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CneAySI H.-0. Kreiss , paccMoTpHM SIBHYJO paaHoCTHyJO annpoKCHMB 

UHIO rHnep6onH'I9CKOA CHCT9Mbl AHcl>cllepeHUHan&HblX yp8BH9HHA: 

.1.!.__ =A au 
a, ax x•>O, t·>O. ( 1) 

A- nocTOSIHHaSI MaTpHua paaMepHOCTH ( k , k ) , a - BeKTop-cllyHKUHSI 

p83M9pHOCTH k • Sea orpaHH'I9HHSI o6mHOCTH MOJKHO C'IHTaT&, 'ITO A -

roHan&H8SI M8TpHU8o 

n peA n 0 n 0 )I( e H He 1. A - H9BblpOJKA9HH851 MaTpHua, H9H3BeCTHbl9 

u <v> ynopRAo'leHbl TaK, 'ITO A HMeeT BRA: 

( 
A

1 

0 ) 
A.. 0 An 

(

a 1 0 •.•· 
: 0 a 2 .. . 

,o 0 .. . 

0 ) (af+t 0 ... 0 ) 
0 An = 0 a f+ll"' 0 • 

at o o ... ak 

( 2) AI 

PewaeTCSI cMemaHH&SI KpaeBaSI aaAa'la: 38A8Hbl Ha'lan&Hbte AaHHbte u (x.O) = fl 

X > 0 H Kp89Bbl9 ycnOBHSI 

u 
1 (0, l ) = S u11 (0, l ) , l ·;:: 0 . 

BeKTopa u I , u n onpeAeneHbi cornacHo paa6HeHHJO A , S - npRMoy

ron&Hasr nOCTOSIHH8SI MaTpHua p83MepHOCTH (t. k- e ) • PaccMaTpHB89TCSI 

3 



.. 

paBHOMepHaSI CE'TKa C lll8f'8MH T 1 h, 
1 

OTHOlli8HHe a=r/h !flHKCHpOB8HO, 

B yanax ceTKH (1) aaMeHsreTCH cornacoBaHHOA paaHoCTHoA arrrrpoKcHMauH

eif: 

p 

vv (t+T) = I Al VV+l (t), 
l=-r 

vv(O)=fv v = 1,2, ... ( 3) 

3.!lech A 1 - rrocToSIHHbte MaTpHUbi paaMepHoCTH ( k , k ) • 

n p e .!l rr 0 n 0 )!( e H He 2. p ·:::: 1 ' A P' A_, HeBb!pO>K.!leHHbie. 

0503H8'1HM qepe3 Q (~) xapaKTepHCTH'l8CKy10 MaTpHUy ( 3): 
p 

Q (~) = I 
j =-r 

Al ell~ '-17~('S_17. 

n p e .!l rr on o >K e H He 3. A rrrrpoKCHMaUHSI ( 3) .!lHCCHrraTHBHasr: cyruecTBy

JOT ITOCTOSIHH8SI 0 '> 0 H H8TypanbHOe 2·s •>0, T8KHe 1 'ITO C05CTB8HHbie 3H8-

'18HHSI ( c.a.) Q (~) Y.!lOBneTBopsr10T oueaKe: 

!f!<0!<1-o:!fl28
, -17~~~17. 

Dpe.!lrronomeHHe 4. CooTBeTcTBYJOTUaSI (3) aa,!la'la Koum ycToif

'IJfBa. PaccMaTpHB810TCsr O.!lHOPO.!lHbte KpaeBbte ycnoBHSI BH.!la: 

s 

I 
j =I 

c l fL v j ( t ) ' J.L = 0,-1 , ... , -r+ 1 . vfl(t)= (4) 

3necb (: j fL- IIOCTOSIHHbie MaTpHUbl pa3MepHOCTH ( k 1 k ) • 0503H8'1HM 

qepe3 II rHnb6epToBo rrpocTpaHCTBO cyMMHpyeMbiX c KBa.!lpaToM rrocne.!lo

BElTenhHOCTeil, Y/lOBneTnDp51101llHX ( 4): 

"" 
\=1' ·····'o•'t'"'l' flvfl

2 

-HI 
I I 12 l vv . 

4 

'•Ill :)' ~ 

"! 
•/1' 

:~~1 :· 
'·r~, ~'t 
;),j 

:.·ill~~ 
A~'l 

;It·'··,;. 
:.:.·1f :. 
' ~ 

:\i ' 

\'JI 

.Iii •) ·! 
I~ 
'~~ ' 

~.: 
'~~ 

·~ 

l .(•! 

. :r.~ ·.~.;. 
~ 
~ 

1 

i\l}\ 

.:~il 
;•\l 

{ 

.~ 

PaaHoCTHasr arrrrpoKcHMauHsr ycToif'IHBa, ecnH cymecTf 

He 38BHCSilllaSI OT T 1 T8K8SI 1 'ITO 

lJI v ( t HI <Kill v ( 0 HI 

.!lnsr Bcex t = hr H Bcex v(O) C H 

PaaaocTHYJO arrnpoKCHM8UH10 ( 3), ( 4) aarrHrneM 

v (t + T ) = 'G v ( t ) ~ v ( t ) t v ( t + T ) c H .. 

finsr TOf'O 'IT05b! pa3HOCTHaSI arrrrpOKCHMaUHSI 6bi 

/1/ 
XO.!lHMO 0 'IT05bi orrepaTop 'G He HMen TO'leK CITe! 

Kpyra. 06oaHa'IHM qepea D MHO>KeCTBO TO'leK::I z.j' 

H.-O.Kreiss .!lOK83hiBaeT ycToA'IHBOCTh ( 5) rrpH ycnoBil 

TO'IeK cneKTpa B D H z = 1 He s:rBns:reTcs:r "o5o5meH11 

( z
0

- TO'IKa cneKTpa onepaTopa 'G , ecnH cymec1 

TaKasr, 'ITO 'G v = z 0 v • Onpe.!leneHHe "o5o5meHHoA T 
Ill 

ITOCMOTpeTb B ), 

B npe.!lnaraeMoll: pa6oTe peruaeTcs:r Borrpoc o5 y 

B cny'lae, KOf'.!la Z = 1 SIBns:reTCSI TO'IKOA crreKTpa ( Hnl 

cneKTpa) orrepaTopa 'G 
fins:r TOf'O 'IT05b! HCCne.!lOBaTb ycTOH'IHBOCTb (5 

rrops:r.!lOK pocTa HOpM cTeneHeA orrepaTopa 'G • Ecm 

paBHOMepHO ITO n 0 TO anrrpOKCHM8UHSI (5) yCTOA'Il 

c pocToM n , TO rropSI.!lOK pocTa :J! Gn II xapaKTepHay 

'IHBOCTH ( 5) o 

Cne.!lyR H.-0. Kreiss 1 npe.!lCTaBHM 'Gn B BH.!le Kl 

oT peaonhBeHTbt: 

n 1 .c n( .)-ld G =--- ,. z G-zl l 
217i r 

3.!leCb r = llz-1.! = p () I z :I·:::: 1- £1u'llzl=1-t" ()ljz-11 
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HBSI Cf'TK8 C ruaraMH T , Jt, 
1 

OTHOllieHHe a=r/Jt «fJHKCHpOB8HO. 

ceTKH (1) 38MeHS!eTCH cornaCOB8HHOA p83HOCTHOA 8IIIIpOKCHM8UH-

p 

vv (t+T) = l: Aj VV+l (t). 
j=-r 

v v ( 0 ) : f.,., • il = 1,2, ••• 
(3) 

- IIOCTOS!IIIIbie MaTpHUbl pa3MepHOCTH ( k , k ) • 

.u II on o )K e 11 He 2. p '2: 1 , A P' A_r aeBb!pO)K.UeHHbie. 

3H8'IHM 'Iepe3 Q (~) XapaKTepHCTH'IeCKyiO MaTpHUy ( 3): 
p 

Q (0 = l: 
j=-r 

Al ell~ • -17 5. ~ <'::.. 17. 

.u II on o )K e H He 3. A IIIIpoKCHMaUHSI ( 3) .UHCCHIIaTHBHaSI: cymecTsy-

51HH851 0 > 0 H HaTyp81IbHOe 2·s •>0, T8KHe, 'ITO C06CTBeHHbie 3118-

• 3.) Q (~) y.uosneTsopSIIOT oueaKe: 

lll<OI<1-o:lfl
2
s, -17~fs_17. 

.UIIOIIO)KeHHe 4. CooTBeTCTBYIOTUaSI (3) 3a.naqa Koum ycToA

cMaTpHBaiOTC51 O.UHOpO.UIIbie KpaeBbie YCIIOBHSI BH,aa: 

s 

vll(t)= l: C l ll v l ( t), J.L = 0,-1 , ... , -r+ 1. (4) 
j = 1 

/l- IIOCT05111Hbie M8TpHUbl pa3MepHOCTH ( k 0 k ) , 0603Ha'IHM 

rHm,GepTOBO IIpOCTpaHCTBO cyMMHpyeMbiX C KBa.Up8TOM IIOCne.uo

Teil, ynoRneTnop5IIOIUHX ( 4): 

,. = l \ \' . 2 
- r i I '"' ' 0 ' \' 1 • '" I, [I V [I 

"" 
l: I 1

2 
I VV • 

4 

.,.,: 

'"\1! ~1 I 

··~ . 
./. i 

'+\ ''. 
~ .}' : 
::~~~::, 
;·~t' .j£ 

:~;:;·, 

* 

Pa3HOCTHaSI aiinpoKCHMaUH51 ycTOA'IHBa, ecnH cymecTsyeT IIOCT051HHa51 K, 

He 3aBHCS!lUaH OT r , TaKaH, 'ITO 

iJI v(t)!JI <Kill v(O)I! 

.UIISI scex t = h r H scex v(O) C H 

Pa3HOCTHYIO aiiiipoKCHMaUHIO ( 3), ( 4) 3arrHrueM s oiiepaTopaoM BH.Ue: 

v (t + T ) = 'G v ( t ) ; v ( t ) • v ( t + T ) c H .• ( 5) 

nnSI TOrO 'IT06b! pa3HOCTHaSI aiiiipOKCHMaUHSI 6b!11a ycToA•msa, aeo6-

/1/ 
XO.UHMO , 'IT06b! orrepaTOp 'G He HMen TO'IeK CIIeKTpa Bile e.UHHH'IHOrO 

Kpyra. 06o3Ha'IHM qepe3 D MHO)KeCTBo To'leK::I z I·> 1 z ~ 1 

H.-O.Kreiss .uoKa3biBaeT ycTOA'IHBOCTb ( 5) IIpH ycnoBHH, 'ITO 'G He HMeeT 

TO'IeK ciieKTpa B D H z = 1 ae SIBnSieTCSI "o6o6meaaoA TO'IKoA" crreKTpa. 

( z 
0 

- TO'IKa ciieKTpa orrepaTopa 'G , ecnH cymecTsyeT v ~ 0 , v C H , 

TaKaS!, 'ITO 'G v = z 0 v • Orrpe.aeneaHe "o6o6meaHoA TO'IKH" crreKTpa MO)KHO 

Ill 
IIOCMOTpeTb B ) • 

B rrpe.unaraeMoil: pa6oTe peruaeTcSI sonpoc o6 ycToii:'IHBOCTH (5) 

B CIIY'Iae, Kor.ua Z = 1 SIBIISieTCSI TO'IKOA CIIeKTpa ( HIIH o6o6meHHOil: TO'IKOA 

cneKTpa) orrepaTopa 'G 

nnSI TOrO 'IT06b! HCCIIellOBaTb ycTOii'IHBOCTb ( 5), llOCTaTO'IHO OUeHHTb 
n 

rropSI.UOK pocTa aopM cTerreaeA onepaTopa 'G • EcnH !II 'G Jl orpaHH'Ieaa 

pasaoMepao rro n • TO arrrrpoKCHMaUHSI ( 5) ycTOii'IHBa. EcnH :nG n "pacTeT 

c pocTOM n , To rropSI.UOK pocTa :f.l Gn :11 xapaKTepH3yeT cTeneab aeycToA

'IHBocTH ( 5) • 

Cne.uySI H.-0. Kreiss 1 rrpe.ucTaBHM 'Gn B BH.ae KOHTypaoro HHTerpana 

OT pe30IIbBeHTbi: 

n 1 .! n (· . )- 1 G =---,. z G-zl dz. 
217 i r 

3.uecb r = llz-1:1 = p II I z :I ::: 1- £1u'llzl=1-f nljz-lt?.P ~r;vr2 
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jJ 
I 

.. 

EcnH BbmonH5110TCH npennono)!(eHHH 1-4 H G He HMeeT TO'IeK cneKTpa 

B D • TO HHTerpan no r2 9KCnoHeHuHanbHO y6biB8eT c pOCTOM n 

OueHKY HHTerpana no f'l nony'IHM C noMOllibiO SIBHOrO npencTaBneHH51 

peaonbBeHTbi nn51 z , 6nH3KHX K 1, '4To6bi nony'IHTb TaKoe npencTaBneHHe, 

Heo6XOIJ.HMO Bb!ITHC8Tb B SIBHOM BHIJ.e pemeHHe CHCTeMbl p83HOCTHbiX ypaB-

HeHHil: 

p 

I 
l=-r 

A 1 f 11+l -zf 11 =v 11 , 11=1,2, .•• , 

B 

f = I C 111 f l, p.=0,-1, •••• -r+1, fCH. 
/l i =I 

nocne aaMeHI>I y = (f11 1, ••• , f 11 11 +p- -r 
rronyqaeM onHornaroByiO ~opMyny: 

Yll+l =Myll+gll, 

r -1 -1 ) -1 -A- 1 A 
p-1 -A A 2 ••• -A (A0 zl ••• -A A 

p P p- P P -r 

0 ... 0 . .. 0 0 

' 
( 0 

0 I ... 0 . .. 0 0 
I 

M= 

0 0 0 0 0 

KpaeBbie ycnoBHH MoryT 6bJTb aanucaHbi B TaKoM su.ue: 

8 

[OI]yt I [OCel Yf+t 
f= r 

8 

( 7) 

··,!:, 
;;~i. 
"i'/ ... ·I', 

~~ 
,~, 

)\~' 

'~~ .. · 
·~. 

rne 

c •• o ... ~ 1,01 r~r+I,O ~ .. ~ I 
C=l · • C 1=· · • , ••• ,C= 

r ' r+ s 

c •• ~r+l, .. c:.-r+J ~+1,-r+:o •• "o 

llnH z , 6nH3KHX K 1, c.3, M pa36HBaJOTCH Ha 

Haxo.uHTC51 BHYTPH enHHH'IHoro Kpyra ( K 1 ) , 9TH c 

OTHeCeM K Knaccy S I i k C,3, CTpeMHTCSI K 1 IlpH 

Hhle 3H8'1eHH51 yCTpoeHhl TaK: 

1 ( )-I ( I+ t 
Ki= + aal z-1)+0((z-1) 1<), 

3necb a 
1 

- nHaroHanbHbie 9neMeHTbi HcxonHoil Henp 

npH I z I ·> 1 nepBbie f H3 'IHCna paCCM8TpHBaeMbJX 

9TH C,3, OTHeCeM K S 
2 0 OCT8nhHbJe k- f C,3, C 

Heu, pk-k+f c.a. ne)!(aT BHe K 1 H ·OCT8JOTCSI I 

3TH c.a. npHHanne)!(aT Knaccy S 
4 

fleMM8 
Ill 

H.--0. Kreiss • CymecTsyeT nocToHHHl 

aHanHTH'IeCK8H B Kpyre :1z-11~p M8TpHU8 T ( z) 

0 0 0 

(~ .. · )=e, -I M2 0 0 
T ( z ) M (z ) T (z ) = 

M 22 0 

EnoKaM M 1 , 

nocne aaMeHbl 

0 Ma ( 

0 0 0 ft 

M 2 , M 
8 

, M 
4 

oTBe'laJOT Knacc1 

w =Ty ypaBHeHHe v =My +g n1 
J.l 11 •11+1 v v 

w 
II+ I 

Mil 
0 

)w +Tgll. = ( . M . II 
0 22 
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nHHJOTCSI rrpearrono)f{eHHH 1-4 H G He HMeeT TO'IeK crreKTp8 

HHTerp8n no f'2 3KCnoHeHUH8nbHO y6bJB8eT C pOCTOM n 

Terpana no f' 1 nony'IHM C IlOMOWbiO SIBHOrO IIpeaCT8BneHHSI 

Tbi anSI z , 6nH3KHX K 1, LfTo6hi rrony'IHTb T8Koe rrpeacT8BneHHe, 

o BNilHC8Tb B HBHOM BH}:le pemeHHe CHCTeMhl p83HOC~HhlX yp8B-

p 

I AJ fv+J -zfv=vv, v=1,2, ... , 
J=-r 

s 

f = _I Cl!-1 f J, !-1=0,-1, ••. ,-r+1, fCH. 
/l 1 = I 

eHbi y =(f, 1, ••• ,f, 
V v+p- v-r rrony'l8eM oaHow8rosyJO $opMyny: 

v+gv' 

Ap-t 
-1 

-AP ;\-2 -1 -1 
-AP (A0 zl) ... -AP A_, 

0 0 0 0 0 

0 0 0 

( 7) 

0 0 0 0 

CnOBHSI MoryT 6b!Tb 38IIHC8Hbl B T8KOM BHJ:te: 

8 

[OI)y
1 I [OCf] Yf+l 

f= r 

6 

.,.. 

;: 

i* ~I 

.,, 

:~~ 
.%· 

'I 

~·,', \ 
i1/ 

r¥1 
'?. 

rae 

c = r 

£:\.+1 .-r+lo .. o I -[~s.o ~ .. ~ I 
' .... c -s • • • 

cs,-r+lo .. 0 

... ~ 1,0 1 
. J~cr+t= 

Cr -r+t, .. Cl -r+l ' ' 

C r,O Cr+I,O 0 .. 0 

llnR z , 6nH3KHX K 1, c.a. M pa36HB8JOTCSI Ha 4 Knacc8. kr-f c,3, 

HaxoaHTCSI BHYTPH eaHHH'IHoro Kpyra ( K 1 ) , 3TH co6cTBeHHbie 3Ha'leHHSI 

OTHeCeM K Knaccy S I ; k C,3, CTpeMHTCSI K 1 IlpH Z -> 1 , 3TH C06CTBeH-

Hbie 3H8'1eHHSI yCTpoeHbl TaK: 

I 
KJ=1+(aalr

1
(z-l)+O((z-1)

1
+k""'), j=1, ... ,k. 

3aecb a . - aHaroH8nbHbie aneMeHTbi HcxoaHott HerrpepbiBHott 38a8'1H ( 2). 
l 

DpH I z I ·> 1 rrepBbJe e H3 'IHCn8 paccMaTpHsaeMb!X C.3, H8XOaSITCSI B K 1 • 

9TH C,3, OTHeCeM K S 2 , OCT8nbHbte k- f c,3, cocT8BnSIJOT S 3 , HaKo-

Heu, pk-k+f c,3, ne)f{aT BHe K
1 

H ·OCTaJOTCSI sHe K 1 rrpH z = 1 . 

3TH C,3, IlpHH8ane)f{8T Kn8CCy S
4 

fleMMa 
Ill 

H.--0. Kreiss • CywecTsyeT rrocTOSIHH8SI p H HeCHHrynSipH8SI 

aHanHTH'IecKaSI B Kpyre I z-ll 'S.P MaTpHU8 T ( z ) , TaKaS!, 'ITO 

-I 
T( z)M(z )T (z) = 

(
M 11 0 ) = (: 

1 ~2 
0 M 22 0 0 

0 0 

0 

0 

M3 
0 

: )=M(z). 
M4 

EnoK8M M I ' M 2 ' M 8 ' M 4 OTBe'I810T Kn8CCbl C,3, sl 's2 • s . s . 
' 3 4 

nocne 38MeHbl w = Ty" yp8BHeHHe Y. I =My + g IlpHHHMaeT BHJ:t: 
V v V+ Jill 

Mit 0 =<o M )wv+Tgv. 
22 

w 
II+ I 

7 



' r' 
• 
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I 
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I 
I 
! 
1 
! 
I 

'I 
l 

Ero o6mee ( B H ) peweHHe llaeTcst <flopMy.naMH: 

wi 
I 

1-1 
I 

V=l 

wll 
I 

MI-V-1 (T )I MI-l 
11 Bv + 11 

,00 

I MI-V-I(Tg )II 
22 v .. 

V=l 

I 
WI 

BexTopa w~ • w r onpeaeneHY cornacHo pa36HeHHIO M Ha 6nOKHo 
I 

WI 

onpellenHeTcH H3 xpaeBbiX ycnosuA, KoTopbie nocne aaMeHbi nepeMeHHbiX 
II 8 I I 

n~eo6pa3yiOTCH x BHlly: K 1 ( z ) w I1 

8 ~ (z) (T g v )11 
) • 

= K 2 (z )w 1 + V~l (8JzHTgJ + 

I II 
3lleCb K 1 ,K 2,8 v• 8 v - aHa.nHTH'IecxHe B I z -ll<;.p MaTpHUbi: 

8 - v I 
8 

- f-v 
C v T 21 M 11 , 8 v (z) = I C v T 21 M 11 

f=max(I\V) 
K 1 (z) 1o= T ; 1 - I 

V= r 

v) n 8 
- f-v 

M22 • 8v (z)= I CvT22 M22 
- 8 -

K 
2 

(z ) = - (T 22 - I C "T 22 
V=r f=max( rp) 

M aTpHua T -I (z) c.neayiOIIIHM o6pa3oM pa36HTa Ha 6noxH: 

rk 

T-Xz)= (T ;1 

T-
21 

pk 
T -)pk 12 

T- rk 
2 

H.-O.Kreiss npellnonaraeT, 'ITO z = 1 He SJBnHeTcst o6o6weHHoA TO'IKOA cneKT

-1 
pa, TOrlla K 

1 
(z ) onpelleneHa B oxpecTHOCTH z = 1 H w ~ HBnHeTCH 

11 . I )II 
nHHeAHOA KOM6HHauHell w I , (Tgv) , (Tg v , V= 1, ... , s C aHanHTH'IeC-

-1 
KHMH xoa~HUHeHTaMH, Mbr paccMaTpHsaeM cny'laA CHHrynHpHoA K 1 ( z) • 

nnst T8Koro cny'I8SI Yllanocb nony'IHTb He06XOllHMOe H llOCTaTO'IHOe ycnosHe 

ycToA'IHBOCTH (3), (4) B L 2 
/4/ 

3 a M e 'I a H H e. B pa6oTe St. Osher no.ny'leHO llOCT8TO'IHOe ycnOBH9 

ycTOit'IHBOCTH npH H9KOT0pb!X Tpe60B8HHHX Ha pa3HOCTHYIO annpOKCHMaUHI00 

OllHHM H3 KOTOpb!X SIBnHeTCSI TaK Ha3biB8eMoe Tpe6oBaHHe "pa3ll9.119HHOCTH 

HyneA". B npeanaraeMoA pa6oTe Taxoro Tpe6oBaHHH HeT. 

8 

' 

·'•l,'ft' I",.: 
u'·'·' 
: t'V~f! 

t.f~'( 1!," 
} '\ f ~ : 

:.·:·:.\ 

:;,\/,, 

).d~ 
cl~",•, ,,,. !' 
If ,-

It I 

.•. ~ 
i·,:_, 

. ~: t ~ 
:,··II 

'rj.,l' 

I •':;~; ~ !\ 1 

' t 

\',( 
•'j'.. 

~· ;, ... 

·.:~-··· 1,",' 

I 
I 

......... 

0 C H 0 B H a Sl T e 0 p e M a, flyCTb BblfiO.IlHSIIOTC 

u nycTb 'G He HMeeT TO'IeK cnexTpa B D Cl z !I';:: 
'IT06bi annpoKCHMaUHH ( 3), ( 4) 6hma ycTOA'IHBa, 

'IT06bi BblfiO.IlHSI.IlHCb cnellyiOIIIHe ycnOBHSI, 

1. MaTpHua K-1 
I 

He llO.Il>KHa HM9Tb oco6eJ 

HHX f CTpOK8X H He llOn>KHB HM9Tb OC06eHHOCTel 

B ocTanbHbiX cTpoxax. 

2. MaTpHua K~ 1 K 2 He aon>KHa HMeTb ocof5, 

BbiX k- f CTO.n6uax. 

flpH HapyweHHH ycnOBHSI 1 HH>KHHMH f 
I 

'IHBOCTb nopHllK8 He HH>Ke n q- :1 o rlle 

CTpo 

q- Ml 

oco6eHHOCTeA aneMeHTOB HH>KHHX f CTPOK K-/ (z 

HHX kr- f CTpOK HMeiOT OCo6eHHOCTH BbJUie nepBC 

llOK oco6eHHOCTeft paBeH q 0 TO HMeeT MeCTO HE 

He HH>Ke n q-l • EcnH 1 BbrnonHeHo, a 2 Hapyt 

HeyCTOft'IHBOCTb nopHllK8 He HH>Ke '19M y;-

noKa38T9.1lbCTBO He06XOllHMOCTH 

cneuHanbHbre Ha'lanbHbre aaHHbre: g = 0 llnH j •> r 
I -

HbiX ll8HHbiX KpaeBbi9 ycnOBHSI MOryT 6bJTb npeof5 

WI=-
1 

r 
I 

V=l 

M-v (T ) 1 K- 1 (z)[ f M-v ] 
11 8v + I g v rk 

V= I 

tfepe3 [g) rk 0603Ha'leH B9KTOp, COCTOHIUHA H3 

BeKTOpa g o flOllf5HpaH cneUH8.1lbHbiM of5pa30M 

ycTpoHTb npoH3BO.IlbHbiA npH z = 1 sexTop X =(I ) 
-I 

BbmenHTb .n106yiO oco6eHHOCTb MaTpHUbi K 1 ( z ) 

38M9HHTb HHTerpanoM no ra =II z-ll ~pr-J I il=l-d ' 

BeTCTBYIOIIIHA Bbi'I9To 3aMeHHSI TaKHM o6p830M KC 

( 6) H HCfiO.Ilb3YH ( 8) t llOKa3biB8eM cnellyiOIIIYIO n 
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e ( s H ) peweHHe aaeTcH <flopMynaMH: 

wi 
j 

j-1 
I 

II= I 

wii 
j 

Mj-V-1 (T )I Mj-1 
II gV + II 

"" I 
V=j 

Mj-V-I(Tg )11 
22 v .. 

I w, 

wi w II orrpeaeneHbt cornacHo paa6HeHHIO M Ha 6noKH. wi 
j ' j I 

eTCH H3 KpaeBbiX ycnoBHlt, KOTOpbi9 rrocne 38MeHbl rrepeMeHHbiX 

" 
yiOTCSI K BHllY! K 1 ( z ) w ~ = K 2 ( z ) wi: + ~ (BJz )(T g / + 

II ~I 
g v) ) I' II 

1 ,K 2,8 v• B v - BHBnHTHqecKHe B I z-q<S_p MaTpHUbi! 

B 

- v I " - f-v C v T 21 M 11 , B v (z) = I C v T 2 1 M ll ""T 21- I 
V= r f=max(I',Vl 

- .. 
) =- (T 22 - I. c B T22 

V=r 

V II " - f.-v 
M22 ), Bv (z)= I. CvT22 M22 

f=max( rp) 

T- 1 
(z) cneayiOIUHM o6paaoM paa6HTa Ha 6noKH: 

rk 

T-h>= ('T ;1 

T-
21 

pk 
T -)pk 12 

T- rk 
2 

rrpeanonaraeT, 'iTO z = 1 He BBnBeTcB o6o6meHHoA TO'IKolt crreKT
-1 

K 1 (z ) orrpeaeneHa B oKpecTHOCTH z = 1 H w ~ BBnBeTcB 

KOM6HH8UHelt w~I 1 (Tgv)I 1 (Tg v)
11

, V=1, .. ,, s C &HanHTHqec-

-1 ) HUHeHTaMH. Mbl paccMaTpHsaeM cny'lalt CHHrynBpHoA K 
1 

( z • 

o cnyqag yaanocb nony'IHTb Heo6xoaHMoe H aocTaTo'IHoe ycnosHe 

CTH ( 3) • ( 4) B L 2 

/4/ 
e 'I a H He. B pa6oTe St. Osher rrony'leHo llOCTaTO'IHOe ycnoBHe 

CTH IIpH HeKOTOpbiX Tpe6oBaHHSIX Ha p83HOCTHyiO arrnpOKCHMaUHI0
1 

KOTOpbJX HBnBeTCSI TaK H83biBaeMoe Tpe6oBaHH9 "'p83ll9n9HHOCTH 

npeanaraeMoA pa6oTe TaKoro Tpe6oBSHHB HeT. 

8 -... 

.' f 
I',, 

' t. 

{ 
I 

':1 

.... 

0 c H o e H a B Teo p eM a. OycTb Bbl!IOnHBIOTCB npeanono>KeHHB 1-4 

H nyCTb 'G He HMeeT T0'19K cneKTpa B n Cl z II'::: I • z ~ I). Toraa llnH Toro_ 

'ITO Obi annpoKCHMSUHB ( 3), ( 4) 6hma ycToll'IHBa, Heo6xoaHMo H aocTaTO'IHO, 

'ITOObi Bbl!IOnHBnHCb cneayiOIUHe ycnOBHB. 

1. MaTpHua K-1 
I He llOn>KHB HM9Tb OC009HHOCTelt !IpH z=1 B HH>K-

HHX f CTpOKaX H He llOn>KHa HMeTb oco6eHHOCTelt BbiWe 1-ro nopBllKa 

B OCTanbHbiX CTpOKaXo 

2. MaTpHua K~ 1 K 2 He aon>KHa HMeTb oco6eHHOCTelt npH z= 1 B rrep

BbiX k - f CTon6uax. 

0pH HapyWeHHH ycnOBHSI 1 HH>KHHMH f CTpOKaMH HMeeT M9CTO HeycTolt-
1 

'IHBOCTb IIOpBllKa He HH>Ke n q- '"'V o rae q - MaKCHManbHbilt nopSillOK 

oco6eHHOCTeA aneMeHTOB HH>KHHX e CTpOK K-/ (z) • EcnH aneMeHTbJ eepx

HHX kr- f CTpOK HM910T DC069HHOCTH BbiUJe rrepsoro H MBKCHMBnbHbilt nopSI

llOK OC06eHHOCTelt paBeH q 1 TO HMeeT M9CTO H9YCTOll'IHBOCTb nopBllKa 

He HH>Ke nq-l. EcnH 1 BbiiiOnHeHo, a 2 HapywaeTCH1 TO HMeeT M9CTO 

HeyCTOlt'IHBOCTb nopHllKa He HH>Ke '19M Vn 

noKaaaTenbCTBO H900XOllHMOCTH ycnoBHSI 1. PaccMoTpHM 

cneUHBnbHb19 H8'18nbHbl9 ll8HHbl9! g = 0 llnH j •> r + 1 o nnH TBKHX HB'Ianb-
J -

Hb!X llaHHblX Kp89Bbl9 ycnOBHH MoryT 6b!Tb npeof5pa30B8Hbl K TaKOMy BHllY! 

WI =-
1 

r 
I. 

V=l 
M~~(Tgv) 1 +K~ 1 (z)[I 

V= I 

-v ] r -v( J I -1 ( ) M g =-I. M 11 Tg +K 1 z x(z). 
V rk ll=l · 

'lfepea [g] rk 0603Ha'leH B9KTOp1 COCTOSIIUHlt H3 HH>KHHX rk KOMnOH9HT 

B9KTOp8 g o 0oa6Hp8H cneuHanbHbiM of5pa30M V I , ... , V r , Mbl MO>KeM 

ycTpOHTb npoHasonbHhtlt npH z = I eeKTop x =(I ) • 3To aaeT HaM B03MO>KHOCTb 

-I 
Bb!llenHTb ni06yiO oco6eHHOCTb MaTpHUbl K I ( z ) • HHTerpan no r I MO>KHO 

aaMeHHTb HHTerpanoM no ra =II z-ll ~ Pril il=l-t I ' ao6aBnHH npH aTOM COOT

BeTCTBYIOIUHA BbJ'IeTo 3aM9HSISI TBKHM o6pa30M KOHTyp HHTerpHpOBaHHSI B 

( 6) H Hcnonhays ( 8), llOKa3btBaeM cnellyiOIUyiO neMMy. 

9 
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r 

... 

n eMMa 1. Jlng mo6oro .QOCTBTO'IHO Manoro c Hal\:.QyTCSI IIOCTOSIH-

Hbie c I H C 2 
TaKHe, 'ITO IIpH j ~ cl 

I znw 1 (z)dz=2rriRes (znM 1
1
-
1

1
(z)w 1

1
(z))+R , IR l<c 2 0-c) 

r J -1 J J -
I z-

0Tcrona rrony'laeM oueHKH pocTa :n·G n II rrpH HapyrneHHH ycnoBHSI 1. 

Jlo K a3aTenhCTBO He06XO.QHMOCTH ycnoBHSI 2 . 

n 

2 

nycTh Bb!IIOnHSI9TCSI ycnoBHe 1, HO ycnoBHe 2 ae Bb!IIOnHSI9TCSio Tor

.Qa cpe.QH aneMeHTOB BepXHHX rk-f CTpoK H neBbiX k-f CTon6UOB MaTpH-

-1 Ubi K 
1 

K 
2 

ecTh aneMeHTbi1 HMerowHe rrpH z = l rronroc rrepBoro rropSI.QKa. 

l13 rrpe.QCTaBneHHSI ( 8) cne.QyeT, 'ITO anSI .QOCTaTO'IHO ManbiX p , C HaH

.QeTCSI B TaKoe, 'ITO HB ayre llz:l=l-cnlz-11~ I c.3. MaTpHU M
1
11 (z). 

M ;
2
1 (z ) rro Monynro He rrpeBocxo.QHT 0-c )-n/

2
• PaccMoTpHM crreuHanhHbie 

Ha'lanbHbte .QaHHbre: v =tl Yo rrpH s+ l < v< Bn ; v . - -
V = 0 II pH l < V < B 

v - -

v ·> Bn • npH TaKHX Ha'lanhHbiX .Q8HHbiX KpaeBbie ycnoBHSI npHHHMaroT BH.Q 

Bn 
-1 -v 

w 1
1 

=- K 
1 

(z) K 
2
(z) }'; M (T g ) II • 

. . V=s+l 22 V 

BeKTOP e MO)I{HO IIO.Q06paTb TBK, 'ITO rrpH Z = l B BepXHHX k- f KOM-

- II noHeHTax BeKTopoB ..; n (T g ) , s+l < v< Bn 6yaeT HaXO.QHTbCSI npoH3BOnb-
v - -

Hbill: B9KT0Po 

n e M M a 2. nycTb B OKpeCTHOCTH Z = l 

-1 l K 
1 
(z) K 2(z) = -- (A 0 + (z-1) A 1( z)), A 0 /. 0. 

z-1 

Torna nng aocTaTO'IHo Manoro ( nal\:.QyTCSI IIOCTDSIHHbie C I , C 2 , Ta-

KHe, 'ITO 

I znw 1 dz= 2rri .Res(zn w1 (z))+R 1 =2rriA 0 B( X )+R 2 , 
I I 0 

rl 
n II 

I R I I::: c 1(1-d-r 'IR2 I~C2/Vn' x={Tgv)z=l 

10 

r li 

OcTaeTcR TaKHM o6pa3oM noao6paTb x , 'IT06bt BI 

neBbiX aneMeHTOB MaTpHUbi A 0 • 

Jl 0 K a 3 aTe nbC T B 0 .Q 0 C T a T 0 'I H 0 C T H. Ec 

BbtnonHRroTcR, TO L 2 - ycToll:'IHBOCTb annpoKcHMaUH 

eTCSI .QOBOnbHO IIpOCTO IIpH .QOIIOnHHTenbHOM Tpe6oBa 

M~1 
(e1 ¢) aomKHbi yaoBneTBopRTb KpHTepHro ycToii'l~ 
/56/ 

Ma ' • Ha caMoM aene, ecnH aTo aononHHTenbHO 

IIOnHReTCSI 0 TO HapyrnaeTCSI L2 -ycToll:'IHBocTb 3a.Ql 

6btnn npearrpHHRTbi norrbiTKH aoKaaaTb " L 2 -ycTol\:'1: 

-I 
M 

8 
aenocpeacTBeHHo H3 L 2 -ycToll:'IHBOCTH 3a.Qa• 

IIOIIbiTKH He yBeH'IanHCb ycrreXOMo npHillnOCb HllTH Of 

3aTenbCTBO .QOCTBTO'IHOCTH CBenOCb K llOK838TenbCTI 

ll9M o6o3Ha'leHHSI! 

Gv 
nf 

( __ I_ I 
- 2 1T i -( 

etn¢Mv(et¢)d¢, Yn= ~ 
V= 

TeopeMa t. EcnH MaTpuua M (e1¢ ) L 
2
- yeT 

HH'IeHa paBHOMepao no n 

nnH llOK838TenbCTB8 .QOCTBTO'IHO BOCrronb30B8T 

/5/ 
Hb!MH B pa6oTe • nocne TOrO KBK TeopeMa 1 llOI 

BOCTb 8li!IpoKCHM8UHH (3), (4) !IpH llOIIOnHHTenbHOM 

ToA'IHBOCTH MaTpHU M
2
{e

1
¢ ) , M~1 (e 1 ¢) llOK83biBB 

T e ope M a 2. nycTh M (e 
1 ¢) - aaanHTH'IeCK 

ee Co3o B OKpeCTHOCTH ¢= 0 

.\ k (¢ ) = exp I I a (k ) ¢ + i 

aonycKaiOT paano)l{eHI 

21-'(k) 
}'; a~) ¢ v _ {3 Ck) ¢ 21 

V= p (k) 

a(k) , a ~k '- aeAcTBHTenbHbre, {3(k '•>0 • Co6cTse 

rrpHH8lln9X<8T OllHOMy Knaccy OTHOCHTenbHO ¢ = 0 , 

wHe napaMeTpbr: 

p{f)=p{k), 1-'(f)=/l(k),a(f) =a(k), a.~) =a~k) 
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ilnH nro6oro aocTaTo'IHO Manoro 

aKHe1 'ITO llpH j 'S:. c 1 

( Ha~ayTCH ITOCTOHH-

n 
j-1 -2-

dz = 2 rrj Res (z 0 M 
11 

(z)w~ (z))+R 
1 

, I R 
1 

I :_c 2 0-£) 
z=l 

oueHKH pOCTa II G n n rrpH HapyllleHHH ycnoBHH 1. 

nhCTBO He06XOtlHMOCTH ycnoBHH 2, 

eTcH ycnoBHe 1, HO ycnoBHe 2 He BhlrronHHeTcH. Tor

CTpoK H neBbiX k-f CT0116UOB MaTpH

HThi, HMeromHe rrpH z = 1 rronroc rrepsoro rropHaKa. 

( 8) cneayeT, 'ITO tl11H tlOCTaTO'IHO Ma.llb!X p , £ Ha~-

Ha ayre liz l=1-£nlz-ll:_p I c.a. MaTpHU M1
11 (z) , 

nro He rrpesocxoaHT (1-d-n/2
• PaccMoTpHM crreuHanhHhie 

v =t/Vn rrpH s+1< v< Bn ; v = 0 rrpH 1< v < s 
v .. -- v --

X Ha'lanbHhiX aaHHbiX KpaeBbie ycnoBHH ITpHHHMaroT BHtl 

Bn 
-I 

w 1 =- K 
1 

(z)K
2
(z) I 

1 · ·v=s+l 
M-v (T )II ' 

22 g v 

0 rroao6paTb TaK, 'ITO rrpH Z = 1 B BepXHHX k- f KOM-

y-;; (T g )
11

, S+1 < v< Bn 5yaeT HaxoaHTbCH rrpoH3BOnb-
v - -

flyCTb B OKpeCTHOCTH Z = 1 

I 1 
(z) K 2 (z) = -- (A 

0 
+ (z-1) A 

1
( z)), A 

0
/. 0 • 

z-1 

Manoro £ Ha~AYTCH llOCTOHHHbie C I , C 2 , Ta-

dz= 2rri .Res(zn w1 (z))+R
1
=2rriA

0
B( X )+R

2
, 

I 0 

n II 

I s c I 0- d -r ' I R 2 I :. c 2 I v 0 ' X = (T g v) z = I • 

10 

-· 

OcTaeTcH TaKHM o5paaoM rroao5paTb x , 'IT05ht BhtaenHTb oaHH Ha HeHy-

neBbiX aneMeHTOB MaTpHUbl A o • 

il 0 K a 3 a T e 11 b C T B 0 tl 0 C TaT 0 'I H 0 C T H. EcnH YC110BHH 1 , 2 

BhmonHHIDTCH, To L 2 - ycTo~'IHBOCTb arrrrpoKcHMaUHH (3), (4)-aoKa3hiBa

eTcH aoaonbHo npocTo npH aononHHTenbHOM Tpe5oBaHHH : MaTpHUbi M 
2

(e 1¢ ) , 

M~
1 

(e
1
¢) aomKHhi yaoBneTBOpHTb KpHTepHro ycTofi'IHBOCTH H.-O.Kreis- Yp-

/5 6/ 
Ma ' • Ha caMoM aene, ecnH aTo aononHHTenbHoe Tpe5oaauHe He Bhi-

ITO.IlHHeTCH, TO HapylllaeTCH L 2 -ycTo~'IHBOCTb aaaa'IH KolliH. AaTopoM 

5btmi npeanpHHHThi norrbtTKH aoKaaaTb " L 
2 

-ycTofi'IHBOCTb" MaTpHU M 
2 

, 
-I 

M 3 HerrocpeacTBeHHo H3 L 2 -ycTO~'IHBOCTH aaaa'IH KolliH. OaHaKo aTH 

ITOITbiTKH He yBeH'I811HCb ycnexoM. flpHili110Cb HATH OK011bHbiM rryTeM. noKa-

3aTenbCTBO JlOCTBTO'IHOCTH caenocb K aoKaaaTenbCTBy aayx TeopeM. Bse-

aeM 0503Ha'leHHH: 

Gv 
n£ 

= I ( 
"T;j f 

V=l 

"" e1 "¢Mv(e 1¢)d¢, Yn= I!G:€112 I 
-( 

Teo p eM a 1. EcnH MaTpuua M (e1¢ ) L - ycTol!:•maa, To y 
2 n orpa-

HH'IeHa paBHOMepHo rro n 

nnH JlOKa3aTenbCTB8 tlDCT8TO'IHO BOCI1011b30BaTbCH OUeHK8MH, ITO.Ily'leH-

/5/ 
HhiMH B pa5oTe • flocne Toro xax TeopeMa 1 aoxaaaHa, L

3 
-ycToA'IH-

BOCTb anrrpoKCHMaUHH ( 3), ( 4) rrpH aorronHHTenbHOM Tpe6oaaHHH L 
2 
-yc

TOA'IHBOCTH MaTpHu M 2( e 
1
¢ ) , M ·;/<e 1¢ ) Jl OKa3blBaeTcR 6ea Tpyaa. 

T e ope M a 2. flycTb M (e 
1 ¢) - aHanHTH'IeCKaH MaTpHua H rryCTb 

ee Co3o B OKpeCTHOCTH cp = 0 

· .\. k (¢ ) = exp I I a (k l ¢ + i 

aorrycKaiOT paano>KeHHH: 
21-1 (It) 

I a<~<>¢ v- {3<~<> ¢ 21-1<~< > 0+ 0(¢)) I; 
V= p (It) V . 

(k) 
a • a ~k l_ JleACTBHTenbHhte, {3(k '·>0 • Co6cTBeHHbie 3Ha'leHHH .\. e' .\.It 

11pHH8Jl11e>KaT OtlHOMy K118CCy OTHOCHTenbHO cp = 0 , ecnH COBIT8tl810T C119JlYID-

mHe rrapaMeTpht: 

p {f)= p (k) ' ll (f) = ll ( k ) , a (f) = a <It) a (f) 
' .v 

11 

=a ~k>, v=1, ... ,21l; f3(t) =f3(1t), 



~ 

B ManoA oKpecTHOCTH cjJ = 0 MaTpHua M (e 
1 cjJ ) HeBbipo)I(JleHHbiM auanHTH

qecKHM npeoopaaoBaHHeM nonooHR npHBonHTCR K TpeyronbHOMY BHny. DycTb 

cpenH auenHarouanbHhiX sneMeHTOB TpeyronbHoA MaTpHUbi ecTb 'ne«PeKT-
/4/ 

Hbie", He ynoeneTBopRIOI!lHe ycnoBHIO YpMa , sneMeHTbi. 41BKCHpyeM onH-

*aAwyiO K rnaeuolt nHarouanb, conep*amyiO ne«PeKTHbie sneMeHThi. 06oaua

qHM qepe3 a fk OnHH H3 necPeKTHblX sneMeHTObl cPHKCHpOB8HHOlt JlH8rOH811H. 

Torna, ecnH A e H A k H3 onuoro Knacca H afk =¢ 
2
f!-K p(¢)' K<2j.!, p(O)"O, 

2 K-1 
TO yn •>en ---rp:- • EcnH Af H Ak H3 pa3HbiX KnaccoB H lnAe-lnAn= 

¢Ypl(¢). 8fk=¢Y-kp2(¢) • pl(O)#O. P:a(O)~O. K<y • TO 

¥ y •>en • 
n 

DpH JlOK838'I'ellbCTBe TeopeMbl HCTIOIIb30B811HCb OUeHKH1 nonyqeHHbte B 

/5,6/ 
paooTax , H auanorHqHbie HM oueHKH. B qacTHOCTH, Ha sTHX oueHoK 

cnenyeT, qTo cymecTBeHHbiA BKnan B ·Yn Jl8IOT OOII8CTH1 npHneraiOIJlHe K 

'xapaKTepHCTHKaM" n=11 I a I a l :1 • Enaronapg sToMy, MO)KHO nono6paTb Ta

KHe uaqanbHbie naHHbie, qToObi Ha n-OM cnoe no epeMeHH, a oonacTH 

11>(p+r+ 1) n , rne peweHHe xpaeeoA aanaqH coenanaeT c pemeHHeM aana-

qH KowH, OHO HMeno TOT )Ke nopRJlOK pocTa B L 2 I qTo H y n • 0CHOB

H8R TeopeMa noxaaaua. 

A n r o pH T M no c T p o e H H g T ( z ) • DycTb HaeecTHbi c.a. M (1) 
/7/ t/m 

nocTpoHM (eM., uanpHMep, , ) pRnhi no cTeneHRM (z-1) , npencTaB-

nRIOI!lHe c.a. nnR z , onHaKHX x 1. Muoro•meu det (M(z)_- 'A ) MO)KeT 

Ob!Tb npencTaBneH B BH)le npOH3BeJleHHSI qeTb!pex MHOroqneHOB C 8H811HTH

qeCKHMH no z KOscPcPHUHeHT8MH: 

det (M ( z ) -..\ ) = D t D 2 D a D 4 • 

Muoroqneuy 0 1 (A, z) oTeeqaiOT c.a. xnacca S 1 • 06oauaqHM qepea 

n 
1 

p83MepHOCTb COOTBeTCTByiOIJlero COOCTBeHHOrO nonnpOCTp8HCTB8 

(c.n.). CToOUbi MaTpHUbi D (M (z_)_,z ) conep)KaT 6aaHc opTorouanbHoro no-

12 

nonHeHHR K paCCM8TpHBaeMOMy c.n. T.{TOObl B 

z = 1 • CpenH cTonouoe D 
1 
(M (1), 1 ) ecTb p 

38BHCHMblXo Bo Henpepb!BHOCTH COOTBeTCTByKJ 

Jl8IOT 8H811HTHqeCKHA 083HC B OKpeCTHOCTH z 

6aa.Hc opToronanbnoro .nononueHHSI, HeTpyJlao 

a He caMoro c.n •• EaaHCbl c.n. 6epeM B Kaqec· 

n pH Me p. PaccMaTpHBaeTCSI pa3HOCTHas 

BoA aanaqH JliiSI ypaeueHHR u t + u x = 0 : 

( 

n+l n a n n a 
2 

u 11 = u 11- T ( u11+1- u11-l )+ -2- (u~+ 

~ n n n l uo=2ut-u2 
0 

u11 ¢11 ' a = 

CxeMa JlHCCHnaTHBHa npH a < 1 , paccMoTpl 

M(,) -[ --;• 

nanee H8XOnHM 

: l .. '-1-2 (,-1) + 3(,-1) 

T- 1(z),K
1
(z), K

2
(z), 

T_, (,) • [ :, : • .] K 
1 

(z) =- A 
2 

(] 

-I 
TaKHM o6paaoM 1 K 1 (z ) HMeeT npn z= 

-I K 1 K 2 HMeeT non10c 2-ro nopHJlKa npH z 

1 OCHOBHOli TeopeMblo CornacHO ~lTOli TeopeM 

HHSI Jl011)KH8 Ob!Tb L 2 -ueycToliqHBOCTb nopl 

qeM T8KOH nopHnOK pOCTa B L2 non*Ho ' 
0 0 

MH uaqanbHbiMH naHHbiMH! U I = l , U ll = 0 , 

ABTopoM ohm nponenau cooTBeTCTByiOTIU 
"" 

paccqHThlB8.118Cb BenHqHH8 an ~ ( I J U n J2 
v~o v 

cnenyiOIItHe peaynbTBThi! a 500 = 0,2754 ; a 150 , 

a 4500 = 0.2725 . 
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¢=0 MaTpuua M (e 
1 cf ) HeBblpO)KJl9HHbiM aaanHTH-

D830B8HH9M ITOJl06HR ITpHBOJlHTCR K TpeyronbHOMY BHJlY• nycTb 

aneMeHTOB TpeyrOllbHOil: M8TpHUbl eCTb •JletPeKT

/4/ 
romue ycnoBHIO YpMa , aneMeHTblo 41HKCHpyeM 6nu-

JlHaroaanh, co)lep)Kamyro Jlelj>eKTHbie aneMeHTbi. 06o3Ha

H3 )lelj>eKTHblX aneMeHTObl tPHKCHpOB8HHOil: JlH8I'OH8liHo 

21!-K 
Ak H3 OJlHOro Knacca H afk=¢ p(¢),K<21L,p(O)"O, H 

• Ecnu A f 

a h = ¢ Y-k P 2 ( ¢) 

H A k ua pa3HbiX Knaccos H lnAe-lnAn = 

p,(o);:o. p2 (o);:o. ~<<r • To 

838T9llbCTB9 TeopeMbl HCnonb30B8liHCb OU9HKH0 nony'leHHbi9 B 

, u aaanorH'IHbie HM oueHKH. B 'IBCTHOCTH, H3 8THX oueHoK 

cymecTBeHHbiil: BKnaJl B ·Yn JlBIOT o6nacTH, npnneraromue K 

" n =VI a I a l :1 • Bnaronapg 8TOMY, MO)KHO nono6paTb Ta-

JlBHHbie, 'IT06bi aa n-oM cnoe no speMeau, s o6nacTH 

, rJle perneane Kpaesoil: 38Jl8'1H cosnanaeT c perneaueM 3aJla

)Ke nopRJlOK pocTa B L 2 , 'ITO H y n • Ocaos-

HTM nocTpoeHHR T(z). nycTb H3BeCTHbl c.a. M(l) 
IV Vm 

, HanpHMep, ) pRJlbi no cTeneHRM (z-1) , npencTaB-

z , 6nR3KHX K 1. Maoro•meH det (M(z)- 'A ) M0)1{9T 

B BHJle npOH3B9Jl9HHR '19Tb!pex MHOI'O'Ill9HOB C 8H8liHTH

Z KOatPtPHUH9HT8MH: 

det (M ( z ) -A ) = D 1 D 2 D s D 4 • 

D 1 (A, z) oTBe'laroT c.a. Knacca S 1 
o 0603H8'1HM 'lepe3 

COOTB9TCTByromero C06CTB9HHOI'O nonnpOCTp8HCTB8 

MaTpHUbi D (M (z),z ) conep)KaT 6aanc opToroaanhaoro no-

12 

... 

nOliH9HHR K paCCM8TpHB89MOMy c.n. qT06b! BbiJl9liHTb 8TOT 6a3HC 1 ITOliO)I<HM 

z = l • CpeJlH cTon6uos D
1
(M(l), 1) eCTb pOBHO (p+r)k-n. nuneiiao JW-

I 

38BHCHMbiXo Bo Henpe_pbiBHOCTH COOTBeTCTBYIOlUHe CTOn6Ubl MaTpHUbl IJ i (M(z),z) 

Jl810T 8H8liHTH'I9CKHil: 083HC B OKpeCTHOCTH z = 1 • HMeR aaanHTH'IeCKHH 

6a3HC OpTOI'OH8llbHOI'O .JlOnonHeHHR 0 HeTpyJlHO noCTpOHTb 8H8liHTH'IeCKHH 6a

-1 
3HC caMoro c.n •• Ba3HCbi c.n. 6epeM B KaqecTae cTon6uos MaTpHUbl M (z). 

n pH Me p. PaccMaTpHBaeTCR pa3HOCTH8R arrrrpOK<'HM8UHH nepBOH Kp!le

BOil: 38Jl8'1H JlliH ypaBH9HHH U t + U x = 0 ! 

n+l n a n n a 2 
n n n 

uv =Uv-T(uV+I-uv-1 )+-2- (uV+1-2uv + uv-1 ), v > 1 ' 

n n n 
u 0 =2u 1 -u

2 

0 
u v = ¢v • a T I h. 

CxeMa JlHCCHnaTHBHa npu a < 1 t paCCMOTpHM a= 0,5 • Toran 

., 
M(,) =[ ~8' 31 2 

0 
, A 

1 
= l-2 (z-1} + 3 (z-1} + ... , A 

2 
= -3-6(z-l )-:l(z-1 f + ... 

Jlanee H8XOJlHM T- 1(z),K
1
(z), K

2
(z), 

T-' (,) = [ :, -

3
A ' l K 

1 
(z) =-A 

2 
0-A 1) 

2 
, K 2 = A 1 0- A 2 ) 

2 
• 

-1 
TaKHM o6pa30M 0 K 

1 
(z ) HMeeT npu Z= l nonroc 2-ro nopsraKa, 

-1 
K 1 K 2 HMeeT nonroc 2-ro nopRJlKa npu z = 1 • HapyrnaeTcsr ycnosue 

} OCHOBHOil: T90p9Mblo CornaCHO 8TOil: TeopeMe cneJlCTBHeM T8KOrO Hllpyme-

HHH Jl0ll)KH8 6b!Tb L2 -aeycTOH'IHBOCTb nopHJlKa ae HH)Ke .~12 npu-n • 

'19M T8KOil: nopHJlOK p0CT3 B L2 Jl0ll)KH0 HM0Tb perU.:!HHe CO ClWJlYIOllll!-

0 0 • 
MH H8'18llbHbiMI1 JlBHHbiMH: u I = I ' u v = 0' II ·::: 2 . 

ABTOpOM 6bin npoaenaH COOTBeTCTBYIOTIUIH 'IHCliCIIHhlH 8KCnepHM01!T 1 

paCC'IHTbiBanacb BenH'IHHa a ~ ( .; I u " 1
2 ) ~2 In 3

/
2 

H 6t.InH uonyqeHt.I 
11 )./:-:: () v 

cneayiDIIlHe pe3ynhTaTbi: a 500 = 0,2751 ; a 1500 = 0,27:32 ; a 4000 = 0,272:> ; 

a 4500 = 0,2725 . 
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