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MeTo.n; .n;n:qxpepeHJ:.urponaHtur no napaM~Tpyii, 2' 3' 4' 5' 6/ .n;aeT oc5l!ln:tt 

.no.n;xo.n; cne.n;eHHSI Hemmei!Hh!x . sa.n;a-q K sa.n;atiaM Konm ,D;JUI oc5uKHoneHHh!X 

,D;HqxpepeH[(HaJII>Hh!X ypaBHeHHli, 'liTO npe.n;cTaBJISieT HHTepec.KaK C Teope

THtieCKOtl (HCCJie,D;OBa~IISI CYilleCTBOBaHHSI pemeHHR), TaR .H C BhltiHCJIHTe~:b
HOtl TO!JKH 3peHHR. 1\pOMe TOro Cyl!leCTByeT B03MOXHOCT:b HCITOJI:b30BaT:b 

3TOT lleTo.n; KaK oc5uud~ cnococ5 omrcaHHSI nepexo.n;HhiX npo~:~eccon (n qacT- . 

HOCTH yrrpaBJieHHR ~H3HtieCKIIM 3KCIIepHMeHTOM If IIpOMb!illJieHHh!M npouecCOM). 

B HaCTOSIII.leil padOTe paCCMaTpHBa·eTCR HOBaSI MO,D;ltrfJUKaUHSI MeTo.n;a · . 

.n;H~epeHUHponrumsr no napai.reTpy, npH KOTopoli He ,fipe.n;noJiaraeTcSI o6pa

THMOCT:b rrpOH3BO,li;HOt1 f'(x) '(oc503HatieHHSI CMo Ii nyHKTe I) B HD.tiaJI:b-
. ..... .... ,,. 

uott TOtiKe .l'o ilJIH B HeKoTopo.M c~epe noKpyr Hee. B pesyJILTaTe no.;.· 

CTpOeHHe pemeHitSI ,D;aHHOro ypanHeHHR (I) (eM. n.I) MOl!{HO C,D;eJiaT:b BO":" 

061Ile· He 3aBHC!fMhiM OT HatiaJI:bHOro IIpHc5JIHl!{eHHSI .Xo • 

I. Ey.n;eM p~ccwaTpHnan ypanHemre nepnoro po.n;a 

I rxJ= e, . (I) 

r.n;e f - HeJIHHetlHutl onepaTop, AetlCTBYIOII.lHtl H3 OaHaxona npocTpaHcT ... 

na. £1 B 6aHaxono npocTpaHcTno £3. (Y ~ f (Et)c;; E.-,) 
.n;na~u HenpepuBHO .n;HqxpepeHUHpyeMhltl no ~peme B £1 H oc5Jia.n;aiO~tl 
CBOMCTBOM SupU f(X)//<oe • 

::x:e E• 



.·,· : ,.. .~ ~' 

llpe.n;nonaraeM, tiTO _ ypaBHemre (I) Imeer o.n;no Hm1-HecKon:&Ko peme-
.- -- ' . * -

•HUll B £1. e 0Cl03HU'llllM MHOJKeCTBO nux pemeHni1 qepe3 X ' • l3 ,IJ;Mb-

Hei1meM 6y,IJ;eM !-!CnOJib30BaT:b R,IJ;e!O MeTO,IJ;a ,IJ;HqxpepeHl\RpOBUHUfl no napaMeTpy 

/6, CTp. I58/ Ha OCHOB_e CBfl3R Melii:,IJ;y_ TOtiKO~ X cEo~ ll napm!eTpOM 

i E/1 = (t1, -t:l. ), t; <0, i < t::. BBe,IJ;eHHOH COOTHOllieHHel,f 

tp ( x ,:x:o; t; w] =: r 

f(x) +(t-1)-/r~oJ+w(tJ(x-x.)=e. (2) 

3.l{ec:& w(tJ- nnnei1Hhll1 oneparop, ,IJ;el1c~BYJOli\Ri1 R3 E1 B E::. ,He 3<'-:-

BRC.Hli\Rii OT TOtiKR ;x, R ,IJ;Balii:,IJ;bl H.enpeph!DHO ,IJ;lflP<flepeHl\RpyeMblti B P1 • 

HMeer cnny cne,IJ;yiOll\aSI reopeMa o naxoJK,IJ;eHRR pemeHnl1 ypaBHeHIISI 

(I) MeTO,IJ;OM ,IJ;RqxpepeHl\RpOBaHUSI no napaMe,'XPY • 

Teopeila I 

llyCTb BblliOJIHeHh! YCJIOBR.H 

a) X -x-~X ~{.X E E 1 // 
1 

( x) :- oelpar~n.wn J _ 
6) oneparop w(t) o6na,IJ;aer cBolicTBa.MH 

I) oneparop f'rxJ + uJ{t) o6paTHM ,n;n.H K8.J[,IJ;Oi1 naph! 

( X ; i) E ( Et \ X *" ) x ( P 1 \ { 1 } ) -, 

2) w U) ,.,_ e,. 
_-, 

4 

I 

-'.· 

Tor,IJ;a ,n;n.H Kalii:,IJ;ol1 cpnKcHpOBaHHoll TO'llKR ~ € E1 cy 

cTBeHHOe pemeHHe a::.(t)~ 'tcP;; [o, :tl .3a,IJ;atm Kom 

da:_ (.Jf ;-1. '.J! I ' d-t ::: ":"" rJX.)+ w(t) (T(Xo)·Hv-t-{t](X~X..)) 

x(oJ==Xo -, 

npn1.1e:w: pemeHHe tt (t) oOna,IJ;aer cBoiicTBOM x ( -1 J €- X 

JioKa3aTeJI:&CTBO 

CL) OnepaTop ~ Henpeph!BHO ,n;H~epeHl\RpyeM no Ppeme B 

£-l X P-t : 

cp~: !'ex>+ ~(tJ _ , lf-t' = /fxo) +w: £-t) (x 

H~ ycnoBHlt a) n J -1) cJie,n;yer, qro qacrHa.H nponsBo, 

JIHHettHutl roweoMopcj)nsM npocrpaHCTBa E 1 Ha Y • H 

cpe,IJ;CTB9HHO IIOJiyqaeMOrO H3 ( 2) paBeHCTBa t.f (X;,, .X 0 - . 
npHM9H.HeM K COOTHOIU9HHID (2) Teopeuy 0 H9RBHOH cj)yHKl\H 

HaxO,IJ;HM1 ~TO B ,IJ;OCTaTOqHQ MaJIOH ORpecTHOCTH TQqKH 

CTByeT e,IJ;RHCTBeHHOe pemeHiie £ (tj ·, yp~BHeHH.H (2), 

erc.H pemeHneM sa,IJ;aqu Komu (3) B non -oRpecrHoc~n. 

]') . OnepaTop (.tf~Y~ nenpeph!BHO .n;n~epeHl\HpyeM 
nsBe,n;eHnlf- E1 x P1., • 

3TO BblTeKaeT 113 Henpepl:lBHOtl .n;nrM>epeHI:~:npyeMOCTH 

H 'f'(t} COOTB8TCTB8HHO .B E 1 Ii P.., 

5' 



{0 HJIH H8CKOJibKO peme-
, * ' ' 

l1 qepe3 X . • B ,1\aJI&-

!Il~HponaHH.fl no napaMeTpy 

6 E-1 u napaHeTpoM 

OOT!IOIIIBHHO!.f 

1 • (2) 

H3 E., B E :l- , He 3a

. .1\li(P<flepeH!.lHPYBMLitl :B P.,. 
n: pellleHHfi ypanHeJ-m.fl 

- oelpaTHMI.Ill J 

ipaTHM ,1\JI.fl Kall:,li;Oit nap~ 

c(P1 \{1}J ., 

Tor,l\a .u;n.fl Ita.J!C.u;ott cpn:Kcn:ponaHHOll TOl!KH ~ € E-1 cy~ecTnyeT BAHH-

CTBeHHOe pemeHHe a:: ( t), 't € p .. [ o, :11 .sa..n;a~m ltowH 

~: ::: ~ (ltx)+ w(t) r1.(1(Xo)-1- w;(t)(X-:X:..))::fj(X,z;;t; w) 

(3) X(oJ:::Xo ., 

npHl!Bll pelll8HH8 it (t). OdJia.,n;aeT CBOitCTBOM ~ ( -1) 6 X~ .. 
JlOKaSaTeJII>CTBO 

tit) OnepaTop ~ Henpep~BHO .u;H~epeH~HpyeM no Ppewe n npoR3Be,l\eHHH 

E-t )(Po~ : 

·. <p~ ""/'(x) + w(tJ. , lft' = /rxo) + w: £-t.J (x-x.) .~ 

" H .. ) _r-"') c.p'~ 3 ycJIOBHn ~ H 07 CJI8,ll;yeT, qTO qacTHa.fl npOH3BO,l\Ha.fl ~ 
r 

JIHHe«HHit rOM80MOp¢H3M npocTpaHCTBa ~1 Ha Y • Ha OCHOBe Heno~· 

cpe.u;cTBeHHO noJiyqaeMoro n:s (2) paneHcTna t.f(xo,.Xo) 0; c.d)::o 

npHMeHSIBM ~ COOTHO~BHHID (2) T80P8MY 0 HBRBHOll cpyHKUKH/7' CTp,3!I/, 

HaXO,li;HM, qTo B ,1\0CTaTOqHo ~MOll O~pecTHOCTH TOqKH t.• 0 • . cy~e

CTByeT 8,1\RHCTBBHHOe pemeHRe .£ (t) · yPaBH8HH.fl (2), ItOTOpoe SlB,Il.fl

eTC.fl pemeHH8M 38.,11;al!H 1\0WH (3) B STOlt .OKpeCTHOCTK. 

) .(. ,
0 !._ .)-i · . J . . OnepaTop -t... Henpep~BHO .u;n:~epeHttHpyeM no ~ewe n npo-

H3BeAeHHH E-1 x Pl 

8TO B~TeKaeT H3 HenpepUBHOll ,li;HcfJcpepeHUHpyeMOCTH onepaTOpon/t~J 
H 'f(t} COOTB8TCTB8HHO .B E 1 H p_, 
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( ( 
.. 1-:1)' (p_l · · ).:.i1 ,, (I' . . . )-i . lf'x x == - rtxr + w (tJ · 7. rxJ r::x'J + lcJ{tJ . , 

( 
, ol -i) / ( p 1 )-i ' 1 (.PI . . ·) .:.1) 
I x t; =- T (X}-1- uJ{t) Wt (X) T (:r) + li){-t} 

01J6Blf,ll;IIO, qTQ IWMTI03IU\HOHHhlll onepaTOp . ~ {X, :Z:o; f j tv ) 

Henpeph!BHO ,JJ;HqxpepeHUIIpyeMUf! B npOH3B6,ll;6HlU1 £., X P-t )l;JIH KalK,ll,O-

ro Xo € E-t , oTKy,ILa 3a.KJIIO'.taeM, qTO JIOKaJII>HaH Teopeua o cy~ecTBOBa

HUH pemeHIIl1 3a,JJ;a1JH 1\QlliH (3)/7, CTP• 329/ npi1:M6HHMa )l;JIH Ka.JK,ll;Oll napU 

'(x,t)Ef1xp1 IIKalK,ll,OHTOqKY! X.,EE-t 

f) 11MeeT M6CTO HepaBeHCTBO 

II g (.X ,.:X 0 j i ; uJ) /I 6 A + B 1/ X- Xo /f 

A=<! c.p}:-1 /111/(x .. JII, B =II <-f';_11! II w./ If 

(4) 

' 
?je 

M3 uenpeph!BHOCTH nnHellnoro onepaTopa l.f;_~i ~ £,xp 

11 npe,JJ;nonoJEeHHH sup !!lfa;,)l/ <:: ~ 
Xo€£1 

HOCTb ¢yHI\U110Hana A /:; E 1 x; P. ,JJ;JIH KalK,JJ;Ol1 TOtiKl1 Xo E E i 

cne,JJ;yeT orpaHaqeH-

T. e. cy~ecTByeT TaKaH KOHcTaHTa a ;::;, o , qTo A ~ a. • Auanor·aquo 

113 He~pepi:.IBHOCTH oneparopa w(!tJ t P cne,JJ;yeT, tiTO cyl'~ecTByeT TaKafl 

KOHCTaHTa {5 /7 0 , qTO 6 ~ g ~ 0TCIO,JJ;a HaxO,ll;11M, tiTO ,ll;Jifl BCCX 

(X,i)Ef1xP l! ,lLJI.f! BC6X .Xot E-1 IIM66T :uecTO HepaBeHCTBO 

I~ H £: Q + t II ~- Xo II. (5) 

Ha OCHOBe. 3aKJIIOqeHI1.f! H3 ~) H HepaBeHCTBa (5) npHXO,ll;HM K Bh!BO,JJ;y-• 

/6, CTp.I60/ 0 ;JI06~bHOM cymecTBOBaHHII (Ha BC6M cerue!IT~ p , ) 

pemeHH.f! ~(t) sa,JJ;aqH Kornii (3). 
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'• 

3TO pelliCHli!C y,ILOB.ilCTBOpHCT U ypaBH6H!UJ (2)·, T.e. 

Ha BCCM. p • C ,ll;pyroti CTOpOHU, 113 (2) npl1 YCJIOBMM 

CTB6HHO nonyqaeTCH ;£ ( J) c X.t"- .• 3TirM TeopeHa 

2. Ilpn npe,JJ;nonolKeH11H, qTo· E., 11 E ~ - r~ 

CTpaHcTBa, B pH,ll;e npl1M6H6HMH. M6TO,JJ;a )l;11qxpepeHU11pOBc 

MOlil:HO 11Cll0Jlb 30BaTb CJI6,JJ;YIO!ll66 CJI6,ll;GTBU6 TeopeMll I. 

TeopeMa.2 

IIycTI> cyl!lecTByeT. BhlllyKJiblli !pynKuaoHan tf ( x) 

E., , ,JJ;JI.f! KOToporo 

rp-a_d lf (X) = 1 ( X) ,?. 

:a nycn Kpoue ycnoBH.f! a.j .. TeopeMhl I BurronHeHo yc. 

cl.. (t), onpe,JJ;eneHHa.f! B P1 , ,JJ;Ba pasa Herrpeph!BHO ,JJ;: 

,ll;6HcTBHT81IbHaH 'tlJyHKUH.f!, o'6na,JJ;aiOII\aR CBOHCTBa!lm: 

I) o{ lt) .':> 0 , t t P1 \ { :i} , . 

2) eX. ( i) ;:: 0 . 

Tor,JJ;a B caJie yTBeplil:,ll;eHae TeopeMh! I•• 
noKa3aT61IbCTBO TeopeMhl 2 OCHOBbiBaeTCJI Ha TOM 

(7) cJie,JJ;yeT HeorpnuaTeJII>Ha.f! orrpe,JJ;eneHHOCTb onepaT 
. ..r-1 

BCeM E i H tiTO 113 ycnoBUH u ) BbiTeKaeT yc11 

3. 3a,JJ;a~y Kom11 (3) MOlKHO HCITOJib30BaTb ,ll;Jlfl nc 

~eHHOrO pemeHH.f! ypaBH6Hl1.f! (I) H B TOM CJiyqae, .KOI 

· ·BbiiTOJIHHUO. nJI.f!.STOrO ilJyHKU11D ~{t) Ha,JJ;O B3.f!Tb He 

B ,ll;OCTaTO~HO 6JIU3KOtt K Hett TOtiKS i ,y. ( x, * -;::;;: :X 

7 



'(f'r:xJ + w{tJ)-
1 

~ 

7) (/ 1fx) + lc)(-t} r·1.) 

r, a:~ j i; w ). 

E 1 x p., . ,n;JIR Kalf(,n;o-

1 Teopeua o cyll{eCTBOBa

'!eHRMa ,D;JI.fl I\alf(,ll;OH rrapLI 

r, ( 4) 
. , 

I cb/ II 

1-1. p lfx. b. £1 X p 

eJie.n;yeT orpaHl1tieH

)I;Oi1 TOqKl1 Xc € £1. 

0 . A .,: . a_ • Al!aJIOI'HqHO 

, . qTO cyr~eCTByeT TaKa.fl 

HM~ qTo .n;JI.fl ncex 

o' HepaBeHCTBO 

(5) 

5) rrpli!XO,ll;li!M K Bb!BO,ll;y ' . 

. BC8M cerMe!IT8 p , ) 

3TO pemem1e y,ll;OBJ!8TBOp.HeT H ypaBHeHHIO (2)·, T.e. £ (i) :=: X(f;) 

ua BceM· P • C .n;pyron cTopOHbl, H3 (2) rrpvr ycJIOBHl1 0.2). nerrocpe.n;-

cTBeHHO nonyqaeTC.fl ;£ ( i) E xr 3THM Teopeua I .n;oKa3aHa. 

2~ IIpH rrpe.n;rroJIOlf(eHvrH, tiTO' E 1 11 E :~, - rvrJIL6epTOBbi rrpo- , 

cTpaHcTBa, B p.H.n;e rrpvrMeHeHHl-1. MeTo.n;a .n;m;Ixpepen~vrpoBaHHH no rrapaueTpy 

MOiKHO HCITOJ!:030BaT:O CJie.n;yroll{ee CJI8,ll;CTBUe TeopeMbl I. 

TeopeMa-2 

IIycn cyll{eCTByeT BbiiTyKJibli1 rpyHK~HOHUJI tf{ x) , o.rrpe.n;eJieHHbli1 B 

-
E 1 , .n;JIR KOToporo 

rp-a.d lf (X) = f ('x) (7) 

H nycn KpoMe ycJioBnsr a.j .. TeopeMhl I Bb!ITOJII!eHo ycJIOBHe d 1 
) • 

oL (t), orrpe.n;eJieHHa.H B P1 , .n;Ba pa3a Herrpepb!BHO .n;wrKpepeuuHpyeMa.H 

,n;eiiCTBHTeJI:&Ha.H lflYHK~HR, OClJia,D;aiOll{a!I CBOHCTBaMU: 

I) o{ ( t) ? 0 , t E P1 \ { 1. } 

2) oL ( 1.) ;:: 0 . 

Tor.n;a B eRne yTnepiK,D;eHlie TeopeMbl I •. 

.IloKa3aTeJI:r,cTBO TeopeMh! 2 ocHOBb!BaeTCR na TOM, qTo H3 ycJIOBliR 

(7) cJie.n;yeT HeoTpH~aTen:oua.H onpe.n;eneunocT:r, onepaTopa ·· f1rxJ no 

BCeM E i H tiTO H3 ycnomur 0 1
) Bb!TeKaeT ycJIOBHe o) TeopeMhl!, 

3. 3a.n;aqy KomH (3) MOJKHO HCITOJI:030BaT:O ,ll;Jifl ITOCTpOeHHR rrpH6JH1:

)!(8HHOrO pemeHlifl ypaBH8HHR (I) H B TOM CJiyqae, I\Or.n;a YCJIOBHe a) He

' Bb!ITOJ!HHMO .• ,llJIH . STOrO !flyHK~HD .X {i:) Ha,D;O B3HTb He B' TOttKe i .. i. . , a 

B ,ll;OCTaTOtiHO 6JI!i3KOR K Heti TOtiKe i :1' (x, * ~ <X ( t!')) 

7 



I 

I 

Ka.K KpHTepiitt HaXO:Jr,IteHIISI HeOc5XO,l{HMOrO 3HaqeHIIR napaMeTpa i <I' MOlK-
. ·. . . " . 

HO HCflOJII:.30BaT:b BeJIJ.ItjJ.IHy HeBSI3~H ypaBHeHHSI (I). 

Cne~IIaJII:.HO ,l{JISI Oc5JierqeHHSI tjHCJieHHOrO HHTerpHpOBaHHSI 3a,l{aqii (3) 

H YMeHI>meHIISI tjHCJieHHHX 3~eKTOB "Ha.KOnJieHIISI Omiic5KK" H ,ll;p. MOEHO HC- . . . . . •. ) 

flOJII:.30BaTI:. aHaJIOrH 3a,l{atlH KOmi! (3) H aHaJIOrH TeopeMH I II 2, noJiy-

qeHHHe Ha OCHOBe COOTHOIDeHHSI 
. ·~ 

/rxJ + (t --tJ/tx) + w(-tJr~-:xo)+ j /,t&> d.s ... o., 
0 . 

r,l{~ a(S} HenpepllBHO ,l{II~epeH~HpyeMaSI ,l{ei1CTBHTeJII:.HaSI cpyHK~IISI 
( S € p) , ,l{JISI KOTOpoi1 IIMeeT MeCTO paBeHCTBO JJ. h ( S) ds ,;. 0 , 

1?yH~~IISI h ( s) no,l{c5HpaeTcSI B saBIICHMOCTH OT ~nepatopa / (x) .H oT 

tlHCJieHHOrO MeTO,l{a IIHTerpHpOBaHHSI 3~aqH (3). 

B Oc5llKHOBeHHOft BlltlHCJIHTeJII:.HOi1 npaKTHKe npH npHUeHeHHH Teope

peMH 2 ¥0li:HO MCflOJII:.30BaTI:. cpyHK~D o(. (t) B BH,l{e 

cX.(tJ =rL(d.-t}p{t)~ cXo , r,l{e 

-tt p (tJ = e HJIM 

( Q. >0 , o!o 1 i, >,... 0 

p (-t) =e_.f,(t-c)~ 

' 
0 ~ c ~ 1 

H AP· 

- KOHCTaHT!i), 

C TIOMOil.ll>D cXof= 0 MOlltHO npMc5JIHJB:SHHO pemaTI:. ypaBHeHHe(I)II npH 

X *n X= ¢ . Heoc5xo~HMoe o( o noAc5HpaeTcSI, HanpHuep, Ha o~HoBe 
BeJIHtjHHH HeBSI3KH ypaBHeHMSI (!), 

JlMTepaTypa 

I. KHpHHB.C. ~BHllteHHe Ten B conpoTHBJISID~XCSI cpe,l{ax,·Tpy){u 

Tc5HJI. yH-Ta 44 (I95I), (1-20). 

2. ~aBH,l{eHKO ~.cl>, 06 O,l{HOM HOBOM MeTO,l{e 'lJIICJieHHOrO pemeHHSI 

CUCTeM HeJilmeilHllX ypaBHeHHi1, ~AH 88, j~Ll, (I953), (60I~603), 

8 

3 • .fiKOBJI~B M:~H. K pemeHIID cncTeM HemmetlHux ypi 

,l{H~epeH~HpOBaHkiSI no· napaMeTpy. JKypHaJI Bb!tliiCJI. MilT • 

KH, T.4, JH, I964. 

4. MHXJIHH C.r:·l.JHCJieHH8.SI peaJIH3a~IISI BilpHa~UOHHI 

- M. I966 r. (342-348). 

5, CBHpCKHll li.B. MeTO,l{ll THna IiydHOBa-ranepKHHa 

·(I74-176). 

6. KpacHoceJII>CKHil M.A. II AP· ITpiic5JIHllteHHOe peme 

ypaBHeHIIil., M. 1969, (158-161). 

7. 1\.~I:.e,IJ;oHe. OcHOBI:1 coBpe1mimoro aHaJIH3a. M, 

PyKonHci> nocTyniiJia B H3,IJ;aTeJ 

2 HDJISI ·1970 ro,l{a. 
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lUi ~apaMeTpa -(; "' MOl!C-

(1). 
' ' 

RTerpHpOBaHMSI 3a,Ita'!JH (3) 

omHdKH" H AP· MOl!CHO Me-

t'M TeopeMbi I H 2, no11y-

t ' 
It (J)d.s- 0 

·' 
}TBMTeJl:&HaSI cpyRK~HSI 

.J~.hts)ds.;. o , 
•O 

onepaTopa / (x) .H OT 

npH npHileHeHHH Teope~ 

BRAe 

H ~p. 

~ KORCTB.HTY) • 

.Tit ypaBH6HHe(I)M npH 

HanpHMep, Ha OCHOBe 

l!lHXCJI cpe~ax. Tpy~y 

'!JHCJleHHOrO pelleHHSI 

Je11, (I953), (60I-603). 

l' 

3. 5IKOBJieB M.H. I\ pemeHHKJ CHCTeM HemmeilHHX ypaBHeHHM Me.TO~OM 

~HqxpepeH~HpOBamtJI no napaMeTpy • lKypHaJI Bhl'!JHCJio MaT • H MaTeMo <fJH3H
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