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LleH'leB P.T. P5-4840 

Co6CTBeHHhle ~YHKUHH oaHoro CHHrynHpHoro HHTerpanbHOro 
orrepaTopa 

PaccMaTpHBaeTcH orrepaTop S = B -I A , rae 
0 2 

A: W1 (0)hW (0) ~u .. ,(iuG- L (Q), 
0 2 2 2 

1 ) 2 m ) B:W
2
(0 nW 2 (0).;>u-+:liu~L 2 (0, 

2 O I 
w 2 ( 0 ) , w 2( 0)- rrpocTp8HCTB8 Co6oneaa. 

HaxoaHTCH HBHOe BbipalKeHHe C06CTBeHHbiX ~yHKUHl! orrepaTopa S B 
cnyqaHX0 Koraa 0 - snnHITC HnH TpexMepHhlit snnHITCOHa. 

OpenpBBT 061.e.QJ~BeBBoro BBC'I'IITYTB JI.QBpm.tx Kcc.teAOBaad. 
,lbr&ia, 1969 

Denchev R.T. PS-4840 

Eigenfunctions of a Singular Integral Operator 

An operator S = B -I A , where 
0 2 

A:W ~(0) nW 2 (0)~u-+ftnEL 2 {0), 
0 2 

B: W: (0) n W 2 (O) "u ... ~ u E L 2 (0), 

a2 a 2 a 2 a 2 
(! = 2 --- + ••• + --- , ~ = --- + ••• + ---

ax2 a x 2 a x 2
1 

a X ~ 
2 0 1 1 n 

W 2 ( 0), W 2 (0 L are the Sobolev's spaces, is considered. 
An explicit expression for the eigenfunctions of the operator 

5 for the cases, when 0 is an ellipse or three-dimensional ellip
soid, is found. 

Preprint. Joint Institute for Nuelear Researeh. 
Dubaa, 1969 



nycTb n - annHIICOHil B n -MepHOM eBKnHilOBOM rrpocTpaHCTBe En 

3all8Hbl llHQJ¢epeHUHanbHbie Bb!p8)K!"!HHSI 

0 I 2 
A:W 2 (Q)nW 2 ({!) ~ u ... (! u c;. L 2 (Q), 

2 
B:W 

2 

o I 

(Q)!l\V 
2 

(Q ). 

az 
···+-.--• 

ax2 
n 

Ill 
HaeecTHo (eM., HanpHMep, cTp. 170), 'ITO cymecTeyeT HerrpepbiBHhii!: 

-I 
o6paTHhli!: orrepaTop B • PaccMaTpHeaeM onepaTop 

-I 
S ~ B A. 

121 B ll0K838HO, 'ITO s HMeeT IIOnHyiO CHCTeMy C06CTBeHHbiX cjlyHKUHi!:, 

HBnHIOlliHXCSI nonHHOMaMH. HacTOHIUaSI pa6oTa 

SIBHOT'O Bb!p8)KeHHSI 9THX C06CTBeHHblX cjlyHKUHi!: IIpH n = 2 H n = 3. 

1. DyCTb D = 2. fiBHOe Bblp8)KeHHe llnSI C06CTBeHHbiX cjlyHKUHi!: B cny-
131 

qae, KOT'Il8 n - Kpyr, 6binO HBi!:lleHO P.A.AneKCBHilPSIHOM • YKa)KeM 

3/leCb llpyroi!: CIIOC06 HBXO)KJleHHSI C06CT8eHHbiX QJYHKUHi!: B 9TOM cnyqae. 

xl w 2 ( n) 
2 

29-34). 

0 I I 1 I 
H w 2 ( n ) - rrpocTpaHCTBa Co6oneea ( CM. • CTp. 
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EcnH u - co6cTBeHHaR ¢YHKUHR orreRaTopa S , To oqeaHaHo y 
2 a u 

(2 -A)--+ (l -A) 
ax 2 

I 

u/ an = 0. 

TaKHM o6paaoM, HaM Hy)I(HO HaiiTB HeHyneBbte pemeHHR aaaaqH ( 1). 

(1) 

BocrronhayeMCR TeM, qTo annHnc MO)I(HO oTo6paaHTb B rrpRMoyronbHHK 

rrpeo6paaoaaHHeM, He MeHRIOIUHM aonHosoro ypaBHeHHR. DeiiCTBHTenbHo, 

HeTpyaHo rrposepHTb, qTo rrpeo6paaosaHHe 

XI 
, 

=sin 2 '.)2 11X 
I 

( 2) 

X sin 2 V 2 11 X 
2 2 

OT06pa)l(aeT ITpRMoyronbHHK CO CTOpOHaMH /l H _!.:f._ , HaKnOHOM CTOpOH 
0 2 2 

K KOOpaHH8THbiM OCRM 45 H ueHTpOM B Haqane KOOpaHH8T ( CM. pHCyHOK) 

B annHITC 

X I = COS 211 ( l + ~ ), 

(3) 
3 /l 

x = sin 211 ( t + - - -) 
2 4 2 • 

TaK,qTO ecnH Ha rrpRMOyronbHHKe B03bMeM 38 ITapaMeTp anHHy ayrH, OTCqH-

TbiBaeMyiO OT neBOf'O yrna, TO TOqKH ITpRMOyronbHHKa H annHrrca, COOTBeT

CTBYIOIUHe apyr apyry rrpH OTo6pa)l(eHHH, HMeiOT OaHH8KOBble 3HaqeHHR rrapa

MeTpa. ITpH STOM rrpeo6paaOB8HHe (2) He MeHHeT BHaa BOnHOBOf'O ypaBHe-

HaiiaeM ceiiqac co6cTBeHHbie ¢YHKUHH H co6cTBeHHble aHaqeHHH ans 

Kpyra 
2 2 

X I +X2 = l . ITocneaosaTenbHbiMH rrpeo6paaosaHHHMH W1 
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-------·· 
'I' 3 OT06pa3HM ero B ITpHMoyronbHHK: 

.f 

'I' 
1 

{

x =x' , 
1 1 

A-1 , 
x =v--x • 

2 2- A 2 

r .!..(xn 
II 

X 1 +X 2 ) ' 
'I' 

2 1 

2 
I _!_ (XII -XII ) ' X 
2 2 1 2 

c 
1 III 

X 1 = X 

~ 1 
'I' 

3 
II 1 III 

X ----- X 
2 

yA -1 
2 

r 
IV 

X = sin2 v2 TTX 
1 1 

'1'4 III - IV 
x 

2 
=sin 2 y2 TTX 

2 

r 
1 ( v v) 

X 1 --=X 
1

+x 
2 

, 

'I' 
y2 

5 IV 
= _L (x 

v v 
X 2 -x ). 

.j2 2 

'I' 1 , 'I' 2 , 'I' 3 , BbiiTOnHeHHbie rrocneAoBaTenbHO, rrpeo6paayroT eAHHH'IHyro 

OKpy)!{HOCTb B annHITC . ( 3) ( CM. pHCYHOK), rAe 

cosrrp. = 2 A- 3, 0<p.<1. (4) 

'1'4 rrpeo6paayeT 9TOT annHITC B ITpHMOyrOnbHHK 1 npeACTaBneHHbiti: Ha pH -
0 

cyHKe, a 'I' 5 rroaopa'IHBaeT 9TOT rrpRMoyronbHHK Ha 45 • 
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B pe3ynbT8Te 91lHHII'IHbiH Kpyr rrpeo6p83yeTCSI B IIpSIMOyronbHHK n p. 
p. 1-p. ; 

CO CTOpOH8MH 2 H -
2
-, II8p8nnenbHbiMH KOOpllHH8THbiM OCSIM. CooT-

B9TCTB9HHO yp8BH9HHe ( 1) IIpHM9T BHil 

(5) 

H H8lli8 381l8~8 CBOilHTCSI K BOIIpocy 0 TOM, IIpH K8KHX 3H8~9HHSIX p. ypaB

H9HH9 (5) HM99T H9TpHBHanbH09 pemeHHe, OOp8lli8IDlli99CSI B Hynb Ha rpaHH-

ue IIpSIMOyronbHHKa !} p. • 3Ty 38/la~y MO:li<HO pelliHTb p83JleneHH9M rrepe-

M9HHbiX. HmeM perneHHe B BHile 

H H8XOilHM llnSI p. 3H8~9HHSI 

k 
p.=----. 

k + e ( 6) 

rile k H f 

lPYHKUHH 6yllyT: 

uenbie HeoTpHU8TenbHbie. CooTBeTcTByiDmHe coocTBeHHbie 

sin.277 (k + f )x ~ sin277(k + f )x
2
V , ecnH k ~~THO H f ~eTHO, 

sin277(k+f )xv cos277(k+f )x v 
I 2 

ecnH k ~eTHO H f H9~9THO, 

COS 217 (k + f ) X V sin 217 ( k + f ) X V 
I 2 

ecnH k H9~9THO H f ~eTHO, 
( 7) 

ecnH k H9~9THO H f H9:'19TH0 0 
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Jif3 ( 4) H ( 6) H8XOAHM, 'iTO HCKOMbie C06CTBeHHbie 3H8'ieHHSI 6yAyT 

paBHhi: 

2 k 
1 +cos --

77 -. 
k + f 2 

v 
Bbtp8)1{8SI X I 

v 
H x 2 qepea x 1 H x 2 , rronyqaeM 

v 1 --- ---
X -- [ arc sin ( ..j ,\ - 1 x + x ..j 2- ,\ ) + 

I 4 77 I 2 

+arcsin(x ..j~I -x ..j2-A)]. 
1 2 

VI -- ---
x2 = --[arcsin(x ..jA- 1 +x ..j2-A )-

4 77 I 2 

- arc sin ( x 
1 
..j A -1 - x 2 ..j 2 -A ) ] . 

DoACTaBnSISI peaynhTBT B (7), rrocne Hecno)I{HbiX rrpeo6paaosaHH~ 

rronyqaeM cneAyJOmee Bbtpa)KeHJie AnSI co6cTBeHHhiX <jlyHKUH~: 

. k 77 k 77 k+l 
u=T 0 (x cos-- -+x sin---)+(-1) 

k+L I k+ f 2 2 k+ f 2 
T (x cos-~-!!... -x2 sin~ .::_), 

k+e 1 k+ e 2 k+ e 2 

rAe T n - rronHHOMbi 4e6btl1Iesa. 

Cnyqaii annHrrca 

CBOAHTCSI K cny~aJO Kpyra rrpeo6pa30B8HHeM 

I 
xt=atxl 

X =<8 X 
2 2 2 

8 
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DpH STOM ypaBHeHHe (1) rrpeo6paayeTcR B 

2 

(2-A)--1- a u < ) 1 --- A-1 -
a2 

I 
a x 1 2 a2 

I 2 

H Mhi rronyqaeM: 

TeopeMa 1. EcnH {} -snnHITC ( 8), T 0 orrepaTop S 

a2 2 k " A 0 = 1 + --cos --
k,L a k+f 2 

I 

H C06CTB9HHbi9 <jlyHKUHH 

T (x' k " x2 k " k+t x, k " x2 k " k+f - cos-k-;- +-sin---)+ (-1) T +f (-cos- ___ sin __ -). 
a1 +L 2 a 2 k+f 2 k a 

1 
k+f 2 a

2 
k+f 2 

2. DycTb n = 3 H {} - snnHITCOH.ll 

( 9) 

DycTb u ( x , x , x ) 
I 2 3 - C06CTB9HH8R <jlyHKUHR, COOTB9TCTBYIDW8R H9K0-

/2/ 
• Toraa u ecTb rronHHOM, o6pama-TopoMy co6cTBeHHoMy aHaqeHHID A 

IDWHHCR B Hynh H8 I'p8HHU9 H Y.llOBneTBOpRIDWHH ypaBH9HHID 

( 10) 

BBeaeM o6oaHaqeHHe: 

II =_/A- 1_ 
r V 2- A ' 

caenaeM aaMeHy rrepeMeHHhiX: 

1 ,z )=u(-- z
1 3 i IL • z 2 • z 3 ). 
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Tor.oa v(z 1 ,z2 ,z3)- nonHHoM, y.oosneT~rpsnomHA ypaBHeHHIO 

a 2 v a 2v a 2v 
--2 + --2- + --2- = 0 
az, az2 az3 

H o6pamaiOmHAcH B Hyn& Ha rHnep6onoH.oe 

2 2 
z, z 2 

2 

----+--+ ~-I =0. 

l1meM v 

m 

G (z 
n 

r.oe a 1 

p.2a2 a2 
I 2 

a2 
3 

/4/ 
B BH,lle annHDCOH.oanbHOft rapMOHHqeCKOft ~yHKUHH 

;a
1
,a

2
,a

3
)= 

- npoHason&Hbie napaMeTpbi, a El P a 
2 

( 11) 

( 12) 

(13) 

UHH naMMe E:(e; a 2,, a; 'a32 ). no.o6epeM a, ,a2, a3 TaK, 

qT06bi K8KOA-HH6y.llb H3 MHO*HTeneft npOH3Be,lleHHH B (13) COBna.oan C nesoft 

qaCTbiO ( 12) • nocMOTpHM 1 npH KSKHX 3HaqeHHHX 3TO B03MO*HOe nycTb npH 

HeKOTOpOM p HMeeT MeCTO 

2 
+ e 2 2 

a =-p. a 
I p I 

a2 +8 a 2 
2 p 2 

a2 +8 a2 
3 p 3 

0TCIO.ll8 nonyqaeM 

) ,.o. 
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¥13 rrocneaaero paBeHCTBa BbiTeKaeT / 

m 
E (O;-p. 2 a 2 

n I ' 

T8K K8K ¢yHKUHH naMMe YllOBneTBOpSIIOT COOTHOllleHHIO 

Emn(®+ (;a~- (;a; -(,a :-()=E:(® ;alz ,a2z,a 23). 

PaBeHCTBO ( 14) HaKnallbiBaeT Tpe6yeMoe ycnoBHe aa p. 

(14) 

TaKHM o6pa30M 1 ecnH p. yaoBneTBopHeT ( 14), TO annHrrcoHaanbHaH 

rapMOHHqecKaSI ¢yHKUHSI 

(15) 

o6palllaeTCSI B Hynb Ha I'HIIep6onOH)le (12), TaK KaK K8KOH-HH6yllb H3 MHO

*HTeneH B rrpoH3Be)leHHH (13) coBrraaaeT c neBoA qacTbiO (12). KpoMe 

TOI'0 1 IIOCKOnbKy v ( z 1 , z 2 , z·a) - rapMOHHqecKaSI ¢yHKUHS1 1 TO OHa 

yaoBneTBOpHeT ypaBHeHHIO (11). M3 aToro cneayeT, qTo ¢yHKUHSI 

(16) 

YllOBneTBOpHeT (10) H 06pamaeTCH B Hynb H8 annHIICOHJle (9) 1 T.e. HBnH

eTCH C06CTBeHHOH ¢yHKUHeH HallleH 38)laqH, COOTBeTCTBYIOllleH co6CTBeHHOMy 

2 

A =~L--. 
l + IL 2 

(17) 
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l1TaK, rrony'Innn cnenyJOmnii peaynbTaT: l 
Teo p eM a 2. E c n n IL - K ope H b y p a B He H n H ( 14), To 

cf>yHKUllSI (16)- C06CTBeHHaSI <jlyHKUllSI orrepaTopa 5 2 

BeTCTBYJ01IIaSI C06CTBeHHOMy 3Ha'!eHHIO (17), 

TaK KaK Bee co6cTBeHHhle 3Ha'!eHHSI orrepaTopa s2 HaXOllSITCSI 

B nHTepsane ( 1,.2), To IL 2 nonxmo 6biTb rronO)I(HTenbHo. Dony'!aeM 

C n e ll C T B H e, D p H n 10 6 bl X semecTBeHHhiX a , a , a 
I 2 3 

KOpHH ypaBHeHHSI (rro v·) 

0 T pH U a Ten b H bl, 

COOT-

OcTaeTCH OTKpbiThiM sorrpoc, rrony'!aeM nH Mbi TaKHM o6paaoM see 

co6CTBeHHhle cf>yHKUllH, 
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