT]>. - 'T .Po 
(35) 
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,~ p~ GN 
Ilycu TaK11:e BunonaeHu ycnoBHH n O ) H n 6 ). Tor.ita npouecc Ry-
cxo;ztl4TCH. IIpe,1lenLHaH TOllKa .X,z, = /!i,m Xn.. .JI8lltl4T B ctlJepe W H RB-

' rz.--c::o ' 
.JIHeTCH pemeHl48L1 ypaBH8Hl4H ( f '* f ) • HweeT M8CTO 01.l8HKa 

//Xn. -x,,_ //~, '[ ~ n. 
. 1- .f-> 

l!. 0!,8.2,8 l,8 ,!I>.£ T~.0.:. 

(rz.=O,I~ ••• ) 

Caaqana OTMeTHU, llTO HepaBeHCTBO (34) xopomo onpe.iteJIHeT no

CTOHHHYJO N (npH f 1'C) H M #()) 1 TaK KaK 113 (36) CJie,1lyeT HepaBeHCTBO 

( - tcR,.; 1' ..R. )(r- Vi(R :1, _j_' R) r- '7'5'.) +;rrJ,. + rp
0 

• +- TJJ + MTf'o +ff. < 0 
.H HepaBeHCTBO 

-.%. • -
MT?."( +2MRJ"<i. (36) 

Ha ycnoBHH 11.;) cne,1lyeT, llTO ;zt.JIH Bcex x , :i 1:: D B cHJie 

COOTHOmeHHH 

ff f' *r a) - I' ( x.J f £ ZM { x - x ! 
1 

(37) 

II f X - f X -/ 1(X) (x-x)/1 f /vi //x-£1 . (38) 

HepaBeHCTBa (33) BU8CT8 C Teope1o1oii 2 o6ecne'l!4B8JOT BUIIOJIHeHHe orpa

HHll8HHit 

ff 't. n /U N tn f n ( n. =O,I, • • .) (39) 

(3.1l8CL en= ff(J'Jf(Xn) f'(X',,.) + Zn rt;; H P,,, ==!If 'Yzn}(f Xn - 71)// ). 

Via HepaBeHCTB (37)-(39) H CBOiiCTB ( gt ) ' ( ~ 1 ) ' ( 9 :1.,) cne,1lyeT, 

llTO tlJYHKUHH G-N I) . . . 

~1 = bn. , 

ij:N= (ZMR+(M'T'+N)l,n.fn)tn 6-N 
HBlllilOTCH tl>YHKUHHUH CX0,1lHMOCTH H npHTHllt8HHH ;ztnH npouecca R,-

0 
(nopH,1lOK CXO;ztHMOCTH K =I). 

- i;..N -
Onpe]teJieHHe _f-> =- ~:Z. ( '[ 1 f 0 ) H BTOpoe HepaBeHCTBO (34) ,1la-

KlT HepaBeHCTBO ~< 1. nrut OKOH'llaHHl1 ;ztOK83aT8HhCTBa npHM8HH8TCH T80-

peua 6. 
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