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OB O~HOM PA3HOCTHOM METO~E PEIDEHHH 
HERHHEAHWX HHTErPAnbHHX YPABHEHHA 

HanpasneHo B mypHan 

• MaTeMaTK'IeCKKe aaMeTKK" . 



B pa6oTe 1~1 paccuaTpHBanoc» HenHHe~Hoe HHTerpan»HOe ypaB-

HeHHe BH~a ' 

Au (X)= u (X) - ! f (X' ~ ' u (~)) d s = 0 • 
(I) 

(A. (l) 

B npocTpaHCTBe JlznmH~a C 'J (a.,. 

ro napaueTpa t ypaBHeH~Ie (I) 

MeTO~OU BBe~eHHH HenpepHBHO

npHBO~HHOC» K ZHTerpo-~H~epeH~-

an»HO~ czcTeMe, nzHekiHo~ npH !flzKcHpoBaHHOM t . B npe~nonozeHHZ 

cy~eCTBOBaHHH U*(X) - JIOKaHH3yeuoro pemeHHH ypaBHeHHH (I) -

~OKa38.HO, qTO pemeHHe TaKO~ CHCT814bl npz t-oo CTa6ZJIH3ZpyeTCH 

K U If- (X). nnH pemeHHH nonylleHHOlt CHCT8Mbl npe~naranac» pa3HOCT

H8.H cxeMa, HBJIH~~aHCH peaJIH3a~elt ueTo~a nouaHhlX 9~nepa ~JIH one-

paTopHoro ypaBHeHHH. 
B HaCTOH~e~ pa6oTe nepexo~ K pa3HOCTHOlt annpoKcHua~HH 

HCXO~HOrO ypaBHeHHH (I) ocy~eCTBJIH8TCH e~e ~0 BBe~eHHH HertpepblB

HOrO napaueTpa t , a noTOM ~nH pemeHHH nonyllHBme~cH HenzHea

HOki C!t1CT8Mbl anre6paHqeCK!t1X ypaBHeHH~ HCll0Jln3Y8TCH TOT ~e Henpe

pb!BHbll1 aHaJior !!eTO;I(a Hl>llt"OHa, qTO H B /I/ . nzcKpeTZ3HPYH t 
uo~Ho no~yqHT» qHcneHHYID cxeuy, coBn~a~~Y~ c qJt1cneHHOlt cxeuolt 

pa6oTb! /I/. O~HaKO no~xo~, npe~naraeub!lt 3~ec», npH BblnonHeHHH 

YCJIOBHI1 TeopeMhl , ~OKa3aHHOlt B pa6oTe /I/ , IT03BOJIHeT ~oKa3aT» 
cy~eCTBOBaHHe peweHZH nonyqeHHOlt pa3HOCTHO£t CXeYH H CXO~HYOCTD 
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nonsqegHoro B peayn~TaTe ee peanzaagHH pemeHHH K peweHH~ ypaBHe

HHH (I) npH CTpeMH!IIHXCH I< Hyn~ mar ax IIO rrepeMeHHhUI ~ H t 
He3aBHCHMO OT COOTHOmeHHH ue~~y STHMH waraMH. 

I 
Boa~ueu ~enoe rronozzTen~Hoe N H pa300beM·orpe3ox 

(a,t ) Ha N paBHwc oTpeaKoB ~JIHHhl lt-=(C-a)/1'1. OJ JfJl:6·oR 

( ) 
(L) 

¢YHKUHeR U. ::x. rrpocTpaHCTBa Jhmmzga Cra..,t) ( T .e. no~npocT-

paacTBa npocTpaHCTBa c (CL,&) HerrpepbiBHWC Ha ( a," ) WYHK~H~' 
y~OBJieTBOpHD!IIHX ~OIIOJIHHTeJI»HO YCJIOBH~ ]znmzga) YOZeT 6biT~ COITOC

TaBJieHO N +I q:11cno : 

Uo = U(a.), U..~ = U(o..+h.), .. . , UI<=U(a+kh..), ... U,.;=U.{l). (2) 
Ey~eu paCCMaTpHBaT~ STM qMcna KaK KOOp~HHaTbl BeKTOpa 

~(Uo,Ul, .... UrJ ), KOTOphl~ Mhl 6y~eM Ha3hiBaTD CeTOillibiY 

06pa30M ~YHKgHH LL(JC) • ~JIH KpaTKOCTH 0603HaqeHM~ HH~eKC 

~ BeKTopoB i1 h.. Ubi uozeu B ~an~He~meu onycTHT», He aa6biBaH_~ 

O~HaKO, 0 B03pacTaHl'JH paauepHOCTM BeitTOpOB [L C yMeHDUleHHeM h . 

B N +I - MepHoM BeKTOPHOM npocTpaHCTBe [!h BBe~eu Hopuy 
- IlL"., -U~e. I II Ul/ = m~x {U~<I + ma.x It . (3) 

HeTpy~Ho noKaaaT~, qTo (Jh c Hopuo~ (3) 6y~eT B - npocTpaHcT

BOM. 

EcJil'l aaMeHHT~ MHTerpan B (I) cyYMO~, COOTBeTCTBYD!IIe~ TOqKaM 

~eJieHHH Q,Q-1-h, ... Q+Ktr, ... ,/, , Mbl npM~eM K HeJIHHe~HO~ CHCTeMe 

za ( N-+ i )-ro anre6paHqecKoro ypaBHeHHH OTHOCHTeJI~Ho N+I-o~ 

HeH3BeCTHO~ KOMIIOHeHTbl BeRTOpa U 
Ill 

U o - h L f (a, a+ 1<h , u I( ) = o 
/(•) 

u,-h f. f(a- -'h a-+kh,ui()=O 
/(•1 1 

( 4) 

________ ,_ ______ _ 
N 

UrJ -h I f ( g, a+ kh., u") = o 
l(cf 
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9Ta CHCTeMa, HBJIHD!IIaflcH paaHOCTHhiM aHanorou ypaBHeHHH (I), 
onpe~enHeT B U h orrepaTopHoe ypaBHeHMe 

Bh c a)= o. ( 4 ' ) 

OrrepaTop B h ( (i) rrepeBo~MT BeKTOphl U. B BeKTOphl Toro JKe BH~~ 

C HOpMO~ (3), T.e. OT06paJKaeT npOCTpaHCTBO Uh_ B ce6H. 

nnfl yeweHHH (4 1
) BOCROJI~ayeMCH HenpepbiBHbiU aHanOrOM MeTO~a 

H~DTOHa 121 . Ey~eM cqHTaT~ KOMIIOHeHThl BeKTopa L2 HenpepbiBHO 

~M~epeHUMpyeMbiMH WYHKUHHMH napaueTpa t , T.e. nepe~~eM B 

IIpOCTpaHCTBO V = Uh x[ O,eeJ. 

B npocTpa~TBe \{ paccuoTpHM KpaeByD a~aqy ~JIH ~H~epeH-

gHan1Horo ypaBHeHHH 

da (tJ ::[B~T1Bhfl(t), u(o)=iio (5) 

nanee Mbl ~OKaxeu, qTo ecnH Jt ~OCTaTOqHQ MaliO H BbiTIOJIHeHbl 

YCJIOBHH TeopeMbl (I) H3 paOoTb/l/, TO ~Jia KpaeBon 3~aqH (5) Oy~yT 
crrpaBe~JIHBhl rpeOoBaHMH reopeuhl (I) paOorhl/2/. 

llpHBe~eu co~epzaHHe aTo~ TeopeMhl. 

PemaeTcH ypaBHeHHe, lf (X) = 0 , r~e y = l.f ( x) - onepaTop, 

rrepeBO~H!IIH~ IIPOCTpaHCTBO EaHaxa )( B IIpOCTpaHCTEO BaHaxa )'. 

'1eopew I( cw/ 21). ITy CT~ E c¢epe II X -:xo/f < K fllf (':X.o )I/ (Jf) 

cymecTEyeT npOH3BO~HaH ~pewe ~~JC) H JIHHC~HaH npOH3EO~HaH raTO 
toll , 0 , ,o' -t 
"'1 ( x) , npzqeu nHHe~Hhl~ onepaTop .., ( x) :1111eeT o6paTHhl~ ., txJ ., 

MH KOTOporo B~IIOJIHeHO HepaBeHCTBO //lf I ( xr' II ~ K ' 
Q. lfn (X) OrpaHMqeHa B OKpeCTHOCTM K~~O~ TOqK:I'J :1'13 Ccpepbl ( *" ) • 

..1) \.1 

Tor~a: I). YpaBHeHHe X'=-lf 1
(xf

1 lfrxJ,X(oJ:Xo,r;a,e Xo co~eplltHTCfl 

E c~epe ( * ) , wweeT pemeHHe .:r:: x(t) ~JIH aHaqeHM~ t E rrpo-

uelltyTKe 0 ~ t < oo , rrpztreM ero aHatreHHH nelltaT B ccpepe ( 'If ) • 

2). CymecTEyeT npe~en ti.m ::c (i)= x* , cJiyJKal!\H~ KOpHeM Lf r~). 
t-+ot> 
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' 

M~ ~on~H~ npoBepHTD BHnonHHMOCTb ycnoBma Teopeu~ pa6oT~/2/~ 
HCXO~fl H3 OCHOBH~ np~~nOCNHOK OTHOCHT8HDH0 HHTe~panbHOrO ypaB

HeHHfl (I), crpopMynHpoBaH!t~ B TeopeMe I pa6oT~ III: 
(L} 

A). IIycTb BHYTPR aru.JKHyTon o6JiacTH ]) € C ra.,IJ cyll\ecTByeT 

LL~(x)- e~HHCTBeHHoe peweHRe ypaBHeHRfl (I). B cnyqae Hee~KH

CTBeHHOCTH npe~noJiaraeTcH, qTo D BXO.ztHT B o6JiaCTb JIOKaJIHaau~m 

l 1 
(L} 

peweHRfl, T.e. B o6naCTb l(x)£:u(:x)£: r:xJ ~ z , 6 Cra,IJ • 

~yHK!lHfl f ( x, s, u) B (I) npe,ztnoJiaraeTcfl Henpep~BHOit 

no COBOKynHOCTH nepeMeHH~, ABrul~~ Henpep~BHO ~H~epeHUHpyeuoit 

no U H y~oBJieTBopHIOil\ei! B D ycnoBHIO JlHnmHua no x 

BloleCTe C npOH3BO~HOti f~ (X, "J,U.), 

B). ,1lnH JII06oro u E D O,ztHopo~Hoe JIRHe~Hoe ypaBHeHRe, B 

JieBoti qacTH KOToporo CTOHT npoHaBo~HM ~pewe onepaTopa II u ix> 
/1 • 

no U 
I 

(6) A~ u(x)=. U(x)-Jf~ (x.·I,U. (~))u(r)cls =0, 
a. u. 

HueeT TOJibKO TPRBHaJIDHOe peweHHe LL( x.) = o . 

Ey~eM B ~aJIDHenweu Hano~eHHZ npe.ztnonaraTb cnpaBe.ztJIHBOCT» 

ycJIOBHH A) H B) 0 0603HaliHM qepea Dn E uh MHO~eCTBO ceToqRJ:llC 

o6paaoB tlJYHK!lHil U ( :x) , BXO.ztflll\HX B o6Jiacn D • ,1lJIH JII06oro - , U o E ]) h qpoHaBO.ztHafl ~peme onepaTopa ( 4 ) , HBJIHIOil\MCH paaHOCT-

' H~M aHaJiorou fla u(x), ecn JIHHeilH~ti onepaTop BH.zta: 
fo{ 

(7) Uo -h L J~ (a.,a.,.;.h, Uoi}· u.. 
L=t 

B (UjUo) =. 
h 

N I 

U1-h {;; fu. (a+h, CL~ih,Uoi)'U.t 
- - - - - - - --- --- - - --

N I 

u fo{- h. I {4. (",a 1- ik, u oi ) u, 
i.=t 
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C~opuyJIKpyeu ocHOBHNe Jieuu~, KacammHeCR cBoacTB onepaTopa 

B!t . 
Jleuua I. ,1lJIR Kalt~oro ~HKCHpOBaHHoro il.t:])l., onepaTop B: (ll; ilo) 

[ '1 -.f npH ~OCTaTOliHO UaJIOll h. KJieeT o6paTH~ B~e (v; u.). 

JleuMa 2. 06paTH~t! orrepaTop [ B~T
1 

( V; Uo) paBHOllepHo 

orpaHHlieH B D h , T.e. ~JIH JIII6oro iloED~c. z 1/il!f<.i 
Hueeu 

[ 
1 J-f II B h. { 11 i u. ) II <- K (8) 

B cu~cne ueTpHKH (3). 

,1lJifl ~OKaaaTeJIDCTBa JI8MV Hall IlOTpe6yDTCH. H6KO!OpHe IlOHHTBH 

H 0603HaqeHKH R3 ~pe.ztrOJIDliOBOit Teope~ KHTerpaJI~HHX ypaBHeHza, 

OrrepaTopHoe ypaBHeHRe B~ ( il ; i1 o) = 0 onpe,zteJIHeT 

O~HOpO.ztHYD JIRHenHyD CHCTelly ypaBHeHHl C onpe.zteJIZTeneu 

L1h(u.) = 

{ 

0 

0 

- h Kot - h Koz . . .. - h. Koto~ 

1. -It K" - h IGz . .. - h K,"' 

-hKNt - h Kl'lk ••• 1.-ltKN# 

' 

r~e Ki.j=fd. (Q .,. ih,a•jh. ,l{,jo) (i.=O,i, ... lt'; i · :i , ... N) 

PaaJiarM 11 h ( Uo) no nepBouy CTOJICSey, rroJiyUII CScllee 

Y.zt06Hoe ~nfl Hac B~aaeHHe 

i- hi<H -hK1t - h l<tN 

Llh (il.) = -h. 1<~1 i-h K2.1.. . • • - h. K11v 

- h k,v
1 

- h K.v1. ... i.-h. K"" 
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ECJIH ycTpeuHTI> h_ K HyJIJo ( N- oo ) s TO C8T0'1Hble 06paabl U1.. 
6Yl1.YT C6JIH:ataTI>CH C COOTileTCTBYIO~HIIH npoo6paaauH-4)yHKIUJliiiH tl{X.), 

a ~h ( LLo) 6y71.eT CTpeYETI>Cli K HeKOTOpouy 11p87J.8JII>HOUY ~YHK~HOHany 
(cu. pa6oryl31). 

D./Uo) =tim L1h (ilo) (IO) 
/3/ ' 11-o 

CornacHp . Haao:seu aToT npe71.en lJ.eTepuHHaHTou ~pelJ.ron:&ua. 

Paa:sepTbiBaH (9) no cTeneHHu h H nepexo71.H aaTeu K npe71.eny 

npH 1t_ _. 0 s M!:l YOJKeY 110Jiy qHTI> Bblpa:ateHJ.ie 7J.Jlli lJ.eTepUHHaHTa 

~pelJ.rOn:&ua :s BHlJ.e pHlJ.a 

, , I ) I ,... ., K(t,,t1) ... K(t.,in 

Dl u.H +,~, ~~~I j ~ r:, ·! • ~ :.: ~ 1!'.:_ t~! tit, dt, ... dl. 

k(tn,t.) ... K(t.,,t,.) , 

871.ec:& o6oaHaqeHo K(x,'J)=J' (::t,I{,U.,l~>) • 
u. d 

KaK HaBeCTHO /
4

/ lJ.Jiil Uo ED npH BblilOJIHeHHH ycnoBHH (B) 
' 

IJ(uo)-:f=O. 

(II) 

(I2) 

AoKaaaTen:&cTBo neuubl I. Hau ll.OCTaTo'IHo y6elJ.I.iT:&cH, qTo onpe7J.eJIH

Ten:&fl11(Uo) He pa:seH HYJIIO rrp!.i .nJ06ou U.E])h • B CHJiy (I2) 

Mbl Hueeu 7J.JIH ypa:sHeHHH (6), nopo~am~ero CI.iCTeuy (7), 

/D(Uo)/>d(u.,)> 0, (I3) 

a no onpelJ.eneHHJO (IO) lJ.eTepuHHaHTa ~pelJ.ron:&Ya 7J.JIH ceToqHoro 

o6paaa Uo i,{>yHK~HI.i Uo ( x) YOKHO yKaaan Taue nonODTeJI:&Hble 

h { ilo) H 0 ( Uo) , qTo 7J.JIH :scex h < Jt(u.,) 6Yl1.YT BblnOJIHHTI>Cli · 

HepaBeHCTBa 

/ f1 h ( U.,) / > J ( Uo) > 0, (I4) 
lJ.OKaabiBaJO~He neuuy I. 
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AoKaaaTen:&CTBo neuYbl 2. B TepuHHax CHCTeubl JIHHe~H~ ypa:sHeHJ.i~ c 

orrpelJ.eJIHTeneu (9) yTBep:atlJ.SHHe neuu!:l 2 3KBHBaneHTHO Heaa:sHcH-

MOCTH KOHcTaHTbl d , orpaHHqM:saJO~eti CHHay / Ll 
11 

(fl.,)/ 

B (I4), OT B6KTOpa 

~pewe. 

ilo , no KOTopoMy 6epeTcH npoHaBOlJ.HaH 

Anff lJ.OKaaaTeJII>CTBa JI6MMbl 2 npelJ.I10JIOlltHM 11POTHBHOe: 11YCTI> 

7J.Jiff HeKoTopo~ nocnelJ.OBaTen:&HocTH KOHCTaHT J1 > J.~. > .. · > cf, > o 
H np1r:1 JIBJ60M ft_ B J) h 

POB 
cy~eCTByeT 110CJI67J.OBaTeJII>HOCTI> B6RTO-

a1 , a~.- , ... 
7 
u. /"L (IS) 

TaKaff, qTo 

Lln(Un)~cfn. . (I6) 

Bb16epeM Ha (IS) ITOlJ.nocnelJ.OBaTen:&HocT:& 

- - (I7) Un. 7 U., .. , ... 1 Un" , . . . , 

CXOlJ.fflllYJOCff B Dh K BeRTopy Uo =:(UIJO,llot, ... , Uo11-), H 

paCCUOTpHM COOTB6TCTBYJO~YIO 110CJie7J.OBaTeJII>HOCTI> 011p87J.8JIHTene£i 

Llh. (u.,~), Llh (Un,_), ... ,ilh(ii.n,..), ... 

~Jlli Ka:atlJ.OrO H3 KOTOp~ cnpaBSlJ.JIHBO Hepa:seHCTBO (I6). 

0603HaqHM 110CJI87J.OBaTeJII>HOCTI> ({>yHI<I.\Hit 1 C8T01lHble o6paa!:l ROTOp~ 

o6paayJOT (I7), qepea 

UnJ;):.)' U.nL(x), ... 'u,K (::t), ... 

H qepea Uo (X) - ({>yHK!UUO, ceTOqHbl~ o6paa ROTOPO~ ecn U, 

Mbi .HMeeu noc1.ie7J.OBaTen:&Hocn { Ll,Jun«)jHenpepbiBH~ c.l>YHRIU1~ nap aueTpa 

a s paBHOUepHO CXOlJ.ff~HXCli ITpH h -0 K HenpepbiBHbiU I'll( 

(cornacHo (II)) ~eTepYHHaHTaM ~pelJ.rOn:&ua 

D(Un4), D(U.n.,J, ... 1 I>(un,J, ... , 
7J.1.iff KOTOp~ TaK:ate 6Yl1.YT cnpa:SelJ.JIHBbl HepaBeHCTBa 

D (u.n,J < J (un .. ) . 
9 
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ITepexo;nH K npe;neny !Ip¥1 K- co , nony 'tlaeu 

]){U-o)-::.0 

'tlTO npOTHBOpe'tlHT (I2). 

ITpoTHBope'tlHe ;noKaa~:maeT neMMY 2. 

rn. 

TeopeMa. EcnH ;nnH HHTerpanbHoro ypaBHeHHH (I) B~nonHeH~ ycnoBHH 

A) H B), TO: 
I) rrpH ;nocTaTO~HO MaJI~ k cymecTByeT peweHHe CHCT6M~ (4); 

2) nocne;nHee MoxeT 6~Tb nony'tleHo ~HcneHH~M pemeHHeu aa~a'tlH 

KomH ~1Iff CHCTeM~ ~H~epeH~HaJibH~ ypaBH6HH~ (5); 

3) npH h~ 0 peweHHe CHCTeM~ (4) CXO~HTCH K peweHH~ 

ypaBHeHHff (I). 

TioKa3aT61IbCTBO. 0603Ha~HM 'tlepe3 [l*~~'-

, a 'tlepea 

KOpeHb onepaTHBHOrO 

ii~~'-- c~6paa ypaBHeHHH Bh ( [L) = 0 

peweHHH lL -!( ( ~) ypaBHeHHff (I). PaCCMOTPHM B npocTpaHCTBe u~ 

crflepy C u,eHTpOM B [L * 
1/tl-u'Jc/IL. KIIBh (Li*')l/1 (I9) 

r~e K - KOHCTaHTa, orpaHH'tlHBa~maH Bh ( il) B ( 8) 

ITpH h-0 II Bh { a~)/1 6y~eT CTpeMHTDCff K HY1I~. IT03TOMY 

~JIH n~6oro K p~Hyc cci.Jepbl ( I9) MOJKeT 6b!TD c~enaH KaK yro~Ho 

MaJI~M, H ITpH ~OCTaTO'tlHO MaJiblX ~ cci.Jepa OKallteTCff BHyTpld 06-

JiaCTH Dn , r~e ~1IR one paTopa Bh.. cnpaBe~JIHB~ yTBepr.t~eHHH 

1I6MM I H 2. 
TaKHM o6pa30M ~Jlff I?>!, (a) npl'l ~OCTaTO~HO MaJIOM h 

6y;nyT Bh!ITOJIHHTbCH ycnoBKH TeopeMbl I pa6oTbl /2/ o np~!MeHVJMOCTH 
HenpepblBHora aHanora MeTo;na Hb~ToHa. 
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B COOTB6TCTB¥1H C 3TO~ TeopeYO~ ypaBH6HHe (5) HY66T pemeHHe 

U(t) ~JIH aHa'tleHH~ napalleTpa t B·npoueayTKe 06t~+oo.J 

npH'tleu aHa~eHHH pemeHHH nexaT B c~epe (I9) (BepHee B ee pacmH

peHHH B npOCTpaHCTBe v . ) .If rrpH T; -CO CXO;nHTCff K {ilflf-

TaKEe npHH~ne•~ev crflepe (I9). 

B CHJIY CXO;nMUIOCTH I< HYJIIl pa.ztHyca C~ep~ ( I9) Ubi ITOJiy'tlaeu 

n. u-** -#II um. II U h - U h II :: 0 . ( 20) 
It-o 

' 

Tar< KaK ceTO'tlHbl~ .o6paa - .. 
U~t. pemeHHH ll *"(X) ypaliHe-

HKH (I) cxo;nHTCH K Heuy cauouy npu k ~0 1 TO 143 (20) 

cne;nyeT, 'tlTOfB CBOD O'tlepe;nb,pemeHHe H6JIHHe~HO~ paaHOCTHOl 3B.,l{a

'tlld (4) CXO;nHTCH K pemeHHD HCXO;nHoro ypaBH6HHH (I). 

Teopeua ;noKaaaaa. 

3aueqaaHe I. 

KaK BH;nao Ha Bc&x paccyx;neHH~, mar ~ npH qJ<1cneHHOU 

HHTerpHpOBaHHH CHCT6U~ (5) Bbl6HpaeTCff H63aBHCHUO OT mara ~ 

M~~~~ X 

no 

TaKHU o6paaou, cxo;nHuocTb paccuotpeHHoro B HacToamel pa6oTe 

UeTo;na K pemeHH~ ypaBHeHHH (I) nonyqaeTCH npH H63aBHCHUOU CTpeu-

1I6HHH waroB h H ~ K HY1ID. 

TipHuepbl aa;naq, peweHH~ npe~noxeHHhl» ueTo;nou, npKBe~exw B pa6ote/I/. 
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