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1. BseaeHHe 

TinocKaSJ TEM-sonaa, pacnpocTpaHSJIOIUaSJCSJ saonb OCH z , onpeae-

H =0 z • YpasHeHHSI MaKcsenna s 9TOM cny-nSJeTCSJ ycnosHeM E 
z 

'189 HM9JOT BHJl: 

a a -E +-E =0; 
ax x,y- iJy y,x 

a IL a 
-E +--H az x,y- c dt y,x 

E = H =0. z z 

3aecb E= const , IL = const 

]_u +LH =0; 
ax x,y-ay y,x 

a E a 
0; -- H -- -E =0; az x,y + c at y,x 

( 1 ) 

JlH9neKTpH'19CK8SI H MarHHTH8SI npOHHUae-

MOCTb Cp9Jlbl COOTB9TCTB9HH01 C - CKOpOCTb CBeTa. 

J13 ( 1) cneayeT, 'ITO K8}1{Jl8SI KOMUOHeHTa UOnSI YAOBneTBOpSieT CHCTe

Me ypasaeaaA: 

• 
3 



f/l a2 

--v- ~a F c t 

2 

_a~F 
az2 

a2 
dx2 F 

a 2 

+ -:;-:z-a F = o y • 

0 (2a) 

(26) 

YpaaHeHHe (26) noKa3biBaeT, 'ITO KOMnoHeHThi nong HBnHJOTCH rapMOHH

qecKHMH !j>yHKUHHMH nayx nepeMeHHhiX, KpaeBhie aana'IH nnH TaKHX rapMOHH

'IeCKHX !j>yHKUHA CBO.tlSITCSI K KpaeBhiM 38.tl8'18M TeOpHH ronOMOp!j>HhlX !j>yHKUHA, 

3TO C'I8CTnHBOe 06CTOSIT9nbCTBO ll03BOJISI9T 0Th!CK8Tb TO'IHhle pemeHHSI .[lnSI 

lliHpOKOI'O Knacca BOnHOBO.tlHb!X CHCTeM, HCllOnb3YSI MOiliHbie M9TO.tlhl 0 p83BH

/l 2/ 
Thle B TeOpHH ronoMop!j>HhlX !j>yHKUHA ' • 

3ana'IH o pacnpocTpaHeHHH TE~-aonH aaanH3HpoaanHCb 6ea npHaneqe

HHH YK838HHb!X Bblllle MeTO.[lOB, l13B9CTHO, HanpHMep, 9JleMeHTapHOe pellleHH9 

nng cnyqag KoaKcHnbHoro aonaoaona. D.ng 6onee cno*HhiX CHCTeM nH6o 

/3/ ' 
OThiCKHBanocb npH6nH*eHHOe pemeHHe , nH6o paccMaTpHaancg npenenbHhiA 

/4/ 
cnyqaft • 

3necb Mbl o6cy.[lHM H9KOT0pbl9 BOllpOCbl 0 K8C8!0lllH9CSI npHMeHeHHSI M9TO

.tl0B TeOpHH I'OnOMOp!j>HhiX !j>yHKUHA, H pelliHM 38.tl8'1Y 0 pacnpocTpaHeHHH 

TE~-aonHhi a CHCTeMe THna "6enH'Ibe Koneco". 

2, 0 llOCT8HOBK9 KpaeBhiX 38.[l8'1 

06mee pemeHHe CHCTSMhi ( 1) MO*eT 6hiTb npencTaaneHo a Bane: 

4 

,_. 

+ + ....: 
E ( X ' y • z, t ) = E ( X ' y ' q ) + E ( X ' y ' q ) ; 

x,y x,y x,y 

H (x,y,z,t)=H+ (x,y,u+)+H- (x,y,u ); 
x,y x,y x,y 

:1; -; :1: 
H =+· 1- E x _v/l y 

:1: f ± 
H =+v- E 

y - ./l X 

+ c + 
3necb u -= z - --- t • D.eAcTBHTenbHhie !j>yHKUHH E-

+ ...jTji: X 

neTBOpSI!OT COOTHOili9HHSIM: 

a 
ax 

+ a + 
E- -=-E 

y ay x 

a ± a ± 
-E =--E ay y ax X 

D.nH nepeMeHHb!X BO apeMeHH noneft pa36H9HH9 Ha KOM 

3H8KOM + H - SIBnHeTCSI, 0'19BH.tlHO, pa36H9HH9M H8 BOnHhl 0 p 

lllH9CSI B nonO)I{HTenbHOM H OTpHUaTenbHOM HanpaaneHHH OCH 

cTaeaao. B Ka*noA TaKoA aonae Mai'HHTHhie nong onaoaaa'IH 

qepe3 aneKTpH'19CKH9, K8K 9TO cnenyeT H3 (8), l1cn~nb3YSI 

Ka38Tb, 'ITO nHHeAHoe OTHOCHTenbHO Ex , EY , Hx • H 

ycnoaHe pacnanaeTCH Ha Kpaeaoe ycnoaHe nng naphi E: 
aoe ycnoaHe nng naphi E~ E;; . CnenoaaTenbHO, H HCX 

aana'la pacnanaeTcH Ha nae KpaeBhie aana'IH, l1MeH aTo a BH.tl) 

nanbaeAmeM o6oaHa'laTb qepea u, v nH6o napy E + , E + y X 

E- , E- , Torna cooTHOUBHHH (4) MO)I{HO nepenHcaTb 
y X 

au av --=--; ax ay 
~=-b.. 
ay ax 

5 
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a 2 

F- --F 
az2 

a 2 

+~F ay 
0. 

0 
(2a) 

(26) 

(26) IIOK83biB8eT.1 'ITO KOMIIOHeHTbl IIOJJH HBJJHIOTCH rapMOHH

HMH .oayx rrepeMeHHhiX, KpaeBhie sa.oa'IH .onH TaKHX rapMOHH

cao.oHTCH K KpaeBhiM 38.ll8'18M TeOpHH rOJJOMOp<lJHhiX <lJyHKUHA, 

06CTOHTellbCTBO II03BOJJHeT 0ThiCK8Tb TO'IHhie peweHHH .llliH 

a BOliHOBO.llHhiX CHCT9M 1 HCIIOllb3YH MOWHhi9 MeTO.llbl 1 pa3BH-

/} 2/ 
OliOMop<lJHbiX <lJyHKUHA 

1 
, 

acrrpocTpaHeHHH TEM-aonH aHanusupoaanucb 6es npuane"l:e

BhiWe MeTO.llOB, l13BeCTH01 HaiipHMep, aneMeHTapHOe peweHHe 

KCHllbHOrO BOJJHOBO.ll8, nng 6onee Cllo:lKHbiX CHCTeM XIH60 

/3/ ' 
u6nH*eHHoe peweHue , nu6o paccMaTpHaancH rrpe.oenbHhiA 

06Cy.llHM HeKOTOpbie BOIIp0Cbl 1 K8C810WHeCH IlpHMeHeHHH MeTO

Mop<lJHbiX <lJyHKUHA, H peWHM 38.ll8'1Y 0 pacrrpocTpaHeHHH 

HCTeMe Turra "6enn"l:he Koneco". 

2, 0 IIOCTaHOBKe KpaeBhiX 38.08'1 

eHHe CHCTeMbl ( 1) M0)K9T 6b!Tb rrpe.llCTaBneHO B BH.ll9! 

4 

__.: 

+ + ..: 
E ( X • y • z, t ) = E { X • y • (] ) + E { X • y • (] ) ; 

x,y x,y x,y 

+ + - -H {x,y,z,t)=H (x,y,u )+H (x,y,u ); 
x,y x,y x,y 

:1; 

Hx 
-; :1: 

=+v- E - ll y 

:1: 

H Y 

.± E 
=+·'- E - V /l X 

+ c + 
3.oecb (] -= z - --- t • neACTBHTellbHbie WHKUHH E-

+ V7ii" X 

neTBOpHIOT COOTHOWeHHHM! 

a 
ax 

+ a + 
E-=-E

y ay x 

a ± a ± 
-E =- -E ay y ax X 

+ 
E 

y 

(3) 

y.ooa-

(4) 

nnH nepeMeHHbiX BO apeMeHH noneft pa36HeHHe Ha KOMIIOHeHTbl CO 

3H8KOM + H - HBJJHeTCH, O"l:eBH.llH01 pa36HeHHeM Ha B0l1Hbl 1 pacrrpOCTpaHHIO-

WHeCH B IIOJJO)KHTellbHOM H OTpHUaTellbHOM HaiipaaneHHH OCH z COOTBeT-

CTBeHHO, B K8)Kil0A TaKoA BOXIHe MarHHTHhie IIOJJH O.llH03H8'1HO Bblp8)K810TCH 

'lepea sneKTPH'IeCKHe, KaK sTo cne.oyeT ua (s). l1cnonb3YH (3),nerKo no-

Ka3aTb 1 'ITO nuHeAHoe OTHOCHTenbHO Ex , EY , Hx HY Kp8eaoe 

ycnoaue pacrra.oaeTCH Ha Kpaeaoe ycnoaue .onH n8phi E: + , Ex H Kp8e-

aoe ycnoaue .onH n8phi E ~ , E; , Cne.ooaaTenhHO, H HCXO.llH8H KpaeB8H 

38.08'18 p8CII8.ll89TCH H8 llB9 Kp89Bbl9 381l8'1H, l1MeH 9TO B BHily, Mbl 6y.lleM B 

ll8llbHeAweM o6oaH8'18Tb 'lepea u, v nu6o n8py E + , E + , nu6o n8py 
y X 

E- , E- • Torll8 cooTHOweHHH (4) MO)KHO nepenHC8Tb T8K! 
y X 

au av . a;-=a;-· ~ =- 2.:!.. 
ay ax 

(48) 

~ 

5 



t.{T06bi OTbiCK8Tb IIOJISI1 Hy)!(HO pell!HTb JlBe KpaeBbie 38Jl8'iH JlJlSI CHC

TeMbl (4a). Ha~JleHHbie pell!eHHSI 6yJlyT 38BHCeTb OT KOHe'iHOI'O 'iHCJ18 rrpo

H3BOJlbHbiX IIOCTOSIHHbiX, 3TH IIOCTOSIHHbie Mbl Jl0Jl)!(Hbl C'iHT8Tb llpOH3BOJib-

+ E + HbiMH !llyHKUHSIMH rrapaMeTpa u B + I E H rrapaMeTpa u B 
X y 

- - + Ex I E y • nony'ieHHble Ex~y cne)lyeT 110JlCT8BHTb B (3). llpOH3BOJlb-

Hbie !llyHKUHH orrpeJleJISITCSI OJlH03H8'iHOI eCJIH 38Jl8H CIIOC06 B036y)!(JleHHSI1 

T.e. ecnH B rrnocKOCTH z = 0 38Jl8Hbi rronSI E (x,y, t) 1 H f x,y, t) 1 x,y x.t 

YllOBJieTBOpS!IOIUHe ypaBHeHHSIM 1 BbiiiHC8HHbiM B rrepBO~ CTpOKe ( 1) 1 H HCXOJl-

Hb!M KpaeBblM YCJIOBHSIM, 

ByJleM paCCM8TpHB8Tb I'Jl8JlKHe BOJIHOBOJlbi, T,e, BOJIHOB0Jlbl 1 y KOTo

pbiX 4!opMa H SJieKTpOM8I'HHTHbie CBO~CTB8 IIOBepXHOCTH COXp8HSIIOTCSI C 

H3MeHeHHeM z • B JlpyrHX BOJIHOBOJlaX rrnocKaSI TEM-aonHa He MO)!(eT 

cymecTBOB8Tb. llnSI Toro 'iT06bi yJloBneTBOpSinocb ypaaHeHHe (26) 1 rronSI 

+ 
Jl0Jl)!(Hbl 38BHCeTb OT Z TOJlbKO 'iepe3 IIOCpeJlCTBO rrapaMeTpOB (J H (J 

T8K, K8K STO 3811HC8HO B (3), Ho T8KHe IIOJISI HeB03MO)!(H0 IIOCTpOHTb 

llpH 38BHCSIIUHX OT z H He 38BHCSIIUHX OT t KpaeBbiX yCJIOBHSIX, 

lifT8K 1 rryCTb ceqeHHe BOJIHOB0Jl8 IIJIOCKOCTbiO Z = const SIBJl Sie TC Sl 

CBSI3HO~ o6naCTbiO s c rpaHHUe~ L 1 rJle L - coaoKyrraocTb saMK-

HyTbiX HerrepeceKaiOIUHXCSI JISIIIYHOBCKHX KOHTypOB L
0
,L, ... ,L 

I n 
I H3 KO-

TOpb!X rrepBbl~ OXB8TbiB8eT BCe OCT8JlbHbie (pHC, 1 ). KoaTyp Lo MO)!(eT 

6biTb yJlaJieH B 6eCKOHe'iHOCTb, t.{epe3 T o603H8'iHM TO'iKY (x,y) 1 11pH-

HaJlJie)!(aiUyiO rpaHHUe L 

rrpHH8JlJie)!(HT KOHTYPY Ll 

1 H 6yJleM sarrHCbiB8Tb T 
j 1 eCJIH ST8 TO'iK8 

• llpHMeM, 'ITO aa rpaHHUe L 38Jl8H8 

!llyHKUHSI a ( T ) 1 eCJIH H8 K8)!(Jl0M H3 COCT8BJISIIOIUHX rpaHHUY KOHTypoB 

L l sa)laHa <l!YHKUHSI a l (rl) • CHMBonaMH a(r) 1 b(r) 1 c(r) 

o6osaa'l:HM 3aJlaHHbie aa L JleAcTBHTenbHhie 4lyHKUHH1 yJloaneTBOpSIIOIUHe 

ycnOBHIO renb)lepa Ha K8)!(Jl0M H3 COCTaBJISIIOIUHX L KOHTypoB H IIOJIO-

)!(HM a 
2 + b 2 f, 0 BCIOJlY Ha L 

6 

~ 

PHc. 1. 

PaBeHCTBa (4a) peanH3YIOT ycnoBHSI KomH-PHMaHa, no: 

41 (0=u (x,y) +iv (x,y) SIBJISieTCSI I'OJIOMOp<l!HoA B 06, 

!llyHKUHeA KOMIIJieKCHOI'O rrepeMeHHOI'O ~=X + i y • HaH6on· 

HH'IHOe ycJIOBHe, JIHHeAHOe OTHOCHTeJibHO u v I san 

a(r)u(r)-b(r)V(r )=c(r ), 

Mbi rrpHXOJlHM TaKHM o6pasoM K saJla'ie PHMaHa-fHnb64 

WHKUHIO ~= u + i v 1 ronoMop!IJHYIO B S H Herrpepb!BHC 

Ha L 1 rro rpaHH'iHOMY ycnoBHIO ( 5). E cnH L 0 yJlaneH 

aocTb 1 Mbi Tpe6yeM Ha L 0 
BMeCTO (5) orpaHH'ieHHOCTH q 

EcnH BBeCTH aeKTopHbiA A H CKaJISipHbiA tP 

naCHO paBeHCTBaM 

-+ 1a-+-+ -+ 
E =- grad t:{l - - - A ; H = rot A ; 

c at 
f:{l(x,y,z,t) =t:fl+(x,y,u+)+t:fl-(x,y,u-); 

A (x ,y,z,t)=A+(x,y,u+)+A-(x,y,u-); 
z z z 

± - r::-: + A =A =0 ;A =+v£f.L f:{l-
x y z -

7 
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,J OTbiCKa Th n01!51, Hy)I(HO pell!HTh llBe KpaeBhie 381l8"1H ll1i51 CHC

• Hail:JleHHhie pell!eHH51 6yllyT aaBHCeTh OT KOHe"'Horo "'HCna npo-

nocT05IHHbiX. 3TH nOCT05IHHhie Mbl ll01J)I(Hbl C"'HT8Tb npOH3B01Ib

+ 
H5IMH napaMeTpa a+ 

+ 
B E + , E H napaMeTpa u- B 

X y 

• TionyqeHHbie Ex~y C1IeJlyeT nOilCT8BHTb B (3). TipOH3B01Ib-

H onpelle115JTC51 OllH03H8"1HO,eCJJH 381l8H cnoco6 B036y)I(Jl9HH51, 

nnocKOCTH z = 0 38/lBHbi nonR E (x, y, t) , H f x, y, t) , x,y x.Y 

5JJOIUHe ypaBHeHH5IM, BbinHCaHHbiM B nepBOH CTpOKe ( 1) 1 H HCXOil-

·IM yc1IOBH5JM, 

M paCCMaTpHBaTb 1"118/lKHe B01IHOBO/lbl 1 T,e, B01IHOBO/lbl 1 y KOTO

H 81JeKTpOM8I"HHTHble CBOHCTBa nosepXHOCTH COXpaH5IJOTC51 C 

z 

HCeTb OT 

B llPYI"HX sonaoBOilaX nnocKaR TEM-sonHa He MO)I(eT 

Toro "'T06ht YllOBneTsopRnocb ypasaeHHe (26), nonR 

+ Z T01IbKO qepea nocpe/lCTBO napaMeTpOB U H a 

aTo aanHcaHo B (3). Ho TaKHe nonR HeB03MO)I(HO nocTpOHTb 

IUHX OT z H He 38BHC5IIUHX OT t KpaeBbiX yC1IOBH5JX. 

nyCTb ceqeHHe B01IHOBO/l8 nnOCKOCTbJO z = const 5JB1I 5Je TC 5I 

BCTbJO s c rpaHHUeil: L , I"lle L - cosoKynaocTb aaMK-

peceKaJOIUHXC51 115JnyHOBCKHX KOHTypOB Lo ,Lt , ... , Ln 1 H3 KO-

hili: OXB8TbiB8eT BCe OCT81IbHbJe (pHC. 1). KoaTyp Lo MO)I(eT 

H B 6eCKOHe"'HOCTb. qepe3 T 0603Ha"'HM TO"'KY (x,y) 1 npH-

rpaaHue L , H 6yJleM 3anHCbiBaTb T 
j , eCJJH : 8Ta TO"'K8 

T KOHTypy Lj • TipHMeM, 'ITO Ha rpaanue L aalla.Ha 

(r ) 1 eCJJH .Ha Ka)I(JlOM H3 COCT8B115JJOIUHX l"pa.HHUy KOHTypOB 

a 4JyHKUH51 a l (rl) • CHMBonaMH a(r) , b(r) 
1 

c(r) 

aanaa.Hbie aa L neil:CTBHTenbHhie <lJyaKUHH, ynoaneTsopRJOIUHe 

1ibllepa aa Ka)l(llOM H3 cocTaBnRJOIUHX L KO.HTypos H nono-
2 f. 0 scrony aa L 

6 

..... 

PHCo 1. 

PaseHCTBa (4a) peanHayroT ycnoBHR KoruH-PHMaHa, noaToMy 4JyHKUH51 

ell (e)=u (x,y) +iv (x,y) 5JB115JeTC51 J"OJJOMOp<lJHOH B 061IaCTH S 

4JyHKUHeil: KOMnneKCHOI"O nepeMeHHOJ"O '=X + i y • HaH6onee o6ruee rpa-

HH"'HOe YC1IOBH9 1 1IHHeil:HOe OTHOCHTeJJbHO u v 1 3anHIU9M B BH/le: 

a(r)u(r)-b(r)V(r )=c(r ). (5) 

Mbt npHXOilHM TaKHM o6paaoM K aanaqe PHMaHa-fHnb6epTa: aail:TH 

4JyHKUHJO ell= u + i V , I"OJJOMOp(jJHyJO B S H HenpepbiBHO npOil01I)I(HMYJO 

aa L , no rpaHH"'HOMY ycnosHJO ( 5). J;: CJJH L 0 ynanea s 6ecxoaeq

HOCTb, Mbl Tpe6yeM Ha L o BM9CTO (5) OI"paHH"'9HHOCTH <lJyHKUHH If>(~). 

EcnH sseCTH sexTopHbiil: A H CKa1IHpHbiH rp 
naCHO paBeHCTBaM 

... 1 a ... ... ... 
E =- grad ¢ - - - A ; H = rot A ; 

c at 
¢(x,y,z,t) =¢+(x,y,a+)+¢- (x,y,a-); 

A {x ,y,z,t)=A+(x,y,a+)+A-(x,y,a-); 
z z z 

± . l-:':" + A =A =0 ;A =+yqt ¢-
x y z -

• 
7 

noTeHuHaJJbi cor-

(6) 



+ 
( ¢- yaoBneTBOpSIIOT ypaBHeHHIO (26)), TO MO)KHO nocTaBHTb ropa3ao 

6onee o6my10 3aaa'ly llyaHKape (c ycnoBHeM aa rpaHHUe, CBSI3biBaiOillHM 

nHHei!:HbiMH COOTHOI1l9HHSIMH KOMnOHeHTb! nonei!: H noTeHUHanoB), H3 KOTOpoi!: 

KaK 'laCTHbl9 cny'laH cneayiOT 3a):la'la .llHpHXne ( OTb!CKaHHe rapMOHH'IeCKOi!: 

~YHKUHH no ee 3Ha'leHHIO Ha rpaHHue) H 3aaa'la PHMaHa-fHnb6epTa. HaM, 

OJ:IHaKO, ):IOCTaTO'IHO 6yaeT orpaHH'IHTbCSI nocneaaei!:. 

/1 2 5/ 
MeTOJ:Ibi pemeHHSI yKa3aHHbiX 3aecb KpaeBbiX 3aaa'l H3no*eHbi B ' ' • 

3aaa'la flyaHKape anSI o6naCTH C MHOrOCBSI3HOA rpaHHUei!: pemeaa B 

171 
HeKoTopbie o6mHe coo6pa*eHHSI HMeiOTCSI B pa6oTe 

/6/ 

3. Cny,aA HAeanbaoro MeTanna 

KpaeBbie ycnoBHSI B aTOM cny'lae: E t =H n =0 a a L • YKa3aHHbie 

ycnOBHSI COCTaBnSIIOT nonHyiO CHCTeMy rpaHH'IHb!X ycnOBHi!:, OAHOrO H3 HHX 

H9J:IOCTaTO'IHO, noCKOnbKY noCTOSIHHb!9 H H30TponHbl9 no Z 

IOTCSI OAHHM H3 pemeHHA C HCT9Mbl ( 1 ) • 

nonSI SIBnSI-

nycTb N - HanpaBneHHaSI BHyTpb s HopManb K rpaHHue L , () 

yron M9)KJ:IY OCbiO X H aToi!: HopManbiO, Toraa KpaeBbie ycnoBHSI MO)KHO 

3anHCaTb B BHae: 

E cosO -E sin() = 0 
y 

••• 6 + ~ ""'6 = 0 ! Ha L. (7) 
H 

y X 

flOJ:ICTaBnSISI (7) B (3), npHXOJ:IHM K cneAyiOillHM rpaHH'IHbiM ycnO~HSIM anSI 
+ 

!jlyHKUHA E-
x,y 

+ + 
E-cos()- E- sin()= 0 Ha 

y X L • ( 7a) 

8 

... 

.llnSI TOrO 'IT06bi OTbiCKaTb nOnSI, HaM OCTanOCb pelllHTb 3a):l, 

fHnb6epTa C OAHOpOJ:IHbiM KpaeBbiM ycnOBHeM (7a), 

113 cpaBH9HHSI C (6) SICHO, 'ITO .9Ta 3a):la'l:f.l 9KBHBaneH1 

pHxne 06 OTbiCKaHHH rapMOHH'I9CKOA ljlyHKilHH, npHHHMaiOilleA 

KOHTYPOB Lj 3Ha'leHHSI C l =const , 113 npHHUHna Mal 

ypaBHeHHSI flannaca cpa3y *e cneAyeT, 'ITO 3aAa'la HMeeT T 

meHHe nHIDb B TOM cny'lae, Koraa o6nacTb S orpaHH'IeHa 

KOHTypoM. TaKHM o6pa3oM, BHYTPH nonbiX MeTannH'IeCKHX B~ 

KaSI TEM-BonHa He MO)KeT cymecTBOBaTb, Bo Bcex ocTanbHJ 

paccMaTpHBaeMoro Knacca nnocKaSI TEM-BonHa cymecTByeT. 

06paTHMCSI eme K cny'laiO peanbHoro MeTanna. fpaHH'IJ 

/8/ 
MH 3):19Cb SIBnSIIOTCSI ycnOBHSI fleOHTOBH'Ia 

.... ... .... 
&t=-((}{tNJ. 

.... 
N - HOpManb K noBepxHoCTH, HanpaBneHHaH H3 MeTanna, ~ 

HOCTHbiA HMne):laHC, KypCHBHbiMH 6yKBaMH 0603Ha'I9Hbl ljlypbe

OTB9TCTBYIOillHX none A. E cnH Mbi nono*HM B ( 8) E z = Hz = 
):19M K rpaHH'IHbiM ycnOBHSIM E± =E± =0 

y X 
, Hnl! L Ha 

Ha L , cneaoBaTenbHO, ronoMopljlHaH ljlyHKilHH <1>= u+ i v 

B Hynb Ha L , HO TaKaSI ljlyHKilHSI paBHa HyniO BCIOAy, B I 

roToBneHHbiX H3 peanhHoro MeTanna, nnocKaH TEM-BonHa p, 

CSI He M0)1{9T, 0AHaKO, eCnH ( Man, TO B TaKHX BOnHOBOl 

npocTpaHHTbCH BOnHa, y KoTopoA H z =0, E z =I 0, HO Man• 

TenbHO, CKOpOCTb BOnHbi 6nH3Ka K CKOpOCTH CBeTa), TaKHM 

ManH3M TEM-BonHbi MO)KHO HHTepnpeTHpoBaTb KaK ljlopMBnH~ 

HO onHCbiBaiOillHH pacnpocTpaHeHHe BonH c ManbiM E z • I 
/4/ 

MO*HO cornaCHTbCH c , rAe yTB9P*AaeTcH, 'ITO TEM-Bo. 

no cyTH Aena, BOnHoH E -THna. 

9 
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eTBOpSI!OT ypaBHeHH!O (26)), TO MO)KHO noCTaBHTb ropa3Jl0 

3aaa'ly DyaHKape ( c ycnosHeM Ha rpaHHUe, CBSI3biBaiOlllHM 

OOTHOllleHHSIMH KOMnOHeHTbl nonelt H noTeHUHanos) 1 H3 KOTOpolt 

cny'laH cneay!OT 3aaa'la L!HpHXne ( OTbiCKaHHe rapMOHH'leCKOlt 

e 3Ha'leHHIO Ha rpaHHue) H 3aaa'la PHMaHa-fHnb6epTa, HaM, 

aTO'IHO 6yaeT orpaHH'IHTbCSI nocneaHelt. 
/1 2 5/ 

perueHHSI yKa3aHHblX 3aecb KpaeBblX 3aaa'l H3nO)KeHbl B ' 
1 

, 

ape anSI o6nacTH c MHoroCBSI3HOlt rpaHHuelt perueHa B 
/7/ 

6mHe coo6pa)KeHHSI HMeiOTCSI B pa6oTe 

/6/ 

3, Cnyqalt HaeanbHoro MeTanna 

e ycnoBHSI B aTOM cnyqae: Et =H 
0
=0 Ha L • YKa3aHHbie 

asnSIIOT nonHy!O CHCTeMy rpaHH'IHbiX ycnOBHlt, OJlHOrO H3 HHX 

1 nOCKOnbKY nOCTOSIHHbie H H30TpOnHbie no Z 

H3 pemeHHlt CHCTeMbl (1 ). 

nonSI SIBnSI-

- HanpasneHHaSI BHyTpb S HOpManb K rpaHHue L , (J 

OCb!O X H STOlt HOpManb!O, Toraa KpaeBbie ycnOBHSI MO)KHO 

Hae: 

-E sin (J = 0 
X 

. I (7) L. Ha 

+ H cosO= 
X 

(7) B (3), npHXOaHM K cneayiOlllHM rpaHH'IHbiM ycno~HSIM anSI 

+ 
- E- sin 0= 0 Ha 

X 
L • ( 7a) 

8 

,.: 

LlnSI TOrO 'IT06bi OTbiCKaTb nons, HaM OCTanOCb pelllHTb 3aJla'ly PHMaHa

fHnb6epTa C OJlHOpOJlHbiM KpaeBbiM ycnOBHeM ( 7 a), 

Ha cpasHeHHSI c (6) SICHo, 'ITO ~Ta aaaa~a aKBHBaneHTHa 3aJla'le LlH

pHxne 06 OTbiCKaHHH rapMOHH'leCKOlt <jlyHKUHH, npHHHMa!Olllelt Ha Ka)KJlOM H3 

KOHTypos Ll 3Ha'leHHSI C l = const • Ha npHHUHna MaKCHMyMa anSI 

ypasHeHHSI nannaca cpaay )Ke cneayeT, 'ITO 3aJla'la HMeeT TpHBHanbHoe pe-

meHHe nHlllb B TOM cnyqae, Koraa o6nacTb S orpaHH'leHa eaHHCTBeHHbiM 

KOHTypoM. TaKHM o6paaoM, BHYTPH nonbiX MeTannH'leCKHX sonHosoaoB nnoc

KaSI TEM-sonHa He MO)KeT cymecTsosaTb. Bo scex ocTanhHbiX sonHosoaax 

paccMaTpHsaeMoro Knacca nnocKaSI TEM-sonHa cymecTsyeT. 

06paTHMCSI eme K cny'laiO peanbHoro MeTanna. fpaHH'IHbiMH ycnoBHSI
/8/ 

MH aaeCb S!BnSIIOTCSI ycnOBHH neoHTOBH'la 

-+ .... -+ 

&t=-([J<tNJ. (8) 

-+ 
N - HOpManb K nosepXHOCTH, HanpasneHHaH H3 MeTanna, ( - nosepx-

HOCTHbilt HMneaaHC 1 KypCHBHbiMH 6yKBaMH 0603Ha'leHbl <jlypbe-KOMnOHeHTbl CO-

oTBeTCTBY!OlllHX nonelt. EcnH Mbi nono)KHM B (8) E z = Hz =0 0 TO npH-

a eM K rpaHH'IHbiM ycnOBH SIM E ± = E ± = 0 Ha 
y X 

L , HnH u = v = 0 

Ha L , cneaoaaTenbHO, ronoMop<jJHaSI <jlyHKUHSI 'll= u+ i v o6pamaeTCSI 

B Hynb Ha L , HO TaKaS! <jlyHKUHSI pasHa Hyn!O BCIOay, 8 BOnHOBOJlaX, H3-

roTosneHHbiX H3 peanbHoro MeTanna, nnocKaSI TEM-sonHa pacnpocTpaHSITb-

CSI He MO)KeT, 0aHaKO, ecnH ( Man, TO B TaKHX BOnHOBOaax MO)KeT pac-

npocTpaHSITbCSI sonaa, y KOTopolt H z = 0, E z =I 0, Ho Mano ( H, cneaoaa-

TenbHO, CKOpOCTb BOnHbl 6nH3Ka K CKOpOCTH CBeTa), TaKHM o6pa30M, <jlop

ManH3M TEM-sonHbi MO)KHO HHTepnpeTHposaTb KaK <jlopManH3M, npH6nH)KeH

Ho onHCbiBaiOlllHlt pacnpocTpaHeHHe sonH c ManbiM E z • B aTOM CMbiCne 
141 

MO)KHO cornaCHTbCSI c , rae yTBep)KJlaeTcSI, 'ITO TEM-sonHa HBnSieTCSI, 

no cyTH )lena, sonHoH E -THna. 

~ 
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4. Peweaue aaga'IH PuMaaa-rune6epra gnH cocreMhl 

runa '6enuqee Koneco' 

'BeDH'IbHM KOOeCOM' npHHHTO H83b!B8Tb Kpyroaol!: MeTaDDH'IeCKHi!: UH

OHH.llp c npope3HMH, napannen&HbiMH o6paay10wel!:. nono>KHM, 'ITO ocb uu-

DHH,llpa COBllA.llAeT C OCb!O 

KOOP.llHHA Tbi: 

'I 

a) Bz 

6( 
az 

a.\ s+ 

....._ / -
PHCo 2. 

z , pa.lluyc paaeH e.llHHHUe. Bae,lleM nonHpHbie 

s-

I a, 

I 

x=pcos8; y=psin8. (9) 

Ce'leHHe UHDHH.llpa nnocKocreiO 

z =- const uao6pa>KeHo Ha puc. 

2. 3.llece Meranny cooraercr-

BYIOT .llyrH a J b l • KoMn-

neKCHYIO KOOp.llHHaTy X + j y = 

=p exp(i (J) TO'IKH a l ( TO'I-

KH b j ) 6y.lleM 0603H8'18Tb 

X roll: >Ke 6yKBOA a j (b j) • npe.ll-

nono>KHM .!lOB onpe.lleneaaocru, 

'ITO 'IHCOO BCeX .llYI' a j b l 

paBHO n • OKpy>KHOCTb p = 1 

o6oaHa'IHM L 1 npepb!BHC-

~YIO DHHHIO, COCTABOeHHYIO H3 

.llYI' a l bl (j = 1,~, ... , n ) 

o6oaHa'IHM L' , ee .llOnon-, 
aeHHe .llO oKpy>KHocru .. L 

Kpyr, orpaHH'IeHHbii!: oKpy>KHOCTRIO L , o6oaaa'IHM S + , ocraneHyiO 

'IACTb llOOCKOCTH - S- • npe.lleDbHOe 3HA'IeHHe cpyHKUHH KOMllDeKCHOI'O 

nepeMeaaoro ~ = u + i v npu ee crpeMneHBH K L H3 S +, S - o6oaHa'IHM 

COOTBeTCTBeHHO ~ ~ ~- • TeMH >Ke 3HaKOBbiMH HH.lleKCaMH caa6.llHM 

10 

,. 

npeaeneHbte aaa'leHHB ael!:craureneaol!: H MHHMol!: 'lacrel!: fll 

+ , - , ucnoneaoaaHHbie saece, He cneayer nyrare c TAKHMH 

MH a pasaenax 2 H 3. 

B COOTBeTCTBHH C Te¥ 1 'ITO 6hinO CK838HO B pa3,llenax 

Hy>KHO pewure cneayiOWYIO oaaopoaay10 saaaqy PuMaHa-fHnbo 

+ -
I'OOOMOpcpHy!O B S +S +L" cpyHKUHIO fll = u + iv no KpaeBOMy 

u t cos 8 - v ± sin 8 = 0 Ha L '. 

0TDH'IHe OT cny'I8H1 paCCMOTpeHHOI'O B p83)lene 2, COCTOHT E 

fll (~ ) MO>KeT HMeTb OC06eHHOCTH B TO'IK8X a , b . nJ: 
j j 

'ITO B OKpeCTHOCTH TO'IeK a j , bj fll ( ~ ) aonycKaer oueHK) 

J!ll(~)J<CJ~-al J-a; lfll(~)J< CJ~-blJ-a; 

C = const > 0; 0 _5. a < I . 

4>yHKUHH, I'ODOMOpcpHble B 010601!: KOHe'IHOI!: '18CTH o6naCTH S +. 

nycKaiOIIlHe oueHKY ( 1 Oa) B6nusu KOHUOB nHHHH L' , npHHSI1 

KyCO'IHQ-I'ODOMOpcpHbJMH. 

npeanono>KeHHe (lOa) cymeCTBeHHO. nonymeHHe paCXOll~ 

Ka > 1 llpHBeno Obi K COBCeM HHOI!: cpH3H'IeCKOi!: MO)lenH, 0' 

Toil:, KOTOpy!O Mhl XOTHM paCCMOTpeTb. (PaCXOllHMOCTb llOpSilll 

Mep, COOTBeTCTByeT llBOi!:HOMY CDOIO) • 

BBelleM llOHSITHe 0 Knacce peweaul!:. nycre T 1 • T 2 .... T 

a b , rrepe'IHCDeHHhle B K8KOM-HHOYllb llOpSillKe ( B CO 

llpHHSIThiM paHee cornarueHHeM KOMITDeKCHYIO KOOpllHHaTy TO'IK 

0003H8'18eM TOil: lKe 6yKBOi!: T j ) • ByaeM roBopHrb, 'ITO P' 

11 
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4. PeweHHe 38lla,H PHMaHa-funb6epra gns1 CDCTeMbi 

THna "6enH,be Koneco' 

bHM KOJ'I9COM' npHHSITO Ha3biBaTb Kpyroaoft MeTaJ'IJ'IH'I9CKHA llH-

93SIMH1 napannenbHbiMH o6pa3yiOWeA. noJ'IO)I{HM1 'ITO OCb llH-

tiaeT c ocbiO z , patlHyc paaeH etiHHH!le. BaetleM nonsq>Hbre 

'I 

az 

s ... 
/ -

Puc. 2. 

s-

I at 

I 

H'leHHbrA OKPY*HOCTbiO L 

x= p cos 8 ; y = p sin 8 • (9) 

Ce'leHue uunHHt1pa nnocKOCTbiO 

Z=· const uso6pa*eHo Ha puc. 

2. 3t1eCb Meranny cooraercr-

ayiOT l1YI'H a J b l • KoMn-

neKCHYIO KOOPl1HHary x + i y = 

= p exp (i 8 ) TO'IKH a l ( TO'I-

KH b l ) 6yt19M 0603Ha'laTb 

X roll: )1{9 6yKBOA a j (b j) • npet1-

UOJ'IO)I{HM tlJ'IH onpet19J'I9HHOCTH1 

'ITO 'IHCJ'IO acex llYI' a l b l 

paBHO n • 0Kpy)I{HOCTb p= 1 

o6osHa'IHM L 1 npepb!BHC-

TYIO J'IHHHI01 COCTaBJ'I9HHyiO H3 

l1YI' al bl (j = 1,~ .• ,,, , n ) 

o6osna'IHM L' , ee t1onon-
" 

HeHue tlO OKPY*Hocru ... L 

, 0603Ha'IHM S + 1 OCTaJ'IbHYIO 

OCTH - S - , npet19J'IbHOe 3Ha'leHHe cjlyHKilHH KOMITJ'l9KCHOI'O 

ell = u + i v npH ee crpeMneHHH K L H3 S +, S - 0603Ha'IHM 

HO ell "':ell- • TeMH *e sHaKOBbiMH HHt1eKCaMH cna6t1HM 

10 

.. !J!: 
'~:~it 

npet19J'IbHbi9 3Ha'leHHSI t19ACTBHTenbHOA H MHHMOA 'lacreA ell • !1 HtleKCbi 

+ 1 - 1 HCUOJ'Ib30BaHHbie 3J1eCb 1 He CJ'Ietlyer nyraTb C TaKHMH )l{e HHtleKca

MH a paat1enax 2 H 3. 

B COOTBeTCTBHH C TeM, 'ITO 6biJ'IO CKa3aHO B pa3tlenax 2 H 3, HaM 

HY*HO pewHTb cnetlyiOIIlYIO OtlHOpOtlHYIO 3at1a'ly PuMaHa-funh6epra: HaAru 

+ -
I'OJ'IOMOpcjlHyiO B S +S +L" cjlyHKUHIO ell = u + iv no KpaeaoMy YCJ'IOBHIO: 

u t. cos 8 - v :t sin 8 = 0 Ha L,. 
(10) 

0TJ'IH'IHe OT CJ'Iy'laH, paCCMOTpeHHOI'O B pa3tlene 2, COCTOHT B TOM, 'ITO 

ell ( e- ) MO)I{eT HMeTb OC05eHHOCTH B TO'IKaX a , b 
j j 

• npetlnonaraercsr, 

'ITO B OKpeCTHOCTH TO'IeK a l , bl ell (f) llOITYCKaeT OlleHKy: 

Jeii(~)J<CJ~-al J-a; llfl(f)J< CJ~-blJ-a; 

(lOa) 

C = const > 0; 0 _5. a< I . 

<l>yHKUHH, I'OJ'IOMOpcjlHbie B J'II05oft KOHe'IHOA '18CTH o5naCTH S + +8-+L " 1 tlO-

nycKaiOmHe oueHKY (lOa) a5nH3H KoHuoa nHHHH L' 

KyCO'IHO-I'OJ'IOMOpcjlHbTMH. 

, npuasrro H83biBaTb 

npetliTOJ'IO)I{eHHe (lOa) cymecraeHHO. nonymeHHe paCXOllHMOCTeA nopsm-

Ka > I npuaeno 6b! K COBCeM HHOA cjlH3H'IeCKOA MOtleJ'IH1 OTJ'IH'IHOft OT 

TOft, KOTopyiO Mbl XOTHM paCCMOTpeTb. (PaCXOtlHMOCTb nopsmKa 11 HanpH

Mep, cooraercTayer tlBOAHoMy cno10). 

BaetleM ITOHS!THe 0 Knacce peweHHA. nyCTb T , r , .. , T - KOHUbl 
I 2 2n 

a b , nepe'IHCJ'IeHHbie B KaKOM-HH5Yt1b nopsmKe ( B COOTBeTCTBHH C 

npHHS!TbiM paHee COI'J'IaWeHHeM KOMnneKCHYIO KOOpllHHaTy TO'IKH r Mhl 

0603Ha'laeM TOft Me 5yKBOif T l ) • BylleM roaopuTb, 'ITO peweaue ell ( f ) 

11 
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npHH8Jlne)!{HT Knaccy b ( r 1, r 2 , • •• , r q ), HnH KOpOTKO b q 0 q ,:5 2 n, 

ecnu ell ( ~) orpaHH'IeHa s6nusu KOHilOB r 
1 

, r 2 , ••• , r q ; Ha noseaeHHe 

peweHHSl s6nH3H OCT8nbHbiX KOHilOB HHKaKHX llOnonHHTenbHbiX orpaHH'IeHHA 

He HaKn8JlbiBaeTCR. QqeBHllHO, Knacc b q COJlep)!{HT B Ce6e KnaCCbl 

h qt. 1 ' b q+2 ' ••• , h 2n ' Knacc ho coaep)!{HT B ce6e see ocTanbHbie, 

Knacc h 
2

n coaep)!{HTCR so scex ocTanbHbiX, 

Kpaesoe ycnosue (10) MO)!{HO sanucaTb B suae: 

Re ( e tO ell± )=0 Ha L' 

Ecnu ell ( ~) - peweHHe saaa'IH ( 11), To, O'leBHllHO, <jlyHKilHR 

A(O= ~ell(~) 

YllOBneTBOpsteT ycnOBHSIM: 

± 
ReA = 0 

A (0)=0. 

Ha L '; 

( 11) 

(12) 

(13) 

(13a) 

A ( { ) + -ronoMop<tlHa B S +S + L" BCIOllY sa HCKniO'IeHueM 6ecKOHe'IHO yaa-

neHHoA TO'IKH, rae oHa HMeeT non10c nepsoro nopstnKa, H nonycKaeT oneH-

Ky (lOa) B oKpecTHOCTH KOHilOB r J • B'' cso10 oqepenb, ecnu A(~) -

o6mee peweHue sanaqu (13), (13a), To ell(0={-~({) 6yneT o6mHM 

peweHHeM sana'IH (11). 

nnst nanbHeAwero HaM nOTpe6yeTCSl onepa!lHSl HHBepCHH, flyCTb \V (~)

HeKOTOpast ~yHKilHR KOMnneKcHoro nepeMeHHoro, ConocTaBHM eA sepKanbHO 

conpst)!{eHHyiO ( oTHOCHTenbHO L 

nyiOliiHM o6pa3oM: 

~ 

~yHKilHIO \V * ( ;) , onpeneneHHYIO Cne-

12 

,, 

w. <t ) • W(L) ! . 

OnepallHR HHBepcuu, npHMeHeHHast llBS)!{Jlbi, nepesonHT <jlyHKJlHI 

w •• <e>-w<~ ). 

Ecnu W ( {) ronOMOp~Ha HnH MepOMOp~Ha B S + ( B S-

ronoMop~Ha unu MepoMop~Ha B S- ( B S 

HMeeT noniOC B 6eCKOHe'IHOCTH, TO \\, (' ) 

+ 
) j B '18CTHOCTH 

HMeeT noniOC TO 

Ka B Hyne. Ecnu · W +, W - - npenenbHbie 3Ha'leHHR ~YHKilHH 

L , To cooTBeTCTBYIOliiHe npenenbHbie 3Ha'leHHR ~YHKilHH W* 

nSl!OTCSl TaK: 

± 
w * .. w + Ha L. 

flpHCTYfiHM Tenepb K peweHHIO 38ll8'1H ( 13), 0603H8'1HM 

1 
'I'(~ ). 2 [A(~)+A*(~)] 

Ha ( 15) cnenyeT: 

'~'. <e > .. w < e->; 

n.<~>--o<~>. 

1 o<,>- 2 [A<e>-A.< en. 

fpaHH'IHbie ycnOBHSl (13) CBOllSlTCSl C y'leTOM (16) K cnenyiO~ 

+ -'I' +'I' -0 Ha L , 

13 

,.':IJ:\: 
'\tlii, ,,J.ii) 

~----------------------------------



HT xnaccy h (r1 , r 2 , ••• , rq), HnH KOpOTKO h q 1 q ,:5 2n, 

Ol"'pBHH'IeHa a6nH3H KOHUOB T I , r2 , ... , T q ; HB ITOBeJleHHe 

6nH3H OCTBnbHb!X KOHUOB HHKBKHX JlOITOnHHTenbHbiX OI"'paHH'IeHHA 

biBaeTCSI, QqeBHJlHO, Knacc h q COJlep)!{HT B ce6e KnBCCbl 

o "'' h2D 0 xnacc ho coJiep)!{HT a ce6e ace ocTanbHbie, 

2n COJiep)!{HTCSI BO BCeX OCTBnbHb!X, 

BOe ycnOBHe (10) MO)!{HO 38ITHC8Tb B BHJle: 

Re ( e I(} ~ ± )=0 Ha L' ( 11) 

) - perueHHe 38Jl8'1H ( 11) 1 TO, O'leBHJlH01 tWHKUHSI 

A(()='~(') ( 12) 

SieT ycnOBHSIM! 

;!: 
ReA = 0 Ha L '; ( 13) 

A (0)=0. 
( 13a) 

+ -
noMop¢Ha a S +S + L" BCJOJIY 3a HCKnJO'IeHHeM 6ecxoHe'IHO yJia-

KH, i"'Jle OHa HMeeT non10c nepaol"'o nopSIJIKa, H JionycxaeT oueH-

OKpeCTHOCTH KOHUOB T j • B cao10 oqepeJib, ecnH A ( ') -

eHne 3aJiaqn (13), (13a), To~(')=~-~(~) 

138Jl8'1H ( 11 ) , 

6yJieT o6mnM 

anbHeArue!"'O HaM ITOTpe6yeTCSI OnepaUHSI HHBepCHH, nyCTb \V (~)

¢YHKUHSI KoMnnexcHol"'o nepeMeHHOI"'O, ConocTaBHM eA 3epxanbHO 

10 ( OTHOCHTenbHO L ) ¢yHKUHJO \V * ( ;> , onpeJieneHHyJO cne

pa3oM: 

12 

,..: 

"· <e ) • W(L) 
~ . (14) 

Onep'auHSI HHaepcnn, npHMeHeHHaSI JlBB)KJlbi 1 nepeBOJlHT tWHKUHIO a ce6SI: 

\V**(().W(~ ). 
( 15) 

Ecnn W (') l"'onoMop¢Ha nnn MepoMop¢Ha a S + ( B S - ) 1 TO \V* (' ) 
l"'onoMop¢Ha nnn MepoMop¢Ha a s- ( B S 

HMeeT ITOniOC B 6eCKOHe'IHOCTH, TO 1\, (~) 
+ ) ; B '18CTHOCTH 1 ecnH \V (') 

HMeeT non10c TOI"'o )!{e nopSIJI-

xa B Hyne. Ecnn W +, W- - npeJienbHbie 3Ha'leHHSI ¢YHKUHH W( '' Ha 

L , To cooTBeTCTByJOmne npeJienbHbie 3}laqeHHSI ¢YHKUHH W,.. (') onpeJie-

nSIJOTCSI Tax: 

± 
w •• w"l Ha L. 

npHCTYITHM Tenepb K perueHHIO 38Jl8'1H (13), 0603H8'1HM 

l 
'P(' ). 2 [A(()+A*(,)] l 

0 ( ,) .. '2 [A(()- A* ( e)]. 

113 ( 15) cneJiyeT: 

'~' ... <e > -'~' < ~>; 

n.<e-> --o <e- >. 

fpaHH'IHble ycnOBHSI (13) CBOJlSITCSI C y'leTOM (16) K cneJiyJOIUHM! 

+ -'P+'P-0 

• 

Ha L , 

13 

(16) 

(17) 

( 18) 

( 19) 

(20) 



o+ - o- = o Ha L ' • (21) 

4>yHKUHH IJI ( ( ) , 0 ( n I'onoMopcpHbi no orrpeJleneHHJO B s+" +S-+ L" BCJOJly 

sa HCKn10'18HH8M TO'IeK ~ = 0 If ~ = oo 1 I'Jle OHH HMeiOT IIOnJOCbl llep-

BOI'O IIOpSIJlKao B OKpeCTHOCTH KOHUOB r 
j 

cpyHKUHH 'I'(() I 0(() 

rrycKaJOT oueHKY ( 1 Oa); a To ner'KO rrony'IHTh HS ( 17) 1 ( 14). 

JlO-

CooTHOWeHHe (21) no~aSbiBaeT, 'ITO L ' He srsnsreTcsr nHHHeit CKa'l-

KOB )lnSI 0(() II09TOMY 0(( ) I'OnOMOpcpHa BO BCeit IInOCKOCTH sa 

HCKn10'18HH8M TO'IeK 0 If 00 , I'Jle oHa HMeeT nonJOCbi rrepsor'o no-

pg):(Ka. CneJlOBaTenbHO, 0 (() HMeeT BHJl! 

J:-l o<n ... cs +iA -C (. 
(22) 

3JleCb C - KOMIIneKCH8SI 1 A - JleitCTBHTenhHaSI KOHCTaHTbl 1 IIOJlOOpaH-

Hhie TaK, 'ITOObl BbiiiOnHsrnOCh ( 19), 

0TbiCKaHHe IJI ( () IIO ycnOBHIO (20) CBOJlHTCSI K peweHHIO llpOCTeH-

weft saJla'IH corrpsr*eHnsr. Bee CKasaHHoe o Knaccax peweHuit uenHKOM rre

peHOCHTCsr Ha Sa)la'ly (20), 

KaHOHH'IecKoA cpyHKUHeit Sa!la'IH (20) rrpHHsrTo HaSbiBaTh cpyHKUHJO 

X ( () 1 y JlOBneTsopsrJOWYJO (20) H TaKyJO, 'ITO KaK X ( ~ ) 1 TaK H 

[X (() rl -KYCO'IHO-I'OnOMOpcpHbi. l1s 9TOI'O Ollpe)leneHHSI B 'laCTHOCTH cne-

JlyeT, 'ITO X ( ( ) He MO*eT o6pawaThcsr B Hynh B TO'IKax L' ' OT-

nH'IHbiX OT KOHUOB, 

llepe'IHCneHHbiMH BbiWe ycnOBHSIMH K8HOHH'I8CKasr cpyHKUHSI Knacca h 
q 

OllpeJlensreTCSI C TO'IHOCThiO JlO YMH0*8HHSI Ha llpOHSBOnhHYIO KOMnneKCHYIO 

/1/ 
IIOCTOSIHHYIO 

X (()=const 
q 

~ 

~((-rl) 
v'~ 

lf (~ -r!) 
J•q+l 

= const R (( ). 
(23) 

14 

. 

llOJl yKa3aHHbiM BbiWe paJlHKanoM IIOJlpasyMeBaeTCSI BeTBb 1 I'OJ 

B S + + S -+ L '; pasno*eHne KOTopoA B oKpecTHOCTH 6ecKoHe'IHo 

TO'IKH IIO yobiBa!OWHM CT9II9HSIM ( HMeeT BHJl! 

q-n 

R<n-( + ... 

3Ha'leHue orrpe)leneHHOI'o TaK panuKana B TO'IKe (= 0 

{~ r 
R (0) = J J=.;-t:....;...l -

2n 
n r 

J=q+l I 

-ly 
e ; Im y = 0. 

OOOSHI 

Pasno*eHHe yKasaHHOI'O panuKana B OKpecTHOCTH TO'IKH ~ = U 

BHM B BH)le: 

-ly 
R(()=e 0+~(+ ... ); 

l 2n _ q 

~'=- [ I r - I r 
2 J=q+l j l=l j 

BbiOepeM KOHCTaHTY B (23) TaK 1 'ITOObl BbiiiOnHsrnoch COOTHOW 

n-q 

X * ( ( ) = ( X ( ( ). 
q 

-I 
Y'IHTbiBasr1 'ITO r 

1 
= r 

1 
( r 

1 
= exp ( 1 () 

1 
) 1 I'ne () -

j 

yl"'On, COOTBeTCTBYIOWHit TO'IKe r 
1 

) 1 HaXOilHM const = exp ( i · 

II09TOMY 

X (() = 
q 

e 

ly 
2 j 

q 

Jlt( (-rl) 
2n 
n ( (- r ) 

J=q+l j 
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-o- = o Ha L , • (21) 

(( ), 0(() ronoMopciJHbi no onpe.lleneHHJO B s'" +S- + L" BCIO.llY 

TO'IeK (=0 H~=oo , I'.lle OHH HMeJOT nonJOChi nep-

Ka, B OKpeCTHOCTH KOHUOB ciJyHKUHH IJI(() , 0(() T 
J .llO-

IUeHKY (lOa); ~TO nei'KO nony'IHTb HS (17), (14), 

HomeHHe ( 21) noxaSbiBaeT, 'ITO L ' He stBnsteTcst nHHHetl: cxaq-

( () nOSTOMY 0 ( ( ) I'OnOMOpclJHa BO BCeil: nnOCKOCTH sa 

M TO'IeK 0 H: 00 , r.lle oHa HMeeT nonJOchi nepsoro no-

.llOBaTenbHO, 0 (() HMeeT BH.ll! 

-l 
) .. Ct" +iA -C (. 

(22) 

- KOMnneKCHast, A - .lleii:CTBH:TenbHast KOHCTaHTbi 1 nO,llOopaH

TOObl BhmonHstnocb ( 19). 

aHHe 1}1 (() no ycnOBHJO (20) CBO.llHTCSI K pemeHHIO npOCTei!:-

conpst~eHHst. Bee cxasaHHoe o xnaccax pemeHHil: uenHKOM ne

Ha sa.lla'Iy (20), 

H'IeCKOil: ciJyHKUHeil: 38.lla'IH (20) npHHSITO H83hlB8Tb ciJYHKUHJO 

, Y.llOBneTsopstiOillYJO (20) H TaKyJO, 'ITO KaK X( t") , Tax H 

ycoqHo-ronoMopciJHbi, l1s aToro onpe.lleneHHst s 'IaCTHOCt'H cne-

(( ) He Mo~eT o6pamaTbCst B Hynb B TO'IKax L' • OT-

KOHUOB, 

HCneHHbiMH Bbiille ycnOBHSIMH K8HOHH'IeCK8SI clJyHKUHSI Knacca h q 

SI C TO'IHOCTbJO .llO YMHO~eHHSI Ha npOHSBOnbHYJO KOMnneKCHyJO 
/1 I, 

-= const jf; ( (- r J) st R ( () · ..j.W .. con 

1f (t" -rJ) 
J•q+l 

(23) 

14 

..-·: 

TIO.ll yKaSaHHbiM Bblllie pa.llHKanoM nO.llpasyMeBaeTCSI B9TBb, I'OnOMopciJHast 

s S + + S -+ L '; pasno~eHHe KoTopotl: s oxpeCTHOCTH 6ecxoHe'IHO y.llaneHHotl: 

TO'iKH no yobiB8JOIUHM CTeneHSIM ( HMeeT BH.ll! 

q-n 

R(()•( + ... 

3Ha'l:eHH9 onpe,lleneHHOI'O T8K pa,llHKana B TO'IK9 t" = 0 OOOSH8'iHM: 

/IL -ly 
R (0) = = e ; Im y = 0. 

lin n r 
J=q+l J 

(24 ) 

(25) 

Pasno~eHHe yxasaHHoro pa.llHKana s oxpeCTHOCTH TO'iKH t" = 0 npe.llCTa-

BHM B BH.ll9! 

-ly 
R(()=e 0+8t"+ ... ); 

l 2n _ q 

8·=- [ I T -I T 
2 J=q+l l J=l l 

(26) 

BbiOepeM KOHCT8HTY B (23) T8K, 'ITOObl BbiiTOnHstnOCb COOTHOill9HHe: 

n-q 

X * ( 0 = ( X ( ( ). 
q (27) 

Y'IHTbiB8SI, 'ITO 

_, 
T =T 

l l ( r J = exp ( i 8
1 

) , I'.lle 8 
1 

- nonsrpHhiil 

yron, COOTBeTCTBYJOIUHif TO'iK9 r 1 ) , HaXO.llHM const = exp( i L) H 
2 

n09TOMY 

X (() = 
q 

• 

e 

'Y 
2 j Jlt( t"-r 1) • 

2n (23a) 
n < e:- r > 

J=q+l l 

15 



06mee peweHHe xnacca hq(q_<n+2, q_52n) aaJJ.a<rH (20), JJ.onycxaJOmee 

ITOn!OCbl He Bbillle nepBOI"O ITOpSIJJ.K8 B TOT.IKSX ~ = 0 H ~= oo , HMeeT BHJJ.: 

-I n-q+l 
'P (?;)=X (~)[C ~ +C 0 +C 1 ~+ .. .-tC ~ q q -I n -q+l ]. 

(28) 

OpH q > n +2 He cymecTayeT peweHHil, JJ.OnycxaJOmHx nonJOCbi He Bbillle 

nepBOI"O ITOpSIJJ.Ka B YK838HHbiX TO<IKaX. C j 3JJ.eCb - KOMnneKCHbie KOHCTaH

Tbi. l.J T06bl BbiiTOnHSinOCb COOTHOllleHHe ( 18), cneJJ.yeT ITOnQ)I{H Tb ( Y<IHTbiBaSI 

(27)): 

C k =C k; k=-I,O,I,2, •.. ,n-q+l. n-q- (29) 

Kax cneJJ.yeT H3 (17), 

A(O ='I' <0+0(<;). (30) 

l13 (22) H (28) HMeeM: 

-1 n-q+l -1 -
A (<;)=X (<;)[C 1 ~ +C 0+C 1~+ •• .+C ~ l+C~ +iA-C~. (

31
) q Q - n-q+l 

Mbl eme JJ.On)I{Hbl o6ecne<rHTb BbiiTOnHeHHe ycnOBHSI ( 13a). nnSI SITOI"O Hy)I{HQ 

noJJ.CTaBHTb B ( 31) paano)l{eHHe X ( ~ ) B oxpecTHOCTH TO<rKH ~ = 0 H B 

nony<reHHOM Bblp8)1{eHHH ITpHp8BHSITb HynJO KOSltPtPHUHeHTbl npH "'neHaX Hyne

BOil H MHHyc nepaon cTeneHH. I1cnonbaySI (23a) H (26), nony"'aeM: 

e 

IY 
-2c 

'4 

ty 
+ C =0; e-2 (C +BC 

0 -1 
) +i A = 0. 

CneJJ.OBa TenbHO, ITOJJ.C TaBnSISI ( 32) B ( 31 ) H nepeXOJJ.SI K <I> ( ~) 

CTBHH C ( 12 ), HMeeM: 

16 

~ 

(32) 

B COOTBeT-

ly IY 
-2- -2 -2- -1 

<I> ( ~) = X ( ~ ) [ - e C ~ 
q q + e (BC- iA)~ + C t +C: 

n-q-2 
+ •••• + c ~ Q-q-1 

-.2 .- .n-q-1 -~ 
+e 2 (l$C+iA)~ -e C ~ 

+ c~-2 +1A ~- 1-C 

3JJ.ecb C, C l - xoMnnexcHbie xoHcTaHTbi, A - JJ.eilCTBHTem 

Tbl C j YJJ.OBneTBOpSIIOT COOTHOllleHHIO (29) npH k = I,2, •• , n

onpeJJ.eneHa <j>opMynoA (23a), y - <j>opMYnoA (25), 8 - <!>< 

<I> q ( ~) 38BHCHT OT (n-q+2) npOH3BOnbHbiX JleitCTBHTenbHbiX K 

mecTayeT a xnaccax h npH q .s;: n + I • B nonSipHbiX xo q . 

xax y)l{e 6hmo cxaaaHo paHbrne, ~ = p exp ( i () ), r = exp (I () ). 
j j 

5. I1HTepnpeTaUH.!! nony"'eHHbiX peaynhTaTo 

OpeneJ!bHbiA nepexOJJ K aHH30TponHo npoBOLI.HI 

Kax noxaaaHo Bbirne, perneHHe ( 33) aaBHCHT OT ( n- q +~ 

TenbHbiX KOHCTSHT, SITO J].eitCTBHTenbHble 11 MHHMbie "18CTH KOI 

H KOHCT8HT8 A • !J6oaHa'I'HM yxaaaHHbie JleilcTBHTenbHbie 

8l ( j = I, 2, ... ,n-q+2). PeweHHe xnacca h q ( q .,5. n + I) 

onpeJJ.enSieMoe <j>opMynoA (33), o6oaHa"'HM CHMBonoM: 

<I>q(81 ,82 •··· • 8n-q+2 ; ~ ). 

a. 

BoaapamaSICb x o6oaHa<reHHSIM paaJJ.ena 2 B CMbicne ~~:en 

HHJl6KCOB + H - , MO)I{HO H8ITHC8Tb: 

± ± ± ± ± .± ± + 
E +iE =<I> ±[8 (u ),8 2 (u ), •.• ,8 + (u- );0. 

Y x q I n-q- +2 

17 



Knacca hq(<L.<n+2, q..$2n) 38Jl8'iH (20), AonycKaiOmee 

nepaoro nopSIAKa B TO'iKax ~ = 0 H ~= oo , HMeeT BHJl: 

- I n-q+1 
) [ C- 1 ~ + C 0 + C I ~ + .. .+C n - q+1 ~ ]. 

(28) 

He cymecTayeT peweHHH, JlOnycKaiOIIIHX noniOCbi He BbiWe 

Ka B YK838HHbiX TO'iKaX. C j 3Jl9Cb - KOMnneKCHbie KOHCT8H

COOTHOlll9HHe (18), CneAyeT non01KHTb (y'iHTb!B8SI 

k; k=-l,O,l,2, •.. ,n-q+l. 
(29) 

3 (17), 

)+0(~). 
(30) 

) HMeeM: 

-1 n-q+l -1 -
[C 1 ~ +C 0+C 1 ~+ .. .+C ~ l+C~ +lA-C~. (

31
) - n-q+1 

bi o6ecne'iHTb BbmonHeHHe ycnoBHSI ( 13a) • .UnR aToro HY1KHO 

31) paano1KeHHe X ( ~ ) B OKpeCTHOCTH TO'iKH ~ = 0 ,: H B 

1IpHp8BHSITb HyniO KOaljJ!fJHUH9HTbl npH 'ineHaX Hyne

J1cnonb3YSI (23a) H (26), nony'iaeM: 

iy 

= 0; e- 2 ( C + 8 C ) + i A = 0. 
0 -1 (32) 

nOJlCTBBnSISI (32) B (31) H nepeXOJlSI K ~(~) B COOTBeT-

M: 

16 

.,...: 

'Y 
-2- -2 

'Y 
-2- -1 

~ ( ~) = X ( ~ ) [ - e C ~ 
Q Q + e (8C- iA )~ +C1+C2~+ 

n-q-2 
+ •••• + c ~ 

'l-q-1 

- ty - .n-q-1 -~ n 
+ e 2 (~C + iA)~ -e C ~ -q l+ 

+ c~-2 +iA ~- 1-C (33) 

3AeCb C, C l - KoMnnexcHbte KOHCTaHTbi, A - Aeli:cTaHTenbHaSI. KoHCTaH

Tbi C l YJlOBneTBOPSIIOT cooTHoweHHIO (29) npH k = 1,2, .. , n- q- I . Xq ( 0 
onpeAeneHa !flopMynoll: (23a), y - !flopMYnoll: (25), 8 - !flopMynoll: (26). 

ell q( ~) 38BHCHT OT (n-q+2) npOH3BOnbHb!X Jleli:CTBHTenbHb!X KOHCT8HT H cy-

lli9CTByeT s Knaccax h npH q.:;;. n + l • B nonRpHhiX xoopAHHaTax, Q . 

K8K y1Ke 6binO CK838HO paHbllle, ~= p exp ( i () ), r j = exp(i () j ). 

5. J1HTepnpeT8UHSI nony'i9HHb!X peaynbT8TOB. 

flpeneJ!bHhiii: nepexon · x aHH30TponHo nposongweMy UHnHHppy: 

KaK noxaaaHo Bhrwe, peweHHe (33) aaBHCHT oT (n-q +2) .o;eli:CTBH-

TenbHbiX KOHCTaHT, 9TO .o;eli:CTBHTenbHb!e If MHHMhle 'i8CTH KOHCT8HT C, C j 

H KOHCTaHTa A • 0603Ha'iHM YK838HHhle .o;eli:CTBHTenbHbie KOHCT8HTbl 
~' 

Bl (j=l,2, .•• ,n-q+2). PeweHHe Knacca hq (q...S:n+ I) aana'iH (10), 

onpenenSieMoe !flop My noll: ( 33), o6oaHa'iHM CHMBonoM: 

~ Q(B, '82 , ••. , Bn-q+2 ; ~ ). 

BoaspamaSICb K o6oaHa'ieHHSIM paa.o;ena 2 s CMbrcne HcnonbaosaHHSI 

HHJl9KCOB + H - , M01KHO HanHC8Tb: 

± ± ± ± ± .:t ± + 
E + i E = ~ ±[ 8 

1 
(a ), 8 2 (a ) , ••• , 8 + (a- ) ; ~]. 

Y x Q n-q-+2 (84) 

17 
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PeweHHe Knacca h (q+; q-) KpaesoA aat:~a'IH .llllR ypasHeHHA MaKcsen-

na ( 1) 38BHCHT, T8KHM o6pa30M1 OT ( 2n- q + - q- + 4) npOH3B01JbHbiX 

± ± 
<l!yHKUHA 8 ( u ) • PeweHHe Knacca h (0; 0) aaBHCHT oT (2n +4) npo-

H3B01JbHbiX <i!YHKUHA, KOTOpbie COOTB9TCTBYIOT D TOK8M1 D noTeHUHa-

118M, 38,ll8HHbiM Ha n npOBOAHHK8X1 H '19Tblp9M KOMnOHeHT8M BH9WHHX, 

T,e, He HC'I93810WHX Ha 6eCKOH9'1HOCTH, noneA. 

B Bblpa*eHHH (38) aa BHeWHHe nonR oTseTCTBeHaa, KaK nerKo aaMe-

THTb 1 KOHCT8HT8 C , 8HeWHHe nOllSI COOTB9TCTBYIOT 06biKHOB9HHOA 

nllOCKOR BOllHe B CB060AHOM npOCTp8HCTBe, TOllbKO COI"ll8COB8HHOA C BOll-

HOBO.llHOA CHCTeMoft, 

Ha (28a) cnet:~yeT, 'ITO peweHHe xnacca hq 8BTOM8TH'I9CKH 06-

pawaeTCSI B Hyllb B611H3H KOHUOB T I , T 2 , ••• , T , noaTOMY H nOllSI 
q 

COOTBeTCTBYIOilleA BOllHbl 6y.llyT o6p8Ill8TbCSI B Hyllb B611H3H pe6ep T , T , •• , T , I 2 q 

AH811H3 Bbip8}KeHHSI (33) nOK83biB8eT, 'ITO, HMeSI AOCT8TO'IHOe 'IHCllO 

npOBO.llHHKOB1 MO}KHO nocTpOHTb nOllS11 CKOllb yrO,llHO 6biCTpO y6biB810IllHe Ha 

6ecKoHe'IHOCTH. PeweHHe ll> ( ~ ) , HaH6onee 6biCTpo y6brBaJOillee Ha 6ec-

KOHe'IHOCTH, npH n > 1 HMeeT BH.ll (xnacc h 0 ) : 

m-1 

n - 'leTHoe, n =2m ; ll> (g) ,;, X 0 ( 0 A ~ . (35) 

m-1 -

n- He'leTHOe, n =2m+l; li>(~)=X 0 (0(Dg +D~m). (86) 

-m-1 

PeweHHe (35) y6brsaeT Ha 6ecxoHe'IHOCTH KaK ~ , peweHHe (36) 

KaK ~ -m-
2 

• CTOllb *e 6biCTpo yKaaaHHbie peweHHR y6biBaiOT npH ~ .... 0, 

o6a K8K ~ m-l . B (35), (36) A - t:~eAcTBHTenbHaR KOHCTaHTa, D 

KOMnlleKCHa Sl. 

Mbr yMeeM, TaKHM o6paaoM, coa.llaBaTb TEM-sonHbi, pacnpocTpaHsno

IllHeCR B Henocpe.llCTBeHHOA 611H30CTH OT CHCT9Mbl npOBO.llHHKOB, EcnH Te

nepb noMeCTHTb '6ellH'Ibe K0119CO' BHyTpb K08KCH81lbHOI"O B011HOBO.ll81 TO 

18 
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/3/ 
nony'IHM CIICTeMy, paccMoTpeHHyiO B • EcnH reHepHposaTb 

ll> (~) THna (35), (36) c 6onbWHM noKa3aTeneM cna.lla H no 

Hbl .ll0CT8TO'IHO .ll81leKO OT '6ellH'Ibero KOlleCaq, TO H811H'IHe ~ 

He H3MeHHT BHA8 peweHHSI. flony'leHHOe peWeHHe M0}KH01 Clle, 

/3/ 
HHTepnpeTHpOB8Tb K8K npH611H}KeHHOe AllSI CHCTeMbl , eCllH 

cnat:~a senHK, a axpaHbi nocTaTO'IHO naneKo. B HeKOTOpbiX en: 
/3/ 

llH}KeHHe 6yneT 11Y'IWHM1 'leM B 

llnR TOI"O 'IT06bi nepeitTH K npeJlellbHOMy Clly'ISIO 8HH30 

JlRillero BOllHOBOJl81 Heo6XOJlHMO yCTpeMHTb 'IHCllO nOllOC K 6e 

Mbl MO}KeM H36e}K8Tb TpyJlHOCTeit, CBSI38HHbiX C npeJlellbHblM 

noCKOllbKY Cpaay SICHO, K8K B aTOM cny'lae CT8BHTb Kpae~yi 

reHUH81lbHYIO KOMnoHeHTY aneKTpH'IeCKOI"O nOllR (JlllSI B011Hbl1 ( 

peneneHHOM HanpaslleHHH) ClleJlyeT npHp8BHHB8Tb 38Jl8HHOR ~ 

Horo yrna 0 

6epTa: 

H napaMeTpa u • Mbr npHXOJlHM K aana'le : 

HaitTH I"OllOMOp<i!HYIO B S + (pHC. 2) <i!YHKUHIO lf> = U+ 

pbiBHO nponon*HMYIO Ha L , no KpaeBOMY yCllOBHIO 

j{j + 
Re ( e 1> ) = f ( 0 , u ) Ha L, 

rne f( (), J) - <i!YHKUHR, renbneposcKaR no nepeMeHHOit () 
,_. 

AuanorH'IHO cTaBHTCR KpaesaR aana'la nnR BHewuea o6nacTH 

'ITO BH9WHSISI H BHyTpeHHSISI 38Jl8'1H B Jl8HHOM Clly'lae He38BHC 

tJT06bi peWHTb 38Jl8'1Y (37) 1 BBeJleM T8K }Ke, K8K B pa~ 

UHIO A co =ell>< e > 1 YCllOBHSI JlllSI KOTOpoi\ HMeiOT BHJl! 

+ Re A = f ( 0 , u ) Ha L; 

A (0) =0. 

19 
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a h ( q + ; q- ) KpaeaoA aaJla'IH JlJISI ypaaHeHHA MaKcBen-

+ - ) , TaKHM o6pa30M, OT (2n-q -q +4 rrpoHSBoJlbHbiX 

± a ) , PeweHHe KJiacca h (0; 0) aaBHCHT oT (2n +4) npo-

KOTOpbie COOTB9TCTBYIOT R TOK8M, R noTeH!lHa-

n rrpoBOJlHHKaX 1 H '19Tbip9M KOMITOH9HT8M BH9WHHX 1 

H8 6eCKOH9'1HOCTH, rroJieft, 

(33) Sa BH9WHH9 rrOJISI OTB9TCTB9HH8, K8K Jiei"KO 38Me

• 8HeWHHe ITOJISI COOTB9TCTBYIOT o6biKHOB9HHoft 

rrpocTpaHCTB9 1 TOJlbKO Coi"JiaCoBaHHoA C BoJI-

'ITO peweHHe KJ18CC8 hq aBToMaTH'I9CKH o6-

KOHilOB T 1 , T 2 , •••, T q , rroaToMY H rroJISI 

6yJlyT o6pamaTbCSI B HyJib B6JIH3H pe6ep r , r , .. , r , 
1 2 q 

( 33) ITOK83biB89T, 'IT01 HM9SI JlOCT8TO'IH09 'IHCJIO 

CKOJlb YI"OJlHO 6biCTpO y6biB8IOIIlH9 Ha 

<ll ( .; ) , HaH6onee 6biCTpo y6brBaiOIIlee Ha 6ec-

n > l HMeeT BHJl ( KJ18CC h o ) : 

m-1 

n - 'leTHoe, n =2m; <ll (0,;. X 0 (,;)A.; . (35) 

m-1 - m 
- He'leTHoe, n =2m+ l; <ll (,;)=X 0 (0(D.; + o.; ). (36) 

-m-1 
) y6bJB89T H8 6eCKOH9'1HOCTH K8K ~ peweHHe ( 36) 

CTOJib *e 6brcTpo yKaaaHHbie peweHHSI y6biBaiOT rrpH .; -+ 0, 

• B (35), (36) A - JleftcTBHTeJibHaSI KoHCTaHTa, D 

TaKHM o6paaoM, coa)laBaTb TEM-BoJIHbi, pacnpocTpaHSIIO

IICpeJlCTBeHHoA 6JIH30CTH OT CHCT9Mbl rrpoBOJlHHKOB, ECJIH Te

Tb '6eJIH'Ib9 KOJieco' BHyTpb KoaKCH8JlbHOI"O BOJIHOBOJl8, TO 

18 
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/3/ . 
nony'IHM CHCTeMy, paccMoTpeHHYIO B • EcnH reHepHpoBaTb TEM-BOJIHbi c 

<IJ ( t') THIT8 ( 35), ( 36) C 60JibWHM ITOKaSa TeJieM CrraJla H ITOMeCTHTb 9Kpa

Hbl Jl0CT8TO'IHO Jl8J19Ko OT '6eJIH'Ib91"0 KOJieca', TO HaJIH'IH9 aKpaHoB ITO'ITH 

He H3M9HHT BHJl8 peweHHSI. floJiy'leHHoe peWeHHe M0}!{H01 CJ19JlOBaTeJibHo1 

/3/ 
HHTeprrpeTHpOBa Tb K8K rrpH6JIH}!{9HH09 JlJISI CHCTeMbl , eCJIH ITOK838T9Jlb 

crraJla aeJIHK, a aKpaHbi JlOCTaTO'IHO JlaJiexo. B HeKoTopbrX cny'laSIX aTo rrpH6-

/3/ 
JlH}!{9HHe 6yJleT JIY'IWHM1 '19M B 

.UJIS! TOI"O 'IT06bi rrepeATH K rrpeJleJibHOMy CJiy'la!O 8HH3oTpOrrHo rrpoBo

JlSIIIl91"0 BOJIHOBoJla1 He06XOJlHMO yCTpeMHTb 'IHCJIO ITOJIOC K 6eCKOH9'1HOCTH, 

Mbi MO*eM HS6e}!{aTb TPYllHOCTeA, caSiaaHHbiX c npeJleJibHbiM nepexo)loM, 

ITOCKOJlbKY cpaay f!CHO, KaK B 8TOM CJiy'lae CT8BHTb Kpae~yiO 38Jla'ly! T8H-

1"9HilH8JlbHYIO KoMITOHeHTY 8Jl9Kl'pH'I9CKOI"O rrOJISI. (JlJISI BOJ1Hbl 1 6erymeft B orr

peJleJieHHOM Harrp8BJ19HHH) CJie)lyeT ITpHpaBHHBaTb 38Jl8HHoft ~YHKilHH ITOJIS!p-

Horo yrna 0 

6epTa: 

H rrapaMeTpa a • Mbi rrpHXOJlHM K aa)la'le PHMaHa-fRm.-

HaATH I"OJIOMOp~HYIO B S + (pHC. 2) ~YHKilHIO <IJ = u+ i v , Herrpe-

pbiBHo npoJlOJI}!{HMYIO Ha L , ITO KpaeBoMy yCJIOBHIO 

I(} + 
He ( e 1> ) = f ( (}, a ) L, Ha 

(37) 

I"Jle f( (}, J) - ~YHKilHSI, 1"9Jlbll9POBCK8fl ITO rrepeMeHHOA (} BCIOJlY HaL 
~·· 

AHaJIOI"H'IHO cTaBHTCSI KpaeBaSI aaJla'la JlJISI BHewHeA o6nacTH S - HcHo, 

'ITO BH9WHflfl H BHyTpeHHSifl 38Jl8'1H B Jl8HHOM CJiy'lae H938BHCHMbl, 

tfTo6br pewHTb aa)la'ly (37), BBeJleM TaK }1{9 1 KaK B paaJleJie 4, WHK-

llHIO A (0 =t'<ll (.; ) , YCJIOBHfl JlJlfl KOTOpoft HM910T BHJl! 

+ He A = f ( (} , a ) L; Ha (38) 

A (0) =0. (38a) 
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Peweuae aaaaqu (38) cpaay aaeTCH HHTerpanoM lllaapua, B peaynbTaTe 

HMeeM: 

2" 1 r 
-1 I e +' <11(0•~ -If(r,a) dr. · 

2" 0 etr _ ~ 

Ma (38a) cnenyeT: 

2" 
I f ( r , a ) d r = 0. 

0 

(39) 

(39a) 

11cnonbayg (39a), peweuae (39) MO:lKHO npeo6paaoaaTb K auny (aaonHM 

nongpHbl9 KOOpnHHaTbl): 

tO 
<II (p e 

) = exp ( -iO) j" £( r, a ) d 
7

• 

"p o I - p exp [ i ( 0 -dJ 
(40) 

KaK BHnHO H3 OKOHqaTenbHOA ljJOpMbl peweHHH1 HeT Heo6xonHMOCTH Tpe6o-

BaTb 1 qT06bi f( tl, a ) 6bma renbnepoacKoA. Ycnoaue (39a) oauaqaeT, 

qTo ljlypbe-paano:lKeHHe (no nepeMeHHoA 0 ) ljlyHKUHH f {O,a) ue co-

nep:lKHT uyneaoro qneua. nocnenuee 9KBHaaneHTHo Tpe6oaaHHIO uenpepbiB-

HOCTH nnH pacnpeneneHHH noTeHuaana Ha L 

Peweuae (39) HBnHeTCH ljlyHKUHOHanoM oT f , aanuweM ero B 

anne: 

<II ( ' ) e 1> ( f , a ; ~ ). 

Torna, oqeaunuo: 

± ± :!: ± 
E +iE = Ill ( £ ' a ; ~ ). 

y X 
(41) 
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+ 
!PyHKUHH f -

KOHTypy L. 

OTBeTCTBeHHbl sa pacnpeneneHHe TOKOB H nOTE 

141 
B pa6oTe peweua aanaqa o pacnpocTpaueHHH TEM-ao. 

cuanbHOM aonuoaone, Korna cocTaBnHIOIUHe aonuoaoa uunaunpbi 

o6a) auaaoTponuo npoaonHwHe. 

6. HeKoTOpbie npyrHe aaga,H 

11cnonbay.H peweHHH, nonyqeHHbie B paanenax 4 H 5, nerK 

nonSI TEM-aonHbi a "6enaqbeM Konece" c TOHKOA MeTannaqeCI 

pacnono:lKeHHOA Ha OCH, H paCCMOTpeTb COOTB9TCTByiOIUHA npene 

qaft, KaK H3BeCTHO, nonSI npH 9TOM non:lKHbl HM9Tb Ha OCH pac. 

nop.~~nKa p - 1 

n10c npH ~= 0 

, H, cnenoaaTenbHO, ljlyHKUHSI <11 (~) non:lKHa 

• PeweHHSI CTpOSITCSI COBepweHHO TaK :lK9 1 KaK 

CyTCTBHH HHTH, 3a T9M HCKniOqeHHeM, qTO BMeCTO (13a), (38a 

Tenepb nono:lKHTb: !A C)) 1 <oo. 

PeweHHe (yMHO:lKeHHoe ua ~ ) KpaeaoA aanaqH nng "f 

KOneca" C HHTbiO Ha OCH naeTCSI ljlopMynoft ( 31) 1 npHqeM Mbl JJ 

Tpe60BaTb BbinOnHeHHSI TOnbKO nepaoro H3 ycnOBHA (::2 ) , Pew1 

aHH30Tponuo npoaonSiwero uanHHapa c HHTbiO Ha ocH HMeeT BH. 

IT 

-1 I 277 e +' -1 
<II(~)=~ -I £(r,a) --- dr+iA(a)~ 

217 0 ff & 
e -.., 

3necb A (a) - neAcTBHTenbHaSI KOHCTaHTa, aaaHCHIUaSI oT nap 

3Ta KOHCTaHTa onpeaenSieT noTeHuHan HHTH. Mbi H anecb nonll< 

BaTb BbinOnHeHHSI ycnOBHSI ( 39a), ecnH XOTHM1 qT06bi pacnpene 

uuana aa L 6binO HenpepblBHbiM, 
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aa"'H (38) cpaay aaeTCR HHTerpanoM lllaapua, B peayn&TaTe 

2" 1 r 
-1 1 e +~ 

~ -Jf(r,u) dr. 
2"o elr_~ 

(39) 

neayeT: 

IO' ) d T = 0. (39a) 

( 39a) 0 peiii9HHe ( 39) MO)I{HO npeoopa30B8Tb K BHay ( BBOaHM 

oopauHaTbi): 

) 
exp ( -iO)f2" f( r, u ) 

= dr. 
"p o 1 - p exp [ i ( 0 -r )J 

(40) 

H3 OKOH"'aTenbHOA <!JopMbl peiiieHHR, HeT HeOOXOaHMOCTH Tpeoo-

,J f( tl, u ) Obina ren&aepoacKoA. Y cnoaue (39a) oaHaqaeT, 

paano*eHHe (no nepeMeHHoA 0 ) <!JyHKUHH f { 0, 0') He co-

eaoro qneHa, ITocneaHee aKBHaaneHTHo Tpe6oaaHHIO HenpepbiB-

pacnpeaeneHHR noTeHuuana Ha L 

He (39) RBnReTCR <!JyHKUHOHanOM OT f , aanuiiieM ero a 

= 1l ( f ' 0' ; ~ ). 

lauaHo: 

± :!: ± 
; ~ ). E = If> ( f 

' 0' X (41) 
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...... 

+ 
<l>yHKUHH f -

KOHTypy L. 
OTB9TCTB9HHbl 38 pacnpeaeneHHe TOKOB H noTeHUHanOB no 

/4/ 
B pa6oTe peiiieHa aaaaqa o pacnpocTpaHeHHH TEM-BonHbi a KOaK-

CHan&HOM BOnHoaoae, Koraa COCTaBnR!OillHe BOnHOBOa UHnHHapb! ( oaHH HnH 

o6a) aHuaoTponHo npoaoaRmHe. 

6. HeKOTOpbie ppyrue aapa,u 

Hcnon&ayg peiiieHHR, nonyqeHHbie a paaaenax 4 H 5, nerKo oTbiCKaT& 

nonR TEM-aonHbi a *6enH"'beM Konece" c TOHKoA MeTannu"'ecKoA HHT&ro, 

pacnonO)I{9HHOA Ha OCH, H paCCMOTpeTb COOTBeTCTBYlOIIlHA npeaen&HbiA cny

"'aA, KaK H3B9CTHO, nong npH 9TOM aon)I{Hbl HMeTb Ha OCH pacxoaHMOCTb 

1 H1 cneaoBaTenbH01 <!JyHKUHR If>(~) aon*a:a HMeT& no-nopgaKa p-I 

nroc npu ~= 0 • PeiiieHHR CTpORTCR COBepiiieHHO TaK )1{9 0 KaK H npH OT-

CYTCTBHH HHTH, 38 TaM HCKnl0"19HH9M1 'ITO BM9CTO (13a), (38a) cneayeT 

Tenepb nono*HTb: !A C)) 1 <oo. 

PeiiieHHe ( yMHO*eHHoe Ha ' ) KpaeaoA aaaa"'H anR "6enH"'bero 

Koneca' c HHTbiO Ha ocu aaeTCR <!JopMynoA (31 ), npH"'eM Mbi aon*Hbi Tenepb 

TpeooaaTb BbinOnHeHHR TOnbKO nepaoro H3 ycnOBHA ( 3a ) • PeiiieHHe ang 

8HH30TpOnHO npoaoaRIIlero UHnHHapa C HHTblO Ha OCH HMeeT BHa: 

IT 

-1 1 2
" e +~ -1 

If>(')=' - f f(r,u) --- dr+iA(u)~ 
2" 0 ff ~ 

e -., 
( 42) 

3aec& A ( u) - aeACTBHTen&HaR Koa:craHTa, aaaHCRIIlaR oT napaMerpa u. 

3Ta KOHCTaHTa onpeaenger noTeHuuan HHTH. Mbi H aaec& aon*Hbi Tpe6o

BaT& BbinOnHeHHR ycnOBHR ( 39a) 1 ecnH XOTHM1 "'TOObl pacnpeaeneHHe noTeH-

uuana Ha L Obino HenpepbiBHbiM, 
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0TMeTHM eme, 'ITO nerxo nony'IHTb none TEM-sonHbi B MeTannH'Iec

KOM sonaosoae xsaapaTHoro ceqeaHg c TOHxoa nposonoxoa, pacnono*eH
/9/ 

HOA H8 OCH, ecnH BOCnOnb30B8TbCg H3BeCTHbiM pellleHHeM ypaBHeHHg 

nannaca ang COOTBeTCTBYIOIIleA o6naCTH H ¢opMynaMH (6), (3). 

AsTop 6naroaapHT B. Ilasnosa 3a none3HyiO HH¢opMaUHIO, 10. Depea

agesa, 3. IlepenbmTeAaa H 3. Ypa3axosa 3a o6cy*aeHHe aacTogmeA pa6o-
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