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1. BeeoeHue 

)J.yanLHLIM HHTerpanLHLIM ypaonenneM c 6ecceneoLIM 

JI)].pOM Ha3biBaeTCJI CHCTeMa: 

00 

f Iv (yt)w(t)'P(t}tdt = A(y}, 
0 

00 

0 < y < r 

f I ( y t} l¥ ( t) t dt = B ( y) , 
0 Jl 

r<y<oo. 

/1/ 

3.u.ecL I v ( z) - li>YHKUHJI lieccenJI nepooro po.u.a; A ( Y) , 
B(y} H oecooaJI I!>YHKUHJI w(t) 3a)].aHLI; O<r= const-':oo.Tpe-

6yeTCJI HaRTH li>YHKUHIO 'JI( t) · 
CncTeMy /1/ c npou3oonLnoii KOHCTanToii r MO)I(HO 

CBeCTH 3aMeHOH nepeMeHHLIX K CHCTeMe TaKOrO )l(e BH)].a, 
HO C r = ] . . 

llonaraJI r= J H BBO)].JI HOBYIO HCKOMYIO li>YHKUHIO 1/J( t) 

oo I 

cooTnouienneM l¥ft}=t/J(t}+ f Iv (tx) B(x)xdx+ f Iv (tx}C(x}xdx, 
I 0 

npHBO)].HM CHCTeMy /1/ K KaHOHH'IeCKOMY BH)].y: 

00 

f I v ( y t) w ( t) t/1 ( t) t dt = f ( y ) , 
0 

00 

O<y <1 

f IJI ( y t)"' ( t) t dt = 0 ' 1 < y < 00 • 

0 

/2/ 
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I 

3~ecb C(x)- npoH3BOJibHaH lPYHKI.(HH, 

00 00 

f(y) = A(y)- I I~.Jyt) 0(t) [I lv (tx)B(x) xdx + 
1 0 

+ Ilv(tx)C(x}xdx]tdt. 
0 

CHcTeMa ypaoHeHHii 

00 

I lv r r t) E 
0 

00 

( t ) t dt = D ( y) , 0 < y < r 

I I ( yt) y ( t) E ( t) t dt = E ( r), r < r < oo , 
0 v 

/3/ 

r~e <IIYHKI.(HH D(y) , E(y) H oecooaH <IIYHKUHH y(t) 3a~~Hbi, 
a <IIYHKUHH E (t) - HcKoMaH, coo.n;HTCH K cucTeMe /1/, 
C 'I' ( t)= y( t} 'E. (t} , 0 ( t) = [ y(t}] - 1 , eCJIH <I!YHKI.(HH 

y(t) He o6pal.l(aeTCJI B HYJib Ha MHO)f(eCTBe HeHyJieBOH Mepbl. 

CJie,n:ooaTeJI&Ho, B 3TOM cJiyqae /3/ npHBO.D:HTCH K KaHo

HH"IeCKOMY BH.D:Y /2/. B npoTHBHOM cJiyqae, noJiaraH r = 1 
H BBO.D:H HOBYIO HCKOMYIO <ilYHKI.(HIO f. ( t) COOTHOIIIeHHeM 

00 1 
E (t} = f.(t) + f lv (tx) C(x)x dx + f lv (tx) D(x) x dx , npHBO.IJ:HM /3/ 

1 0 

K KaHOHHqecKOMy BH.D:Y /C(x)- ·npOH3BOJibHaH <ilYHKI.(HH/: 

3.n;ecb 

00 

flv (yt}f(t)tdt = 0, 0 <y<l 
0 

00 

f lv (yt}y(t) eft)tdt = F(y), 1 <y < oo. /4/ 
0 

00 1 00 

F(y) = E (y)- f I vfrt) y(t) [f fv(tx} D(x}xdx+ f fvftx} C ( x} x dx] t dt 
0 0 1 

QqeBH.IJ:HO, CHCTeMy /1/ MO)f(HO npHBeCTH K KaHOHHqec

KOMY BH.D:Y /4/, eCJIH 0 ( t) He o6pal.l(aeTCH B HYJib Ha 

MHO)f(eCTBe HeHyJieBOH Mepbl. 

CucTeM&I /1/ H /3/ HHor.n:a Ha3&IBaJOT ypaoHeHHHMH 

THna TpaHTepa. 

4 ··-.I 

K ,n:yaJI&HbiM HHTerpaJI&HbiM ypaoHeHHJIM c 6ecceJieBbiMH 

g,n:paMH npHBO.IJ:HT MHO)f(eCTBO KpaeBbiX 3a,n:aq, B qaCTHOCTH, 

~JIJI ypasHeHHH MaKcBeJIJia. Jlcuo no3TOMY, uacKOJibKO 

sa)f(HO yMeTb aHaJIH3HposaTb cucTeMbi /2/ H /4/. AHaJIH3 

npe,n:noJiaraeT: a/ BbiHCHeHHe KJiacca, K KOTOpOMY .IJ:OJI)f(Hbl 

npuHa.n;Jie)f(a Tb npaoble qacTH {( y) H F ( r) npH Ja,n:aHHOM 

KJiacce seCOBbiX <ilYHKI.(HH 0(t) H y(t}, .IJ:JIR Toro, qT06bl 

perneHHH cucTeM /2/ H I 4/ cymecTBOBaJIH; 6/ BbiRCHeHHe 

sonpoca 0 e,n:HHCTBeHHOCTH peiiieHHR; B/ BbiJIBJieHHe KJiaCCOB 

3KBHBaJieHTHOCTH .D:JIJI BeCOBbiX <I!YHKI.(HH 0(t} H y(t), T.e •. 

KJiaccos t 0 ( t) l H I y(t} l , TaKHX, qTo npH <I!HKCHposaHHOH 

{(y} (<I!HKCHpOBaHHOH F(y) ) peiiieHHH CHCTeM /2/ (CHCTeM 

/3/) c pa3JIHqHbiMH (t)(t}EI0(t}l(y(t)Eiy(t)l} cosna,n:aroT; 

r/ OTbiCKaHHe TOqHbiX <l!opMaJibHbiX peiiieHHH CHCTeM /2/ 
H /4/. I /' . 

3a,n:aqH a/, 6/ qaCTH"'HO peiiieHbl B 
1

- I i .• TaM )f(e 

noJiy"'eHbi t\JopMaJI&Hbie perneHHH cucTeMbi /2/ ,nnH w ( t) = t a. 
AxHe3ep I 21 nony"'HJI perneHHe cucTeMbl /2/ · ,n:JIH 0(tJ= 
=(t 2-k. 2/H(t-k) •. 3.n;ecb 0.:5, k = const<oo, p =const ,'0 <p 

2
< J , 

H( x) - liJYHKUHH Xesucaii.n;a. 3To perneHHe 6blno o6o6me

HO I 1 zf. 063op H 6u6nuorpa<I!HH HMeJOTCH B /z.2~/CM. TaK

)f(e /13( cTp. · 87 I. B yKa3aHitbiX pa6oTax ,n:m1 OTbiCK&HHJI 

peiiieHHH B CJiyqae npOH3BQJlbHOrO 0( t) .. CHC'l'eMa /2/ 
npHBO.IJ:HTCH K ypaBHeHHIO <l»pe,n:rOJibMa BTOpOrO po,n:a, KO

Topoe pernaeTCH MeTo.n;oM nocJie,n:osaTeJibHbiX npu6JIH)f(~HHH. 
3.n;ecb o6cy)f(,n:aroTCH 3a,n:aqu e/, z/. IlonyqeHbl TO"'Hble 

<l!opMaJibHble peiiieHHH .D:JIJI HeKOTOpbiX KJiaCCOB 4rY.IJK:QHH. 

2. YpaeHeHUJI, CBJ13aHH&Ie c cuc,eMaMu /2/ u /4/ 

Bse,n:eM <I!YHKI.(HIO cp(x} COOT~OIIIeHHeM: 
1 

1/J(t} = flv(tx}cp(x}:tdx. 
0 

/5/ 

Tor.n;a, B COOTBeTCTBHH c 'reopeMOH· raHKeJIH),.BTOpoe 

H3 ypaBHeHHH /2/ y,n:OBJieTBOpJieTCJI aBTOMaTH"'eCKH .D:J:IJI 

npoH3BOJibHOH cp(x} . Ilo,n:cTaBJIJIS /5/ B nepsoe H3 ypas-

HeHHH /2/, HMeeM: 
oo I 
flv(yt).0(tJ[ f/

11 
(tx}cp(x)x~~] tdt = {(y}, O<y<l. /6/ 

0 . 0. ' . 
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MeH.R.R B 161 nop.R,n;oK HHTerpHpoBaHH.R, nonyqaeM ypaBHCHHe 
nepaoro po,n;a THna <l>pe,n;ronLMa Ha KOHC'IHOM npoMe)l(yTKe: 

1 

f K ( y , x) ¢ ( x) x dx = f ( r). o < r < 1 171 
0 

c .R,n;poM: 

00 

K r r, x J = J 1 IJ r r t J w r t J 1 ,, r t x J t dt. 

0 

Bse,neM $yHKUHIO O(x} COOTHOWCHHCM: 

00 

IBI 

~(t) = J fll(tx}O(x)xdx. 191 
1 

Tor.n;a • nepaoe HJ ypaBHeHHH 141 y,n;oaneTBOp.ReTc.R aBTOMa
TH'IeCKH ,n;m1 npoHJBOnLHOH O(x). llo.n;cTaamu 191 ao BTopoe 
H3 ypaBHeHHH 141, HMCCM: 

00 .,., 
J f 11 (yt)y(t)[f /ll(tx}O(x}xdx]tdt = F(y), 1 <y<"". 
0 I 

1101 

MeH.R.R B 1101 nop.R.n;OK HHTerpupoaaHHJI, nonyqaeM ypas
HeHHe nepaoro po,n;a THna <l>pe.n;ronLMa Ha nony6ecKoHeq
HOM npoMe)l(yTKe: 

00 

J K 1 ( y, x )0( x) x dx 
1 

c .11,npoM: 

00 

F(yJ. J<r<"" 

K1 (y,x) J /
1
, (yt) y(t}/

1
.(tx}tdt. 

0 

YpasHeHHe 

1 ~ 

I Ill 

1121 

w(t) J /11 (tx) p(x}xdx + J f ll(tx)p(x)xdx = S(t), 0 < t <"" 1131 
0 1 

C HCKOMOH I!JyHKUHeii p (x} CBO,UHTC.R K CHCTeMe 121. 0603-
Ha'IHM: 

1 

t/J(t} = f fv(tx)p(x}xdx. 
0 . 1141 

Tor.na BTopoe H3 ypasHeHuft 121 y,noaneTsop.ReTC.R asTo
MaTH'IeCKH ,nn.R npOH3BOJibHOH p ( x). llo,ncTaBJI.R.R 1141 B 
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1131, yMHO)I(a.R 1131 Ha tfv(yt) HHHTerpHpy.llnO t B npe· 
,n;enax (0, oo), Haxo,nHM, 'ITO t/J(t) y,n;osneTBop.ReT nepsoMy HJ 
ypaBHCHHH 121 c f(y) = 1 I ( r t) s ( t) t dt . EcnH ~1( t) 

0 v 
Haii,neHa, TO peWCHHC ypaBHCHH.R 1131 HMCCT BH,D;: 

00 

p(x) = J fJx t}(S(t} + t/J(t} -w(t}t/l(t}]tdt. 1151 
0 

llony'IHM ei.Qe ypaaHeHHe BH.na I 131, ucxo,n.R HJ cucTeMLI 
121. llycTL s 121 t/1 (t} onpe,n;eneHa BLipa)l(eHHeM 151, 
KOTOpOe .RBJl.RCTC.R o6~.QHM peWCHHCM BTOporo H3 ypaBHCHHH 

121. 0603Ha'IHM npH y > 1 

jJ (yt)w(t}t/J(t}tdt = F1 (y}+ F2 (y}, 
0 II 

r.ne F
2 

(y} - npoHJBOJILHO Ja,naHHa.ll $yHKUHJI. Y'IHTLIBaJI 

nepsoe H3 ypaBHCHHH 121, HMCCM: 

00 ! fv (yt)w(t}t/J(t}tdt = l FI(y) + F2 (y}' r > 1; 
f(rJ, r < 1 . 

1161 

llpHMCHJIJI K 1161 o6pa~.QeHHC raHKCJl.R H Y'IHTbiBaJI 151, 
HMCCM: 

1 
w(t} J ]

11
(tx)cp(x}xdx 

0 
1 

+ J lv(tx)f(x)xdx. 

0 

0603Ha'la.R 3,UCCb 

00 

= f ]
11

(tx}[F (x)+ F
2

(x}]xdx+ 
1 1 

1171 

I oo cp(x), x < 1 

p ( x} = I _ F ( x) , x > 1 
1 

, S(t) = f fv (tx) f(x)xdx + f ] 11 (tx} F
2 

(x)xdx, 

0 1 

nony'laeM ypasHeHHe I 131. 
3aMCTHM, 'ITO aHaJIH3 B HaCTO.Ril\CH pa6oTe - 'IHCTO 

I!JopManLHLiit, T .e. npe.nnonaraeTc.R cy~.QecTsosaHHe cooT
seTCTBYIOII.\HX HHTerpaJIOB H B03MO)I(HOCTb nepecTaHOBKH 
nop.R,nKa HHTerpuposaHH.R. C. y'leToM cKaJaHHoro HY)I(HO 
DOHHMaTL TepMHH "npOH3BOJlLHa.R $yHKUH.R". llpOH3BOJlb-

7 
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HOCTb orpaHHlJHBaeTC.Jl yCJIOBH.JIMH CYll'eCTBOBaHH.Jl COOTBeT· 

CT~yromHX HHTerpaJIOB H B03MO:>KHOCTbiO nepecTaHOBKH ITO· 

p.JI~:Ka HHTerpHpoaaHH.JI. Mo:>KHO, HanpHMep, roaopHTL, 

'ITO CHCTeMa 121 c npoH3BOJILHoii w(t) 3KBHBaneHTHa 17 I, 
HO TOJibKO B TOM CJiyqae, eCJIH .JI~po 181 CYll'eCTByeT. 

CHCTeMa 121 MO:>KeT HMeTb CMbiCJI H TOr~a, KOr~a .JI~po 
181 He CYll'eCTByeT. fipH 3TOM, B HeKOTOpbiX lJaCTHbiX 

cny'la.Jix, npoue~ypa, HcnonL30BaHHa.JI ~JI.JI nony'leHH.JI ypaa

HeHHii 17 I H 111/, npHBO~HT K ypaaHeHH.JIM <l>pe~ronLMa 
BTOporo po~a. llycTL, HanpHMep, B 121 w(t) = 1 + w*(t) · 

Tor~a B 181 xjf.(y, x)=8(y-x) +xK *(y,x), r~e 8(y-xt-<l>YHKUHH 
,[J;HpaKa, K*(y,X)= f fv(yt)w*(t)lv(tx)tdt. EcnH .JI~po K *(y,x)-"xo
pomee", TO 17/ npHBO~TC.Jl K BH~y: 

1 . 
ifJ(y)+JK*(y,x)xifJ(x)dx=f(y), O<y<1. 

0 
llocne~Hee ypaaHeHHe MO:>KHO npeo6pa3oBaTL B ypaaHeHHe 

C CJYdMeTpH'lHbiM .JI~pOM JIH60 3aMeHOH nepeMeHHjJX lx = ..jx* , 
r=vr* I, nH6o, aao~.JI Hoayro <l>YHKUHIO: ifJ (xJ = x -lf, ifJ *(x). 

CBH3L CHCTeM 121 H 141 c pa3JIH'lHhlMH ypaaHeHH.JIMH 

BToporo po~a yKa3aHa a pa6oTax /3,4,7,9,11/. 
EcnH ~yanLHoe ypaaHeHHe cao~HTC.JI K KaKoMy-nH6o 

THITY ypaBHeHHH <l>pe~rOJibMa, TO npo6neMa cymecTBOBa· 

HH.Jl H e~HHCTBeHHOCTH perneHH.Jl MO:>KeT 6biTL c<i>opMyJIHpOBa· 

Ha Ha .JI3hlKe TeopHH ypaaHeHHii <l>pe~ronLMa. Hey~o6CTBO 
COCTOHT B TOM, 'ITO pe3yJILTaT npH 3TOM ITOJiylJaeTC.Jl ~JI.Jl 

COOTBeTCTByromero .JI~pa <l>pe~rOJILMa, a He ~JI.Jl BeCOBOH 

<i>YHKUHH. 

3. 0 AUHeapU3Q(#UU OOHOZO HeAUHeuHi->Zo 

npeocmaeAeHUJI FaHkeAJI 

llyCTL 3a~aHhl <i>YHKUHH ifJ(x), 0 _$a_:s;x_:s;A H T/(y), 0<(..{3~y<(..8 . 
PaccMoTpHM <l>YHKUHIO P(z), 0:::; z < oo: 

oo 1-v A B 
P(z)=fl (zt)t [f} (tx)ifJ(x)xdx][fJ (ty)rJ(y)ydy]dt. 

v v {3"' o a 
1181 

8 

1' 

... 

~ .. 

1 
3~ecL H ~anee Rev > --z-. llpe~nonara.JI, 'ITO B 1181 
~onycTHMa ~aoiiHa.JI nepecTaHOBKa nop.JI~Ka HHTerpHpoaa

HHH, HM~eM: 
A B 00 1-V 

P(z)= f¢(x}x[ J .,(y}y( J Jv (zt)IJyt)I v (xt}t dt)dy] dx. 1191 

a {3 o 
BLipa:>KeHHe B KpyrJihlX CK06KaX HHTerpHpyeTC.Jl B KBa~pa· 

Typax /14/. 
2 2 v-~ 2 2 v-~ 

[ z -(x-y} ] [(x+y) -z ] 

00 . 1-V 
f I (zt)I (yt)l (xt}t dt ~ 

3V-l - v 
. 2 v 1T r (v+l /2)(xyz) 

= ecJIH I x-y I < z < x + y; 
v v v 

0 0, eCJIH O<z<lx-yiHJIH x+y<z<oo 

x,y,z >0; Rev>-1/2. 1201 

0'leBH~HO, npaBa.JI lJaCTL 1201 CHMMeTpH'lHa OTHOCHTeJILHO 

nepecTaHOBKH x, Y • z ,[I;JI.JI HaC cymeCTBeHHO, 'ITO HHTer· 

pan 1201 o6pamaeTc.JI B HYJIL npH z>x+y HITPH z < lx-rl. 

Y'lHTLIBa.JI npe~eJihl H3MeHeHH.JI x H y B <l>opMyne 1191, 
HMeeM: 

P(z)=O, ecnHz>A+B HJIH, ecnH z<minlx-rl· /211 
a~x~A, 

{3~y:5;B. 

Y'lHThlBa.JI 1211 H npHMeH.JI.JI o6pameHHe raHKeJIJI Kl18l, 
HaXO~HM, 'ITO ~JIJI JII06oii napLI npOH3BOJILHO 3a~aHHhlX 

<l>YHKUHii .,(x) H ¢(x) cymecTayeT <l>YHKUHJI P(x), TaKaJI, 

'ITO BLIITOJIHJieTCJI paBeHCTBO: 

A B ~+W 

[J Iv(lx)¢(x)xdx][ f I (tx).,(x}xdx] =tv f I (tx}P(x}xdx, 1221 
f3 

).1 ).1 

a m 

r ~e m = min I x - y I 
a.::;xs;A, 
{3,:s;y::;B. 

9 
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B 'LfaCTHOCTH: 

A B v(A+B) 
[flv(tx)<f>(x}xdx][ flv(tx)rJ(x)xdx] = t f lv(tx)P1 (x)xdx 
0 0 0 

1231 
A oo oo 

[flv (tx)<f>(x}xdx][flv(tx}rJ{!I}xdx] =tv f I (tx)P2 (x)xdx 
0 B v 

B >A (B-AJ 1241 
A C v(C+A) 

[ f I v ( tx) ¢ ( x) x dx ] [ f I v ( tx) 17 ( x) x dx ) = t J f v ( tx) P 3 ( x) x dx 
0 B (B-A) 

C>B>A 1251 

3,LJ.ecb a, {LA, B, C - ueoTpnuaTeJibHbie I<OHCTaHTbi. 

4. KAacc :JKeueaAeHmHocmu OAJI eecoeoii ¢YHKIIUU CJ.J(t). 

liy,LJ.eM uci<aTb peweuue cncTeMbi 121 c oecooon tiJyni<

uuen 

"" _,, 
w(t) = t Jlv(tx)TJ(x)xdx. 

2 

1261 

3a,LJ.aBaJI t/J( t} tiJopMyJIOH 151, npHXO,LJ.HM I< ypaBHeHHJ{) 

BH,LJ.a 161, I<OTOpoe JI<BHBaJieHTHO CHCTeMe 121: 
oo I-v oo 1 
flv(yt) t [f fv (tx) TJ(x)x dx H f!Jtx) <f>(x) X dx) d t =((y ), n <y <I 
o 2 o 1271 

llpuMeHJIJI I< 127 I cooTnoweuue 1241 H nonara.11 A=l , B =2 , 
HMeeM: 
00 00 

flv.(yt)t[flr(tx)P
2

(x)xdx]dt = {(y), 0 <y < 1. 
0 1 

1281 

Ha OCHOBaHHH TeopeMbl rani<eJIJI JieBa.H 'LfaCTb 1281 c npo
H3BOJibHOH tiJyHI<UHeH P2 (x) o6pall.laeTC.H B HYJib npH y < 1 , 
UOJTOMY COOTHOWeHHe 1281 cnpaoe,LJ.JIHBO TOJibi<O, I< Or ,LJ.a 

10 

I 
:l 
f 
I 
\ 

l 
'I 

) 
I 

' II 

oLmonueuo ycnooue f(y) = 0 . CJie,LJ.ooaTeJibHO, ypaoueuue 
127 I npu JIJ{)60H TJ( x) pa3 peUIHMO TOJibi<O Tor ,LJ.a, I< or ,LJ.a 
f(y )= 0. B JTOM cJiy'Lfae npoH3BOJibHa.H tiJyni<UHJI <f>(x) .HBJIJI
eTC.H peweuueM. Bo3opama.HCb I< cucTeMe 121, noJiy'LfaeM 

CJie,LJ.yJ{)IUHH pe3yJibTaT: 
CucTeMa 121 c oecooo8 tiJyni<uneH 1261, r ,LJ.e 
7J(X) 3a,LJ.aHa npOH3BOJibHO, HMeeT pelllCHHC, TOJib-
1<0 ecJIH [(y)~o. 3To peweuue ue 1e.LJ.HHCTBenuoe 
H onpe,LJ.eJI.HeTC.H tiJopMyJIOH t/J ( t) o- j.f1, (tx ) <f> (x) x d.\ , 

0 

r,LJ.e <f>(x)- npOH3BOJibHa.H tiJyHI<UH.H. 

I 113 ci<a3anuoro BbiWe .Hcuo Tai<>Ke, 'ITO p~rneuue cuc

'teMbi 121 C BeCOBOH tiJyHI<UHeH CJ.)(t)=<t)l (t)+ t-vfiv(tx)rJ{x)xdx 
He 3aBHCHT OT BH,LJ.a tiJyHI<UHH 17(x). 2 

l ~eHCTBHTeJibHO, B 3TOM CJiy'Lfae ypaBHeHHe 161 HMeeT 

BH,LJ.: 
oo I 

J fv(yt)tw
1 

(t) [ f !v (tx)<f>(x)xdx}dt + 
0 0 

oo 1-v oo 1 

+ ft(yt)t [f!v(tx)T/(x)xdx]ff !Jtx)<f>(x)xdx]dt=[(y), 
0 2 0 

O<y<l 

H BTOpOH 'LfJieH CYMMbl B JieBOH 'LfaCTH UOCJie,LJ.Hero ypaoue
HH.H o6pamaeTC.H o HYJib npu 0 < y < 1 . 

HanoMHHM, 'ITO nee ci<a3auuoe B paJ,LJ.eJie 4 cnpaoe,LJ.
JIHBO, ecnu B JieooH qacTH Bbipa>KeHH.H 127 I ,LJ.onycTHMa 
.LJ.BOHHa.ll nepecTaHOBI<a nop.H.LJ.I<a HHTerpupooauu.H. 

fiyCTb 

5. YpaeHenuJl c .110paMu BoAbmeppa, 
C8.113UHHble c cucmeMaMu /2/ u /4/ 

-lJ OrQ 

w(t) = t ·- f fv(tr)7J(r)rdr, 
1 

1291 

r ,LJ.e TJ ( r) 3a,LJ.aua npoH3BOJibHO. Tor,LJ.a .H,LJ.po 181 HMeeT BH.LJ.: 

oo J-v "" 
K(y,x) = J fv(yt) t [ f]1,(tr}rJ{r}rdr]fv(tx)dt. 1301 

0 1 

II 

I ______________________ __ 



MeH1UI B /30/ rrop11.D.OK HHTerpupoaaHH11, rrpuMeH1111 !lJopMyny 

/20/, yqHTbiBa11, qTO T > 1, HaXO,IJ,HM: 1!,IJ,p0 /30/ o6pa~a
eTC11 B Hynh rrpH x + y <!. Cne,IJ,oBaTenhHO, ypaBHeHHe /7/ 
B 3TOM cnyqae MO)f(HO 3aiiHCaTb B BH,IJ,e: 

1 
IK(y,x}x¢(x)dx=f(y}, O<y<1. /31/ 

(1-y) 

YpaaHeHHe /31/ 3aMeHoii rrepeMeHHbiX cao,IJ,HTC11 K ypaaHe

HHIO BonbTeppa rrepaoro po,IJ,a. OTMeTHM ell.\e, qTo B cooT

aeTcTBHH C pe3yllbTaTaMH pa3,IJ,ena 4 MO)f(HO ,IJ,06aBHTb 

K /29/ nro6oe Bblpa>KeHHe BH,IJ,a /26/, H peweHHe IIpH 3TOM 

He H3MeHHTC11. B qacTHOCTH, ypaBHeHHe /31/ c s,IJ,poM 

00 1-JI . 2 
K(y,x} =I I (yt}t [I I (tr) TJ(r}rdr ]I (tx)dt 

v v v 
0 1 

HMeeT TaKOe )f(C peWeHHe, KaK H C 1!,1J,pOM /30/. 
AHanoruqHbJM o6pa30M MO>KHO rroKa3aTh, qTo, ecnu 

-v 1 
y(t) = t J lv (tr) TJ(r}rdr, /32/ 

0 

r,IJ,e TJ( T) - IIpOH3BOllbHa11 <i>YHKUH11, TO 1!,1J,p0 /12/ o6pall.\a

eTC11 B Hynh rrpu x>y+1 . YpaaHeHHe /11/ B 3TOM cnyqae 

CBO,IJ,HTC11 K ypaBHeHHIO! 

(y+1) 

J K
1
(y,x)()(x}xdx = F(y}, 1 <y<oo. 

1 

12 

6. ,4ea KAacca ,PopMaAbHbiX peraeHuii 
\ 

PacCMOTpHM CHCTeMy ypaBHCHHB THIIa /2/: 

00 ! ~ ( r t}w(t}t/J(t}tdt = ~ f(y), 0 < r <a 

l 0, a<y5,1 

00 

f! (yt} t/J(t}tdt 
v 

0 

o, 1 < r .< oo, 

/33/ 

/34/ 

r,IJ,e 0 <a< 1, H aecoaa11 4JyHKUH11 w (t) orrpe,IJ,eneHa paaeH

cTBOM: 

v (1-a) -1 
w(t} = t [I lv (tx)TJ(x)xdx] /35/ 

0 

3,IJ,ecb TJ(x), {(y) - rrpoH3BOnhHO 3a,IJ,aHHbie !lJyHKUHH. PeweHHe 

CHCTCMbl /34/ HMeeT BH,IJ,: 

(1-a) -v a 
t/J(t} = t [ I lv(tx}TJ(x)xdx][flv (tx)f(x)xdx]. 

0 

/36/ 
0 

~eHCTBHTenbHO, B COOTBCTCTBHH C !lJopMynoii /23/ HenH· 

HeiiHoe rrpe,IJ,cTaaneHue /36/ JIHHeapu3yeTC11 cne.D.YIOII.\HM 

o6pa30M: 

1 

t/J(t) I lv (tx)P1 (x)xdx. /37/ 
0 

Mbl IIOllO)f(HllH B /23/: cp(x)=f(x),A=a, B=1-a.IIo,IJ,CTaBn1111 

/37/ BO BTOpoe H3 ypaBHCHHH /34/ H HCII0llb3Y11 TeopeMy 

raHKCll11, HaXO,IJ,HM, qTo BTOpOe H3 ypaBHCHHH /34/ Y.D.OBneT· 

aopseTcs rrpu rrpoH3BOnhHOH P1 (x} · Cne,IJ,oBaTenbHO, OHO 

y,IJ,oaneTaopseTC11 Bblpa)f(eHHeM /36/ c rrpoH3BOnhHbiMH TJ(x} 
H {(x) . IlO,IJ,CTaBn1111 /36/ B rrepaoe H3 ypaBHCHHH /34/ 
H HCII0llb3Y11 TeopeMy raHKCll11, HaXO,IJ,HM, qTo rrepaoe H3 

ypaBHCHHH /36/ TaK>Ke Y.D.OBneTBOp1!eTC11. B COOTBCTCTBHH 

C pe3yllbTaTaMH pa3,IJ,ena 4, CHCTeMa /34/ C BCCOBOH !lJyHK· 

nueii (1-aJ 
1 

' oo 
w(t) = tv[ J lv (tx)TJ(x}xdx]- + t-vf lv (tx}TJ(x)xdx 

2 
0 

TO)f(e 6y,IJ,eT HMeTb peweHHe, orrpe,IJ,enseMoe <l>opMynoii /36/. 
AHanoruqHbJM o6pa30M, yqHTbiBas /24/, MO)f(HO HaiiTH 

peii.\CHHe CHCTCMbl THIIa /4/: 
oo ~ F(y},{J<y<oo 
f I (yt) y(t) aeJ t dt = 
ov o,l~r<fJ /38/ 
j 1vrrenreJedt = o, o<r<l 

0 

13 

I ____________________ _ 



1\ 

r.ne 1 < {3 < oo H aecoaaR diYHKUH.H y (t) onpe.neneua pa-

aeucTBOM: 
II (~1 ) -1 

y(t} = t [ J ]11 (tx)T/(x}xdx] 1391 
0 

Peweuue HMeeT au.n: 

rf3-1J oo 

Ut)= t-v[ J ]
11

(tx)T/(x}xdx][J!11 (tx}F(x)xdx]. 

0 f3 
1401 

7. HeKomopble cAeOcmeu.R 

Y'IHTbiBaR CBJI3b CHCTeM 121 H 141 C ypaBHeHHJIMH 
cl>pe.nronbMa nepaoro po.na lpa3.nen 21, nonyqaeM cne.nyro

mue pe3ynbTaTbi: 
Ypaaueuue 

1 

J K (y,x) x ~(x} dx H(a-y){(y), O<y<l 1411 
0 

C .H,IlpOM 

oo (1-a) -1 l+V 

K(y,x) = J I (yt) [ J I (tr)T/(r)rdr] I (tx)t dt 
II II II 

1421 
0 0 

HMeeT peweuue: 
i 

"" (1-a) a l-v 
~(x}= J ]

11 
(xt)[ J /

11 
(t:y}T/(y}y dy ][ J 111 (ty) {(y}y dy ]c dt. 1431 

o· • o o 

3.necb Re v > -1/2 , 0 <a<l , H (z} - dlyiiKUHJI Xeaucaii.na 
I H ( z) = 1 npu z > 0, H ( z) = 0 npu z < 0 I. 

Ypasueuue 
00 

JK~(y,x)x6(x)dx = H(y-fJ)F(y}, l<y<oo 1441 

~14. 

C .H.ll.POM 

oo r{3-1 J -1 1+v 

K
1

(y,x) = J! (yt}[ J f (tr)T/(r}rdr] ] (tx)t dt 
II II II /45/ 

0 0 

HMeeT peweuue: 

00 (~1) 00 l-11 

O(x} = J ]11 (xt)[ J ]
11

(ty)T/(y)ydy][ Jl
1
Jty)F(y)ydy] t dt 

0 0 {:3 /46/ 

3.IJ.eCh Rev>- 1/2, 1 < {3 < oo • 

3aMeTHM, 'ITO, BCJle,IJ.CTBHe 1231, npaBa.H 'laCTb /43/ 
o6pamaeTC.H B HY11b npH X> ] , 003TOMY, DO,IJ.CTaBJl.H.H /43/ 
B /41/, MO>KHO 3aMeHHTb B 1411 npe,D.eJlbl HHTerpHpOBaHH.JI 
(0,1) Ha (0,""). AuanorH'IHO, acne.ncTBHe 124/, npaaa.H 'laCTh 
/461 o6pamaeTC.H a uynh npu x < I. 

PaccMoTpHM ypaaueuue 
I 

JK(y,x)xcp(x}dx """f(y}, 0 <y< I 147/ 
0 

C .H)l.pOM /42/. MeH.H.R nop.R,D.OK HHTerpupoBaHH.H, HMeeM: 

oo (1-a) -1 1 I+v 
J] (yt)[ J ] (tr)TJ{r}rdr] [J] (tx)~(x)xdx] t dt=f(y), 

II II II 
0 0 0 o < r < 1. /48/ 

06oJHa'IHM qepe3 [
1 

(y) 3Ha'leHHe neaoii 'laCTH /481 npu 
v>J.llpnMeuu K /48/ o6pameuit:e rauKen..H, HMeeM: 

(1-a) -1 1 II I 

[ J 111 (tr )T/(r} rdr] [ J 1
11 

(tx} ~(x)x dx] t = J 1
11 

(ty) {(-,)y dy + 
0 0 0 

00 

+ J I (ty)f (y)ydy 
l II I 

/49/ 

. -v(I-a) 

YMHO>KaJI paaeHCTBO /491 ua t ~ 111 (tr)TJ(r}rdr 
pa3 OpHMeH.HJI o6pauteHHe rauKeJ1.H, HMeeM: 

ueme 

IS 



I 

00 ( 1-a) l 1-y 

cp(x) H(l-x) = f fv (xt}[ f fv (tr)YJ(r)rdr][ J fv (ty) f(y)ydy ]t dt + 
0 0 0 

00 (1-a) 00 1 v 
+ f fv(xt}[ f !v(tr)YJ(r)rdr][ flv(ty){ (y)ydy]t- dt. /50/ 

0 0 1 
1 

EcnH ao BTOPOM qneHe cyMMbl B npaaoB: qacTH paaeHCTBa 
/50/ ,AonycTHMa .ABOHHaJI nepecTaHOBKa, nopJI,AKa HHTer· 
pHpOBaHHJI, TO 3TOT qneH, B COOTBeTCTBHH C npaBHllOM 
/24/, o6pa~aeTCJI a Hynh npH x <a. Cne,AoaaTenhHO, pe
rneHHe ypaaHeHHJI /47/ c JI.APOM /42/ npH x<a HMeeT BH.A: 

00 (~ 1 ~ 
cp(x)=f !v(xt}[ f !v(tr)YJ(rJrdy)[f!v(ty)f(rJrdy]t dt, 

0 0 0 
0 <x.<-a.<l . /51/ 

AHanOrHqHaJI npo.u;e,Aypa ,D;nJI ypaaHeHHJI 
00 

f K/yx)xO(x}dx = F(y}, 1 < y <oo 
1 

c B,a;poM I 45/ npHBO.AHT K paaeHcTay: 

00 ({3-lJ 
()(x) = f Jv(xt) [ f Jv(ty)YJ(rJrdy] x 

0 0 
oo I-V 

x[ f/(ty)F(y)ydy]t dt, 1<fJ<x<oo. 
1 v 

8. HeKolllopble o6o6flleHUJI 
c 

. /52/ 

/53/ 

YMHO)I(aJI paaeHCTBO /23/ Ha f I v (tx)t,
1 

(x)x dx-, HMeeM: 
0 

A 8 C 
[f 1 (tx) ¢(x} x dx ][ f lv (tx} "1 (x)x dx ][ f lv (tx) 1J (x) x dx] = 

v 0 1 
0 0 · I 

~+~ c 
= tv[ f fv (tx )P1 (x}xdx ][ J I (tx)TJ 1 (x}xdx]. 

0 0 v 
/54/ 

16 
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• CHOBa npHMeHJIH K npOH3Be,AeHHID .ABYX HHTerpanoB, CTOJI• 
JJ.(HX B npaBOH qaCTH /54/, npaBHllO /23/, nonyqHM: 

A 8 C 

[fl (tx}cp(x}x dx][JJ (tx)YJ(x)xdx][f!v(tx)TJ (x}xdx] v v 1 
0 0 0 

(A+8+C) 
2V 

= t f lv (tx)P
4 

(x)x dx. 

0 /55/ 

Cne,AoaaTenJ.Ho, no HH.AYK.U:HH HMeeM: 
N 

N A i v ( N-1) ( ~ Ai) 
i- I 

I1 J fv (tx)cpi (x}xdx] = t J fv (tx) M(x)xdx /56/ 
i=l 0 0 

AHanornqHo o6o6maroTcJI Bblpa:lKeHHJI /24/ H /25/. 
Hcnonh3YJI nonyLJ:eHHJ.Ie pe3ynhTaThi, MO:lKHO HaRTH pe

rneHHJI HeKoTophrx CHCTeM Bhlcrnero nopJI,a;Ka. HanpHMep, 
CHCTeMa 

00 ! Jv(yt)wN(t}l/f(t)tdt = ~ f{y), O<y<f3 N; 

l 0, f3 N <y < {3 
. (N -I) 

00 

f fv(yt)w(N-I/t)l/f(t)tdt = 0, f3rN-l).<y<f3{N- 2) /57! 
0 

00 

f fv(yt)w 1 (t}l/f(t)tdt = 0, {3 1 < y < 1 
0 

00 

f fv(rt}l/f(t)tdt = o, 1 <y < oo 

0 

kv k ai -1 k 
r.a;e w (t) = t [ II f J (tx}TJ (x}xdx], f3 =1- ~ a , f3 >0, 

k i=l 0 v i k i=I i N 

J7 



HMeeT peweHHe: 

-Nv {3N N ai 
1/J(t) = t [ f ]

1
; (tx}f(x}xdx ][i~l f ]v (tx}T/ Jx}xdx] /58/ 

0 0 
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