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BseP.eHHB 

Mccne~yH Kone6aHBH spama~melcH ~~KOCTB, c.n.Co6oneB paCCMOT­

/1/ 
pen ypasueuue 

a~ 
---a;r-11~ 

C ycnOBHHMB H8 ~(x ,y, z): 

a"~ +--- 0 az' 

~/t=O =1/Jo(x,y,z), 
a~ - I =1/1 (X • y • z). at t=o • 

~/(J) - o. 

3~ecb 
Cll - rpaHBll8 HeKOTOpOI o6naCTB 0 • t/1 0 B t/11 -. 38~8HHble cjlyHK-

UlHI! C~P..Co6oneB nocTaBBn sonpoc o noqTB nepuo~B'iHOCTB peweuul sToA 

/2/ 
38~8'iHo 8TOT BOfiPOC CBO~BTCH K cne~y~meMV o 

flpu KaKHX auaqeHBHX )!. aa~aqa 

ll 2...!- - >..11 u ... o , u I w ..; o, 
a z 2 

r~e u "' u ( x , y , z ) uMeeT ueuynesble peweauH. 

' 06oaHB'iBM qeoea G ( x , y , z ; x ', y '. z ' ) 

aa~a,u llupuxne ~nH onepaTopa nannaca B o6nacTH 0. 

H npOHHTerpupyeM no 0 • flonyqBM ypaBHeHHe 

8 

(1) 

dJVHKllH~ foHH8 

YMHO~M ll) H8 G 



rJie 

BHJI8 

&,p - An• 0 ( 2) 

3 

I G( , , '> a n , 'd S n • x,y,z;x ,y ,z -dx dy z 
0 ·o az' 3 ( 3) 

TaKHM o6p830M1 38Jl8'18 COCTOHT B HCCneJIOBSHHH CII8KTpa onepaTOp8 S 0 • 

HuTerpupysr no '18CTHM, Y'fHTbiBasr n I Ctl .. o , MO)KHO aanucaTh ( 3) B 

3 

J 
ac , , , 

So"" -.--ndx dy dz • 
az' 2 

(4) 

ITpu STOM JIH~epeuuuposauue G 1IpOH3BOJIHTCSI B npocTp8HCTB8 o6o6meH­

l 151 a2c 
HbiX tfJyHKUHA • ~YHKUHSI - !I ,2 

- v z 
TaX 'ITO HHTerpan B (4) SIBnsreTCSI 

HMeeT oco6eHHOCTh THII8 --8 +B(x), 
r 

CHHrynsrpHbiM • 

TaxHM o6p~aoM, soauuxaeT aaJia'la o6 uayqeHHH cnexTpa CHHrynsrpHbiX 

HHTerpanhHhlx onepaTopoB sa orpaHH'IeaaoA o6nacTH, 3TOMY eonpocy 

IIOCBS111l8Ha H8CTOS111l8SI pa6oTa. 

x/ 
B Ill HCCnellyeTCSI cymeCTB8HHbiA cneKTp CHHrynsrpHbiX HHTerpanhHbiX 

16 11 
onepaTopoB. 3alla'la aTa no cymecTBy pewaeTcsr cymecTBYIOliiHMH • Heo6-

XOJIHMbiMH H JlOCT8TO'IHbiMH ycnoBHSIMH JlnSI HeTepOBOCTH CHHrynsrpHbiX 

HHTerpanhHhiX onepaTopos Ha orpaHH'I8HHoA o6naCTH. ITony'leHHbiA peaynhTaT 

(TeopeMa 1) npHMeasreTCSI K HayqeHHIO cywecTBeHHoro cnexTpa onepaTopa S 
H OJlHOI'O OJlHOMepHOI'O CHHrynsrpHOI'O OrrepaTOp81 paCCMOTpeHHOI'O paHee 

181 
il>Ke lllsaoueM • 

XI CymecTBeHHbiM cneKTpOM onepaTOpa A H83b!B89TCSI MHO>K9CTBO TO'IeK A, 
lli!SI KOTOpblX oneparop A- A I (I - 91lHHH'IHblit onepaTop) ae SIBI!Si9TCSI HeTe­

pOBb!Mo OnepaTop B aa:.biaaeTCSI aeTepoBbiM, ecnH yaoaneTaoplleT cneayJO!llHM 

ycnoaHSIM: !, PaaMepHOCTB Ker B KOH9'1Ha, KerB - MHO>K9CTBO ayneit B 
2, Jm B , T,e, MHO>KeCTBO 3Ha'!eHHit B , - aaMKHYTOo 3, KopaaMepHOCTb Jm B 

Koaeqaa. 

4 

BTopoA rraparpatfJ IIOCBSI11l8H 6onee Jl8TanhHOMy H3Y'I8HBIO CTpyxTypbi 

cnexTpa onepaTopa S 0 , aaBHCSiliieA oT o6nacTH 0. YxaabiBSIOTCSI o6nacTH, 

JlnSI KOTOpbiX crreKTp COCTOBT H3 BCIOJlY rrnOTHOI'O MH0)1{8CTB8 C06CTB8HH~X 

3H8'18HHA, a T8K)Ke CTpOSITCSI o6naCTH, JlnSI KOTOpbiX ClleKTp COJ18p)KHT HH­

TepBaiJbi 6ea co6cTseHHbiX aHa'leHHA, 

§ J, Cyl11eCTBeHHblil cneKTp CHHrynHpHbiJC IIHTerpBnbHbiJC 

onepBTOPOB 

ITycTb 0 - o6nacTb m - Mepaoro esxnHllOBa npocTpaacTBa E,.. , 

orpaHH'I8HH8SI KOH8'1Hb!M 'IHCnOM npoCTbiX 38MKHYTbiX IIOB8pXHOCTeA TBII8 

nsrnyuoaa, ae nepecxaiOmHxcsr Me)KJIY co6oA. BselleM onepaTop npolloni­

)K8HHSI BH8 (} 

Po L 2({1 ) :;).. f ( X ) ... ( p 0 f )( X) 

f(x) 

I 
llnH X '"" 0 I'"- L 2 (Em) 

0 JlnSI X ¢ 0 

H oneparop CY)K8HHSI Ha 0 

a
0

: L
3
(Em );;.l Hx>-+ (Rof)(x) =I f(x) llnH x '"- 0 I '""- L 

2 
( 0 ) • 

ITyCTh (t - CHHrynSipHbiA BHTerpanhHbiA onepaTop C CHMBOnOM q (x, ~) • 

~YHKUHSI u ( x, ~) onpeJieneua npH scex x H ~ r.; E m , ~ ,1. 0, nono-

)KHTenhHO 0JlHOPOllH8 no e 
I=lc:c~Eni .1~1 =II 

CTerreHH Hynb B Ha 8JlBHH'IHOA c~epe 

npHH8Jln8)KHT npocTpSHCTBY H 2(!,), ITpeJI-

nono)KHM, 'ITO i:Io x 4>YHKUHSI q ( x, ~) llOCTSTO'IHO rnallKasr. Kax H~-

BeCTH01 onepaTop (t OT06pa)KaeT L 2 ( E m )_ B ce6SI, 

BylleM H3Y'I8Th cymecTB8HHbiA cnexTp onepaTopa A= R 0 (j p a . 
Mbl BOCIIOnbayeMCSI He06XOJlHMbiM H JlOCTSTO'IHbiM ycnOBHeM JlnSI HeTe­

/6/ 
poBOCTH CHHrynsrpHbiX HHTerpanhHbiX onepaTopoB, COJI8p)K811l8ecSI B 

ITyCTb m ~ 0 H x 0 TO'IKa rpaHBUbi 0 • ITposelleM a x 0 ellHHH'I-

Hbl8 HOpManH: BHyTp8HHIOIO nl 
xo H BH8WHIOIO n" xa • ITepeaeceM 

a Ha'lano xoopllHHaT. KoHahl ax oTMeTsrT Ha ellBHB'IBOA c~epe 

TO'OCH. CoellHHHM aTH TO'IKH BCeBOaMO)KJl:biMH ITOJIYKPYI aMH t xo 

5 

I n • n xa • xo 

~ J1B8 

BeelleM 



B9.JIH'IHHY 

fo 
d <A> - I arg [ o (x , e > - A l If , 
xo ~ 

rae B npaBOA 'ISCTH p8B9HCTB8 HSXOaHTCH H3M9R9RH9 B9.JIH'IHRhl B $HrypRhlX 

CK06KSX, KOraa e M9RH9TCH BaO.Jib nonyKpyra fxO • 

B cnyqae 

BHCHT OT f xo 

m > 2 Bee nyTH fx 
. f f) 

• 06mee aaaqeaae d ~ 

fx 
rOMOTOllHbl H d 0 (A) R9 aia-xo 

(A) o6oaaa'IHM qepea d (A). 
xo 

B cnyqae m =2 HM99TCSI llBS K.JISCCS RerOYOTOHbiX . nyTeA It Mblj 

nonyqaeM llBa 'IRena: d + (A) 
xo a d (A). B cny'lae m .. 1 

xo o6o3H8'1RM 

d (A)=arg[o(x
0

,1}-A]-arg[o(x 0 ,-1)-A]. 
xo 

161 
HcnonbayH peaynbTaThl , aeTpynao nony'IHTb cneayiOmee npenno~eaue: 

·. 

Teo p eM a 1. CymecTB9RRhlA cneKTP onepaTopa A C(>CTOHT 

H3 3H8'19HHA $yRKilHH 0 (x • e> npH X c; 0 • e~ ~ 

H H3 T9X TO'I9K A, tl.JIH KOTOpb!X I d (A) 1~11 
--""------------~--.. --~--.. ~ 
~0 ( A) I > 11 ) npu aeKoTopoM x 0 

HB rpaHHil9 0 • 

npHM9;:J 1. PaccMOTpRM onepaTop 

1 K(x ,t) 
T : L 

2 
( 0, 1) ;\ u ( x ) -+ m ( x) u ( x ) + J u ( t ) d t , 

0 X- t 

r.ne m ( x ) H K ( x, t) HM9IOT aenpepbiBHbie nepBbJe npoH3BOllRble. SToT 

/8/ 
onepaTop H3y'la.JICSI B • 3anHII19M T B BHne 

r.ne 

M 

T = A + C 

1 
A : L 

2 
( 0 , 1) ;\ u ( x ) -+ m ( x )u ( x ) + k(x ) / 

u ( t ) 
dt' 

X- t 

C: L
2

(0,l).;;Ju (x) ... f 
0 

J( ( ll: , t I - J( ( 1 '.IC ) u (t )d t • 

x- t 

e 

It (x ) • K ( x , x ) 
» 

f. 

'I 

'I 

r 

'I 

neritO BRll9Tb1 'ITO C 

BBTenbHo, onepaTOpbi T H A 
Bnonae aenpepb18Hb!A onepa'l'Op. Cne.no­

HM9IOT OllHHSKOBblll: CYIIl9CTB8HHhlll: Cfi8KTp. 

nYC'I'b 
00 u\t) 

(t, L <-,oo).;;Ju(x)-+ m(x)u(x) + lt(x) J 
ll ----dt 

- X -t 

Tor.na 

A • R O (t PO l 

r.ne 0- ( 0,1). .nnSI CRMBO.Jia onepaTOpa (f nony'llaeM 

O(x , e ) "" m (X) + i fT Jt (x) 1!181J. e • 
MHOlK9CTBO 3Ha'leHHll: o(x, e> anSI X c;. (0 'l) H I el -1 

llBYX KpRBbiX: 

M·
1
N 1-Iz:z=m(x) + irrlt(x), O.S:x~ll 

M
2

N
2

={z: z =m(x)- irrlt(x), 0_5x,Sll. 

COCTORT R~ 

fpaHBUa o6naCTH 0 B STOM cnyqae COCTaB.JieRa H3 aayx T0'19It, 0. R ~ , 

T8'f( 'fTO 

I!J (A)I-Iarg[m(O)+irrk(O)-A] -arg[ m(O)- irrlt(O) ""'A], 
xo 

ecna x - 0, H 
0 

Iii (A) I- I arg[mO)+irrlt(l)- A]- arg [ m(l)- irrlt(l) -A], xo 

ecnu X = I. 
0 

To'IItH A, ll.JISI KOTOPbiX I dxo (All ~rr, aanonHSIIOT .liBa npSIMO.JIHHeli:HbiX 

oTpeaxa M 1 M2 H N 1N 2 , rae M
1

=m(O) + irrlt(O), M 2 =m(O)-irrHO), 

N 
1 

=mOl+ irrk(l), N 11 =m (1)-iiTit(l). 

T aKHM o6paaoM, c y m e c T a e H R bi A c n e It T p o n e p a To p a T 

COCTOHT H3 TO'I9K KpHBO.JIHHeAHoro '19TblpexyrO.JibHHKa 

/8/ 
M1 N 1M2N11 • STo coBnaaaeT c peaynbTSTOM , nony'leRRhlM npH noMOIIlH 'l!e-

OpHH ROpMHpOBSHRbiX KO.JI91lo 
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flpHMep 2. flyCTb m ~· 2 , 0 

eBKnHllOBOM npocTp8HCTBe Em 

- orpaHH'IeHRSB oonSCTb B m -MepHOM 

C .llOCTSTO'IHO rnSllKOA rpaHHUefl: (I) • 

06oaRaqHM qepea G(x;y), x ... (x
1 • ••• xm) • Y •(y 1 ••• Y., ) W.IUI:IIBIOI 

fpRaa aalla'IH LlRpRxne lln.sr onepaTopa nannaca aa ol5nacTH 0. PaccMoT­

pHM onepaTop 

S: L (0).;:> u(x) 
2 

2 

-+ f ~ 
0 iJ y2 

1 

u(y)dy I;.L (0) • 
2 

( 5) 

.LlR~epeHUHpOBSHHe llOll HBTerpanOM npOH3BOllHTCB B npocTp8BCTBe OOOomeH­

HbiX cWHKUBfl:. flpH m • 3 9TO onep&TOp ( 4) t OOCY)I(llllBmHfi:Cg BO BBelleHHB. 

KaK HaaecTao, 

rae 

& (x ;y) = 

G(x;y).l!>(x;y) +g(x;y), 

C I 

r m-2 

C &.r , 
3 

m> 2 , 

r = I x -y I • 

m =2 , 

a e ( x :y ) - peweRRe ypaBBeHHSI 

A g(x;y) • 0 
y 

npH ycnoBHH aa rpaRHue 

g (x ; y) I y ~ (I) ,. - ~ (x; y) I y t;. ID 

lln.sr n106oro x t;. 0 • 

T SKHM o6paaoM, onepaTop S npellCTSBnSieTCB B BBll9 

S=A+ K , 

r.a.e 

A·Ro (j P0 , K=Ro KPo. 

8 

.-1 

-

(j 1 L n (E ) ;) u(x) -+ J 
• m E 

m 

J( I L 2 (E -+ f 
E 

)...;>u(x) 
m 

m 

r/~(x;yJ 

iJy~ 

iJ2g(x ;y) 
!i 

iJy1 

u(y )dy , 

u(y)dy. 

/5/ 
Mcnon&ay.sr HaaecTBy~ ~pMyny lln.sr llH~epeuuapoeaaR.sr OllBOpoll,ol 

cjlyBKUHH CTeneHH - m + 1 , nonyqaeM 

iJ2 
-.-- lb (x ;y) .. a lJ (y -x) + b 
iJy ~ 

N(y'-x) 

m 

rile 

y 1 -x 1 2 
N(y-xl-=m( ) -1, 

a H b :;;.. KOHCTSHTblo 

b 
rrpH m > 2, 

{

(m-2)C
1 

..Lc 
2 2 

rrpH m=2, 

a = 
m 

Y -x 
C (2-m ) --- dy ••• d y t 

I I 

1 r m 2 m 

c2~ 
y -x _1 __ • 

r 2 
dy 2 

rrpH 

rrpu 

m > 2, 

m =2. 

r - ccjlepa c ueHTpOM B TO'IKe X • OnepaTop (1 npellCT&BnSieTCSI B 

BHlle 

ffu-au(x)+bf 
E 

.m 

N(y -x) u(y) dy 

rm 
( 6) 

LloKa)l(eM:, 'ITO onepaTop K 
iJ2 

BllOnHe HenpepbiB9Ho .Lleii:CTBHTenbHO t SlllPO 

--g (X; Y) HenpepblBHO B93ll9 B 0 X 0 , 
iJyf 1 

TOp)>IX HM88TCSI OC008HHOCTh THll8 -- • K 
rm 

9 

KpOMe TO'I9K x::yl;.(l), B Kq-

oTo6p8)1(89T LJ.0) B ceo.sr. 



ITycTh 0 '- o6nacTh, coaepmamagcg B 0, TaKaSI 0 'ITO paccTOSIHHe Me)f{lly 

rpaHHUSMH 
{} , . H {} ae rrpeBOCXOllHT 8. Toraa orrepaTop 

K' = R 0 ,K PO' 

a2 
~ B {}, ). ITyCTb 
an BIIOnHe aerrpepb!BeH ( BBHllY HerrpepbiBHOCTH 

m - orpaHH'IeHHOe MHOmeCTBO B L 2({}) IToKameM0 'ITO MHomecToo 

Km KOMIISKTHO B L 2({l). neii:CTBHTenbHOo MHO)f{8CTBO K 'R{l' ~ KOMII'*KTJIO 

B L ({}' ). 3Ha'IHT0 cyiiieCTByeT HeKOTOpaSI 
2 

c -ceTb a'. ITycTb a=Rilo.E' 

IToKameM. 'ITO a SIBnSieTCSI ( -ceTblO B j{" m . I'lycTb K u ~ K IIR • 

Toraa K 'Ro,u ~ K 'Ro, 'R • CymecTByeT v'~ a' I TaKoe. 'ITO II K 'Rg' u-

-v'll <c. ITyCTb v=RgPg,v,. QqeBHllHOo v~ a. 
'L2({}) 

MMeeM 

Ku -v =Ku -RQP!}'K 'R{l'u+R{l P{l'K 'lb,u- R {l P0 , v' 

Ku-R{lP{l'K'Rwu=RnKP 0 u -RQP{l, R!l'KP0, R{l'u= 

= n0K<P{l'R{l'+ PQ,fl' RQ,Q' lu -R{l PO' R {l'K P0 , R{l'u 

n n <I - P n, n n, l K P n, n n , " + n n K P n~n, n n~n, " = 

P n,w n n!.n' K P 0 , nn- u+ n 0 K P n:{Y n n~w" 

2 

11 K "- n 
0

P 0 JC 'nn- "11~ <II P n-w n 0,n- KP w nw" 11 0 + 

2 

+ \\RnKPQ,Q' n0 ,0' ulln <J 
Q,fl' 

2 2 112 K P w n w " 1 dx+ II K II II P0 ,n-nn-w" 

2 2 2 2 
_< mes <O-n') f I KP {l' R w" I dx +II K II f I u I dx s 

n n~-

10 

i 

'{ 

1\ 
\ 

j 
I 

·~ ,, 
:~ 

~ mel!l 
2 

(O,{l ') II K p n, R n, u ll 2o :+ II K II 2 
mes ( o..;.o , ) II u II ~ s 

< 2 mes 
2 

( 0...0 ') II K 11 2 II u II~ < f 
n 

rrpH aocTaTO'IHO ManoM 8 . M bi HcrronbaoeanH o~paHH'leHHOCTb orrepaTopa K. 

VTMeeM TaKme 

II R0 P 0 , K 'R 0' u - R 
0 

P O'v ' 11
0 

= II x. 'R 
0

, u - v ' II 
0

, < c • 

T aKHM o6paaoM 0 rronyqaeM. 'ITO ecnH 8 aocTaTo'IHO Mano. TO 

II Ku -v lin< 2c. 

8TO IIOKB3biBB8T0 'ITO a eCTb 2c. - ceTb anSI K ,. , R 3HB'IRT0 

K m KOMIIBKTH0 0 T.e. orrepaTOp K BIIOnHe HerrpepbiBeH. 

Ma aToro cneayeT 0 'ITO orrepaTopbi S H A :HMelOT OllHHaKOBbiA cy-
mecTeeHHbiA CIIeKTp. HeTpyllHO IIOllC'IHT8Tb0 'ITO onepaTop (1 HM99T CHMt­

BOn a ( x • ~) = ~ 1
2 I~ l-2 

• 

ITpaMeHSISI TeopeMy, rrony11aeM 0 'ITO cyme c T Be H a bi A c n e :a: T p 

onepaTopa s aanonaHeT HHTe pean [O,I]. 

§2. CneKTp onepaTOpa s_o • 

ByaeM Hcnon~:>aoeaTb o6oaaa'leHHSI rrpHMepa 2 rrpellbillymero naparpal­

o 
<Pao l.fepe3. H 2 ( {}) o6oaJiaqaeM IIOlliiPOCTpaHCTBO co6oneBCKOI'O IIpOCTJl!SH-

CTBS H 2(0), COCTOSIIUee H3 <PYHKUHil:0 o6pamalOIUBXCSI B Hynb Ba rpaHHU' 

w. MaomecTBO TO'IeK crreKTpa onepaTopa X 6yaeM o6oaHa'laTb qepea 

sp X , a MHomecTBO TO'IeK cymecTseaaoro cneKTpa qepea esp X • Pac­

CMoTpHM onepaTop 

o a; 
S : H ( 0 ) ~ u ( x ) -+ f G (x ; y) --

2 o 2 o ay' 

11 

0 
dy~ H

2
((}). 

(7) 



HHTerpHpysr nsa paaa no 'IBCTSIMo BHLlHMo 'ITO s 0 u = Su , ecnH 

0 
ut;.H 2 (0}, T.e. S 0 srsnsreTCH cylKeHHeM S Ha H : ( {} ) • M bi .oo-

KalKeM cne.oyiOIUee npe.onolKeHHe: 

TeopeMa 2. spS 0 =espS
0 

= [0,1]. 

DoKa3aTenbcTBO. DpelK.oe scero .ooKalKeM, 'ITO BHe HHTepsana /00 1/ 

HeT To'leK cneKTpa onepaTopa S, 11 • DeA:cTBHTenbHO, ecnH ,\ st. [ 0,1] , TO 

-1 ~ cymecTBYeT ( S 0 - ,\) If 38Ll8eTCSI 410PMYnoA: 

0 1 f a 2v 1 0 R :H ((})~v ... R, v =- G (x;yl--dy- -v <;. H ((}), 
,\ 2 " .\ n .\ a 2 ,\ 2 

y. 

( 9) 

r.oe G ,\ (x ;y) -

Ha o6nacTH (} • 

a2 
cpyHKUHH fpHHa 3a.Qa'IH DHpHxne .onH onepaTopa ---- ,\1\ 

ar'J 
Docne.oHHA: onepaTop annHnTH'IeCKHA npH yKa3aHHbi~ 3Ha-

qeHHHX ,\, TBK 'ITO G,\(x;y) cymecTByeT, OnepaTop R ,\ - CHHrynHp-
0 

Hbiii HHTerpanbHbiA onepaTop, H, cne.ooBaTenbHO, orpaHH'IeH B H 2 ({} l. 

DoKalKeM, 'ITo, .oe:ticTBil:TenbHO 
1 

R ,\ 

0 

SIBmieTCH o6paTHbiM 50 -.\.DyCTb 

v <;. H 2 ( {} ). DpHMeHHeM onepaTop 1\( S 0 -.\) = 

Ji! nony'lfiGM 

1\(5
0 

-.\)R,\ v i\v 

TaK KaK 
0 

v C- H 
2 

({}), OTCIOLlB cnenyeT 

(S -.\lR v =v. 
o A 

AH8norlf'IHO .QOK83biBaeTcsr, 'ITO 

R ( S -,\ lv = v , A o 

a'J 
--.\1\ 
ar2 

1 

K 

a 3To 03H8'1aeT, "l£TO R ,\=(5 0 -.\J- 1 • TaK KaK R .\ orpaHH'IeH, A 

R ,\ v 

( 10) 

He npH-

Hat.tnelKHT cneKTpy onepaTopa S0 • TaKHM o6pa3oM, Mbi .uoKaaanH, 'ITO 

sp S 
0 

C [ 0 , 1 ) • ( 11) 

LloK8lKeM TeiTP.pb 0 'ITO 
12 

... 

[0,1] C espS 0 • 

DnH aToA uenH paccMoTpHM Kp8eByiO 3B.08'1Y 

H onpe.oenHM onepaTop 

a2
u 

ax
2 
1 

-.\ L\ u - f • 

u/w .o, 

o all 
P, : H ({})..;>u-> P, u = ____.!._ -.\l':iu ~ L 

2
({} l 

1\ 2 1\ ax2 
1 

( 12) 

( 13) 

EcnH ,\ ~ [ 0,1], 38.08'18 ( 13) /9/ 
He annHnTH'IeCK8H H, cnenosaTenbHO, one-

p8TOp P ,\ He srBnHeTCH HeTepOBb!M0 TBK KBK annHnTH'IHOCTb He06XOLlHM4 

I IO! 
.QnH HeTepoBOCTH p ,\ • J13 3TOrO cne.oyeT, "'TO H S 

0
- ,\ He eCTb He-

Tepos. DoKalKeM, HanpHMep, 'ITO ecnH Jm P ,\ He 38MKHyT0 0 TO Jm(S 0 -A) 

TolKe He 38MKHyTo. DeAcTBHTenbHO, .oonycTHM, 'ITO Jm (S - ,\) 38MKHyTo. 
0 

Tor.Q8 Mbl .QOKalKeM, 'ITO J m p ,\ TOlKe 38MKHYTO, QqesH.QHO, s 0-,\ =l'l- i p ,\ • 

DycTb 
L2 

f n ~ Jm P ,\ , f n -+ f 

06o3H8'1HM 

-1 
¢ = L\ f 

n n 

0 
Tor.oa ¢ c;. Jm(S -,\)c;. Hn 

n 0 • 

HylKHO Ll0K838Tb 0 'ITO 

= J G (x; y )f n ( y) d y • 
{} 

H cpn 
ll2 -1 
... !\ -¢ 

f ~ Jm P,\ 

TaK KaK 

Jm (S 0 -A l aaMKHyTo, TO ¢ C- Jm (So -.\ > • Ho Torna 

f ,. L\ cp (;,. .1. Jm ( S 
0

- ,\) = Jm .!\ ( S 
0

- .\)'"' P ,\ , 

'ITO H Tpe6osanocb LlOKa3aTb, 

T 8KHM o6pa3oM, 'l'aK KaK s 0 - A He ecTb HeTepos, TO A - TO'IKB 

cymecTBeHHoro cneKTpa H (12) noKa3aao. 

1 ~i 



Hs ( 11) H ( 12) H O'l:eaH.IlHOro axmo'leHHH esp S 0 C sp S 0 cne.ayeT 

TeopeMa 2. 
3aAMeMCH Tenepb 66nee .aeTanbHhlM uccne.aoaaHHeM cTpyxTyphl cneKTpa 

onepaTopa S 0 • 

/2/ 
Eme a 1949 r. P.A. AnexcaH.apHH noxasan , 'ITO a cny'lae .aayx ne-

peMeHHbiX cTpyxTypa cnexTpa onepaTopa S 0 saaHCHT oT o6nacTB 0. Tax, 

HanpHMep, ecnB 0 - Kpyr, TO cneKTp - TO'Ie'1Hhlil:1 HO MOJKHO HeMHOro 

.ae~opMHpoaaTb xpyr, H cnexTp 6y.aeT co.aepJKaTb HHTepaanhl 6es co6cTaeu­

/11,12/ 
HbiX 3H8'1eHHi!:o 8 .110K838H01 'ITO TaKoe JKe HaneHHe HMeeT MeCTO H a 

MHoroM~pHOM cny'lae. E c nB 0 - snnu ncou.a B nH u B nH s.ap, 

cneKTp COCTOHT H3 aCID.IlY nnOTHOrO MHOJKeCTaa C06CTaeH­

H bl X 3 H a 'I e H Hi!: C 6 e C K 0 He 'I H 0 A K paTH 0 C T b IDo 3.aecb Mbl fiOCTpoHM 

MHoroMepHbie o6nacTH, .ans xoTOpbiX cneKTp co.aepJKHT HHTepaanhl 6ea co6-

cTaeHHbiX 3Ha'leHHA, 

npe.anonOJKHM. 'ITO .ans HeKoToporo 0 < A < 1 

MeCTO 

s 
0
u -Au == o. 

Torna cnenyeT 

a2 
n - - A /1 n • O. 

C.aenaeM no.acTauoaxy: 

, 
X --,===X 

y'2 ( 1-A) 

, 
' X 2 

ax: 

• --x 
-2 y2A 

, ••• x 
D ..;rr 

A 
3THM «<lYHKilHH u (X 1 •••• XD) nepexo.aHT .a n A 

0 - B HeKOTOpyiD HOBYID 0 A H ( 14) B 

2" 2" 

H n~ H0 
((l) 

2 

X 
D 

, 
X J' • • , X 

, ) . 
D 

1' a nA a nA a nA ... ----0 .. 
ax'2 

1 
ax' 2 

2 

14 

a x'2 
D 

HMeeT 

(14) 

(15) 

o6nacTb 

( 16) 

T aKHM o6pasoM, ~A y.aoeneTaopseT BonHoaoMy ypaBHeHHID H o6pamae-

CH a Hynb H8 rpaHHUe 0 A • 1·1To6bi .aoxasaTb, 'ITO A He HBnHeTCH C06-

CTBeHHhlM 3Ha'leHHeM, .llOCTaTO'IHO .110K838Tb, 'ITO H3 (16) 
.... 

cne.ayeT n A ... 0. 

nocne.aHee 03HS'IaeT e.llHHCTaeHHOCTb pemeHHH 38.118'1H llHpHxne .llnH aonHOaO-

ro ypaaHeHHH a H 2 (0 ) (a .aanbHei!:meM 6y.aeM KOpOTKO roaopHTb TOnbKO 

"e.aHHCTaeHH.OCTb") • 

npeJK.Ile acero paccMoTpHM .aayMepHbiA cny'laA )H nycTb 0 -Tpeyronb-

HHKo 06naCTb 0 A- TOJKe TpeyronbHHK .ans KaJK.aoro Al;. [0,1]. Mbi .ao-

KSJKeM, 'ITO .anH niD6oro TpeyronbHHK8 HMeeT MeCTO "e.llHHCTaeHHOCTb", OT-

xyna cnenyeT, 'ITO y So HeT C06CTaeHHbiX 3HS'IeHHII:o 

HTaK, nycTb 0 - npoH3BOnbHbill: TpeyronbHHKo no MeHbmell: Mepe 

o.aHH H3 yrnoB 0 ·nonJKeH neJKaTb a xapaxTepHCTH'IeCKOM yrne ( yrne, 

3SKniD'IeHHOM MeJK.Ily .aay~H xapaKTepHCTHKSMH aonHoaoro ypaBHeHHH) o lle11:­

CTBHTenbH01 npoBe.aeM TpH npHMbie, napannenbHbie CTOpOHSM Tpeyronb­

HHKa, 'lepe3 HS'ISnO KOOP.IlHHSTHOII: CHCTeMbl (puc. 1 ). Tax KSK HMeiDTCH· 

.1188 xapaKTepHCTH'IeCKHX yrna H 'IJ)H npHMbiX1 TO no MeHbWeil: Mepe .llBe 

H3 STHX nocne.aHHX .llOnJKHhl HSXO.IlHTbCH a O.llHOM ·xapaKTepHCTH'IeCKOM yrne. 

nycTb p - RpOH3aOnbHSH TO'IKS TpeyronbHHKSo npoaeneM 'lepe3 p 

xapaKTepHCTHKH1 KSK ROK838HO Ha pHC. 2. Dpe.anonOJKHM1 'ITO 
0 

n ~,H 2 

y.aoaneTaOpHeT aonHOaOMy ypaaHeHHIDo Tor.aa HMeiDTCH cne.ayiDWHe COOTHO-

meHHH: 

u(P) + u(P
1 

) .. u(A 
1

) +n(B 1 ) 1 

u(P
1 

)+n (P
2

).,u(A 
2

)+n (B 2 ), 

......... " ............. -.. ( 17) 

u ( P n-,1) +n (P )=n(A )+n(B 
n n 

). 
n 

npaabie 'ISCTHUbl ( 17) paaHbl HyniD, TSK KSK n ·uc'lesaeT ua rpaHHue 0. 

YMHOJKHM nepaoe H3 ypaaHeHHI!: ( 16) \18 +1, BTOpoe - HS -1, TpeTbe -

ua +1 H T.a. H cnoJKHM ace aMecTe. Toraa nony•H:teM 

n-1 
n(P)+(-1) u(~ ) .. O. 

( 18) 

15 
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O'leBHJlHO, P n CTpeMHTCSI x A, ·H Tax xax u HenpepbiBHa B CHny Teo­

peMbi BnOlK9HHSI C.n.Co6oneB81 R3 ( 18) cneJlyeT1 'ITO u ( P ) • 0. 3THM 

JlOX838H8 'ellHHCTBeHHOCTb'e 

noJlOOHbiM 00p830M MOlK9M IIOCTYIIHTb H B TpexMepHOM cny'lae. P~:-

CMOTpHM XOHYC 0, 

CUI 

orpaHR'I9HHbiA IIOBepxKOCTSIMH ( PHC. 3) o 

:x
2 

-(l+a 2 )(x 2 +x 2
) .. 0, 

2 3 

cu2 : x 1 - h , 

rile a H h - IIpOH3BOnbllbi9 KOIICT811Tblo 0 neJKHT BHyTpH xapaKTepHCTH-

'l:ecxoro xoayca sonHosoro ypasaeHHH 

x 2 -x 3 -x 2 -o. 
1 :1 a 

Mbi llOKalKeM 'ellHHCTBeHHOCTb' llnH npoHasonbHoro KoHyca yxaaaHHoro BHila. 

nycTb P - TO'IK8 0 . npoBe)leM X8p8KT9pHCTH'I9CKHA KOHYC C Bep-

lliHHOlt B p • 0603H8'1HM 'lepea W; 'ISCTb _ W l • OTp938HHYIO xapaKTepH-

CTH'I9CXHM XOHYCOM 1 H 'lepe3 u 'ISCTb X8p8XTepHCTH'I9CXOrO 

xoayca, oTpeaaHHYIO cu ( pHCo 3). 

TorJla BbliiOnHeKbi cneJlyiOI!lHe <;:ooTHOilleHHH: 

2 2 2 
0 v, - Jl -v : 

2 3 
H8 U, 

2 1 
( Jl 2 + Jl 2 ) =0 Jl - H8 cu 

l 
1 +a 

2 2 8 1 

rile v k HanpaBnSIIOI!lHe KOCHHyCbl HOpMSnH paCCMaTpHB89MbiX IIOBepXHO-

CTelt. 

nycTb 
0 

u <;..H 2 (0) H YllOBneTBOpHeT sonHoBOMY ypaBHeHHIO. Bocnonb-

ayeMCH TOlKJl9CTBOM 

o .. 2~ D- ___ a_~ cl.!-> 3 -2Lc~ ~->-2~ck ~ > 
a X l a X l I= I a X l a X 

2 
a X I a X 2 a X 

3 
a X l a X 

3 

11HTerpHpysr IIO oonaCTH 0 ', orpSHH'IeHHOlt IIOBepxHOCTSIMH a H CU;, 
nony'laeM 

a Q [ au 2 au 2 au 2] au au au· au o =f 2 - Ou dO= f I <-> +<- > + <--> v1 -2- ----v- 2-;r;:- --va ldc.J 
Q' a X W '+U a X a X 2 a X a a X I a X 2 

2 
X I a x3 3 l I 

16 

~ f ...L_f [(~)2 +(~2 ) !Ill +(~)2 (v 2 +112)-2~ all II -2i!..!!..11 vldw 
u 11

1 
ax

2 
axa I ax 1 

2 a ax
1 

ax
2 

I 2 ax
1
axa I a 

+ f ...L I £<~>
2 

+<~>2 1 v1
2+ ci!.l2 <v~+~~: l-tl2 c.£!.. l ~11 2+11 2 l -2a ..i!.. vv -w; 111 ax2 ax a ax 1 ax1 ll a ax

1 
ax

2 
I ll 

au au 1 a a 2 a a ll -2- -v 11 ldw •f -[(-u 11 __ u v
2

) +<-u 11 - ~~~)] dw 
ax

1 
axa I a u Ill ax

2 
I ax 1 ax I ax a 

. a 1 

Rll f 1 au 2 ll ll 
-1-' --(-) (v + 11 )dw 

w' II ax 2 a 
I I I 

(19) 

+ f - 1 -[(i.Lv 
w·' Ill ax 2 I 

I 

au 
---11 ax 2 

I 

2 
) + 

au au 2 
+ ( --11 - --11 ) ] dw. ax I ax a 

8 I 

Mbi Hcnonb3osanH o6oalla'leHHe 

1 + a 2 
I - {3:4 • 

nocnellHHA HHTerpan B (19) HC'IeaaeT H3-38 IlpHCYTCTBHSI IIOil HHTerpanoM 

xacaTenbHbiX npoaasoJlHbiX u Ha cu'. Tax Jtax 0 ne:JKHT ssyTpH xa-

paxTepHCTH'I9CKOrO KOHyca, TO >O Jl 
t 

Ha 

aToro aa (19) cneJlyeT, 'ITO 

f 1 [ a u au 2 ~. 
- <-v --v) +(...¥..1.-v 

a Jll ax2 1 axl 2 ax8 1 

17 

a H Jl 
1 

<O Ha 
, 

w • 
l 

au 2] - -v ) dcu-0 
ax, 3 

BBHJlY 
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8 , TaKHM oopasoM, ooe nsseABo sesaascHM&I• asyTpessse npoRSBO.IlBble 

au 
-v 
ax 2 l 

au 
---11 

ax 2 
l 

au au 
--11 ---11 

ax l iJx 8 
paBHSIIOTCSI SyniO Sa a • IlOSTOMy H 

8 l 

4JYSKIIHSI u - KOSCTaSTa Sa U , R TaK KaK OHa HC"'93aeT Sa nepece"'eRHH 

a H ru
1 

, TO sa seeM a paaRSieTCH symo. CneaoaaTen&so, u (P) .o 

H 'eaHSCTB9SSOCTb' aoKasasa. 

Ilo.llCTaSOBKOI (15) 0 npeo6pa3yeTCSI B KOHYC 0 ~- , orpaBR"'9BBhll 

noaepXSOCTbiO 

1-A. 
x ' 2 - (1+a2)- (x ' 2+x'll) .o. 

.\ ll 8 

QqeBR.IlS0 1 0 .\ BaXO.IlRTCSI BByTpR xapaKTepRCTR"'eCKOrO KOSyca TOr.ll8 R 

Ton&xo Toraa, xoraa 

o <A 5-
1 +all 

.2+ all 

( 20) 

H 3Sa'IHT1 anSI BCeX TaKHX A HMeeT M9CTO 'e.llHBCTBeHHOCTb' B 0 ~ • 

CneaoaaTen&so, HSTepaan (20) se coaep~RT coocT&eBBbiX asaqeSHA. 

Q /13/ 
ID.M.Bepesascxsl npeano~n MeTO.Il anSI nocTpoessg sexoTOpbiX 

o6nacTel 1 rae sa.lla"'a nspsxne .llnH BOnSOBOrO yp8BH8HRSI HMeeT cnaooe 

pemeHHe H npH STOM pa3pelUHMOCTb ycTOI'IHBa OTHOCHTenbSO ManbiX .llecllopMaUHI 

o6nacTH. nerxo asaeT&, "'TO anSI Taxsx oonacTel cnexTp coaep~T sexoTo­

pbiil: HHTepaan 6e3 co6cTaeHSbiX ssa"'essl. Mbt onsweM xopoTKO aToT MeToa 

B npHMeHeSHH K HameMy cny"'BIOe 

Bae.QeM ooossaqessg: 

fu"' a2u a~ 

ax~ ax 2 
2 

a\ 
axll 

m 

0 
Ilpe.Qnono~HM, 'ITO u <;. H 2 (0) 

IlyCTb A 1 (x), •• ,Am(x), A(x) 

m all I. c __ u 

I•' I a ll XI 

c -1 , c = ..... c =- 1 • 
l 2 m 

H yaoaneTaopseT ypaasessiO .fu-o. 

aemecTaeSSbte aocTaTO'ISO rnaaxse cpysx-

UHHo 11HTerpHpOBaHHeM no '18CTSIM MO>KeT Ob!Tb aoxasaso cneayiOmee TO>K-

aecTao: 

18 

--"-'-!,,_<,,., 

m a 
0 - f .f u ( I. A k_!_ + A u) d X n .t-1 a~ 

m m 
·= II I. c <I. 

0 1•1 I k-1 

aAk aAI au ll m aAk aA au 
---2--2AH-l + I. (-c -- ~::.::1)-

iJxk ax iJx l,t-1 I iJx
1 

iJxk ax 
I I Wk I 

iLidx(21) 
iJxk 

m 
+ I< I. c 

n ~ .. , I 

ll a A > 2 
-u 

a x 2 

I 

dx +IN 2 i A 11 f c 11 ll, 
ru u bot k k !-=1 I I 

rae Ilk - KOOp.QHSaTbl e.QHSH'IHOI HOpManH noaepXSOCTH CO - rpaSHIIbi oonaCTH 0. 
au 

cJ>ySKIIRSI N (x) TaKaH, "'TO --=N (x)ll
1 

Sa ru • (TaK KaK u/ru .. o,, 
u iJxl u . 

TO N u ( x) cyweCTByeT) • Iloa6epeM cpyBKUHH Ak (X ) H A {x) TaK, 'IT06bl KBaa-

paTH'IH8S! !flopM~ 

m m a At a A 1 a u ll m a A k a A au au 
I. c (I. ---2- -2AH--l +I. (-c ---c ...:.:.:L) -- --

1,.1 l k=l axk ax ax I l,k=l l ax k ax ax ax 
l l k l k 

( 22) 

Obtna cTporo nono~Ten&so onpe.llenessol H Bblnonssnoc& sepaaesc-rao 

m 

I. c 
J=l l 

ll 

..i.2_ > o. 
ll 

axl 

( 23) 

llan&we onpe.QenRM oonaCTb 0 TaK 1 'ITOObl Sa rpaSRUe ru 

m m 2 
I.A11 I.e 11 >O. 

k•l k k J-l l l -

11s ( 21) .llnSI Taxoa oonacTR cneayeT, 'ITO u = o 

( 24) 

H, cneaoaaTen&so, 

HMeeT MeCTO 'eaHSCTB9HSOCTb' • IlpH STOM, ~CnH caenaeM Manbte H3MeHe-

19 



HHSI 0 H Ak(x) ,TO IIOnO*HTen&HaSI onpeaeneHHOCTb (22) H HepaBeHCTBa 

(23) 1 (24) COXpaHSI~TCSI 1 TaK 'ITO 'e.D.HHCTBeHHOCT&' IIpO~OII*BeT HMeT& 

MeCTOo 

Kax BH.D.Ho xa ( 15), 0.\ -0 npx .\. -\--• Tax 'ITO xor.a.a A aaxoaHTCR 

B ,!lOCTaTO'IHO ManoA OKpecTHOCTH 1/21 {l ,\ OTnH'IaeTCSI MallO OT 0 H HMeeT 

MeCTO 'eaHHCTBeHHOCT&'o 3TO 03HB'IaeT1 'ITO B .!lOCTaTO'IHO ManoA OKpeCT-

HOCTH TO'IKH ,\ • + HeT C06CTBeHHblX 3Ha'leHHA. 

/IS/ 
KaK IIpHMep pacCMOTpHM OllHY o6naCTb1 IIOCTpoeHHY~ B OIIHCBHHbiM 

MeTO.!lOM. Boa&MeM A1=-x 1 ,Ak=x k(k .. 2, •••, m ). 

KOCTH X t 0 XJI 'leTbtpe BeTBH rHnep6onbl x 1 x 2a h • 
\ 

PaccMoTpHM Ha nnoc-

rae h - HeKoTOpaSI 

KOHCTBHTa ( pHC. 4) H 3aMKHeM HX KpHBbiMH AA t, AA :1 , - , BB 1 •••• 3TH nocnea-

HHe MoryT 6biTb 1IpOH3BOn&HbiMH1 Y.!lOBIJeTBOpSI~mHMH TOIJ&KO cneay~meMy 

ycnoBH~ : qepea 1IpOH3BOn&Hy~ TO'IKY M n~6oA H3 9THX KpHBbiX nposeaeM 

rHnep6ony BHJla X 1x :1= h • nonyqaeM JlBB yrna a H f3 , aaxmoqeHHbiX Me*-

llV KOOPllHHaTHOA OCbiD H TaHreHTOA K KPHBOA HnH K rHIIeP6one COOTBeTCTBeHHO. 

YnOMSIHYTOe ycnOBHe COCTOHT B TOM 1 'ITQ a H f3 aon*Bhl YllOBneTBOpSITb 

HepaBeHCTBY f3<a<....!L 4 • .. 
TaKHM o6paaoM1 nonyqaeM HexoTopy~ orpaHH'Ieaay~ o6nacT& 0 t Ha .. 

HnOCKOCTH X 0 X 
I 2 • PacCMOTpHM Tenep& UHIIHHllp 0 1 .. 0 1 X E m-2 , rae E m-2 -. 

o6oaHa'laeT m -2 - MepHOe IlpoCTpaHCTB0 1 H8TSIHYTOe H8 Bcex KOOpllHHaTHbiX 

OCSIX1 KpoMe ox 1 H ox 2 • AHanorH'IHO CTpOHM 0 
2 

Ha 
m-t 

H COOTBeTCTBy~mHA UHIIHHJlp 02 H T,Jl, nycT& 0 : 0 k • 
k:l 

IIIJOCKOCTH x I ox 
3 

06nacT& 0 or-

paHH'IeHa
1

H ee rpaHHUa COCTOHT H3 KOHe'IHOrO 'IHCna rnallKHX IIOBepxHOCTeA, 

OrpaHH'IeHHOCT& 0 cneayeT H3 Toro, 'ITO x 1 H x 2 orpaHH'IeHbi aa 0 1 • x 1 

H X3 orpaHH'IeHbl Ha 0 2 H T.a. Bbx6xpaS1 xoHcTaHTbi h B ypaBHeHHSIX 

rxrrep6on Jl0CT8TO'IHO M8nbiMH 110 MOJlynro H TO'IKH A , B, C, D llOCTaTO'IHO 6nH3-

LHMH K 0, nonyqaeM o6naCTb1 .!liiSI KOTOpOA KBaapaTH'IHaSI <j>opMa ( 22) CTporo 

IIOIJO*HTen&HO onpeaeneHa H HepaBeHCTBa ( 23) 1 ( 24) BbiiiOIJHeHbi 1 TaK 'ITO 

HMeeT MecTo 'eaHHCTBeHHOCT&'. B To *e BpeMSI aTO CBOACTBO He M9HSieT-

CSI IlpH ManbiX )le<j>opMaUHSIX IIOCTpoeHHOA o6nacTH. CneaosaTen&H0 0 JlnSI aTOA 

o6naCTH CIIeKTp He coaep*HT C06CTBeHHhlX 3Ha'leHHA B HeKOTOpoA OKpeCT-

1 
HOCTH TO'IKH ,\ = T . 

J1Tax, M&I MO*eM ccpopMymrpoNlT& cneJlyiOmee npeJlnoJKeaae: 

20 
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T eo p e M a s. flpx IIJ06QA p83MepBocTH npocTpaBcTsa E 
-~m 

cymecTsy~T o6nacTH ll, Jlmi ~o'tophtx 

cnexTp onepaTopa 50 coaep*MT HBTepsa­

nhl 6ea C06CTB8BHhlX 3Ba'leBBio .flpH aTOM 

npH .!lOCT8TO'IBO M81JhlX. H3M8.118BBSIX o6-

II8CTB 0 aTO CBOACTBO COXpaBSI8TCSI • 

YTO'IBHM IIOHSITHe 'Manoe B3MeHeBHe o6naCTB 0 • 06nacT& 0 
Mbl H83hlBaeM 6nB3KOA X 0, ecnB ee rpaBBUa cu' 6nH3Ka K IU B CMbiC­

ne paBBOMepaoA 61JH30CTH <j>yBKilHA1 38lla~mHX IIOBepxHOCTb BM8C'I'e . C nep-

BbiMH xx npoH3BOllHbiMH. KpoMe Toro, s6nH3H n- 2-MepBbiX rpaBeA, nopo*-

aeHHhtX TO'IK8MB TBJia A, 8, • • , rpaBBUa ru' BMeeT TaKOA *8 BB.Q1 
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