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PaCCMOTpHM' o6naCTb n • IIOK838HHYIO Ha puc. 111 
(eM. , CTp.296). 

0Ha 'o6na)laeT cne)lyiOUlHM CBOHCTBOM! B K8)KJlOH TO'IKe X = ( x I, X 
2 

) I'pa

HHllbl a 0 9JlHHH'IH85I BH91UH5I5I HOpManb ·~(X) =(VI (x ) , V 
2 

(x )) YllOB

neTBOp5IeT COOTH01U9HH5IM 

". 

lv
1 

(_x) 1.~ .1 v
2 

( x)j, x
1 

v
1 
(x)~O . 

BBelleM • H9KOTOpb!9 0603H8'I9HH5I. lfepe3 W 2 ( 0 ) 
0 

W I ( 0 ) n W r ( 0 ) C MeTpHKOH W r ( 0 ) 
2 2 2 

az a2 a2 a2 
(1,2-+--, !B,=--+ 

ax: ax~ ax~ ax: 

IIpOCTpaHCTBO 

, OrrpeJlenaM orrepaTopbi: 

2 

A2 : ~ 2 < n ) .;> u ... C£ u ~ L 
2 

( n ) , 

B 2 : w ~ (0 ) ;;1 u ... !B u r;;; L 
2 

(0 ). 
0 

xl 
o6oaHa'IHM 

TiyCTb 

xl r o r ' Ill · 
W 2 ( 0 ) H W 2 ( 0 ) - IlpOCTpaHCTBa Co6oneBa ( CMe CTp. 29 H 34) • 

0HH fHnh6epTOBbl H CKBn5IpHoe 1IpOH3B9Jl9HHe B W 
2
'( 0 ) OllpeJleneHo cne-. 

llYIOIUHM o6pa30M! 

~-- a -u--
(u,v) =fu(x)v(x)dx+ I ((D u)(x)(D u)(x)dx, a=(a , •. ,a ), lal=a+ •• +a • 

r 0 jaj::r !} I · n , I n 
lfepea (., • ) ', o6oana'IHM CKan5IpHoe npouaBeJleHae B L 
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KaK H3BeCTHo eM., HarrpnMep , cTp.· 176 , , onepaTophi A 2·· n 8 2 , , 

SIBlH!lOTCSI I"OMeOMop4JH3M8MH Me:lKllY npocTpaHCTBaMH w 2 (0) H L ( 0 ) . ,' 
0 2 2 , 

Cnet:t'oBaTen~Ho, onepaTop 

-I 
S 2=8 2 A 2 \ 

oToopamaeT roMeoMop4JHo W2(n) 
o2 

Ha ce6st. Uenb HacTostmeii:. pa6()Thi -

ll0K838Tb HanH'lHe OCTaTOIJHOI"O CIIeKTpa Y S 
2 

• 06o3Ha'lHM qepea S , 0 

38MbiKaHne s 2 no MeTpHKe L 2 ( 0) • MomHo IIOK838Tb, 'ITO s 0 SIB-

n~eTCSI roMeoMop4JnaMoM. L 2 (0) na ce6SI. C¢op~ynnpyeM HeK?TOpbie Bcno

MOI"aTenhHbie npet:tnO?KeHnst. 

neMMa 1. J1 MeeT MeCTO paBeHCTBO 

S* =A 8-
1

• 
0 2 2 

iloKa3aTenbCTBO. 06oaHa'lHM qepea G ( x; y ) .PYHKU HJO fpnHa t:tnst orr epa T0-
2 -1 2 

pa 8 2 • llycTb u (;; w2 (n) H f (;; L ({}) • Tort:ta 8 f (;; w (n) I{ HMe-
0 2. 2 0 2 

eM 

-1 

A 2 8 2 f , u ) 
-1 - -1 -

=f(A 2 8 2 f )udx=f(8 f)A udx= o ., . o 2 2 

=fA udxJG(x;y)f(y)dy= Jf(y)dyJG (x;y)(A u )(x')dx= 
0 2 n o. n 2 

== f f (y) d y f G (. y ; x )( A u)(, x) d x = f f (y) ( 8 - 1 A u )( )t) d y = 
2 n 2 2 , o o •• . . 

= ( f -l 
,8

2 
A

2
u >= (f. s 0 u ). 

2 
, TaK KaK ~ 2 (0) nnoTHO B L 2 (n ) H So HenpepbiBeH B L 2( 0) 

( 1 ) cnet:tyeT neMMa 1. 
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neMMa 2, CymecTsyeT OKpeCTHOCTb TO'IKH 3/2 I rrpn:HannemamaSI crreKT-

py o~~paTopa S 2 I Ho He co.gepmamaSI co6cTBeHHbiX a~~~e~~il: S 2 • . 
. . : . .. . - /1/ ..... 

3To yTsemneHHe cnenyeT HerrocpericTBeHHo n:a pa6oT (cTp, 289, 

295) H 
/2/ 

neMM8 3, 3ana'la, 

Ou a2
u 

ax
2 
1 

2 
au =o, - _. -2 

ax2 
. (2) 

' ~- ' 

u/.an =0 

HMeeT HeHynesoe cna6oe pemeHHe H3 L 2( n) I T,e. cymeCTByeT <byHKUHSI 

u ~ L (fl) TaKaSII 'ITO .gnSI Kam.goro 
2 

(u, 0v)=0. 

v <;. w 2 (n) 
0 2 -

Bb!IlOnHeHO 

ilPH 9TOM IlPH AOCT8TO'IHO M8nbiX H3M9H9HHSIX x/ o6naCTH n 
BO COXpaHSieTCSI, 

(3) 

9TO CBOil:CT-

• noK83aTenbCTBO 9TOil: neMMbl conepmHTCSI B /1/ (cTp, 302), ' 

TeopeMa 1. CymecTsyeT oKpeCTHOCTb TO'IKH 3/2, Kam.gaSI TO'IKa KOTo

poil: smnSieTCSI co6cTB_!:LHJ:Il>IM aaa'leHHeM orrepaTopa So 

noKa3aTenbCTBO, ilOK8)1(9M 1 'ITO ecnH u - cna6oe pemeHHe aana<m 

(2) 1 TO OHO SIBmieTCSI C06CTB9HHOil: ~YHKUHeil: orrepaTopa So , COOTBeTCT

BYIOII!eil: C06CTB9HHOMY 3H8'19HHIO 3/2, neil:CTBHTenbH01 . paBeHCTBO (3) MO)I(HO 

38IlHC8Tb B BHA9 

3 
( u , ( A - - B ) v ) = 0. 

2 2 2 (4) 

x/ n• 
06nacTb •• 

6.iJn:aKa K an 
H83b!BaeM 6nH3KOil: K n , ecnn: ee rpaHHUB an • 

B CMbiCne paBHOMepHOil: 6nH30CTH .~YHKUHil: ,aa.rtaiOII!HX ItO-

BepXHOCTb BM9CT9 C rtepBbiMH HX ItpOH3BO.rlHblMH, 
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t 
\1,~ 

if 

I 
l· 

\l 
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t 
I 
I 
l 
) 
-~ 

0603Ha'IHM 

Torna g~L(n) 
2 

H 

, . 

B v = g • 
2 

-1 
V.= B g 

•·2 

lloncTasnSISI (6) B (4), rrony'laeM' 

I1a (7) H neMMbi 

-I 
( u ,A2 B2 g 

cnenyeT 

(S
0

u 3 
--u 

2 

3 2g ) = o. 

'g >= o. 

CooTHomeHHe (8) crrpasennn:so nnSI n~6oro 

· ..... 

g~L(n) 
2 2 -

CrtpasennHBO .rtnSI nro60I'O V <;, W 
2

( n ) H ( 5) yCTBHaBnHI 
0 -

2 
O.rtH03H8'1HOe COOTB9TCTBHe M9?KAY ·W 

2
( n ) . H 

. . 0 

cne.nyeT 

S
0

u 3 - -u 
2 

0, 

L en> 
2 

T.e. u - C06CTB~H!18SI ~YHKUHSI orrepaTopa . So 

·' 3! 

C C< 

3Ha'lean:eM 3_12, TaK KaK, cornacHo neMMe 3, cymecTBOBaH 

HHil: 38,((8'11i (2) COXpaHSI9TCSI Ilpli .rlOCTaTO'IHO MBnbiX H3M€ 

n , TO MO)I(HO IlOCTpOHTb C06CTBeHHbl9 ~YHKUHH orrepaTO 

CTB9HHbiMH 3H8'19HHSIMH 1 aarronHSIIOII!HMH H9KOTopyiO OKpeC'I 

TeopeMa .noKaaaHa, 
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npHH'anne)l(aiUaSI cneKT

·IX 3H8'19.!1Hll S 2 , . 

· · /1 I · · · ' 
Ja6oT (cTp, 289, 
' . . . . 

I (2) 

cymeCTByeT ffiyHKUHSI 

ronHeHO 

(3) 

lnaCTH 0 8TO CBOHCT-

/ ( CTp, 302) o 
1

' 

12, K8)1(ll8SI TO'IKa KOTO-

,_._.·_. 

a6oe pemeHHe aanaqH 

·opa S o ·, COOTB9TCT-

J, p_aB9HCTBO ( 3) MO)I(HO 

(4) 

. ee I'paHHUa a 0 ' 
lYHKUHll 03anaiOlUHX no-

0603Ha'IHM 

Toi'na g(;L(O) 
2 

I{ 

B v = g • 
2 

-1 
v=B g 

•2 

TI o.itcTaBnSISI ( 6) B ( 4), nonyqaeM 

-1 3 
( u ,·A2 8 2 g - -g ) = 0. 

2 

11a (7) H neMMbi 1 cnenyeT 

3 --u 
2 

• g )= o. 

CooTHOIUeHHe (8) cnpaBennHBO nnSI n~6oi'o 

(5) 

(6) 

(7) 

(8) 

., 
g(;L(O) 

2 
'· TaK KaK (4) 

2 
cnpaBellnHBO gng mo60I'O V <;., W 2( 0 ) H (5) ycTaHaBnHB89T B38HMHO 

0 

OllH03H8'1H09 COOTB9TCTBH9 M9?KllY W !< 0 ) , H 
0 

3 - -u 
2 

0, 

L (0) 
2 

u co6cTBeHHaSI ¢YHKUHSI onepaTopa . S0 

.• 3H8'1HT, H~ (8)' 

3Ha'leHHeM 3/2, TaK KaK, coi'naclio neMMe 3, cymecTBOBaHHe cna6hiX peme

HHii: 38ll8'1H (2) COXpaHSI9TCSI npH llOCT8TO'IHO ManhiX H3M9H9HHSIX o6naCTH 

, _TO MO)I(HO UOCTpOHTb C06CTB9HHbl9 <fJyHKUHH onepaTOpa S '
0 

c co6-.. 
CTB9HHbiMH 3Ha'I9HHSIMH, aanonHSIIOlUHMH H9KOTOpyiO 0Kp9CTHOCTb TO'IKH 3/2~ 

TeopeMa noKaaaHa, 
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-1 -1 
fleMMa 4~ CymecTBYJOT A*- 2 1 8 * 2 H HMeJOT- MeCTO paBeHCTBa 

-1 -1 . 
A*=S (8 

2 0 2 

-1 . 
+8 ), 

2 

-1 
B* 

2 

-1 

""8 2 +B 2 (9} 

lloKa3aTenbCTBOI TaK KaK A2 
H 8 2 

OT06pa)K810T I"OMeOMop¢HO 

w 2 
( o) Ha L (0) 

0 2 2 
1 

TO A; H 8; cymeCTBYIOT H OT06pa)K.810T I"OMe~ 
2 ( -1 -1 

Mop¢ao L 2(0) aa w 2 0) I 3Ha'IHT, cymeCTBYIOT A * H 8 * . 
0 t 2 2 

0 4 2 -1 6 . 2 
• TorJla 8 2 v -"! 2 (n) H B 2 vt;;;! 2 (n)C!. 2W) TiycTb v <;;. W 2 ({}) 

/1/ 
( CM1 1 CTP1 170}, Cl;lellOBa TenhHO, 

-1 -1 -1 
f::S (B +B )v ::S 

0 2. 2 2 

(B +8 -~v::A- 18 (8 +8-
1

h<e.W
2

2
(n). (10} 

2 2 22 2 2 0 

0TcroJla nony'laeM 

0 2 . 
TiyCTb u t;;; W 2 ( 0 ) 

2 
A 2 £ = v + 8 2 v • 

I 11a (11} nony'laeM 

f(A f)iidx:: f(v+8
2
v)iidx. 

o 2 o 2 -

(11} 

( 12) 

Tiocne HHTei"pHpOB8HHH llO '18CTHM H3 (12} nony'laeM 

- a2 a2- a2 
(f 1 A 

2 
u):: f v u dx + f (-v- __ u_ + 2 __ v_ 

. . . 0 rr ax 21 ax 21 . ax1 ax2 

2-_a __ u_+ ••• )dx. 

: a X 1 ax 2 ( 13 } 

,; ( v 'u'' )2. 
I 

TioJlcTaBnHH croJla f H3 ( 10), nony'!aeM 

-1 -1 ' 
( S ( 8 + B ) v , A u ) ,.( v, u ) 

0 2 2 2 2 

(14) 

8 

' 0 . 

Tiocne.r:iaee COOTHOIDeHHe Mbl ·noKa3anH TOnbKO JlliH V !;; W 
4 

(! 
' ' ' 2 

0 4 0 "2 
Ho TaK KaK W2 (0) H W 2 (0) nnoT.Hbr B W2

2
(0) H om 

H s~ I ( 8 2 + B; 1 ) Henpepb!BHO OT06pa)Ka;T ' 'X 
2 

2(0.) Ha 
2 

( 13} cnP,aBennHBO npH nro6htX u, v ~;;_! 2 ( 0) I .llnH nro6orc 
. 2 . 

)!{eM onpellenHTb u G-.W 2 (0) TaK, 'IT06ht A u "' g • TorJ 
0 • 2 

'Ia eM 

-I -1 -1 
(S

0 
(8

2
+8

2 
) v,g),(v,A 2 g ) 2 • 

J1s (15} cneJlyeT nepBOe COOTHOIDeHHe (9}, AaanOI"H'IHO MC 

H BTOpOe paBeHCTBO ( 9), fleMM8 4 Jl0K838H81 

.lloKa)KeM OCHOBHYIO TeopeMy H8CTOHmeii: pa60Tbl, 

TeopeMa ~. CymecTByeT oKpecTHOCTb' TO'IKH 3/2~ 'cot 

TaTO'IHOM cneKTpe· onepaTopa S2 • 

.lloKasaTenbCTBO. TiycTb Ul - nepece'leHHe oKpecTH< 

Hb!X B neMMe 2 H TeopeMe 1. n OKa)KeM, 'ITO K8)KL18H TO'IK 

TO'IKOfi ocTaTo'IHOI"O cneKTpa onepaTopa S 2 

Me 1 A ·- co6cTBeHHOe aHa'leHHe S 0 

co6CTBeHH8H ¢yHKUHSI, J1MeeM 

S
0

g -Ag::O. 

• TiycTb A 

H nycTb g-

' 2 
Onpe]lenHM ¢yHKUHIO u t;;; w 2 ( 0 ) H3 ypaBHeHHSI 

o, 

-1 
8 u +B u =g. 

2 2 

3To'·'Mo)KH6 cnenaTb. cneJlyromHM · o6pasoM': onpellensteM ¢) 

YLlOBneTBOpHIOIDYJO ypaBHeHHIO 
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MeiOT MeCTO paBeHCTBa 

·I 
(9) 

5pa>KaiOT I'OMeOMOPtPHO 

l' H. OT06pa>K.8IOT I'OMe~ 
T A*-1; 8*-1 

"2 H 2 • 

8- I I; W 6 (n ) C W 2 ( n ) 
2v o2 "o2•• 

' -I ' 2' 
8'+8 )vt;.W ({}). (10) 

2 2 0 2 ' 

( 11 ) 

( 12) 

!M 

(14) 

I 
'f 

! 
i· 
! 

i 

TiocnenHee COOTHOW9HHe Mbl ]lOKa?anH TOnbKO ]ll:!SI V .I; W: (0) 
o4 o 

Ho TaK KaK W
2 

(0) H W~(O) nnoTilhr B ! 2
2 (0) H onepaTopbiA 2 

H s~ I ( B 2 + 8; I ) aenpepb!BHO OT06pa>KaiOT 'X 2 
2({}) 

2 
(13) cnpaBennHBO npH ni06biX u' v I; ! 2 ( 0) • .UnSI ni060I'~ g c;. L2({}) 

2 
>KeM onpenenHTh u <;.W 2 (0) TaK, 'IT06hi A u = g ~ Torna H3 ( 14) 

0 2 

Ha L 
2 
(0) t TO" 

nony-

qaeM 
'"' 

l13 ( 15) cnenyeT nepBOe COOTHOW9HH9 (9). AaanOI'H'IliO MO>KHO Jl0K838Tb 

H BTOpOe paBeHCTBO (9), JleMM8 4 ]lOK838H8. 

.UoKa>KeM OCHOBHYIO TeopeMy H8CTOSIW9H pa6oThl. 

TeopeMa :.:!. CywecTByeT oKpecraocTh' TO'IKH 3/2, conep>KaWaSICSI B oc

TaTo'IHOM cneKTpe onepaTOpa S2 

.UoKaSaTenhCTBO. TiycTh w - nepece'leHHe oKpecTf!OCTefi, onpeneneH-

HbiX B neMM9 2 H TeopeMe 1. TioKa>KeM, 'ITO ·Ka>Kil8SI TO'IKa W 

• TiycTh ,\ I; W • Tio Teope-. 
TO'IKOH OCTaTO'IHOI'O cneKTpa onepaTOpa S2 .. 
Me 1 ,\ . - C06CTB9HH09 3H8'19HHe S 0 

H nycTb g - COOTB9TCTBYIOW8SI 

C06CTBeHH8SI tPYHKUHSI. l1 M99M 

( 16) 

2 
0npenenHM tPYHKUHIO U ~ W 2 ( 0 ) H3 ypaBH9HHSI 

0, 

(17) 

3To''Mo~H6 cAenaTh. cnenyiOWHM o6pa3oM: onpenenSJeM tiJyHKUHIO. w I; \!
2

2 ( 0 ), 

ynoBneTBOpSIIOWYIO ypaBHeHHIO 
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1', 
:: 

~ i 

B
2

w,+iw=g; .. t. 
(18} 

4 

]lanbUie onpeJlenSieM v ~ W {n ) 
0 2 

yJloBneTBOpSiroUiyro ypaBHeHHID 

B
2
v-iv,.w; (19} 

2 . 
TOI']la U ,8

2 
V ~ ! 

2 
{ {l) H yJlOSneTBOpSieT {17}; ]leRCTBHTenbHO, TaK 

KaK w I an =0 ' TO, cor•nacHO (19)' 

{8 v-iv) ;an ...,o; 
2 

H3 (20} H viafl=O cne]lyeT ujafl,. {8 v)/afl=0 
2 

cne11yeT l17). 

Ha (16} H (17) cne11yeT 

l20} 

H3 (18} H (19) 

-1 -1 
8 u +8 u -.AS { 

-1 
8 u +8 u )=0. 

2 2 . 
(21) 

2 2 0 

CpaBHHBaSI (21) H l9), nonyqaeM 

OTcroJla 

,\ 

-1 -1 

8 ~ u - .A A~ u "' 0. 

S * u - Au "'0, 
2 

~ co6cTBeaaoe aHa'leHHe onepaTopa S* 2 

:(22) 

• C Jlpyroit CTOpOHb1 1 

T.e. 
TaK KaK A~ w , To, cornacao neMMe 2, A ae SIBnSieTCSI ,co5cTBeH-

( ' /3/ ) 
HbiM 3Ha'JeHH9M onepaTopa S 

2 
• 3TO IIOKa3biBaeT CM. 1 CTp. 621 , 

'ITO' A - TO'lKa OCTaTO'lHOI'O CIIeKTpa S 2 
• TeopeMa 2 JlOKa3aHa. 

10 

-._;.: 

";·~ .~:- ~. · ... --

. . --, 

,: ... 
_t;J 

,;,, 

.·., 
<,,,. _ _. 

n H , T e p ··a T y p a : · 

1; IO.M. Eepe3aHCKHi1. Paano)!{eHHe no co6cTBeHHbiM <Pym 

.. . *eHHbiX. onepaTopg~; Hall. "HayK~Ba llYMKa", KHeB 191 

2;R·. De~chev. Preprint JINR, Dubna, E5-36.15 (196~ 

3. H • .Uaa<PopJl H n)!{. T; lliBapu. nHaei1Hbie onepaTOpbi, 'I 

nHT. , MocKBa 1962. 

PyK,OIIHCb nocTynHna B 1 

3 ]leKa6pSI 1969 

. ·.11 



,\ 

( 18) 

IOIUYIO ypaBHeHHlO 

{19) 

); .lleHCTBHTenbH01 TaK 

(20) 

H3 (18) H (19) 

u )~. (21) 

(22) 

*' c npyroil CTOpOHhl 1 
2 

He HBnHeTCSl,C06CTBeH~ 

(eM. 
/3/ 621), 1aeT ' 

CTp, 

TeopeMa 2 .llOKa3aHa, 

F 
I ,_. t 

'-, ~ I,','~ •" ' 

·~. '· . 

'. 

n H T e p a T y p a 

· ~ ,'· IO,M, EepesancKnH:. P asnmKeHne no co6cTBeHHhiM ljlyHKUHHM caMoconpH

*eHHhiX onepaTopoB; Hsn. "HayKoBa .llYMKa", KneB 1965, 
. ' 

2,R, Denchev, Preprint JINR, Dubna, E5-3615 (1967), 

. ~ 3. H. ,llaa¢>op.n H n)K. T. lllaapu. nHHeiiHbie onepaTOpbi, T, 1' Han. HH • . 

·. 

.. . . . , 

11). 

... 

nuT, , MocKBa 1962, 

.. 

... 

.. 

PyK.onncb nocTynnna B nsnaTenbCKHH oTnen 

3 neKa6pH•, 1969 rona, 

' . 

I J •• 

. 11 

".··· 

: "'"f 

·, 


