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06 y::;TOll'IHBOCTH paSHOCTHb!X KpaeBbiX 3Slt8'1. C ltBYMSI 
rpaHHUSMII 

H_ccne.r:tyercst ycroil:'IIIBOCTb paaHocTHbiX KpaeBbiX aa.r:ta'l c ltBYMSI 
rpaHnnaMn, qepea G o6oaHa'leH oneparop nepexona or cnog K cno10. 
,!lm1 n~pa6ollli'leCKIIX cncreM ltOKa3biBaeTCSI oneHKa II G "II~ c1, n ~ c 2 N I'U, 

_I'U > 1Jlp!IBOI11Il'C~ npnMep napa60ll!I'IeCKOJl: CHCTeMbl C llOIJSI,IlKOM pOCTa 

11 G n II ~ an/NI'U, a> 1, ltllll rH?ep60l!H'IeCKIIX cncTeM nocrpoeHbi npHMepbt 

c nopsmKOM poeT a II G "II X a" N 11 II G "II~.!:, . 
N 

llpenpHHT 06'beAHHeHHOrO HHCTHTyTa li,D;epHhiX HCCJie,D;OBaHHii. 

fur6ua, 1973 

Serdyukova S.I. 

On the Stability of Difference Boundary 
Value Problems with Two Boundaries 

P5 - 7242 

The stability of difference boundary value problems 
with two- boundaries is. studied. The estimate of II'G"II ~Cu 
n < C2Nw, w > 1 (where G is the operator of transition from 
layer to layer) is proved .for parabolic systems. An 
example of parabolic system with the growth ord.er of 
II'G"II X an/N w, 0: > 1 is given, while for hyperbolic systems 
the examples with -t;:l,le growth order of II'G"IIXanW and IJ'G"IIXn/N 
are constructed. 

Preprint. Joint Institute for Nuclear Research. 

Dubna, 1973 

C) 1973 06'J>ec}uHeHHfoiU UHCftUft)'Jir Jr(}epHWX UCCJiec}oeaHUU J!y6Ha 

·--·-·-

I • 

_·F ... _ 

. 

PaccMaTpHBaeTcn paJnocTnan KpaeBaH Ja.u.aqa: 

r2 
v (t+T)=!. A 1.v .(t), t=nr>O, v=1,2, ••• ,N-1, 

V • . V+J • -
J =-r1 

N~1 . 2 
v (O)=.f ' "!.If I <:t>O, 

V V V=1 V 

s 

v (t)= .!.·Cjm vj(t), m=-r1 +1, ... ,0, 
m J:=l. . . . . 

,t 

VN-t ftJ=/!:1-Dik VN-/t), k= 0,,.., T2 -J. 

:'• 

(l,a) · 

(l.b) 

3.u.ecb V (t) ~ BeKTOpLI;_A . · , C jm ; D jk - IIOCT01lHHLie 
v J . 

MaTpHULI; A -r
1 

, A r 2 - neBLIPO:>KJJ.eHH.Lie MaTpHULI. Q6oJ-
Ha4HM 4epe3 J{ rHJIL6epTOBO IIpOCTpaHCTBO BeKTOpOB 

V = (v_r r+i , ... , V iJ , ... ; V N+r
2 

_;,1 ), ·y,!J.OBJieTBOpRIOIUHX KpaeBLIM 
YCJIOBlfHM /1 bj, HopMa B J{ ,!J.aeTCH COOTHOllleHHeM 

. l!'vll2_=Niivvl2': . .,./ 
V:ol . 

Pa3nocTHaH KpaeBaH Ja.u.aqa /1/ ycTOH4HBa, ecnu cy
IUeCTByeT IIOCTOHHHaH c,· He :3aBHCHIUaH OT T, TaKaH •. 'ITO 

II v(tJII..Sc II v(OJII.u.nH Bcex t~O H acex; v(O).C. J{. . .·. 
3arrullleM /1/ B orrepaTopnoM BH,!J.e: v(t+r) =G v(t).lfc

cne.u.oBaHHe ycTOH4HBocTH /1/ cBo.u.uicn K ouenKe cKop.ocTH 
pacTa II G.?, II npu:·n -> oo_ ,· )J;nn yCTOH'IHBOCTH.. /1/ He
o6xo.u.HMO,' 4T06LI orrepaTop G ne :uMeJI. T04eK crreKTpa BHe: 
e,!J.HHH4Horo_.Kpyra I zl.s:l H 4T06LI 6LmH y.cTOH4HilLI ,cne.u.yro-· 

3 -,. 



mue TPH 3a,IJ,a1.fH/l/: a) 3a,IJ,a1.fa Konm; b) m!aa.11 nony6ec
KOHe1.fHaH KpaeBaH 3a~aqa; c) npaaa.11 nony6etKoHe1.fHaH 
KpaeaaH 3a,IJ,a'1.fa. B uacToHm;ee apeMH H3BeCTHLI 12 - 61 
Heo6xo,IJ,HMLie H ,IJ,OCTaT01.fHLie ycnoBHH ycTOH1.fHBOCTH 3a,IJ,a1.f 
a), b) ' c) • B o6m;eM cnyqae H3. ycTOH1.fHBOeTH 3a,IJ,a1.f a)' ' 
b)' c) ene,IJ,yeT orpaHH1.feHHOeTb IIG n II ,lJ,JI.II nscN. B npe,D,
naraeMOH pa6oTe norry1.feHLI oueHKH eKopoeTH pocTa!I"G nil 
npn n>>N. 

)l;a,IJ,HM KJiaeemlmKauHIO eHCTeM pa3HOeTHbiX ypaBHeHHH. 
Eerrn 3a,IJ,a1.fa Kornn yeTOH1.fHBa, TO eo6eTBeHHLie 3Ha1.feHHH 
xapaKTepHCTH1.feeKOH MaTpHilbl l\.(cp) B OKpeeTHOCT~ onpe,D,e-
JI.IIIOJUHX T01.feK cp O ,lJ,OllyeKaiOT / 3

/ pa3JIO)KeHHe BH,IJ,a 
' 2p. j 2 

11.(¢)=exp{·itjJ
0 

+·iy(¢-¢
0

) +:i _I a .(cp-¢
0
)- {3(¢-cp ) p. +. •• !. 

1=P 1 0 

3,IJ,eeL y , ai - ,IJ,eHCTBHTeJILHLie; p ~2 , {3 > 0 • ClleTeMy 
pa3HOeTHbiX ypaBHeHHH ll.al Ha30BeM "napa60JIH1.feCKOH", 
eerrn y =0 ,IJ,JIH acex 11. ( ¢) OTHOCHTeJILHO aeex onpe,D,eJIHIO
mnx T01.feK ¢

0 
• B npoTHBHOM erryqae 6y,IJ,eM Ha3LIBaTL 

eHeTeMy "rnnep60JIH1.feeKOH". 

Teo p eM a. IlyeTL ( 1. a) "napa6orrnqeeKaH cneTeMa". 
Tor.ria, eerrn G He HMeeT T01.feK eneKTpa · BHe e,IJ,HHH1.fHoro 
Kpyra H 3a,IJ,a1.fH a), b), c) yeTOH1.fHBhi, TO II Gn II~ c 1 npn 
n5: c 2 Nw., r,IJ,e w = min(2p./2p. -p+1). MHHHMYM 6epeTeH no 
BCeM A(cp) H BCeM onp.e,n:eJIHIOlll;HM T01.fKaM cp

0 
• TaK KaK 

2p.? p'2:, 2, TO w>1. 

3 aM e qa H He. IlpoeTeiirnaH pa3HOCTHaH annpoKCHMauHH 
ypaaHeHHH TenrronpoBO,lJ,HOCTH I eM., HanpnMep, /71 , eTp. 
107 I ;rJ;aeT npnMep "napa6orrnqecKoii eneTeMLI" c "nopH,IJ,

KOM napa60JIH1.JHOCTH" W = 2. 

)l;oKa3aTeJiheTBO 
. n 

T e 0 p eM hi. IIpe,D,CTaBHM a· B 

BH,IJ,e KOHTypHOrO HHTerparra OT pe30JihBeHThi: 
n 1 n - -1 

G =- --. f z (G-zl) dz. 
2rrl r . 

r - npOH3BOJibHbiH KOHTyp, OXBaTbiBaiOiuHH Bee T01.fKH ClleKT· 
pa onepaTopa G. TaK KaK cneKTP G rre)KHT B e,IJ,HHH1.fHOM 
Kpyre ~ z I ~ 1 '. B Ka1.feeTBe r MO)KHO B3.11Tb OKp~HOCTb 

4 

'' 

,. 

lzl =1 +p. CTpoHM /4,6/ HBHoe npe,D,cTaarreHiie pe3oJILBeH
TLI: 

j-1 j-v-1 'I · j.:...1· · i 
w~ ;, I M 11 (Tg ) + M 11 w 1 

1 V=1 v 

'II . ·i-N II 
w =M· w 

j 22 N 

' 
N-ol . 1-V-1. , 

- I. M22- (Tgv 
V=1 .. 

. '' 
, j =2 , ••• , N :...1 , 

.,:II 

), 

t •• 

... 

' -I'~ ._ - ·. -N+1' . ·-1 . . N--1 -i ' N-L. :.:.y· ' .. , .. II 
w1 7 (K,j -K2 M22 K4 K3 M11 ). CJS,~1 M2~ CT11,)+ 

... : ,. ' ... 
;_ s ' I - 'j •, ii . II · . -N+1 ~1- t · N-1 N-v..;..1 . 'I 
+~(Bv (T11J +B,(T11))_+K2M22 ,,K 4 ,f~ ~li~ 11 .Jt11j+ 

,-
.t 1·. I II- JJ. 

I D, (T11 _ J +D,(T,11 · > )), 
v=l . N-_v-f · N-v-r. 

l,·. ( )21 + 
·· .. · 

II:· .. 1 • N-:-1 -1. -N+l. -1. N-c-:1 .N-V-.1 . 'I 
w,N =JK 4-.K3 MJ.l K 1 K iM, 22 . ) _ (-K3 .~'!f ,11 (T 11,) + 

t -. i . I II II - . N.:_1 : -1 ' 
+I (D, (T 11· ) -+D (T11 . 

1 
) ·) +'K

3
·M 11 K 1 .- "x 

vd N-v-1 v N-v- . · . 

r< 

... · .. •,_, 

N-1 II 8 I I II II 
x. (K2 . I· M2-2"' (T 11, ) +'I B. (T 11 ) +B (Tg·.) .))• 

vd .. V=1 v v _ , v y 

···- ;· 
I 'II 

MaTpHnLIT, M11 ,M 22 ,. Ki·, K·2 _ ,B,., Bp onpe,D,erre-
Hhl B .·14.•6 •81 ~ . MaTpHuLI K 3 , K 4 · , D~ -, IJ~ : onpe,D,eJpi
IOTeH aHarrorH1.fHO. MaTpnuaM .. K1 , KJ , · B£ , BJI. H3 
yeTOH1.fHBOCTH 3~,IJ,a1.fn. Kornn crre,IJ,yeT fil pH,D, orpaanqeHnii 
Ha .. llOp.II,D,KH ·HYJieH BHe,IJ,HaroHaJibHbiX 3JieMeHTOB_ MaTpHu 

M M 
y;t . - - ~ . ) . - . /6/ 

11 
, 22 • n3 .yCTOH1.JHBOeTH 3a,IJ,a1.f ·b , c) . CJie,IJ,yeT . 

p.II,D, orpaHH1.feHHH Ha nop.II,D,KH oeo6eHHOeTeH 3JieMeHTOB · 
K11 , K;1 

• Y1.fHTLIBaH Bee- 3TH orpaHH4eHHH H oueHHBaH 
eB~PXY 1.JHCJIO erraraeMhiX 3JieMeHTOB MaTpHilhl . -
( v-lK M -N+1K-1 K MN- 'J ·s s n. 1 2 2J _ 4 · 3 . l1 _ . 1.fepe~ f , He?C<?AHYIO 3a~aqy 
MO)KHO eJ3eeTH K OueHKe p.II,D,OB BH,IJ,a 

- - 2fi-:-'P'+1 
oo. m m. . '- v 

y =I c 8
\ f v cp ii •K x 

vn s=1 \z\=l+p 
""· ·s 



: 

X 

L 
n (Pe(Ncf> 

f=l ' 

21LCP£ +1 

P£ N s£ 
cp)K£ ) X 

21l-p+1 

. X N m.¢ m--p---~KN• e incp d¢1. 

- . -1 
3.necL K ,K,K.£ - co6cTBeHHLie 3Ha'IeHHH MaTpuu. M 11 , M 22 
P£ (t, cp) - MHOrO'IJICHhl KOHe'IHOrO llOpH,IJ.Ka no t L C aHaJJH
TH'IeCKHMH no ¢ K03$¢uu.ueHTaMu; ~~1- -J-, Is o = ·s • . ~p fd [. . 
<I>HKCHpyeM k H paCCMOTpHM TaKHe Ha6ophl sf, B KOTOphiX 
~ s ~c?.:.s I L. . nocJJe)loBaTeJJhHO nepe6upaeM BCe k =1,2 , ••• L. 

Dpu ¢uxcupoBaHHOM 3Ha'IeHuu napaMeTpa k B ox
pecTHOCTH onpe.nemnOIIJ,eH TO'IKH HCXO,IJ.HLIH KOHTyp 

HHTerpHpOBaHH.II .ne!lJopMHpyeTC.II B KYCOK JJHHHH HaHCKOpeii-

ruero cnycKa $yHKUHH KNK skNe in~ , npoxo.U:.IIliJ.eii ~epe3 
k 

TO'IKY nepesana. OcTallLHLie Ptf K fs£ Ha nocTpoeHHo_:vr 
KOHType OUeHHBaiOTC.II CBepxy JJO MOJlYJliO KOHCTaHTOH •. 
AcuMnTOTH'IeCKHe Bhi'IeTLI KNK= e in¢ . TaKOBhi,''ITO 
o6ecne'IHBaiOT cyMMHpyeMoCTL p.II.!IOB Ypn no s u orpa-

N_1 2 HH'IeHHOCTL v=lf 1 Y,/n 1 npuri ~ c, Nul. TeopeMa ,noKa3aHa •. 

TaKHM o6pa30M, ecnu Ja)la'IH a), b), c) ycTOH'IHBhl, 
TO ,n11.11 "napa6onu'IeCKHX cucTeM". II G n II::; c 1 npu n:;: c2 NCJ.J, 
r.ne Ct.J> 1.- ,llnH "runep6onuqecKux cucTeM" ou.eHKa IIG" ll..~c1 
cnpaBe,IJ.JJHBa npu ns c2 N: Hu:iKe npuBe)leHLI npuMepLI ·He
ycTOH'IHBLIX pa3HOCTHLIX KpaeBhiX 3a)la'I C .IJ.BYM.II rpaHHIJ,a
MH, KOTOphiM OTBe'IaiOT ycTOH'IHBhie 3a,IJ.a'IH a), b), c). 3TH 
npHMepLI noKa3LIBaiOT, 'ITO noJJyt{eHHLie OIJ,eHKH CKOpOCTH n . . 
pocTa II G II He MoryT 6LITL ynyqweHLI na paccMaTpHBae-

MLIX KJJaccax CHCTCM pa3HOCTHLIX ypaBHeHHH. 

n pH Me p 1. HenpepLIBHa.ll KpaeBaH 3a,IJ.aqa: 

~ ut +Ux =0, t~O 

~ v -v =0, 0<x<1 
t X - -

u(O,t)=·a
1

v(O,t) l"u(x,O) =11 (x), 

v(1,t)=a u(1, tJ! v(x,O). =f (x), 
2 . . 2 

6 

·' 
! 

_.\) 
'v 
j\ 
I') 

'J 
·'l 
!\ 

arrnpoxcuMupyeTcH pa3HOCTHoii xpaeBoii 3a,IJ.a'Ieii. BHyTpu 
06JiaCTH HCnOJJL3YCTCH C~eMa· .rra:Kca /eM. / 71, CTp. 100/. 
Tipe.nrronaraeTCH, 'ITO a=r/h< 1 , r, h - warn ceTKH no 
t,x. 3a.naqu.a),b),c) ycToH'IHBhi 16 •71 • CTpouMpe3onL
BeHry /2/. Ha'IaJlLHLie .naHHLie rro.n6upaeM TaK, 'IT06LI 
Bhi,IJ.eJJHTL 3JieMeHT MaTpHIJ,hl B03MyllJ,eHHH M,. HMeiOllJ,HH MaK
CHMaJJLHLIH nopH.IJ.OK OC06eHHOCTH, 

- -1 -N+1 -1 N-1 
M =K1 K 2 M 

22 
K

4 
K 

3
M 

11
• 

Ou.eHKa CKOpOCTH . pocTa II G n II 
K ou.enKe ·uHTerpana: 

npH n ... no CBO,IJ.HTCH 

v n 7N · 
K Z /(l+K a )dz, a=a

1
.a

2
, 1 = f . 

vn lzl=1+p 
icp 

Z=e 

· · · · ' . · ·i ¢ 1 -a2 , 2 
K(cf>)=exp{- ----¢ + ... 1. 

· a 2a 3 · 

.• 

Acu~nTOTHKa I v n . .naeTC.II CYMMOH Bbi'IeTo'8 o'THOCHTCJIL
HO nOJIIOCOB, nona,naJOutHX B f - OKpe CTHOCTL onpe,IJ.eJI.IIIOllJ,eH 
TO'iKH cf>= 0': 

ifna+ 2 1T k 
cf>k =- 2N(1+oCc)r· 

C'iHTae~. Bhl'i,Thl H CYMMHpyeM HX no k. flonyqaeM OIJ,~HKY 
II G"ll "'~-/r a 

11 
N, n »N. Dpu a>l HMeeM HeycTOH'IHBOCTL. 

n pH Me p 2; HeycTOH'iHBOCTL npu a=1. 

l
·Ut+U,c=O, t~O, 

v -v· +2u .=0 
t X X 

Os,x'$.,1 v(O,t)= u(O,t) 

u(1,t)=v(1,t) 

"'.r·-

u(x,O)=f/x), 

v(x,O)=f
2 

(x). 

BHyTpH o6nacTH ucnoJIL3yeTCH cxeMa JlaKca, Ha rpanuu.e -

u"= u"-v"+v", v" =U 11
, u"=u" -v" +v" ,v"=un. 

0 I 2 1 . 0 0 N N-1 N-2 N-1 N N 

Bo3LMeM TaKue naqaJILHLie .naHHLie: u~=v: =Xv /llxll. 
Ou.enxa cxopocTH pocTa II G" II . CBO.IJ.HTCH K ou.enxe HHTer-. . 
pan a 
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I 
I 
I 
I 

i 

I 

•. l\1 

'J · --: f V n, k .:.:.N K •• , K~K N . ' · -: · 
v~ - K z. ( ~----'- + __ ... _ .. _) ,_JE._.;.;.. . 
'·'- lzl=1+p:: ·· ·· 1.- K ' -(1· )

2 
1 2N ' --K ·· -.K 

": • ·:; ~ l • • • • : 

. . .. :.1- ··,~,.··· --2 , ... I ·.-
K (rp) = exp -!1'f' -rp + ... . 

· .. 

,IJ;anh~·e i1~cry~aeM ~aK ~e, KaK B npuMepe. 1_. c'npt~.;seAnHBa 
oueHKa '.-- .. · · 

·-.;. 

n u n II G II n 7{ • 

II p n Me p 3. IIapa6onnqecKaR cncTeMa. 

u JO,t)=vx(1,t)=O I u(x,0)=1 1 (x), 

l U t = U XX 1 t ~ 0 

v =V , 0<x<1 t XX . - -
v(O,t)= a u(O,t),u(1,t)= .v(1,tJI v(x,O)=f fx). 

~ 1 2 2 
'-· . 

BHyTpH o6nacTn ncnonh3yeTcR cxeMa-TpeHora /eM. 171 

cTp. 107/, Ha rpaHnue c'IeT BeAeTcR no <lJ~pMynaM: 

n n n n n n n n 
UO =U1 'Vo=a1 U1' VN=VN-1' UN=u.2vN_j• 

Ilpn a = r I h 2 $ 1/2. 3aAa'IH a), b), c) ycTOH'IHB;hi. 
Ha•mnhHhie AaliHhie Bhr6iipaiOTCR no To.~y· :>Ke np~Hunny; 'IJO 
n B np:H:Mepe '1: 

m+v nd 
K Z Z I J . . -·. 

vn =·
1 

. -1 2 2N 4N 
lz =Hp ( 1-K)(1-(2-aK (l+K) )K + K ) 

i!f!...'h K= expl- ( ) + .~. }. 
a 

ITpHa=a1_q2 > 1 ypaBHeHne t
2
-2(1-2a)t'+ 1 =0 

nMeeT ABa BeiUeCTBeHHhiX KopHR. t 1 , t 2 , It 11 < 1. Cnpa-
BeATIHBa OUeHKa: . 

. n 2u 1 an 2 2 II G II n N exp ( .4N 2 en I t 11 ) , n » N • 

a· 

I 

IIpHH<omy 6rraro?lapHOCTL H.C.Eaxnanosy 3a none 3Hbie 
o6CY:>KAeHHH H BHHMaHHe K pa6oTe. 
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