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/1-3/ 
Ha ocHoBaHnn MeTO/l8 perym1pnaaunn A.H. TnxoHoBa /lnSI peme-

HllSI HennHeilHbIX onepaTOpHblX ypaBHeHIIil 5/ 4-6/ npe)lnaraIOTCSI "perynSI

pnaoaaHHbie" II "aaToperynSip11aoaaHHb1e" ll'repaunoHHbie npoueccbI Tnna Hb10-

ToHa-KaHTopoanqa. 

B HBCTOSIIUeil pa6oTe paccMaTpIIBaeTCSI Bonpoc, SIBnSIIOTCSI nII perynSI

pll3OB8H}lbie nTepauIIOHHbie npouecCbl na14-6/ perynSipII3IIPYIOIUIIMII anropIIT

MaMn. 

ITpIIBO/lIITCSI cne/lCTBIIe O CXO/lIIMOCTII npouecca B nIIHeHHOM 

cnyqae/5,6/, Da10TCSI qIIcneHHb1e npIIMepbI pemeHIISI nIIHeilHbIX, nnoxo o6y

cnoaneHHbIX CllCTeM ypaBHeH~il aBToperynSipII30BaHHbIM IITepauIIOH~b!M npo

ueccoM R! 
n 

1. ITyCTb X - rIO/lMHO)KeCTBO 6aHaXOBa npocTpaHCTBa E II onepaTop 

f npeo6paayeT x E X 

ITyCTb ypaBHeHne 

B yEX. 

pewaeTCSI nTepaunoHHbIM npoueccoM 

( 1) 

( 2) 

rile one pa Top - qiyHKUllSI R ( x) ( x EX ) - KaK one pa Top )leiicTByeT na X B X . 

Bea)le B sTofi pa6oTe /lnSI ypaBHeHIISI (1) 6ylleM npe/lnonara~b, qTo 

ecnn cymecTByeT pemeHIIe, TO OHO e/lIIHCTB8HHO. 

DoK8)K8M npe/lB8pIITenbHO cne1ly10mee BCllOMOraTenbHOe yTB8p)K)l8Hne. 

neMMa 

ITycTb B X cymecTBYIOT orpam1qeHHbI8 nepBb!e npoll3BO/lHbl8 <l>peme 

onepaTopoB R n f • ITycTb nocne)loBaTenbHOCTb p CXO/lllTCSI KaK /lnSI Toq-

3 



aoro y EX , TaK H an.11 mo6oro npH6nHJKeHHSI y EX ( !I y - y·II ~8 , 8 > 0 ) 

COOTBeTCTBeHHO K x*, x*E X Toraa H8X0)KJl9HHe npeaena X * SIBJISieTC.ll 

perynsipH3HpyrolllHM anropHTMOM, 

iloKaaaTeJibCTBO 

ITepBoe Tpe6oBaHHe B onpeaeneHHH THxoHOBbIM perynsipH3Hpyromero 

anropHTMa/ 1 /' 0'19BHJlHO, BbIIlOJIHeHo. BTopoe Tpe6oBaHHe BbIDOJIHeHo, ecnH 

nro6oMy 'IHCJIY £ > 0 MOJKHO conocTaBHTb 'IHCJIO 8 ( £) > 0 , TaKoe, 'ITO 

ecnH BbIIlDJIHeHo aepaBeHCTBO II y - y II ;:s; 8 

cTBo 11 x* - x* !I < £. 

TO BbIIlOJIHSieTCSI HepaBeH-

B HallleM cny11ae ~3 CXOJlHMOCTH nocneaoBaTeJibHOCTH 9' )lJlSI y H y 

cneayeT cymecTBOB8HHe y6bIB8IDlllHX npH n ➔ _oo <fiyHKUHfi -71 H ri ' T8KHX, 
n n 

'ITO 

II x - x* 11 < ;; , 
n - n 

( 3) 

ll;n _;* II< .,j , (n=0,1,2, ... ). 
- n 

HcnDJib3YSI TO)KJl9CTBO 

{x* _ ;* >+ (x * - X n+l )-(x* -xn+l ) = xn+ 1 -xn+ 1. 

H oueHKH (3), HaXOJlHM aepaBeHCTBO 

II x* -x* 11 :s iin+ 1 + .,;n+l + fl xn+t _;n+ 1 II . (4) 

HafiaeM oueHKY JlJISI HOpMbl I.I~ n+t -xn+I fl .Ha ( 2) cneaye~: 

xn+t -xn+t =<xn-xn)+(!R(in)r;n __ !Jl(xn)fxn) + 

(5) 

+C!RG
0

)y-!R(;n )y) • 

no TeopeMe O cpenHeM 3H8'19HHH HMeeM OU8HKY 

4 ,.....__ 



II ~(i) r; -~ (~) fx 1,1 :s PQ II i-x II 
( 3necb ncnon1,sy10Tcs:i 06osHa<Ie1ms:i: H .!R ' ( x) II ::: P 

nns:i acex x E X ) • 
TTo ¢opMyne Tettnopa HMeeM npencTaBneHne 

r.ne lim CT ( x,; ) = 0 
X ➔ X 

Ha OCHOBe ( 5), ( 6) H ( 7) sannweM HepaBeHCTBa 

+ II CT 1111:r II !I xn-~n ti+ II !R(xn)(y-;) II< 

~O+PQ+tlull!lyfl)II; _; ll+!RIIY-;H 
n n 

(3.nech - l!!R(x)ll~~< 00 .nns:iacex xEX). 

( 6) 

H JI f'(x) 11 <5.Q 

( 7) 

Bae,neM <IHcna S H 80 , TBKHe, 'ITO: l+PQ+\\CT!lfl:ill=S H lly'-y!l-s_180 • 

Hs nocne.nHHX HepaBeHCTB HMeeM 

Hs aToro peKyppeHTHOro COOTHOWeHHSI H8XO)lHM oueHKY 

·11 ;z - X 11 < R 
n+I n+t f -

Sn+I -1 
----- 80 = tn80 

S-1 

TTo,ncTaBnSISI (8) a (4), nonyqaeM OKOH'IaTenhHyIO oueHKy 

( 8) 

nns:i npOH3BOnhHOrO ¢HKCHp0B8HHoro c>O Bcerna cymeCTByeT )lOCTa-

TO'IHO 6on1,wott HOMep n* 11 )lOCTaTO'IHO ManeHbKOe 'Illcno 8J > 0 , 

TaKHe, 'ITO llMeeT MeCTO HepaBeHCTBO 

( 10) 

Ha. ocHoBe (9) H (10) saKnroqaeM, 'ITO nns:i nro6oro nonomnTenbHoro 

'IHCna 8 :S 8t $ + (£ - -q n* - ~ n* ) a Cline llMnnHKaUHSI II y -y l-1 $ 8 ~ 

'ITO H Tpe6oaanoch .noKasaTh. 
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2. TTyCTb E-rHnb6epTOBO upocTpaHCTBO H uycTb ypaBHeHHe (1) pe

lliaeTCSI 8BToperynHpH3OB8HHblM HTepaUHOHHblM upoueccoM THila HblOTOHa-

e 
KaHTopoBH'la !R /6/. B aToM cny'lae JlnH ouepaTopa !R HMeeM 

t'n 
m -1 
J\(xn)=-(f'*(xn)f'(xn) +£nE) f'*(xn), 

rJle 'lHCna £ n ( n = 0,1,2, ... ) 38Jl810TCSI Bblpa)KeHHeM 

£ n =a~ Iv' II f'(x n ) 114 a 1 (!lf'(x
0

) ll 2 £ 
0
+£ :n1 f'*(x)(f X n:-Y) [I-4 + 

ll f'*(xJ(f x0 -y lll 

--
1 !I f'(xn)n2 I, 
2 

a I E ( o, 1] • a 2 E [ 0,1] - IlpOH3BOnbHble <t,HKCHp0B8HHble 'lHCna H ( 0 > 0. 

BBeneM o6oaHa'leHHH: 

p = II f '* ( x )( fx n -y )II , 
n n 

. -1 
b n = II (f'*(xn)f'(xn) + t'n E) I\• 

a 
N 0 =-1-(2r

0
£

0
+d ), r =_L_llf'(x )11 2

, llf'(x)I.J<T<ooBX. 
u n 2 n _ 

Po 

101 e 
Cq:iopMynHpyeM cnenyroume ycnoBHH , CBH3aHHbie c npoueccoM !R £ 

n 

.a) B X cymecTByeT orpaHH'IeHHaH BTOpaH IlpOH3BOJlH8SI <l>pellle f "( X): 

_l llf"(x)ll<M<oo; 
2 -

6) cymecTByeT KOHCT8HT8 p E [0."")' TaKaB, 'ITO nnH n106blX TO'leK 

x,yEX H n106ofi TO'lKH z i;; Ix+ 0-t )y It E [0,1]} 

BbmonHeHO HepaBeHCTBO 

2 

II r '* < x >- r '* < y > H z fl s. P II x - y ti ; ( 6.1) 

B) nnH Ha'lanbHblX X o H £ o BbmOnHHIOTCSI HepaBeHCTBa ( H8'lanbHble 

ycnoBirn) 

6 



I'll8 y > b - 38ll8HHoe ll8iiCTBHT8llbHOe 'IHCllO H 
0 

BbIIlOnHSIIOTCSI aepaeeHCTBa 

( n = 0, 1,2, ... ) 

r f3p 
A) W =Ix/ II x 1-x fl~ ---0

-
1 - /32 

I c X. 

( B,2) 

/6/ 
Ha OCHOBe T80p8Mbl H3 pa6oTbl H neMMbl HSCTOHll!eii pa60Tbl HMeeT 

M8CTO cnellyl0Ui8H 

TeopeMa 1 

ITycTb ypaBH811He ( 1) pewaeTCSI C IlOMOIIlblO npouecca R; H ycnoBHSI a)-ll) 
n 

BhmonHeHbl KSK AnH TO'IHOI"O y E x , TSK H AnH nro6oro 

Y EX ( II y - y II < 8 , 8 > 0 ) TorAa HaXO>KAeHHe npellena 

npn6nH>K8HHSI 

npouecca 

'!Rf( n ( OTHOCHT;nbHO ypaBH8HHSI fx-y=O ) HBnsreTCSI perynsrpH3YIOllIHM 

anropHTMOM, 

YTB8p>KA8HHH, aaanOI'H'IHbl8 TeopeMe 1, nony'ISIOTCSI H llnH perynsrpH30-

B8HHhlX HTepauHOHHhIX npoueccoB THila HblOTOHa-KaHTOpOBII'Ia ~Cu 141 
f . n 

H !R Ctln /5/, 

3, 11ccnellOB8HH8 B03MO>KHOCTH 8BToperynsrpH30B8HHhIX HTepaUHOHHhIX 

npoueccoB llnH peweaHH nHHeilHblX H8Kopp8KTHO nocTaBneHHhlX 38ll8'1 npellCTaB

nsreT onpelleneHHhiil HHTepec, 
f 

ITpHB8ll8M OTHOCl!TenbHO npouecca ·~ £ n OAHY 113 B03MO>KHhIX TeopeM 

0 CXOllllMOCTII B nHaeiiHOM cny'lae. Tenepb YTB8p>Kll8HIISI Tllna TeopeMbl 3/ 4/ 

7 



/6/ 
n TeopeMbI ns yrrpoma10TcSI (M=P=O) n Tpynao rrpoBepSieMb1e ycnoBHSI 

a) ll 6) DTCYTCTBylOTo 

B rllnb6epTOBOM rrpocTp8HCTBe E paccMOTpllM nnaefiaoe ypaBH9Hlle 

f*(fx-y)=O, 

)lnSI KDToporo orrepaTop f '-"f - o6paTIIM. 

TeopeMa 2 

TTycTh ypaBHeHHe (11) pemaeTCSI HTepaunoHHbIM npoueccoM 

( 11) 

f 
~E"n 

II nycTb nnsi rrpoll3BOnhHOro q>IIKCllpOB8HHoro qncna f O "> U KOHCT8HTbl Y , 

a I II 'IIICna En ( n = 1,2, ... ) Bb!6paHbl TaK, 'IT06b! YllDBneTBDpSinIICb CDDT-

HDIIl9HllSI 

Y = 3b 0 , ( 12) 

1 
a I < ----------

- 2 4(£
0

+2E
0

T) y 2 
( 13) 

(B nnHeiiHDM cnyqae rronomeao r n = T ) . 
I fn- fn+l I < ( . 

- n 
( 14) 

TiycTh Bb!IlDnHeHo ycnoBne n) TeopeMbl 1. Torna nnsi n106oro HaqanhHoro 
f 

rrpn6nnmeHHSI x 
O

E X rrpouecc !R £ cxonnTCSI n lim x = x £ e W . 
n n 

n _,. °" 
n ➔ oo 

To'!Ka x( SIBnSieTCSI pellleHHeM ypaBHeHHSI ( 11) B o6naCTII X , n crrpaBe)l-

nHBbl oueHKH 

2 n-1 

3 bo Po f3 < 12 
II < 2n llxn-Xf - 1-{3 

b 0 Po 

42n -1 
( n = 1,2, ... ) . 

8 

;~ 
;\ 
"! 
I 

~· 

lloKasaTenhCTBO 

TiycTb E O > 0 - q>IIKCilpDBBHHOe 'IIICno. Co~naCHD ( 12) II ( 13) Bb!5IlpaeM 

KDHCTaHTbl y II a I • Torna crrpaBe)lnIIBO HepaBeHCTBD 

a I (£~+2£0 T)y2 ~ +· 
Hcrronhsysi o6osHaqeansi al 2 ) No=--(E"o+2E"oT 

Po 

HepaBeHCTBO (15) 38IlllChlB8eM KaK 

1 
/3 <-. 

- 4 

( 15) 

2 
, f3=N 0 y P 0 • 

( 16) 

B nIIHeiiHOM cnyq_ae ¢ 0 =N 0 yp 0 b0 II Ha ocHoBe (16) II (12) HaxoJlllM 

HepaBeHCTB8 

1 
cf,<-, cf, <1-/3 

0 - 12 0 • 
( 17) 

TaKllM o5pa30M, Bb!IlOnHeHo HepaBeHCTBO (B.1) B ycnDBllH B) Teope

Mbl ns/6/. I1s rrepBoro HepaBeHCTBa ( 17) cnenyeT, qTo 

3 cf, + ...2_ ¢o < 1. 
0 2 1- ¢0 -

( 18) 

Terrepb Ha OCHOBe ( 12) H paBeHCTBa f3 = 3 ¢0 Il3 ( 18) 3aKnlO'laeM, 

'ITO Bb!llDnHeHo HepaBeHCTBD (B.2) ycnoBHSI B) TeopeMbl ns/6/, I1MeSI B BHny, 

'ITO Bb!IlDnHeHo n ycnoBne n) aToii me TeopeMbI, )lenaeM Bbrnon o crrpaBen-
1 

nHBDCTH )lOKa3bIBaeMoii TeopeMbl, 

4. TiycTb rrpH pell!eHIIII ypaBH9HllSI (11) orrepaTop f*f Heo6paTHM. 
f 

B sTDM cnyqae nTepauI10HHb1ii rrpouecc !R E" MomeT 6bITh ncrronbsoBaH 
n 

nnSI perueHIISI HeKOTOporo NannpoKCHMHpy10mero" ypaBH9HHSI THna 

f*fx+ax=f*y, ( 19) 

rile a >0. 

9 



f 
TTpepb!BaHHe rrpouecca ~ l amt HeKOToporo n = N * MO)KHO CBSI3aTb 

D 

c rrapaMeTpOM a • TTpH peweHHH ypaBHeHHSI ( 19) c IlOMOmbIO rrpouecca R~ 
D 

HMeeT MeCTO paBeHCTBO 

• 
II f* f X n+ 1 + a x n+l -f*y JI = I E n- a 111 xn-xn+ 1 II • ( n = 1,2, ·•· ) • 

0TCIOJla aaKn1011aeM, 'ITO ang n = N * ' IlpH KOTOpOM ( N * = a ' TO'IKa X N*+ 1 

SIBnSieTCSI peweHHeM ypaBHeHHSI (19). 
B psiae cny11aeB rrapaMeTp a MO)KeT 6bITb HeH3BeCTHblM ( T.e. MO)KHO 

IIOCTaBHTb aanaqy Ha arrrrpOKCHMaUHIO ypaBHeHHSI (11) rrocpencTBOM (19) C rra

paMeTpOM a ,SIBnmomHMCSI B HeKOTOpOM KOHKpeTHOM CMbICne ,, HaHny'IWHM"). 

B Ka11eCTBe rrpHMepa OIIHWeM onay aanaqy 8Toro Knacca. TTyCTb pewaeTCSI 

nn:Hell:HaSI CHCTeMa ypaBHeHHll: THna (11) H nycTb MaTpHua f*f 6nH3Ka 

K BblpO)KJleHHIO HaCTOnbKO, 'ITO naaaasi CTaHnapTHaSI rrporpaMMa ( Ha orrpenenea

Holl: 3BM) He MQ)KeT BbIIIOnHHTb orrepaUHIO o6pameHHSI. TTycTb H!IleTCSI BepXHSISI 

oueHKa MHHHManbHOro 3Ha'leHHSI napaMeTpa a' ansi KOTOporo 3AJla'la (19) 
pewaeTCSI cTaHaapTHOll: rrporpaMMoll:. 

TTpH6nH)KeHHOe peweHHe STOll: .aana1111 qaCTO HmeTCSI MeTonaMH, BOCXO

JlSlllIHMH K 3BpHCTH'leCKOMY nporpaMMHpOBaHHIO (11 npe)Kne Bcero MeTOJlOM 

"npo6-ow1160K"). 

nocTaBneHHYIO BbIWe aana11y MO)KHQ pewaTb H Ha OCHOBe aBToperyngpH
f 

aoBaHHoro rrpouecca ~ E • B HaweM cny11ae HMeeT MecTo paBeHCTBo 
n 

f* f X n + 1+ £ n X n+ 1 - f"' y = l n Xn (n=l,2, •.. ). 

TTpouecc 
f 

~ ln caM OCTaHOBHTCSI Ha n = N * , nng KOToporo o6pameHHe 

MaTpHUbI f* f +EN *E y)Ke He BbIIIOnHSieTCSI nporpaMMoll:. Ha OCHOBe no-

cnenHero paBeHCTBa JlnSI HCKOMOll: oueHKH MHHHManbHoro 3Ha'leHHSI a MO)KHO 

B3SITb 'IHCnO £ N *-1 . Hano HMeTb B BHny 1 'ITO IIpH q>HKCHpOBaHHOM Ha'lanb-

HOM IIpH6nH)KeHHH XO GonbllIHM ( 0 COOTBeTCTBYIOT Gonee MenneHHbie 

npoueccbI, a HCKOMag oueHKa napaMeTpa a HaXOJlHTCSI Gonee TO'IHO. 

011eBHnHo, peweHHe TaKoll: aana'IH IIOCTpOeHn:eM aBTOperynSipH30BaHHOro 

al rrpouecca J\ l HMeeT rrpeHMyllieCTBO rrepen 8BpHCTH'leCKHMH MeTOJlaMH. 
n 

10 

I 

r 

5. PaccMoTpHM JlBa npHMepa peweHHSI nnoxo o6ycnoBneHHhIX CHCTeM 

ypaBHeHHll: aBToperynSipH30BaHHWM rrpoueccoM 

TTyCTb OTHOCHTenbHO HeH3BeCTHblX x I , 

·lilf 
J\ l • D 

i = 1 •... , 5 

ny10mHe CHCTeMbl ypaBHeHHii: 

1,00000001 XI + X 2 + X a + X 4 + X 
5
= 5,00000001, 

XI+ 1,00000002 X 2+ X3 + X 4 +x 5 = 5,00000002, 

XI+ X 2 +1,00000003x 3 + x 4 + x 5 = 5,00000003 , 

X I+ X 2 + X a + 1,00000004 X 
4 

+ X 
5 

= 5,00000004, 

x 1 + x 2 + x 3 ~x 4 + l,00000005x 5= 5,00000005. 

1,00000001 XI + X 2 + x4 + X 
5 
= 5,00000001 , 

X I+ 1,00000002 x 2 + X 3+ X 4 + X 5 = 5,00000002, 

X 1 + X 2+ 1,00000003 X 3 +x 4 + X 5 = 5,00000003 , 

XI +X 2 + X a+ 46,0000004· x
4
+ X 

5 
= 50,0000004 , 

X 1+ X 2 + X a+ X 4 + 46,000000 5 X5 = 50,0000005 • 

aaaaHbI cne-

( 20) 

( 21) 

3TH cn:cTeMbI ypaBHeHHii rrnoxo o6ycnoBneHbI, TaK KaK 11n:cna 06ycnoB-

neHHOCTH onepaTopa f*f (cM., HaIIpHMep/7/) SIBnSIIOTCSI 6onbWHMH 'leM 

109 ( HCnonb30BaHa HOpMa t.Je6btWeBa). 
f 

B Ta6n11ue IlOKa3aHbl HTepa1rnOHHbie rrpoueccbI ~ l ( peanH30B8HHble 
n 

rrporpaMMOii AUTORE /6/) cooTBeTCTBeHHo am1 cncTeM (20) H (21). Y*e 

Ha wecToll: HTepau1111 B rrepBOM cny11ae H Ha 11eTBepToll: - Bo BTopoM Hall:neHo 

peweHHe c TO'IHOCTbIO no 10-9. 

B aa11IeM cny11ae npH pellieHHH CHCTeM (20) H (21) co6n10neane 

ycnOBHfi ( 12), (13) n (14) TeopeMbl 2 6bmo He 06.11aa TenbHO. 

11 



Ha pHC. 1 II0K838H8 38BliCliM0CTb H0Mepa N * 0K0H'l8HliSI HTepaUHOHHO

ro rrpouecca ( HTepaUHSI N * + 1 HeocymeCTBHMa II0 rrpli'lliH9 rrpaKTli'l9CKOH 

aeo6paTHM0CTH orrepaTopa £*£ + E' N *+t E ) OT Ha'lanbHoro 'IHCna E' 0 • 

OTM9TliM eme, 'ITO Ilpli B03MYlll9Hlili rrpaB0H '18CTH CliCT9Mbl ( 21) B9KTOpOM 

tl.y = 

f'. 

7.5 -8 
10 

-1.9 10-8 

2.0 10-8 

-3.0 10-

3.0 10-7 

JisMeHeHJISI npoueccoa !R E' n 
-8 

C TO'IHOCTblO no 10 He 38M9'18IOTCSI. 

TiycTb perneHHe CHCTeM (20) JI (21) paccMaTpHB89TCSI K8K sana'la, 

rrocTaBneHH8SI B rr.4. 11s Ta6nHUbl cnenyeT, 'ITO nng aepXHliX oueHOK MliHJI

ManhHblX 3H8'19HliH rrapaMeTp0B a (nmi: K0T0pbIX C00TB9TCTBYIOlUJI9 ypaB

H9HHSI TJIIla ( 19) pernaIOTCSI) M0)KHO B3SITb CO0TB9TCTB9HHO 'IJICna ( 5 = 
0,00000105 H ( 3= 0,00000153. 

CHcTeMhI ( 10) JI ( 11) pernanJicb aa 8BM E8CM-6 O6'henJiaeaaoro 

HHCT~TyTa HnepHbIX HccnenoaaHHil, B aameM cny'lae yrroTpe6nS1nach cTaanapT-

!Bl. 
HBSI nporpaMMa SYMINV H Sl3blK DUBNA- FORTRAN 

n ll T e p a T y p a 

I. A.H. TnxoHOB. llAH, 153, N°l ( 1963). 

2. A.H. TnxoH0B, llAH, 161, N?5 ( 1965). 

3. A.H. TnxoHOB. CT8Tbll B c6opHnKe 'BbI'lllCnnTenbHbie MeTonbl n nporpaM-

MllpOBaHne', nan. MfY, 1967, 

4. n. AneKcaanpoB. )KBM n M<t>, T. 11, N°l ( 1971). 

5. n. AneKcaanpoa. Coo6meH,ne O1-UIH, P5-5134, lly6aa, 1970, 

6. n. AneKcaanpoa, Coo6meane OHHH, P5-5515, lly6aa, 1970. 
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1, n. KonaTu. <f>yHKUllOH8nbHbli! aaanna H BbI'IHCnHTenbHSSI MaTeMaTHKa, 

M,, 1969 r,, cTp, 105, 

8, .Hab1K cf>OPTPAH, pen, B.IT. illupuxoa, ITpenpHHT OHHH, 11-4818, lly6aa, 1969, 

N*(Bo) 
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