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/1/ 
MeTOtlOM Hb~ToHa-KaaTopoBH'Ia MO}KHO rrocTpOHTb peweaue onepa-

TOpHOI'O ypaBH9HHSI 

f(x),.() (1) 

6e3 npeOIIOJ10}1{9HHSI o6paTHMOCTH onepaTOpOB f ' (X) B H8'18JlbHOl!: TO 'IKe X o 

HJIH B H9KOTOpOl!: c4Jepe BOKpyr Hee/2,3,4/, 

B aacToHmel!: pa6oTe npeonaraeTcH o6mul!: noaxoo K nocTpoeHH~ npo

ueccoa Hb~ToHa-KaHTOpOBH'Ia YK838HHOI'O KJiacca, BBOOHTCSI IIOHSITHe pery

JIS1pH30B8HHbiX Bbl'IHCJ1HT9JlbHbiX npouecCOBt KOTOpbie, IIOMHMO CBOero 6clnee 

o6mero xapaKTepa, HMe~T npeHMymecTBo nepeo paccMaTpHaaeMbiMH B pa-

6oTax12,3,4/ npoueccaMH B KOHCTpyKTHBHOCTH H yoo6CTBe peaJIH38UHH Ha 8BM, 

0CHOBH09 BHHM8HHe Yll9J1SI9TCSI BOnpocy CXOOHMOCTH perynHpH30B8HHbiX 

(I npoueccoa. 
',I 
(t, 

~!1, 

\,'I 

,, 
!I· 
~I 

§ 1. PerynstpH30BaHHbie Bbi'IHCnHTenr:.Hr:.Ie npoueccr:.x 

1, TiycTb S- nonaoe nuael!:aoe L -cyrrepMeTpH'IeCKoe npocTpaHcTeo 

/5, CTPo 263/ f - H9JlHHel!:Hbll!: onepaTop, OT06pa}Ka~mHl!: BblllYKJI09 IIOllMHO-

' }1{9CTBO X s_ S B npocTpaacTBe S ( Y "' £(X ) s; S ) • 

TiycTb cymecTBy~T nepaaH H BTopaH npoH3BOllHbie cl>pewe onepaTopa f. 

BaooHM ( noKa <PopMaJibHO) cneoy~mu l!: Bhi'IHCJIHTeJibHhxl!: rrpouecc Tuna 

Hb~ToHa-KaaTopoBH'Ia: 
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~[ f;x 0 ;cun]: x 0 , xn+t=xn-(f'(xn)+cu n) f(xn), 

xn<;;;. X (n=0,1,2, ... ), 

r.ue IIHHeAHhie onepaTOpbt cu n .ueAcTBYJOT H3 X B Y. 

Onpe.ueneHHe 

EcnH orrepaTopbt 

orrepaTopbt f ' (X n) + W n 

W n n = 0 1 1121.,,) rrpouecca ~ T8KOBbi1 'iTO 

n = 0 1 1121 ... ) perym!pHbte1 TO rrocnenosaTenh-

HOCTb ~ H83biB89TCSI perynsrpH30B8HHbiM Bbi''IHC.llHT911bHbiM rrpOU9CCOM 

HbJOTOHa-KaHTOpOBH'l:a .unsr rrpH611H*eHHoro perneHHSI ypasHeHHSI (1). 

2. CnenaeM aeKoTopbte yTsep*AeHHSI o cymecTBOBaHHH perynS!pHsosaHHbtX 

rrpoueccoB, Ha OCHOB9 o6o6IIIeHHH B rrceBAOM9TpH'i9CKHX rrpOCTpaHCTBaX H3-

B9CTHOil: TeopeMbl 0 reoMeTpH'i9CKOtl: rrporpeCCHH/51 CTp, 96/ H orrpeneneHHH 

perynsrpHsosaHHhtX rrpoueccos nonyqaeM cnenyJOIIlyJO TeopeMy. 

TeopeMa 1 

nycTh B llHHetl:HOM L -cyrrepMeTpHqecKoM rrpocTpaHCTBe S orrepaTo-

pbl wn n = 0 1 1121,,,) rrpouecca :f{ T8KOBhl1 'iTO HM910T M9CTO Hepa-

B9HCTB8 

II E - f ' ( x ) - w II < q < 1 (n = 0, 1 , 2, . . . ) . 
n n -

Tor.na npouecc ~ srsnS!eTcsr perynsrpHsosaHHbtM Bbt'iHCIIHTenhHhtM npouec-

COM H ):{IIH aero HM910T MeCTO COOTHOIII9HHH 

( E - f ' (X 'n) - W n) i 
-I 

(f'(xn)+wn) u= u ' 
u r;;. X , }; 

1=0 

II ( f, (X ) + w ) -I II < _! 
n n - 1 -q 

( n 0, 1' 2' ... ) . 

B pH.ne rrpHMeaeaHA perynsrpHsoaaHHbiX rrpoueccoa MO)I(HO HcrronhsoaaTb 

cnenyJOIIlYJO TeopeMy, 

TeopeMa 2 

nycTb B rH11b6epTOBOM rrpOCTp8HCTB9 S cyiUeCTByeT BhlfiYKllhlft 

¢yHKUHOHan h ( x ) 1 onpeneneHHbiA Ha X 1 o6na.uaJOII1HA caoAcTBOM 

4 
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II 
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~{' 
·~ 

' l. \i 
',', ;t' 

I 

1'. 

grad h (X) r·< x > 

grad h - rp8AH9HT 4!peme ¢yHKUHOH8118 h·, ) 1 H rryCTb W 

nono)I(HTenbHO onpe.neneHHbte onepaTopi:.t/ 11 cTp, 173/ npoueccs 

CSIII1H9 OT TO'i9K Xn B HX .UOCT8TO'l:HO M811biX OKpeCTHOCTSIJ 

uecc ~ SIB11Sl9TCSI perynRpH30B8HHhiM Bbl'l:HC11HT911bHbiM rrpo 

DoKasaTenbCTBO 

B .nocTaTO'iHO M8llblX 0Kp9CTHOCTSIX TO'i9K X n paccMa'I 

UHOH811bl 

h 
1 

( X ) = h ( x j + _!_ ( w n x n , x n ) ( n = 0 , 1 , 2 , • • • ) 
2 

(qepea ( 1) o6oaHa'l:eHo cKansrpaoe rrpoHsseneHHe s S ). 
TaK KaK onepaTOpbi 

H811bl ( W n X n , X n ) 

W n - fi0110*HT911bHO OrrpeneneHHblE 

- CTporo BblfiYKllbi9, J1Cfl011b3YSI l 

0 BhlfiYKIIOCTH h (X) 1 38Kl110'i89M1 . 'iTO H ¢yHKUHOH811bl 

BblfiYKllbi9, J1a ( 2) Cl19AY9TI 'iTO B AOCT8TO'l:HO M8llbiX 0Kp9C 

X n HM99T M9CTO 

grad h I (X n) f(x )+ Wn xn(n=O,l,2, ... ). 

QqeBHAH01 orrepaTOpbl f , ( x n ) + w n rrpouecca ~ MO*HO 

K8K reCCH8Hhl ¢yHKUHOH8110B hI ( X ) B ):{0CT8TO'l:HO M811blX 

TO'i9K X n , J1a CTporoA BblfiYKIIOCTH ¢yHKUHOH8110B h t(x 

CTB8 (3) BbiT9K89T/61'CTp, 155/1 'iTO orrepaTOpbl f'(xn)+W n 

rrono*HTenbHO onpeneneHhi H 1 cnenoaaTenbH0 1 o6paTHMbi, Terre 

MaR TeopeMa cne.nyeT H3 onpe.neneHHSI perynRpHaoaaHHbiX rrp01 

§ 2. CxonHMOCTb perynHpHaoaaHHbiX npoueccoa 

nycTb p (u • v ) I u' v c;. s - pacCTOSIHHe B cyrrepMe' 

cTpaHCTBe S H . 1\\ u \\ =P (u, I:J) 
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-1 
;w

0
]: x 0 , x

0
+ 1 =x

0
-(f'(x

0
)+w 

0
) f(x

0
), 

xn<;. X (n=O,l,2, ... ), 

,re orrepaTophr 

eneane 

w 

'(x)+w
0 

w 
n 

JleHCTBylOT H3 X By. 

n = 0,1,2, ••• ) rrpouecca g{ TaKOBhi, 'ITO 

n = 0,1,2, ... ) perynRpHbie, To rrocneaoBaTenh-

83biB89TCSI perynSipH30B8HHhiM Bbi"'HC..JlHTem:,HbiM IIpOU9CCOM 

KTOpOBH"'a JlJlSI IIpHOJlH*9KHOI'O pemeKHSI ypaBK9HHSI (1), 

aeM H9KOTOpb!9 yTB9p)I(A9HHSI 0 cymeCTBOB8HHH perynRpH30B8HHh!X 

a OCHOBe 0000lli9HHSI B IIC9BAOM9TpH'19CKHX IIpOCTp8HCTB8X H3-

9Mbl o reoMeTpH"!ecxoii: rrporpeccHH/6, CTp. 96/ H orrpeaeneKHH 

HKhiX rrpoueccoB rronyqaeM cneAyJOlliYJO TeopeMy. 

Ma 

JlHH9HHOM L -cyrrepMeTpHtiecxoM rrpocTpaHCTBe S onepaTo-

n = 0,1,2,.,,) rrpouecca ~ T8KOBb1 0 "'TO HMeiOT M9CTO Hepa-

I E - f ' ( x ) - w II < q < I (n = 0, I, 2, . . . ) . 
n n -

c g{ SIBJ1SI9TCSI perynSipH30B8HHbiM Bbi'IHCJlHTeJlbHbiM rrpouec-

ro HM910T M9CTO COOTHOlli9HHSI 

w ) -
1 

u = 
n !. ( E - f ' (X n) - W n) i u • u r;;.. X , 

i=O 

+ w ) -1 II ~ I- q n 
( n 0, I, 2 , ... ) . 

IIpHM9H9HHH perynRpH30B8HHbiX rrpoueCCOB MO)I(HO HCII0Jlb30l!8Tb 

eopeMy, 

Ma 2 

B I'HJlbOepTOBOM IIpOCTpaHCTBe S cymeCTByeT BbiiiYKJlbdl 

h ( x ) , orrpeaeneKKhiH aa X , oonaaaroumii: caoii:cTBOM 
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grad h (x) r·< x > ( 2) 

grad h - rpanHeKT <f>peme 4JyHKUHOH8J18 h·, ) t H IIYCTb W n ( n =0,I,2, ... ) -

rronO)I(HTenbKO orrpeneneKHhre orrepaTopi.r/ 1, CTp, 173/ rrpouecca g{, ae saBH-

CSilliHe OT TO"JeK X 0 B HX JlOCT8T0'1HO M8J1biX OKpeCTHOCTSIXo Toraa IIpO-

uecc g{ SIBJ1SieTCSI perynRpH30B8HHhiM Bb1'1HCJ1HTeJ1bHbiM IIpOU9CCOM, 

noK838T9J1bCTBO 

B JlOCTBTO'IHO M8Jlb!X OKpecTHOCTSIX TO"JeK X n paccMaTpHBaeM 4Jya:K

UHOH8Jlbl 

h
1
(x)=h(x) +__!-(w 

0
X

0
,x

0
)(n=O,I,2, ... ) 

2 

(qepea (,) 0003H8'1eHO CK8J1SipKOe IIpOH3BeneKHe B S ), 
Tax xax orrepaTophr 

H8Jlbl ( W X n n X n) 

W n - IIOJ10)KHT9J1bHO orrpeneneHHhi9 0 TO <lJyHKUHO

- CTpOI'O BhiiiYKJlbie, Y'fCIIOJ1b3YSI IIp9JliiOJ10)I(eHHe 

0 Bb!IIYKJ10CTH h (X ) 0 38KJ110'18eM, , 'ITO H 4JyKKUHOH8J1bi h 1 (X ) -CTpOI'O 

BhiiiYKJ1bie, Y'fs ( 2) cneayeT, 'ITO B Jl0CT8TO'IHO M8Jlb!X OKpeCTHOCTSIX TO'IeK 

X n HMeeT MeCTO 

grad h I (X n) f(x )+ Wn x 0 (n=O,I,2, ... ). 
n (3) 

0'1eBHJlH0 0 orrepaTOpbl f ' (X n ) + W n rrpouecca g{ MO)KHO paCCM8TpHB8Tb 

KaK I'9CCH8Hbl 4JyKKUHOH8J10B h I ( X ) B JlOCTSTO'IHO M8J1b!X OKpeCTHOCTSik 

TO'IeK X n o Y'fa CTpOI'Ol!: Bb!IIYKJ10CTH 4JyKKUHOH8J10B h 1 (X n) H paaeJi-

CTBa (3) BbiTeKaeT/6, CTp, 156/, 'ITO orrepaTOpb~ f'(x )+w ( n •0,1,;2, .. ,)· 
n n · 

rronO)I(HTenbKO orrpeaeneKbi H, cnenoBaTenbHo, oopaTHMhr. Terrepb aoxashraae

MaSI TeopeMa cneayeT Ha orrpeneneHHSI perynRpHsoBaHKhiX rrpoueccoB. 

§ 2. CxonHMOCTb perynHpHaosaHHbiX npoueccos 

DycTb p (u , v ) , u, v <:;. S - paccTOSIHHe B cyrrepMeTpHtieCKOM rrpo-

cTpaHCTBe S H 'II u rJ = p (u , fJ ) 

6 



Bse,[leM o6osHa'leHHH! 

P n = fl f ( X n ) [I ' b n = II ( f ' (X n) + W J -I [I • 

PaccMoTpHM cneJly~wHe ycnoBHH: 

A) BTopaH npoH3BOJlHaH cJ>peme • f " ( x ) , orpaHH'IeHa a X 

_.!_II r "(x) II< M 
2 -

(M=const., M<;;. [O,oo)) 

E) JlnH aaqanbHOi!: TO'IKH x 0 , Ha'lanbHOI"O onepaTopa w 
0 

perynHpH-

sosaaaoro npouecca !R H saaaaaoi!: KOHCTaHTbi N <;. L 0, oo) BbmonHeHbi 

HepaB.eHCTBa ( H8'18nbHbi9 ycnOBHSI) 

o:::¢ 9 < 1-fl<1, fl<1 

{:3 + _ _j.[L_ 

1-¢ 
0 

y2 
< 1' 

(y- b )b 
0 0 

II w II < N b P • 
0 .... 0 0 

I"Jle Y > b 0 - 381l8HHOe ll9i!:CTBHT9nbHOe 'IHCnQ t 

v = ( M + N ) y 2
, {:3 = v p 

0 
, ¢ 

0
= (2M + N ) y b 

0 
p 

0 

(El) 

( E2) 

(E3) 

(E4) 

B) Jlml: onepaTopoa w n npouecca !R BbmonHH~TCH aepaaeacTBa 

[!w fi<Nb p (n=l,2, 1 •• ), n _ n n (Bl) 

llw -w li<llw II (n=0,1,2, ... ); 
n n+l - n 

(B2) 

r) W = l x /p(x ,x) s_E___E_n_ I C X. 
I 1-fl2 -

11MeeT MSCTO cnelly~wee OCHOBHOe YTBep:>KJleHHe 0 CXOilHMOCTH pe;ry

nHpH30B8HHblX npoueccos. 

~~~ f 
I 
~ 

l•i 

'i!! 

l'l 
,/\ 

JJ 
" ';, .1;)!:. 

f 

f' 

.1
\' 

,. 

~~ 
~: \,,, 

ii 

li 
.\I 
'lli 
~~:1 

TeopeMa 3 

nycTb llnSI peweHHSI onepaTOpHOI"O ypaBH9HHSI (1) B 

L -cynepMeTpH'IeCKOM npocTpaHCTBe S HcnonbayeTCSI 

Bbi'IHCnHTenbHbi:ll: npouecc 

npouecc !R CXOJlHTCSI H 

!R H nyCTb BblfiOnH9Hbl ycnOBI! 

lim Xn = x <;. W • To'IKa 
n-=it:50- Ct) 

xw 

aHeM ypaaaeHHSI (1) a o6nacTH X • CnpaaellnHaa oueHKl 

p( X , X ) < 
W n 

ypofl2"--t 

1- (32n 

.UoK838T9nbCTBO 
-I 

1. T aK KaK ( f ' ( x ) + w ) 0 "= 0 
n n 

(n = 1,2, ... 

t TO 

-I 
p(xn,xn+l )=p(f' (xn)+wn) f(xn), (f'(xn)+ 

< ll(f'(x )+w )-
1 [I p(f(x ),0), _ n n n 

T.e. B CHne HepaBeHCTBO 

P ( X n' X n+l) ~ b n P n ( n = 0,1,2, ..• ) • 

C Jlpyroi!: CTOpOHblt cnpaBellnHBO p8B9HCTBO. 

I"ll9 

(f,'(x )+w )8 +f(x ),;=IJ, 
n n n ~ 

-I 
Bn=X·n+l ·-xn=-(f'(xn)+wn) f(xn). 

Hs aepaBeHCTBa (E3) H ycnoaHSI (Bl) cneay~~ 
-I 

p(cun(f'(xn)+CUn) Hxn),O) ":: 

<II CU II II f'(x n) + Wn )-I II II f(xn )I 
- n 

~ N fl (£ ' ( X n ) + W n ) -
1 II 2 II f ( X n )lti 2'S_ N b : 

il. 6 :)1
1 

7 l _. 'i 

I --··--'---

I 
'·' ' 



o603H8'19HHSI: 

n = fl f ( X n ) fl ' b n = II ( f '(X n) + W ,) -I II . 

cne.ayJOWHe ycnoBHSI: 

opaSI npOH3BO.UH8SI <f>pewe t f " (X ) , OI"p8HH'I9H8 B X 

!..11 r "<x> 11 <M 
2 -

(M=const., M<;. [O,oo)) 

Ha'lanbHOH TO'IKH X O t H8'18nbHOI"O onepaTopa W O perynHpH

pouecca :R H aa.aaHHoil: KOHCTaHTbi N <;. l 0, "") a&rnonneH&I 

( naqanbH&xe ycnoBHSI) 

o:::¢
0

< 1-~<1, ~<1, (51) 

¢ y 2 
{:3 + __ .o._ ------- < 1' (52) 

1 -¢0 (y-b )b 
0 0 

(53) II w II < N b p ' 
0 .... 0 0 

0 - aa.aannoe .aeH:cTBHTen&Hoe 'IHcno, 

v = (M + N )y
2

, f:3=vp
0 

,¢ o= (2M+N )yb
0 

p
0 

(54) 

onepaTopoe w n npouecca :R B&rnonnsnoTCSI nepaaeHCTBa 

II w II < N b p n _ n n (n=1,2, ... ), (Bl) 

flw -w ll<llw II (n=0,1,2, ... ); 
n n+l - n (B2) 

w = I X I p ( X ' X ) ~ ...I..J3-f.o... l c X • 
I l-{32 -

M9CTO cne.ayJOwee OCHOBHOe YTBep~,aeHHe 0 CXO.UHMOCTH pery-

npoueccoe. 
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TeopeMa 3 

TiycTb ,anSI peweHHSI onepaTOpHOI"O ypaBH9HHSI ( 1) B nonHOM nHH9HHOM 

L -cynepMeTpH'IeCKOM npocTpaHCTBe S Hcnon&ayeTCSI perynS!pHaoBaHHbiH 

Bbi'IHCnHTen&HbiA: npouecc :R H nycT& B&monneH&I ycnoBHSI A) -f). Tor.aa 

npouecc :R cxo.aH'I'CSI H lim Xn = x c;;. W • To'IKa x S!BnS!eTcSI pewe-
n-+~ W CU 

HHeM ypaeneHHSI (1) a o6nacTH X • Cnpase.anHea oueHKa 

p( X , X ) < 
CU n 

{3 2~-1 y p 0 

l- f3 2 
n 

lloKa3aTenbCTBO 
-I 

1. T aK KaK ( £ ' ( x ) + cu ) (} = (} 
n n 

(n 1,2' ... ) . 

t TO 

( 
-1 -1 

p xn,xn+l )=p(f' (xn)+cun) f(xn), (f'(xn)+cun) 0)< 

< JJ(f'(x )+cu )-
1 fl p(f(x ),(}), _ n n n 

T.e. B CHne nepaBeHCTBO 

p ( X , X +I)< b p n n - n n 
( n = 0,1,2, ... ) . 

C ,apyroil: CTOp0Hbl 1 cnpaBellnHBO paBeHCTBO. 

r.ae 

(f''(xn)+ wn )8 n+f(x 
11

) ;= IJ, 

-1 
8n=x.n+1 ·-xn=-(f'(xn)+wn) f(xn). 

Ha aepaeeHCTBa (B3) H ycnoBHSI (Bl) cne.ayroT nepaeeacTea 

-1 
p(cun(f'(xn)+cun) f(xn),O)~ 

:SJicuniiJJf'(xn)+cun)-
1 flfl£(xn)JJ~ 

~ N [I (f ' ( X n ) + W n ) -
1 II 2 II f ( X n ~lj 2~ N b : p : 

7 
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.I 

ll{ 

L 

Hcrron&a YH ( 5), MO)KHO HarrHcaT&: 

2 2 
p (- W n 8 n '(}) ~ N b n p n' 

OTKy~a H H3 OllpeaeJIHromero CBO~CTBa cyrrepMeTpH~9CKHX llpOCTpaHCTB/5, 

cTp.39/ nony~aeM 

( i5) Nb2 2 P {j • W ~ ·n < n P n ( 6) 

Ha paBeHCTBa (5) cneayeT 

p =p(f(x ),(}) 
n+ I n+ I 

= p ( f ( X n + 1 ) , f ( X
0 

) + ( f ' ( X n ) + W n } 8 n } ~ 

<p(f(x ),f(x )+f'(x )8 )+p(O,w 8 ). 
- n+l n n n n n 

ITo <f!opMyne Teitnopa , ucrron&ayg HepaBeHCTBa ( 6), HaxoaHM 

P n+I:_(M+N)b
0

2
p:(n=0,I,2, ... ). (7) 

C IlOMOm&ro IlOJIHOit HH~YKUHH ~OK83b!B8IDTCH CJie~yromHe YTBep)K~9HHH: 
2 °- 1 

a) P < P f3 < Po 
n - 0 

b) cp <cp <I, 
n - 0 r~e ¢ = (2M+N )y b nP 

0 n 

2 ° -1 b <y..:(y-b 0 ){3 <y 
n - -

c) .. 

d) xn+1c;x. 

( LlaJI&Heitmee ~OK83aTeJibCTBO TeopeMbi C Heo6XO~HMbiMH H3MeHeHHHMH 

llpOBO~HTCSI 110 CXeMe/5, CTp. 302/ llpH k = 2), 

2. LlnH n = 0 yTsep~eHHH a) - d ) BepHbi B cuny ycnOBHA A) - r). 
flyCTb OHH B9pHbi ~JIH HeKOToporo 

0 TOr~a OHK BepHbi K JlJISI n n +I: 

8 

.. 

... 

l~J 
~ 

I' 4 
;~!I 
•,i 

·;.\ ,, 

j:\ 

~ 

a) B CHJIY d) rrj:m6nH>KeHHe x n + 
1 

<;;.. X • Ha COO THO I 

a) If ( E4) cne~yeT 

2 2 ) 2 2 2 Pn+t -s_(M+N)bn Pn:S(M+N y Pn =vpn :S 

n n+ I n+l 
2 -1 2 

:::_v(p of:3 ) 2 ·-2 2 -1 

=f3pof3 =Po f3 

ITocKOJibKY f3 < l , HMeeM 2 n+ l 
f3 <I. TaKHM o6paaoM, 

2 n+l -I 
P <po f3 <p o · n+l 

b) flyCTb 

g(x
0
)=E-(f'(x

0
) + W

0 ) -I ( f' (X n+ I) + W n + I ) • 

Llnsr HOpMbi orrepaTopa g( x n) c rroMom&ro ¢opMyJibi Te~no 

HepaseacTBa ( B2), ( E3) H ( B 1), nony~aeM ( o5nacT& X E 

l!g(x.)l! "S_b nllf'(x 0 )+w 
0
-f'(xn+l )-wn+l 

"2_bn l!f'(x)-f'(xn+ 1 )ll+b
0

llw
0

-Wn+l 

~2b 0 Mp(xn+l'xn)+Ny bn P
0 

< 

<2Myb p +Ny b p =(2M'+N)y b p 
- n n nn nn 

}

. TaKHM o6pa30M 0 II g(x
0

)11 ~ (2M+N )y b 
0
p n = ¢ n <I 

oo I 

lf 0 CJI9!10BaTeJibHO, pHil I~ 0 ( g'( x n)) y CXO~HTCH ~JIH Be ex y <;;.. ) 

na aaKnro~aeM/5, CTp. 96/, ~To orrepaTop E- g ( x n ) If MeeT o5j: 

-1 I 
II ( E - g (X n ) II :s -I - cp n- • B peayJI&TaTe lfMeeM 

b 0 + 1 =II ( E- g (x n)) -I ( f ' (X )+ W 
0 

) -I II 'S_b
0 -----. 

I-¢ 
n 

9 



Jlb3YSI (5), M0:1t<:HO H8n:II:C8Tb: 

P (- {J) n 8 n '(j) ~ N b: p :, 

a orrpeaenSIIDmero caoll:cTaa cyrrepMeTpHqecKHX rrpocTpaHcTa/5, 

nyqaeM 

p (() , W n ()·n ) < N b : p : ( 6) 

aa ( 5) cneayeT 

p (f(x ), ()) 
n+l 

p ( f ( X n + 1 ) , f ( Xn ) + ( f ' ( X n ) + W n ) 8 n ) :S 
... 

p(f(x ),f(x )+f'(x )8 )+p((},w 8 ). 
n+l n n n n n 

MyJie Tell:nopa 1 HCITOJib3YH HepaBeHCTBa ( 6), HSXOliHM 

+ I < ( M + N ) b 
2 

p 
2 

( n = 0,1,2, ••. ) . ( 7) n _ n n 

lllbiD ITOJIHOH HHliYKUHH liOK83biB8IOTCSI CJieayiOIIlHe yTBep>KaeHHR: 

2 n_ I 

<_p 0 f3 < p 0 

n<5.¢o< 1 ' rae ¢ =(2M+N)ybnPn 
n 

2 n -I 
::: y ~ (y -bo)f3 <_y 

+I~ X • l~J 
ll:wee liOK838Ten&CTBO TeopeMbl C He06XOliHMbiMH H3MeHeHHSIMH 

i 

o cxeMe/5• cTp. 302/ npH k = 2). 

n = 0 YTBep>KaeHHSI a) - d ) aepHbl B CHny YCJIOBHA: A) - r). 
pHbt ansr HeKoToporo n 1 Toraa OHH BepHhl H liJISI n + 1: 

8 

.,..,. 

a) B cHny d) 

a) H ( B4) cneayeT 

Pn+l -s_(M+N)b: 

rrpHOJIH>KeHHe X n +I<;;. X • Ha COOTHOIIIeHHH ( 7). ( 4). 

2 ) 2 2 2 
Pn:S(M+N Y Pn =vpn :S 

n+l 
2 ·-2 

=f3pof3 =Po f3 
2 

n+l n 
2 -1 2 

2.v(pof:3 ) 
-I 

ITocKon&Ky f3 < 1 , KMeeM 2 n+ I 

f3 < 1 . TaKKM oopaaoM, 

2 n+l -I 
Pn+l<pof3 <po (8) 

b) f1yCTb 
-I 

g (X n) = E - ( f ' (X n ) + W n ) ( f' (X n+ 1) + W n + 1 ) • 

.QJISI HOpMbl onepaTopa g( X n) C ITOMOIIlbiO cjlopMyJibl Teifnopa, yqHTbiB8SI 

aepaaeacTaa ( B2) • ( B3) H ( B 1) • nonyqaeM ( o6nacT& X BbinYKJiaSI) 

II g( X ) II <5. b n II f ' (X n) + W n- f ' (X n+ 1 ) - W n + 1JI :S 

:_bn II f'(x )-f'(xn+l Jll+bn llwn-wn+l II< 

< 2 b n M p (x n + 1 , X n) + N Y b n P n < 

<2Myb p +Nyb p =(2M"+N)yb p 
- n n nn nn 

)

-· T aKHM o6paaoM• II g (~ n) II :S (2

1

M + N ) y b nP n = ¢ n < 1 

K1 cneaoaaTen&Ho, psra 1 ; 0 
( g•( x n )) y cxoaKTCR ansr acex y <;;. X • 0TCIO-

. aa aaKJIIOqaeM/5• CTp. 961. qTo onepaTop E- g ( xn) KMeeT o6paTHbiii: H qTo 

-1 1 
II ( E- g (X n ) II $ -1- -¢ n- B peayn&TaTe HMeeM 

b 1 = fl ( E - g (x )) - 1 
( f ' ( x ) + w ) - 1 11 < b 

n+ n n n - n ------ ( 9) 
1- ¢ 

n 

9 



'ri; 

r ·. 

I I 

\ 

I 

t• 

Ms COOTHOlli9HHA (7), (E4) H (8) nonyqaeM 

( ) ( ) 
bn 2 cp n 

¢ I = 2M+ N y b + lp +I < 2M + N y --- v p = _:..- v p n+ n n - n n 1-¢n 1-cpn 

OTKYA8 C yq~TOM a), b ) , ( 9) H Toro cpaKT8 1 qTO {3 ::: 1- cp O , cneAyeT: 

H 

.. 

¢n ¢n 
cp <--VP = -f:3<cp 

n+l-1-cp 0 1-cp - n 
. n n 

c) Cor nacHo b) 

1-¢ >0, 1-¢ 0>0, ¢ (¢ 0 -¢ ) > 0 n n n ~ 

1 
1- ¢ 1-¢o+¢n(¢o-¢n) 

<-----------= 
___ o __ _ 

(l-¢n)O-¢o) 
1- cpn (l-¢)0-¢o) 

cpn 
=1+-----=1+· 

1- ¢0 

(2M+ N ) Y b n P n 

1- ¢0 

TaKHM 
cneAyeT, qTo 

o6pasOM
1 

liS COOTHOlli9HHSl ( 9) 
(2M+N)ybnPn 

) . 
b n+ 1 < b n ( 1 + -- 1- ¢o 

McnonbSYSl aepaaeHCTBO b n :S Y HS ycnOBiiSl 

n 
a2 -1 p n ::: p 0 t-' HS ycnOBHSl 

a) H BBOASI o6osHaqeHH9 

(2M+ N )y Po ¢o _.J__ 

bo 
-----------q = 

1- ¢0 1- ¢o 

nonyqaeM 

2 n I 
b l<b (l+yq{3 - ) 

n + _ n 

io 

c) 1 
aepaBeHCTBO 

( 10) 

~ 

H B CHny c) 

b n+ I 
n n 

2 -1 2 -1 ;::<y-(y-bo)f3 )·(l'+yqf3 ) = 

n 
= y- ( y - bo) {3 2 -I p , 

rAe 

2n I y2 2 
p = 1 + y q f3 - _ ___!_ > 1 __ Y_~-

Y-b0- 1-b 
0 

EcnH rroAcTaBHTb sHaqeHHe q HS ( 10) 1 TO C yq~TOM 

P:?1- Y
2

¢o 
( y- ho ) (1·-_-¢--o) b-/ {:3 ~ f3 2 n • 

0TCIOA8 HMeeM p{32n-1 ~{3 2n+l -I 
, H COOTHOlll9HHe ( 11) 

b n+l 
n+l~y-(y-bo)f3 2 

-I 

BTopo~ qneH aToro HepaBeHcTBa 6onbllle HynR, 

n+ I 
d) BnepaBeHCTBe p(x 1 ,xn+

2 
>:::

1
:

1 

cneAOBaTeJ: 

p(x
1
,x

1
+ 

K8)KJlb!H qneH CyMMb! C fiOMOlltbiO ( 4) : 

2 I I p(x 1 ,xi+ 1 ),Sb
1

p
1

:SYP
0

f3 -

CneJloBaTenbHo, 

p ( 
n+l 

)s_ypo I 
l=l 

2
1 

-1 
{3 X I ' Xn+2 

I 
DoCKOnbKy f3 < 1 , HMeeM 

H 1 cneaoaaTenbHO, 

{32 <_{:32 ~ f3 < 1 

11 
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cooTHomeHH~ (7), (E4) H (8) nonyqaeM 

+ N ) y b n + 1 p n + 1 :S ( 2M + N ) y ~- v p 
2 

1- c;b n n 

cp n~ v P n 
= 1- c;b n 

( 9) H TOrO ¢aKT8 1 'ITO f3::: 1-

.Pn 
-- f3<c;b 

1- c;b - n 
n 

.Po , cneuyeT: 

y"'i'JTOM a) , b ) , 

¢n 
cp <--vp = 

n+1-1-c;bn 0 

CornacHO b) 

1-¢ >0, 1-¢ 0 >0, ¢ (¢ 0 -¢ n n n 
> 0 ..., 

cpn 

1- c;b ____ _Q___ 

(l-¢)0-¢o) 

1-¢o+¢n(¢o-¢n) 
<--------

(1-¢ )(1-¢ ) 
n 0 

¢ ~M+N)yb Pn 
=1+---~-=1+·-- n 

1-¢o 1-¢o 

o6pasoM, H3 cooTHomeHHR (9) cneuyeT, 'ITO 
(2M+N)ybnPn 

) . 
b n+ 1::; br, ( 1 + 1- .Po 

b n ::: Y H3 ycnOBHR c) , aepaseHCTBO 

cnonb3YR aepaseHCTBO 
n 

Q2 -1 Po~ H3 ycnoBHR 
a) H BBOtlR o603H8"19HH9 

(2M+ N )y Po .Po 1 ----' 
( 10) 

q = --------------- ho 1- c;b 0 1- .Po 

M 

2 n -1 
b 1<b (l+yq{3 ) 

n + _ n 

io 

.,. 

H B CHny c) 

n n 
2 -1 2 -1 

bn+1:;:(y-(y-bo)f3 )·(l·+yqf3 )= 

( II) 
n 

= y - ( y - bo) f3 2 -1 p ' 

rue 

2n 1 Y2 2 
p = 1 + y q f3 - __ _!_ > 1 y q 

y - b 0 - - I:-"'b-
0 

EcnH rroucTaBHTb sHa'l:eHHe q H3 ( 10), To c y'leToM ( E2) rrony'I:HM 

p_?l- Y
2

¢o 
( Y - b 0 ) (I- cp 0 ) b-/ f3 ·::: {3 2 n 

0TC!Otl8 HM99M 
2°-1 2n+1 -1 

p {3 ::: (3 , H COOTHOli19HHe ( I1) IIpHHHM89T BHJl 

b 2 n+1 
n+1S,y-(y- bo ){3 -

1 

BTopotl: qneH aToro aepaBeHcTsa 6onbllle Hyng, cnenosaTenbHO , b < y. 
n+ 1 n+ 1 -

d) B HepaseHcTse p (x 1 ,x 2 )< ~ p (x 
1

, x 
1 1 

) oueHHM 
n+ -1=1 + 

K8)1{tlbllf "'neH CyMMbl C IIOMOmbiO ( 4): 

p (X I, X ) 2 I I 
1+1 -Sb1p1 :;:Yrof3 -

C nenosaTenbHo, 

n+ I 
p ( X 1 • X . 2 )< y p 0 I 

n+ - 1=1 f3 
I 

2 -1 

TiocKonbKy f3 < I , HMeeM 
I 

f3 2 <;_{3 2 '5.. {3. < 1 

H, cnenosaTenbHo, 

11 
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,, 

I 

! 
1\ 

i 

t 

I: 
I 
\ 
I 

p(xt,xn+2 )'5_YPo(f3+{3 

. l-({32)n+l 
=YPof:3 -------

1 - {3 2 

n 
{3 2 i ) 1. 

I= I 

y {3 p 0 <--z-
l-{3 

~TO osHaqaeT, qTO X n+2 <;. W t OTKyAa cnenyeT X n+2<;. 

30M, ycJIOBHSI a) , b), C), d) BbinOJlHeHbl AJISI scex 

3, Ha ocaose (12) rronyqaeM 

n+rn 
1. p(x 1 • xl+l) 'S. 

p(x n'Xn+m+l):S 
I= n 

X • TaKHM o6pa-

n = 1,2,3, ••• 

I n 
m n I 
~ {32,(2 -!)< 

< y p 0 
nim ~2 -1 f32 -1 

t-' = yp 0 
1=0 ( 13) 

DpH 

l=n 
m n 

'£({32 )i 'S.Y Po (32n-1 
n->00 

n 

l-({32 )m+l 

-----· 
l-{32n 

n 

=YPo (3 2 -t 
< 

f3
2°-1 

y p 0 ---
1- {32 n 

n -> oo 

2°-1 

3HaMe&aTeJlb OCTaeTCSI orpaHHqeHHhlMo a qHCJIHTeJlh {3 

CTpeMHTCSI K HyJIIDo 
m = 1,2,3, ••• paccTOSIHHe p(x n)• x n+m+t 

Bee x n <;. W • .llnH nro6biX 
~ CXOAHTCSI 

n -> oo • TaKHM, o6pasoM, rrponecc 
CTpeMHTCSI K HYJliD rrpH 

CHJIY IIOJIHOTbl c!lJepbl \V TaKlKe rrpHH8AJielKHT 
w. 

a)) CTpeMHTCSI H Pn 
K aneMeHTY X w 0 KOTOpbttl: B 

2 n 1 Jlanee, BMeCTe C {3 - K HYJliD (aa OCHOB9 
f ( X) rrpH n -> oo B CHJIY &enpepbiBHOCTH orrepa-

f(xw) .TaKHM o6pasoM,p(f(xw)• (J) =0, T,e, 

x w SIBJIHeTCH peme&HeM ypaeaeHHH ( 1) e o6nacTH X . DpH6JIH:JK9HHe 

rrpH m-> 
00 

CTpeMHTCSI K- Xw H &a OCHOB9 ( 13) rrpH !lJHK-

a rrocnenosaTeJibHOCTh 

Topa f CTpeMHTCR K 

X n+ m +I 
CHpOBaHHOM D IIpHBOAHT K yTeeplKAaeMOtl: B TeopeMe oue&Ke rrorpelliHOCTHo 

.... 

~ ' I" I 

12 .-

' 
§3. CneacTsHe TeopeMhi 3 o cxoaHMOCTH 

1, DpH W n = fj n = 0, 1,2, ... ) H N = 0 BbtqHCJIH 

~ o6pamaeTcSI B o6hlKHOBeHHhltl: MeToD HbroTo&a-Ka&TopoB 

IIOJIO:lK9HHH 0 'iTO OIIe paTop f ' (X 
0 

) o6paTHM
0 

TeopeMa 3 0 

CXOAHMOCTh , 

Ha-qanhHbte ycnoBHSI (El), (E2) H (E3) TeopeMbi 3 < 

X 0 0 orrepaTop W O H KOHCTaHTy N HeSIBHb!M o6pa30M
0 

&eayneBbiX wo H N, AJISI KOTOpbiX :3TH COOTHO!ll9HJ 

H HMeiDT M9CTO perynApH30BaHHhle Bhl'iHCJIHTenbHhle IIpOU91 

Cnenyromee cneucTBHe TeopeMbi 3, IIOMHMO Toro, qTo o 

C8MOCTOATeJibHOe 3Haqe&He, MOlKHO HCIIOJlb30B8Tb AJIA Jl0K8381 

BOBaHHA He&yneBhlX w
0 

H N , yuosneTsopArolliHX &a~ 

HM, 

TeopeMa 4 

DycTb 'AnA pe!lleHHSI ypaBHeHHSI (1) B 6a&axoeoM rr 

HcrronhsyeTcH rrpouecc ~ H IIYCTh BhliiOJIHeHhl YCJIOBH 

BM9CTO COOTHOllieHHH (E3) H (Bl) B CHile 

II w II 2 + r II w II < N P , 
0 0 0 - 0 

------1 
llw l!<-1

-(yr
2

+4Np -r ).(n=l,2, ... ), n - 2 n n n 

rAe 

=II f'(x lll <n=O,l,2, ... ). 
n n 

TorAa crrpaBeAnHBbi yTsepJKne&HA TeopeMbi 3. 

JloK838TeJibCTBO 

l1s ( E3') cnenyeT uerroqKa aepaseacTB : 

llw 0 llllf'(x 0 )+w 0 ll:::llw 0 ll<llf'(x
0
JII+IIw

0
lll:::Np

0 

13 



n 

p(x1'xn+2 )::_ypo(f3+f3 

1-((32) n+l 

= y p 0 f3 --------

~ 
I= 1 

(3 2 i ) 

y {3 p 0 
<----

1- (32 

g 

'ITO 

a) • 

1 - f3 2 

x n+
2 

<;;.. W ,oTKYJl8 cneAyeT Xn+2<;;. X .TaKRM o6pa-

c). d) BhliiOJ1H9Hhl JlJlH BC9X 
n = 1,2,3, ... 

OCHOB9 

b). 

( 12) nony-qaeM 

n+m 

l p(xl,xi+1)'S_ 
n'Xn+m+1):5 p(x 

l=n 
m " I '£ {32,(2 -1)< 

1=0 

I n 
~2 -1 ~ 2 -1 
t-' = yp 0 t-' 

n:f,m 
( 13) < y p 0 

l=n 

n m n 

'S..Y Po {32 -1 '£({32 )I 
n ->00 

n 

1 _({32 )m+1 
n 

2 -1 < 

~ 2 n -1 
y p 0 t-' -----1-{32" 1 

2" 
- f3 = yp

0 
f3 

n -. oo 

g K Hymo. 

2°-1 

3H8M9H8T9Jlb OCT89TCH orpaHR'l9HHhlMo 8 '!HCJ1HT9Jlb f3 

X n ~ W • nnH mo6biX 
m ;= 1,2,3, ••• paccTOHHRe p(xn),xn+m+l 

TaKHM o6pa30M 1 npotteCC . ~ CXOAHTCH 
'· 

CHJlY IIOJlHOTbl cc!Jepbl W T8K>K9 npHH8JlJ19>KHT W • 
K Hymo npH n -> oo 

x w 1 KOTOpb!H B 

2 n 1 
a)) CTpeMHTCH H Pn 

{3 - K HYJ1ID (H8 OCHOB9 

JlbHOCTb f ( x) npH n -> oo B CHJlY HenpepbtBHOCTH onepa-

CTpeMHTCH K f(xw) .TaKHM o6paaoM,p(f(xw), (}) =0, T,e, 

snReTcH pemeHReM ypasHeHRH (1) B o6nacTH X. DpH6nH>K9HHe 

IIpR m -> 
00 

CTpeMHTCH K Xw H H8 OCHOB9 ( 13) IIpR cPHK-

HOM D IIpHBOJlHT K yTB9p>KU89MOH B TeopeMe OU9HK9 norpelllHOCTHo 

12 .,. 

§3. CnenCTBHe TeopeMhl 3 0 CXOJlHMOCTH 

1. OpH w = {} n = 0, 1,2, ••• ) H N = 0 Bht'!HCJIHTenbHhtfi npouecc 

9{ o6parnaeTc51 B o6btKHoBeHHhtli: MeToA HbiOTOHa-KaHTopoBH'Ia, H rrpH rrpeA

rrono)KeHHH, 'ITO orrepaTop f ' ( x 0 ) o6paTHM, TeopeMa 3 o6ecrre'!HBaeT ero 

CXOJlHMOCTb • 

Ha'laJibHbie ycJIOBH51 (El), (E2) H (E3) TeopeMbi 3 CB513biB8IOT TO'IKY 

x 
0 

, orrepaTop w 
0 

H KOHCTaHTy N He51BHhiM o6paaoM, H cymecTBOBaHHe 

HeHyneBb!X (d 0 H N, JlJIH KOTOpb!X 8TH COOTHOUieHHH Bb!IIOJIHHIDTCH 

H HMeiOT MeCTO perynRpH30B8HHhle Bhl'IHCJlHTeJibHhle IIpOU9CChl 1 HeO'I9BH.[{HO, 

CneuyiOUiee CJI9JlCTBHe TeopeMbl 3, IIOMHMO TOro, 'ITO OHO HM99T B8>KHOe 

C8MOCT051TeJibHOe 3H8'19HH9 1 MO>KHO HCIIOJib30B8Tb JlJI51 AOK838T9JibCTBa CyUICCT-

BOB8HH51 HeHyneBb!X wo H N 1 YAOBJieTBOpHIOUIHX Ha"'aJibHblM YCJIOBH-

HM, 

TeopeMa 4 

DycTb ·AnR perneHH51 ypaBHeHHH (1) B 6aHaxoBoM rrpocTpaHCTBe S 

HCIIOJib3yeTCH rrpouecc 9{ H IIyCTb BbiiiOJIHeHbl yCJIOBHH A) - f) 1 rne 

BMeCTO COOTHOllieHHH (E3) H (B1) B CHJie 

II w II 2 + r II w II < N r , 
0 0 0 - 0 

(E3') 

------i 
llw ll<-1

-(vr
2 +4Np -r ).(n=l,2, ... ), 

n - 2 n n n (E1') 

rAe 

r =II f'(x lll (n=O,l,2, ... ). 
n n 

TorAa crrpaBeAnHBht YTBep>KA9HH51 TeopeMbt 3. 

noK838T9JibCTBO 

l1a (E3') CJle.[lyeT ueiiO"'Ka HepaBeHCTB : 

llw 0 llllf'(x 0 )+w 0 112llw 0 ll<llf'(x 0)ll+llw 0 II)2NP 0 2Nc
0

p
0

, (14) 
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,\. 

';li 

II: 
il 

ti 
I 

\ 

I 
I 
,( 

j 

I 

\ 

rne 

(llnSI 

co > 1 - 'IHCnO 

n n n 

o6ycnosneHHOCTH onepaTopa ( f '(x
11 

)+wo )I 5, cTp. 105/, 

n = 0,1,2 ••• o6o3H8'18eM:c =ll(f'(x 11 )+wn)-
1 II llf'(x )+ w II ), 

113 ( 14) en en yeT aepaseacTBO I I w 0 \1 :: N b 0 p 0 • T,e, BbinOnHSieTCSI 

ycnosHe ( 133), 

113 ycnOBHSI (B1') cnenyeT aepaseacTBO 

(2\\w 1\+T ) 2<r +4Np n n _ n n 

H aepaseHCTBa 

llw nlll\f'(x
11
)+W 11 II~Np 11 ~Np 11 C 11 

Ha OCHOBe STHX HepaeeHCTB HSXOJJHM 

1\ W n II ~ N b 
11

P n (n = 1,2, ... ), 

T.e. eblnonHBeTcR ycnoaue ( B 1). 
llanee anSI J]OK838TenbCTB8 TeopeMhl rrpHMeHSieTCSI TeopeMa 3, 

2. nonb3YSICb ycnoeHeM ( E3'). ITOJ]CT8BnSieM B Bbipa>KeHHHX anSI f1 H cp 0 

KOHCT8HTY N = _L_ ( l\ w \\ 2+ T \\ w \\ ) • nony'leHHbte nono>KHTenbHble 
0 0 0 . 

Po 

qHcna 

{3'= My 2 p
0 

+y2(1\w \\+T )\\w l\, 0 0 0 

rf>~ =2Myb
0

p
0 

+rb
0
(l\w0 \\ +r}·llw 0 ll 

I 

MOX<HO cJ]enaTb J]OCT8TO'IHO ManbiMHo ecnH B3SITb 'IHCna p 0 H I\ w 0 ~~ 

J]OCT8TO'IHO MSnbiMHo 

npuMeHSieM qncna 
{3' H rp' B Bblpa>KeHHSIX J]nSI H8'18nbHblX ycnoBHll: 

0 

(El) H (E2): 

o:cb~ :s1-f3'<1, f3'<l. 

QqeBHJlH0 1 HMeeT 

.-

cp~ 
{3'+ 

1- ¢~ 

)'2 
---<1 
(y-b o)bo 

MeCTO cneJJyiOmee yTsep>KJJeHHe. 

14 

(Bl ') 

(E2') 

' 

TeopeMa 5 

Ecmr B 6aaaxoaoM npocTpaHcTse S npennono)!(HTb E 

HaqanbHOrO ycnoBHSI (E3') H B3SITb HaqanbHOe npH6nH>K9HHe ~ 

6nH3KHM K perneHHIO ypaBHeHHSI ( 1), a 'IHcno II w 
0 

II rwcTa· 

TO acerna MO>KHO cnenaTb BhmonHHMbiMH HaqanbHbte ycnoBHSI 

npH w ,f. 6 , N ,f. 0 . 

3. TeopeMa 4 YLI06Hee anSI npHMeHeHHSI, qeM o6rnaSI TeopE 

CTBHe npoCTOThi CBSI3H ( B I') no cpaBHeHHIO c ( B 1). OnHrneM 

B03MO>KHOI'O npHMeHeHHS! 8TOtl: TeopeMb!, 

B Ka'leCTBe HaqanbHbtX ycnoaHtl: paccMaTpHBBIOTCSI ( E I'), ( 
- a npH 38L\8HHb!X X 0 H w 0 Bhl'mcnSieTcSI KOHCT8HTa N = --L( II w ( 

p 0 

(Ha OCHOB8HHH ycnOBHS! (E3')), npoBepSI~ rLie a c;;; l 0, I J 
I 

(E1') H (E2'), B cny'lae BbrrronHeHHSI ycnomrtl: (EI') H (E: 

perynRpH30BaHHhttl: Bbi'IHCnHTenbHbttl: npouecc :R c one paToJ 

llnS! KOTOphlX BhliTOnHeHo ycnOBHe (B2) H HMeeT M9CTO pa 

llwn II a -
--L. ( y T <! + 4 N p -r ) , a c;;; ( 0, I ] . 

2 n n n 2 

ABTop Bbipa)KaeT rnyooKyiO 5naronapHocTb E.c. neauTHH 

neHHbiit HHTepec K pa6oTe H none3HYIO AHCKyCCHIO, 

nnreparypa 

1. n.B. KanropOBH'l, r.n. AKH.!IOB, cPyHKI(80H8.!IbHblH 8H8.!IH3 B HOJ 

I1pOCTp8HCTB8X, M., 1959, 

2. A. Ben-Israel, A Mewton-Rapson Method for the 5 

Systems of Equations, J. Math, Anal, and Appl., . 

No 2, 243-252, 

3, M. Altman, On the 

A cad, Pol on., Sci,, 

Generalisation of Newtons Met 

1967, .§, NoB, 789-795, 

4. n. PaKOBIIIHK. 0 Mero.ae HbiOTOHa-KaHTOpOBHY8, )/(, BbiY, Jl, 

rjJH3,, §., M6, 1209-1217 ( 1968). 

5. n. Ko.nnaTu. cPyHKIIHOH8.flbHblH 8H8.!IH3 H Bbl'IHC.!IHTenbHEJH M 

M,, 1968. 
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o6ycnoBneuuocTH onepaTopa ( f '(xn )+Wo )I 5, cTp. 105/. 

• o6o3Ha'iaeM:c =\\(f'{xn)+wn)-
1 

\\\\f'(x )+ w II), n n n 

uepaBeHcTBO \I w 
0 

\I :;: N b 0 p 0 T.e. BbmonuHeTCSI 

( B 1') cnenyeT uepaBeHCTBO 

(21\w \l+r )
2
<r +4Np n n - n n 

1111f'(xn)+Wn 11~Np"'~Npncn 

uepaseucTB uaxonHM 

11 W n II ~ N b nP n (n = 1,2, ••• ), 

ycnoeHe ( B 1). 
S1 LIOK838T911bCTB8 TeopeMbl npHM9HSI9TCSI TeopeMa 3, 

S!Cb ycnoBH9M ( 1331 ) 
1 

ITOLICT8BI1SI9M B Bblp8>K9HHHX LII1SI {J H cp O 

( \1 W 11 2+ T \1 W 11 ) • DonyqeHHbl9 nono>KHTenbHbl9 
0 0 0 . 

Po 

My2Po +y2(11wo11+ro)\1wo11' 

= 2M y b 0 p 0 + y b 0 ( \1 wo 11 + T }·11 w 0 11 

LIOCT8TO'iHO M811biMH 1 ecnH B3SITb 'iHCI18 p 0 
Hi \1 w 0 ~1 

MHo 

'iHCI18 {3 ' H cp ' 0 

B Bbipa>KeHHSIX nnH uaqanbHbiX ycnoaHll: 

o:_cl>~ :S1-f3'<1, (3'<1, 

cp~ 
{3 , + ..1.., 

1- '~'o 

y2 
----<1 
(y-b o)bo -

MeCTO cnenyiOmee yTsep>KneuHe. 

.. 14 

(Bl') 

(132') 

TeopeMa 5 

Ecmr B 6auaxoBoM npocTpaacTBe S rrpenrrono)!<I!:Tb Bb!IlOnHHMOCTb 

H8'i811bHOr'O ycnOBHSI ( 133') H B3S!Tb H8'!8JibHOe 11pH6JIH;>K8HH8 X O LIOCT8TO'IHO 

6rrH3KHM K pellleHHIO ypaBueuHSI ( 1), a '!:Herro II w 0 II aocTaToquo MarrbiM, 

TO Bcerna MO;>KHO c.oenaTb BbiiTOJIHHMbiMH uaqanbHbie ycnoBHSI ( 13 1') H ( 132') 

rrpH w -J_ {) , N -J_ 0 . 

3. TeopeMa 4 yno6uee .OJISI rrpHMeueunH, qeM o6IlJaSI TeopeMa 3, Bcne.o

CTBHe rrpocToTbi CBSI3H ( B 1') rro cpaBueuHIO c ( B 1). OrrnllleM o6IlJyiO cxeMy 

B03MO;>KHOr'O IlpHM8H8HHSI 3TOH T80p9Mblo 

B KaqecTBe uaqaJihHbiX ycnoBHH paccMaTpHBaiOTCSI (131'), (132') H (133'). 
- a 2 

TipH 38.08HHbiX x 0 H w 0 Bbi'IHCJISieTCSI KOHCTauTa N=-·L(IIw
0

1l +r
0

1lw
0
ll), 

p 0 

rne a 
1 
~ l 0, I J (Ha OCHOB8HHH YCJIOBHSI (133')), flpoBepSIIOTCSI yCJIOBHSI 

(131') H (132'), B cnyqae BbiilOJIHeHHSI ycnoBHii: ( E 1') H ( 132') cTpoHTCSI 

peryrrS!pH3DB8HHblll Bbl'IHCJIHTenbHblif rrpouecc :R c orrepaTopaMH w n 

LIITSI KOTOphlX Bhlil011H8HO YCITOBH8 (B2) H HMeeT M8CTO paBeHCTBO 

llwnll 
a -

---2..- ( y r ~ + 4 N p -T ) , a ~ ( 0, 1 ] . 
2 n n n 2 

A BTOp Bbip8;>K88T rny6oKyiO 6naro.oapHOCTb E .c. neBHTHHY 38 IlpOSIB

neHHblll HHTepec K pa6oTe H 11DI183HYIO .OHCKYCCHIO. 

n H T e p a T y p a 
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2. A. Ben-Israe1.A Mewton-Rapson Method for the Solution of 

Systems of Equations. J. Math. Anal. and Appl., 1.966, .1§, 

No 2, 243-252. 

3. M. Altman. On the Generalisation of Newtons Method. Bull. 
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