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flyCTb fl -o6naCTb m -MepHOI'O npOCTpaHCTBa, orpaHH'ICHHSSI KOHC'IHbiM 

'IHCJIOM npOCTblX 38MKHYTblX TIOBepXHOCTCH THUS JlSJnyHOBa, He nepeCCK81011lHX

CSI MC>KAY co6oll, 

Ill 
HacToSII!laSJ pa6oTa cymecTBeHHO onHpaeTCSI Ha peaynbTaTbi • IlpHBe-

/1/ 
ACM HCKOTOpblC onpeaeneHHSI 113 , 0603H8'1HM 'lepea PO onepaTop npo-

AOJl>KCHHSI HyneM BHC Q: 

P 0 : L 2 < n } 9 t < x > .. < R 0o < x > = 

{ 

f(x) AnSI xE ('l ) 

E L 
2 

(Em) 

0 AJISI I~ fl 

II '1epe3 "R n- onepaTop Cy>KCHHSI H8 Q: 

R
0

: L
2 

(Em )3- f(x) .. ( R
0

f)(x)ml f(x) AJISI 1 E n 1 e. L 
2 

< n ) . 

flyCTb 

nn= Pn R n· 

IlycTb A -nHHeiiHHii onepaTop, oTo6pa,KaiOmHii L1 (E;,) B ce6SI, 

CymecTBeHHOli HopMoii onepaTopa A H830BCM BCJIH'IHHY 

Ill A Ill " lnf II A- K II , 
k 

rne k npo6er11eT MI!0)!{8CTI30 BCCX BTIOJIIIC HCUpephiBIIblX 0110pa TOpOB, 

OnepaTOphl A n B 

OnepaTopbi A 11 B 

Haaonelvl 3KimualiDHTHhiMI!, ecnn Ill A-BIll = 0. 

6yAOM 1183hiD8Tb 3KUI!llllflCHTHhiMH ll TO'IK!~ x
0

, 

ecnu nn11 Kll*LIDro r cyutC>CTByeT OKpecTHOCTh U TO•IKI1 2
0 

TDKllst 1 'lJ.TO 
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· 111Allu-Bllulll<t H 111 n u A-nuB 111·< (. 

OnepaTop A: L
2
(Em) .. L2(Em) Ha3hiBaeTCSI onepaTOpOM llOKallbHOI'O THna, 

ecnH l{llSI mo6hiX llBYX aaMKHYThlX HenepeceKaiOI!lHXCSI MHOJKeCTB F 1 
H F2 

oneparop nF' All F' Bnonae Henpepb!BeH. 
1 2 

06oaHa'IHM 'lepea H 
2 

MHOJKeCTBO Ol{HOpOI{HhiX ljlyHKUHH eyneBOH CTe-

neHH, HenpepbiBHbiX Ha el{HHH'IHOH Ctjlepe. liepe3 Q 2 0603Ha'IHM Kll8CC one-

paTOpOB BHAa 

1 .. 
A:L

2
(Em);;..u .. Au•If" AF u EL 2(Em), 

. 
rne F -npeo6paaoBaHHe 4>ypbe, a A -onepaTop yMHOlKeHHH Ha HeKoTo-

PYIO ljlyHKUHIO H3 H2 , KOTOpyiO 6yneM 0603Ha'laTb TOJKe 'lepe3 A H Ha-

3biBaTb CHMBOilOM onepaTopa A • 

OnepaTop A noKallbHoro Tuna aaahiBaeM o6o6meHHhiM cuHrynHpHhiM 

onepaTopoM, ecnu B KalKnoli TO'IKe X onepaTop A 9KBHBaneHTeH He-

KOTOPOMY onepaTopy A ., " Q 2 • 

CuMBonoM o6o6meaHoro CHHrynS!paoro onepaTopa A H83biBaeM ljlyHK-

~" is • a A.,Ce) -CHMBOil 
.. 

UHIO cp ( X,~) "' A ., ( ~ ) , rne X E E m 

onepaTopa A., • 

HacToSIIIlaH pa60Ta nOCBSII!leHa uay'leHHIO cymecTBeHHoro cneKTpa one-

paTopa 

(j .. RnA Po ; 

rne A -o6o6meHHbiit CHHI'YilS!pHbiit HHTerpan. KaK H3BeCTHO, cymeCTBeHHbiit 

cneKTP onepaTopa {j -aTO MHOlKeCTBO TO'IeK A 1 l{llSI KOTOpb!X onepa-

TOP (j -II. I He SIBilS!eTCSI HeTepOBbiM. 

neMMa. OnepaTop (j .. ,\I HeTepOB Torga H TOilbKO TOI'AA. KOI'AA one-

l2n5m. 

!B •lllE,./O+.(A-/I.I) Do: L2 (Em) .. L2(Em) HeTepoB. 

4 

l ' 
! ~ l 

x) a 
AoK838T91lbCTBO. Y CTAHOBHM CHa'lana, 'ITO Ker ( u - ,\ I) H Ker !E 

0l{H0BpeM9HHO KOH9'1HOMepHhi. 0603Ha'IHM 

T:L 2(Q);)u .. ~ .P0 u-(A-A)P0 ue L 2(Em). 

npeo6paaoBaHHSI T H Po ycTaHABilHBaiOT B38HM00llH03Ha'IHoe COOT-

BeTCTBHe MelKny Ker ( 6 ..:_ ,\I) H Ker !B • AeliCTBHTellbHO, Tu E· Ker !B , 

ecnu u E Ker ( G - ,\ I ) , TaK KAK 

!BT .nE,./P (P0 u-(6-AI)P0 u]+(A-.\I)n{'[Ppu-(6-AI)P0 u] .. 

•-llE,./0 (A-.\I)P
0

a+(A-,\I)P0 u-(A-.\I)n 0 (A-.\I)P0 u-

c(l- ll E,./O )(A-,\1) PO u = n0 (A-AI) P0 u = 0. 

To'IHO TaK lKe R 0 ~ E Ker ( 6 - ,\ I ) npu ; E Ker !B 

H3 

DE /fl. ;+(A-.\I)llo;=O 
In 

cnenyeT 

R p n E /O ; + RO (A - .\ I ) ll () u ,. 0 , 
m 

H, 3H8'1HT, 

.. 
Rp(A-.\I)PO R0 u .. o. 

KpoMe Toro, nerKo BuneTb, 'ITO 

R
0 

Tu .. u H 

.. .. 
TR u ., u, 

0 

• AcliCTBHTellbHO, 

ecnu u E Ker ( 6 - ,\ I ) H u E Ker !B H, TaKHM o6pa30M1 B38HM00l{H03-

Ha'IHOe COOTB9TCTBHe M9lKilY Ker ( (j - ,\ J ) H Ker !r yCT8HOBil9HO. 

o503HA'IHM MHOJKeCTBO ayneli onepaTopa L. 
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TaKHM JKe o6paaoM MOlKHO noKaaaTb, 'ITO KopaaMepHOCTH MHOlKeCTe 3Ha-

qeHHfi onepaTopoe 

noKalKeM, 'ITO 

(j -Ad H i 

1m (CJ -·A I) 

OAHOepeMeHHO KOHe'IHhlo 

H Im!B OAHOepeMeHHO 38MKffYTbi, 

nyCTb, HanpHMep, 38MKffYTO Im ( (i -AI) • nycTb '·E 1m i ' Ia .. I. 

noKalKeM, 'ITO gEim!B " CymecTeyiOT a • E L 1 ( E m ) · TaKue, 'ITO 

9\ ;; a • g a , nycTb a.- " " " Roaa .TorAaH3 DE frfa+{A-AI)llole•la 
Ill 

cneAyeT R 0 (A->.I)P0 u.-R0 g ... R 0 g • TaK KaK Imio<A-A I) Po 

aaMKHyTo, To R0 g e 1m Ro<A ->. r >Po , T.e. cymecTeyeT a E· L 2(0) 

TSKOe, 'ITO Ro(A-AI)P0 a .. Rol , nycTb 

; • Ta. Po u -(A-AI)P0 a, 

TOI'A8 

!B; •- DE /O( A-.\ I) PO a+ (A-,\ I) PO a - (A - ,\ I) PO R0 ( A-,\ I) P!l a • 
m 

=PO R
0

(A -A I) P
0

a -(A-,\ I) POR!l(A- AI) PO a., PO R0 g -(A -,\I)P!l R0 g"" 

•(I-DE /O)g-(A-,\I)Tll{li•K-!Bg. 
m 

3na'IHT, 

i(;+g)~g 

•, 

H, Clle,[{OeaTellbHO, g E Im $ , 'ITO H8ll0 6blll0 ll0K838Tb, JleMM8 AOK838-

Ha. 

Mb! eOCITOllb3yeMCll He06XOJIHMblM H AOCTSTO'IHb!M ycnoeHeM AliSI HeTe-

poeocTH onepaTopoe THna onepaTopa 
11/ i , COJieplKSII!HMCSI e 

nyCTb II ~2 H X O -TO'IK8 I'p8HHUhl 0 , llpoeeAeM B XO enu-

Hlf'lflhle HOpM8liH: enyTpeHHIOIO D I H eHeWHIOIO D8 , llepeHeCeM D
1 

"a "o "o 
H D" xo e H8'18ll0 KOOpJIHHST, KoHUhl HX OTMeTSIT Ha eJIHHB'IHOit c<jlepe l: 

nee TO'IKH, CoenHHHM 3TH TO'IKH eceeoaMOlKHhiMH nonyKpyraMH t "o • Bee-

lleM BeliH'IHflY 

t,.o • 
d . ( ,\) •I arg [ A ( X 

0 
, 0 -· >. ]It 

"o "o 

6 

l~l 
'I 

:\1 

'!, 

:~ ':II 

',(!.' 

~: 
tt 

1,1 f 
j 

I'Ae e npaeoit '18CTH paeeHCTea HSXOAHTCSI H3MeHeHHe eeliH'IHHbl e <jlurypHbiX 

CK06KaX, KOI'A8 e MeHSieTCSI eAOllb nonyKpyra t ,. . 
0 t 

B cnyqae m > 2 I'OMOTOITHhl, H d ,."0 (A) He 38eH-
0 

CHT OT t,. 
0 

• 06mee 

ece nyTH t,. 
3Ha'leHHe J" g 

"o 
o6oaHa'IHM qepea d,.

0
(A}. 

B cnyqae m • 2 HMeeTCSI Aea Knacca .Hei'OMOTOITHblX nyTeit, H Mbl no-

d;o(>.) 
+ 

l!y'ISeM Aea 'IHClla: d,. (.\) H 
0 

B cnyqae m • 1 0603H8'1HM 

d,. (A) • arg [ A ( x 
0

, 1)- ,\] - arg[ A ( x
0

, -l )-,\] 
0 

Ill 
B AOKaaaHo cneAyiOmee yTeeplKAeHHe. 

llnSI TOI'O, 'IT06hi onepaTOp J 6hlll HeTepoebiM, Heo6XOAHMO H AOCTa-

TO'IHO, 'IT06hl: 

1. <llyHKUHH A(x,e)-,\ H ee npeAellbHhie ana'leHHH Ha rpaHHUe o6nac-

TH {) He o6paw8liHCb e flYllb HH npH KSKHX X E 0 H e E ! . 
+ 

2. llnH TO'IeK x 0 , npHHaAlleJKawHx rpaHHUe I d ·,. I <"<I d- I < ") · 
o "o 

0TCIDA8 ClleAyeT. 

TeopeMa. CywecTeeHHbiA cneKTp onepaTopa CJ cocToHT H3 3Ha'leHHii 

!byHK!lHH A ( x , E ) npu x E 0 , E E l: ua Tex TO'IeK >. • nnSI KOTo-

pbiX I d .. 0.) I> a ( 1·d! CA>J>ulnpu HeKoTopoM x a Ha rpaHuue o. 
0 0 

llpuMep 1. PaccMoTpHM onepaTop 

1 
T:L 2 (0,1);). a(x) .. m(x)u(x)+ I K ( x, t) u ( t) d t ' 

][- t 

rne m ( x) H K ( x, t) HMeJOT HenpephieHhie nepebie npouaeoAHhie, 3ToT, one-

121 
paTOp H3Y'I8liCSI e , 3anHWeM T e eHAe 

rne 

H 

T~CJ+C, 

I a ( t) 
ft:L

2
[0,1],.a(x) .. m(x)a(x)+K(x) I--- dt, k(x)c K(x,x) 

0 x-t 

K(x,t)-K(s,x) 
C:L

2
[0,1];).a(x) .. J a(t}dt. 

0 x-t 
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nerxo BHAeTb, 'ITO C -snonae aenpepbiBHbiA onepaTop •• cneAOBaTenb-

uo, onepaTopbi T H G HMeiOT OllHHaKOBbiA cymecrseHHbiil cnexrp. nycTb 

.. 
A: Lj.-oo,oo)3u(x)-+m(x)u(x)+K(x) f 

-tilo 

TorAa 

(f .. RnA Pr. • 

u (t) 

x-t 

rAe 0 .. (0,1) • llm1 CHMBona oneparopa A nony'laeM 

A(x, ~)- m(x)+ i ~rk(x) sga ~. 

d t. 

MaoJKecTso aHa'leHHif A(x, ~) _Anll xE(O,l) H lei·· 1 cocTOHT Ha llByx 

KpHBblX 

A 
1

8 1 : m(x) +1, k(x) 0<x<1 

A
2 

8
2 

:m(x)-1 ,k (x) 0< X< 1. 

fpaHHilS (} B 3TOM cny'lae COCTOIIT H3 llBYX KOHilOB HHTepBana [ 0, 1 _] t 

TSK 'ITO 

Ids (.\}1;.,1 arg[m(O)+i,k(O)-.\]- arg[m(0)-1,k(O)-A)I, 
0 

encH X eO H 
0 

ds u >I - I arl!l m o > + 1., k o >-A 1-, arg( m < n-1, k u >-A 1 1. 
0 

ecnH xo e I. 

To'IKH .\ , Jlnll xoropbiX I d _ (.\) I Y" 
&0 -

aanonHliiOT llBa npliMonHHeiiHhlX 

OTpeaxa A I A 2 H 

8 1-m(l)+i 1r k ( 1) , 

8
1

8
2 

, rAe A 1em(0)+1,k(0) 

82 em(l)-11tk(l). 

, A
2
•m(0)-1•k(O), 

TaKHM o6paaoM, cy!!!ecrseHHbiA cnexrp oneparopa T cocroar aa ro

'leK xpasonnael!aoro 'leTbmexyro&HHKa A 1 8 1 A 2 8 rr 3To cosnallaer c peaynb

/2/ T8TOM , nOny'leHHbiM npH nOMOlllH TeopHH HOpMHpOB8HHbl X KOneu • 

npHMep 2. nycTb m _? 2 (} -orpaHH'IeHH8ll o6naCib B m -MepHOM 

3BKnHilOBOM npOCTp8HCTBe C ll0CT8TO'IHO rnallKOH 1'p8HHUeil ofl • 0603H8-

'IHM 'lepea G(x;y), x•(x
1
, ... ,x,), Y•(y

1
, ... ,ym)<jlyHKUHIO fp&Ha aalla'IH 

Di\u-f 

u/ a!hO 

PaccMaTp&saeM onepaTop 

l 
1\- -.-- + ... 

a x 2 
I 

a2 
+ -:-r-a 

xm 

T:L
2
(fl) 3- u(x) .. f 

n 
iJ2 G(x;y\(y)dy. 

a Y2
s 

llH<jl<jlepeHUHPOB8HHe noll HHTerpanoM npOH3BOilHTCll B npOCTpaHCTBe o6o6meH
/3-5/ 

HbiX <jlyaxuail. 3ror oneparop aay'lancll B 

Kax aasecTHO f 

G(x;y)• &(x;y)+ g(x;y), 

I'Jle 

i(x;y )• 

cl 
rm-2 

C 2 Ia • 

a g( x; y) -pemeHHe ypasHeHHll 

m > 2 

m •· 2 

1\.,g(x;y)•O 

npH ycnOBHH Ha rpaHHUe 

r•lx-yl, 

g(x; y) I yean -- 4 (x; y) I y E an 

npH n1060M x E' 0 
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rAe 

TaKHM o6paaoM, onepaTop T npeACTasnHeTcH s BRAe 

Tz(!+J(, 

(! • R11 A P P. • J( = RP.K Pp 

a2 
A:L

2
(Em) "lo u(x) .. J --2 6(x,y)~u(y) dy 

e: ay 1 

K:L (E) 'u(x) .. 
2 m 

m a2 
--

2
- g(x;y)u(y)dy . 

Em a y 1 
.r 

noKalKeM, 'ITO onepaTop J( snonue uenpepb!B6H, neACTBHTenbHO, HAPO 

a2 
--a;;r- g(x;y) uenpepbiBHO seaAe s P x {l 

y I 1 
KOTOpb!X HMeeTCH OC06eHHOCTb THD8 --m

f 

1 KpOMe TO'IeK X., y " a 0 

J( OT06palKaeT L
2

( (!) 

I B 

s ce-

6H, llyCTb {') ' -o6naCTb 1 COAeplK81U8HCH B 0 1 TBKBH 1 'ITO paCCTOHHHe 

MelKAY rpaHHUBMH () '· H 0 He npeBOCXOAHT 13 

J( '.,JU,K P0 , 
'2 

nnonne uenpepbiBeH (BBHAY uenpepbiBHOCTH ~ a y21 

• TorAa onepaTop 

B 0' ), llyCTb "'-

orpaHI!'I6HHOe MHOlK6CTBO B L 2 ( {') ) , lloKalKeM, 'ITO MHOlKeCTBO J{ ~ 

KOMIIaKTHO B L 2(!1) • nefiCTBI!TOnbHO, MHOlKeCTBO K'RnJ!r KOMU8KTHO B 

L 2 ( 0 , ). 3na'II!T, cymecTayeT HeKOTOp851 l -ceTb ::: , • nycTb = .. 
~ Rn p 0'!:,. noKalKeM, 'ITO !:. ( -ceTb B J{ ~ • nycTb J{ u E J( ~ • 

TorAa J<'Ro·UE J{' Rn·'- • CymecTaye'l' v'E ~· TaKoe, 'ITO 1\J<'Rp,u-

-v'W 
0

<r. llycTb v"'RnPn,v' 
):.21 l " " 

, O'ieBI!AHO 
1 

v E- E • 11 Me eM 

J( u - v = J( u - Ro P {l, J(' R O, u + R r. P ()' J(' R p , u - Rp PO • v ' 

J( u- RoPp, J(' Rp• u • Rp K PO u - Ro Pp, RO'K P0 , Rp• u = 

• Rp K ( Pp,Rp, + Jfl !1' RO 0 ,) u- R0 P0 , R{l, K P0 , Rp,u ~ 

10 

-R0 (1-P0, Rn·>K P 0.R0,11 + R0 K P0 0.R0 0.u • 

• PO O,RO (l4K Po, Ro, II + R 0 K Po 0' Ro 0'11 

IIY<II-R 0 P0 ,J<·Rr·llllo <II'P0 n·Ro ",KP0,R0 ,1111~ + 

+II R nK Po o.Ro o·llllo < f I K Po·Pn· u 16 dx +IlK II~ II Po o.Rr o.ull'2 

.. 0 0' 

~mea 2 
( 0 I 0') f I K P0 , R0 , 11 1

2 d x+ II J< 11 2 f I u 1
2 d 1 < 

o o o· 

<mes
2 (0 O',IIKP0,R0,ull~ +IIXII'1 mu (0 P'lll'uiiJ< 

<2mes
2
(P O')II'Ji'll 2 1lull~<f, 

npl! AOCT8TO'IHO ManOM 13 Mbi ucnonbaosanu orpaHH'IaHHOCTb onepaTopa 

J( , 11 M66M TSKlKe 

II Ro P{),:k 'Rn·"- ROPO' v'llc -IIJ<'Ro'" -v'll(l.<r. 

TaKI!M ol5paaoM, nony'laeM, 'ITO ecnu 8 AOCTaTO'IHO Mano, TO 

II J< u - v II 0 < 2 ' • 

3TO DOK83b!B86T1 'ITO ! - 2 l - C6Tb AnH J{ ~ H, 3H8'1HT1 J( ~ 

KOMDdKTHO, T,e, qnepaTOp J( snonue uenpepbiBeH. 

113 3TOI'O cnet:~yeT, 'ITO onepaTOpbl T H (! HM610T OAI!HSKOBblii cy-

lll6CTB6HHhlii CD6KTp, HeTpyAHO UOAC'IHT8Tb, 'ITO ODepaTOp A HM66T CHM-

BOD I A (X ' e-) - ' 2 I ' I -2 • 
I 
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ll( 

,"' 

.... 

npul)leHSISI TeopeMy, nonyqaeM, 'ITO cywecTBeHH&Ill cneKTP onepaTopa T 

aanonaSieT HHTepsan [ 0, 1 ] • 
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