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PaccMoTpHM CHCTeMy faMHnbTOHa 

i =-_il!_ , y = _E!_ 
ax (x=(x, ••• ,x),y=(y, ••• ,y )), 

1 m 1 m 

. 
p __i.!!.. 

a q 

(1) 

CI "' :: ( P = ( P 1 • • • ·• • P 11 ) • q == ( Cl1 • • • • • q 11 )) 

C 2" -rrepHO.QH'IeCKOlt IIO q <jJyHKUHelt faMHnbTOHa H rrpearronO)!{HM
1 

'ITO 

cHcTeMa ( 1) o6naaaeT ycnoBHo-rrepHoaH'IeCKiifM perneHHeM 

. 
X•=f(cp),y=g(¢), par(¢), q ==¢+s(¢), ¢ = c.1 

( 2) 

rae f , g , · r , s - 2"- rre pHO.Qlf'IeCKHe <PYHKUHH ¢, a w -=(w , ••• w ) -
1 . 11 

KOHCTaHTbl. DpearronO>KHM aanee, 'ITO f, g , r, S... aHanHTH'leCKHe <flyHKUHH 

¢ B rronoce I ·r m ¢ I < p ( p > 0 ) , orrpeaenHTenb 

detl E +~ 
11 a ¢ 

OTnH'leH OT HynR B STOlt nonoce, a <flyHKUIHI H - 8H8nHTH'leCK8SI IIO X 
1 

y 
1 

p , q B HeKoTopolt oKpecTHOCTH peiUeHHR ( 2). B aTHx ycnoBllRX aaMeHa rrepe

Mei!HbiX 

x=f(¢)+~, y -=g(¢) +'I 
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p=r(cp)+(En+ 
a s 
a¢ 

)-\I __ cLL_e-+_2_!_ 17 ), q., ¢ + · s(¢) 
a¢ a¢ 

npHBOAHT CHCTeMy (1) K BRAY 

e-

rae 

aJ< .. 
---' 11 
al1 

a:H 
ae-

a J< a J< ~ 

¢ = a I a¢ 

J{ = H ( f( ¢) + e-, q ( ¢) + 11 ; r ( ¢) + ( E + ~ ) -I (I - ~ e- + l_L 11), ¢ + s( ¢ )\, 
n acb acb acb 'I 

H, corn aCHO paBeHCTBBM ( 1) 1 ( 2)1 npH e = 11 = · I = 0 HMeeM 

aJ< 
= · ae 

aJ< al< 
= 0 ' (U 

en al1 

B03bMeM Tenepb B Ka'leCTBe HCXO/lHOI'O nyHKT8 npHBe/leHHbiX Bbillle 

p accy*neHHH K a Koe-nH6o H3 nonyqeHHbiX B pa6oTe/ 1 I ycnosHo-nepHO/lH

qecKHX peweHHH. B 8 T OM cnyqae , KBK cnenyeT H3 pe3ynhTBTOB pa60Tbi/ 1/, 

CyWeCTByeT K8HOHH'IeCK 851 3 8 MeHa nepeMeHHblX 

e=~ 
al1 

av 
' I ' v =·----au 

C npOH3BO/lHIIlei1 QJYHKUHefi V BHAB 

a v 
a¢ 

.P= 
a v 
a z 

V = u 17 + z ¢ + ~ a ( ¢ ) u 2 + f3 ( ¢ ) u 17 + ~ y ( ¢ ) \' 17 2 + 

K ( ¢) u z + r (¢) 17 z + ~ X ( ¢ ) z 2 , 

(3) 

(4) 

T8K8H, 'ITO MBTPHUbl a. 8 , v , K , r , )( - 217 - nepHO/lH'IeCKHe QJYHKUHH, 

aHanRTH'IeCKHe no ¢ B nonoce 1 I m ¢ 1 < p ' ( p '> 0 ) , onpenenRTenh 

de t l E + f3 l oTnH'IeH oT HynH B 8 TO H nonoce H pa3no*eHHe J{ B pHil no 
m 

CTeneHHM U , V , Z HMeeT BH/l 
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J{ 
(5) 

rae TO'lKaMH o6oaaaqeHhi qneHbi 6onee BbiCoKoro nopHaKa, a J<
0 

H MaT-

pHUbl a , b , C , d He 3aBHCSIT OT r/f 
npeanonO)I(HM Tenepb 0 'ITO BCe C06CTBeHHbie 3Ha'leHHSI MaTpHUbl 

- b' . -c ( 6) 

a b 

- llpOCTbie, npH'leM cpeaH HHX HMeeTCSI 2 f ( 1 < e < m ) 'lHCnO MHHMbiX _ , 
co6cTBeHHbiX 3Ha'leHHli A I = · i vI • • • • • A e = i 't. Am+l-i a- I' ••.•• , A mt£ =-iII e 
B a ToM cnyqae KaHOHH'lecKym aaMeHy ne p eMeHHhlX (3) c npoHaBoaHmeli 

cpyHKUHeli BHaa (4) MO)I(HO Bbi6paTb TaK 0 'ITO paanO)I(eHHe (5) npHMeT BHa: 

( 7) 

. . ~· , 

rae 

.., 
, u ) , v =( Vn 

m t+l '••• , V m ), -, 

II = ( II l ' • < '• ' yf ) , 
a MaTpHUhi A

0
, B

0 
, C

0 
He aaBHCHT oT rjJ • 

ilnH 6onblllHHCTBa nony'leHHhiX B pa6oTe/l/ ycnoBHo-nepHoaHqecKHX 

pellleHHli cymeCTByeT KOHCTaHTa K > 0 TaKaS1 0 'ITO npH niD60M uenO'lHCneH-

HOM k = ( k l , • :• • , k n) ,; 0 cnpaBeanHBbl HepaBeHCTBa 

s 
l: hal + i ( w , k ) 

J=l 

8 

I~ Aa 1 +i(w,k)l> 
!=I 

K 
"> ----· 
- I kIn+ I 
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rae 

I k I .., I k l + ••• +I k n ( (U I k) = (U lk 1 + +· (U k 
n n 

a Aa, - rrpoH3BOllhHbie co6cTBeHHbie 3Ha"!eHHSt MaTpHUbi ( 6). YfcxoaSt H3 

8TOro , rrpe£1IIOJIO)I{HM 1 "'TO £\liSt perneHHSt ( 2) BbliiOJIHeHbl HepaBeHCTB8 ( 8) • 

npeAIIOJIO)I{HM, aanee, "'TO cyMMa ! A 
J=l at 

OTJIH"'H8 OT HYllSt IIpH 

mo6biX a =1, ... ,2m, H CyMM8 !. X 
J= 1 a, o6parnAeT C St B Hyllb TOllbKO 

B TOM cnyqae , KOraa C06CTB8HHhle 3H8"!eHHSt A a, KOM6HHHpy!OTC St nonap-

HO T8K."'TO CVMM8 K8)1(Jl01 naphl P8BH8 HV ll!O. 0TCIOJl8 cneaveT 

(eM. paBeHCTBQ (7 )) : 

cvmecTBo -

B8HHe K8HOHH"!eCKOI 38MeHhl nepeMeHHhlX 

a v av av av 
u = I y =--- I z = • q =--

a v ax a.p a P 

C npOH 3 BOJlStillel ~yHKUHel V BHA8 

6 
v = XV + p 1/1 + ~ v ( X 1 V 1 p 1 1/J ) I 

" ""' 3 

rae V • - oaHOpOllHbiH no nepeMeHHbiM X , V , p nOJIHHOM S - TO H C Te 

neHH1 KO~~HUHBHTbl KOTOporo 21T -nepHOLlH"!eCKHe tPYHKUHH 1/J 1 8H8JIHTH-

'!SCKHe no 1/1 B nonoce II m 1/1 I < p , T8KHe, 'ITO B HOBbiX nepeMeH-

Hb!X cnpaBeJlJIHBO p8BSHCTBO 

6 4 "2 v v 
J{ = ~ J<,. (f>,T)+ ~ ~ I A .. < p. T) X + 2 B" ( p. T ) X y + 

""'0 s=o 
( 9) 

,..2 I " " J{ • < + c .. ( p. T ) y + P,. ( X • ·Y • p • T ) + X I y • p • q ) , 

r ae 

2r 
2 2 2 2 

,., .( xl +· Y l ' ••• ' x'- + Y ~ ), ~ e { XP.+1 1 ••• 1 

V' 
X ) , Y "' (Yt 

m ret '••• ' Y m ). 

J{ • ' A,. ' B. I 

rrepeMeHHbiX p 1 r 

C 
11 

- OllHOpOJ:\Hbie nonHHOMbl S -TO t!: CTSIISHH O T 

IIOJIHHOM p 
4 

He conep)I{HT 

6 
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'! e TBepTo li 11 p a 3nO)I(eHHe Jf• B pHil no c TeneHH M x, y , p He c onep>KH T 

'ln e HoB HH)I(e ceabMol\ cTeneHH. HcxonH H3 p a BeHCTBa ( 9), nonO>K >~M 

J{ H(J)+~A {J)z
2

+B (J)+~C(J)w 2 +H•(z,w,J,O ) , 

rae 

Z m X 
1 

H 

W-= y , .T :(p,r), e a(q,o). 0 c ( 

e 4 

2 }{• , A ~ · 2 
•=o a-=o A ' . 4 

B = 2 B 
•= 0 

yl 
arc tg-

x 
I 

4 

c = 2 
•=o 

B 3TOI! CHTyauHH HMee T MecTo c n eny JOill8 H 

Teop eMa. nycTb Ll8 118 C>ICTeMa f a MHnb TOH8 

aJ{ aJ{ 

arc 

c 

( z = ( z
1

, • •• , J w = (w t , • • • , ' ) ) . z =- --- w= z 
' w 

aw a z m ru 

aJ{ 
0= 

a}{ 
( J = ( J I Jn ,) • (J = ( (J I' ••• (J , ar- , ... , . n ae 

c cjJyHKUHeti f a MHn bTOHa ( 10), YllOilne ToopHJO!lle ll cn eny10tUHM y c n o llH HM: 

( 10) 

) . 

(II) 

)) 

I. J{ - 2" - nepHonn'!eCKaS! cjJyHKUHH (J , a Ha nHTH'IeCKa H no z , w 

J n+ 1 - 2 ( I < l ' '•• • ' I J n·-2• 1<.- , I ImO J< p ( R > O,p > O,O<N ,O <n < n ') . 
0 0 0 0 - -

2. npu 0 < ( < f H % w = 0 B o6na c Tn I Jd< ,, ••• , I J nl < ' , 

I J n + I -a I < f •••• • I J n '- 2f I < l • I I m (J I < Po 

CTipaBelln HBW HepaBeHCT B8 
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I ·H· I . s I . a H. I . s/2 I . a 2 H. I . 2 I . a 3 H. I . sh ..,. .( p. • .-- · ~ ( p. • 2 ~ ( p. • 3 . ~ ( • 
ax ax a x 

rne X- (z,w) p. - 0 ( J(-

3, H , A , B , C- aaanHTH'!eCKHe cj>yHKUHH J B aeKoTopol! oKpeCTHOCTH 

J • 0, · llpH'!~M rrpH J - 0 

det 
a 2 

H 
1 f. 0 • 

aP 

a Bee co6c'I'BeHHble aHa'!eHHSI >..a = >..a (J) • MaTpHUbl 

j 
-B' -C 

r - A B 

rrpH 'J 0 - 11pOCTbl8 H YAOBneTBOpS!IOT Hep aBeHCTBy BHAB 

:£ 
•= 1 

a >..a 

a J. 
+ 

a >.. f3 

a J • 

n 

+ I :£ k, 
ra · } 

rne k r - rrpoii3BOnbHble uenble '!Hcna. 

2 a H 

a }r a J" 

Torna cymecTByeT paanolKeHHe fn • {i,, u {i, 2 o6nacTH 

( 13) 

,; 0 ( 13') 

( - I - ( < J < ( ..... ·- •( < J < ( • ( < l+ I 
-1- - "- -

< 3 ( • .... ( < J , .< 3£ 
- - · D _ , 

TBKOe, 'ITO 
mes li 2 • 
--- .. 0 rrpH l .. 0, a AnSI n106oro J E- f. 
mea&, 1 

cy-

meCTByeT HHBapHaHTHblll OTHOCHTenbHO ABHlKeHHII CHCT8Mbl ( JJ) TOp T * , 
J 

o6naABIOIUHII cneAyiOIUHMH CBOI!CTBBMH! 

I, HaBapHaHTHble TOPhi T, • 38A8IOTCS! rrapaMeTpH'18CKHMH ypaBH8HH-

S!MH 

'8 



z Z 1 .( Q), w"' W 1 •< Q) , J "' F J* ( Q), (} "' Q + G 
1 

* ( Q ) 
1 

rne Z1 .. , W J'" , F 1• , G J .. Q , 
aHanH TI:P-IeCKHe no Q B nonoce I m Q 1 < ~ p, 

H * 
>KHM 

H 
0 

2 • .OB11>KeHI1e H8 Tope TJ * 
( (U , ... 

I 
w , 

n ) ' T. e . 

ycnUJ:IHU-lle pl1UJ . .U1'1eCKUe C Q 'ICICTO'I'CIMJ1 . 
Q w , -rne w "' 

a H 
npn: J = J ... 

v a J 
DoKaaaTenhCTBO 9Toit TeopeMbi ocHoBaHo Ha cnenyJOilleM. 

ITycTb H H H 
o' X' XX 

03H8'1810TCOOTBeTCTBeHHO 3H8'1eHH€ ¢YHKUHH 

H ee qacTHbiX npoH3BOAHbiX n o X = ( z, w ) npn: z "' w "' 0 • ITono-

.. .. 
H "' H + H 

0 
H

0 "xx "xx 

-n 
- (217) cpH XX ( ],(}) d(} 

n: HHTerpan B3HT no nosepxHOCTH n' -MepHoro Topa. 

CoseplllHM Tenepb K8HOHH'IeCKYJO aaMeHy nepeMeHHhiX 

z = 
a v 

w 
a w 

a v 
a z, 

, J a v 
ae 

¢YHKUHeit V BH£!8 

+~ s,, (J', 0) 
z z 

, 2 
z + s , 

z w 
( J' , 

ynosneTBOpHIOilleit cnenyJOrneit cn:cTeMe ypaBHeHHit : 

as 
(cu,----ll-) +[Ho a e (J' ,(})]N 

9 

0' 

0 

a v 
( 14) 

a J, 
t 

(J' , (} ) w 2 



( "' , ~ ) + [' , SX + [ H X ( J , , (J ) ) N • · 0 , a o 

a s 
(ClJ , XX ) + ['' SXX + Svv [' + [ R (J ', (J ) ] + £\ (J ') -a o ~A -xx N 

m 

-[I 
a=) 

rile 

-~--- s.a 
( 

5
•'a "a 

a Hxx 
a z a 

a H r = r _, L Hxx (l) a--' 
a~ J, 

to' a r 
) ~ +jJI L ar;;-

,Sx·(S.', Sw) 

a So 

a ea 

( 15) 

a 0' 

a H .l!:X. 

a z 
a 

H 
a HX)( 

a w 
- npouaBOilHbie TpeTbero nopS!JlKa OT H • 

a 

npH z = · w -= 0 , 

, m a H 
£\ a (2.r ) -n I 

a= I 
tjJ ( sz, 

a 
XX a w - sw ~-)dO a za 

L ~ I 

H JlnSI cpyHKUMH 

0 

-E , 
m 

E , 
m 

0 

BHilB 

oaHa'!aeT cyMMy -~ - fk 
lti<N 

B oabMeM o6nacTb 

~X 

.. 
= I 
1 kl .;.o 

el (t. e ) 

a a 

s , , 
. & & 

S', 
& w 

fk et (t,O l 

sz.'w 

s ww 

CUM BOn ( f ] N 

6* = I I J, I ~ c , ... , I Jn I< c 

I J n+: - 2c I : c , ••• , I J n, - 2c I < c 
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H rryCTb B o6n8CTH 6- ·8 
N 

<:: &• ( f3 x/ BhliiOnHeHhl HepaBeHCTB8 

+ i(cu • k) I>'£ 8 lkl ·-(n'+ I) 

anSI acex ueno•mcneHHhiX k ( k 
1 

, ••• , k n, ) T8KHX1 'ITO 0 .< I k I < N 

H rrpOH3BOnbHbiX co6CTBeHHb!X 3H8'!eHHI!: M8TOHI.tbl r . Toraa, cornaCHO Hepa

BeHCTB8M ( 12) 1 II pH Jl0CT8TO'IHO M8nbiX f3 > 'Q , 8 > Q CHCTeMa ypa BHeHH ti ( 15) 

HMeeT aHanHTH'!eCKoe B o6nacTH I' re_. ,f,. a , I I m 9 1 ~ p - 2 a perne-
N 0 

HHe, YllOBneTBOpSI!Olliee B 8 TOft o6n8CTH HepaBeHCTB8M 

a- K 

rae K = 2 n ' · + 5 0TC!Oil8 Cne,nyeT, 'ITO IIpH .QOCT8TO'IHO M8nbiX 

f >' Q H ll f3- Ia -2(K + "! ) p a BeHCTB8 ( 14) OIIpeaenSIJOT B38 HMHO-OilH03H8'IHY IO 

B o6naCTH 

38MeHy rr e p eMeHHbiX. 

nono~HM Terrepb N 1 -·-en ll y 

1Im9'l '.<p -4a 
" 

Tor,na B HOBb!X rrepeMeHHb!X cpyHKI.tHSI }( 6yaeT HMeTb BH.Q 

J( = H ( J') + ~ ( A (1 ') + 2 
a(J'))z' + ( B ( J ') + b(J ')) z'w' + 

H' . , 
z , w I', e > , 

x / ,. 
06naCT b " "' -£ fJ COJJep JKHT r e T O 'IKH o 6nacTH G*, pacc r oHHHe 

O T K O TOpbl X tlO r pBHHLi b l o6nBCTH f." * 6 o n b W e £/J ( £/J ~> 0 ) , 

11 



rae MaTpHUbi a, b, c CBH38Hbi c MaTHueA A paeeHCTBOM 

A 
. a b -C -B r 
b' c A B 

a ciJyHKUHH H' H ee npoH3BO!lHbie no X 

B o6naCTH 

•(z', w' ) npH z' ... . w' ·= · 0 

]'G-[i;8 
N 

- ' 3Ef3, I "Im (}'I< p _ , 3y 
0 

(y> "28 > " 0 ) 

ynoeneTeopHIDT HepaeeHCTBaM 

I H, I < £3 p. , a H' 
ax , < E s/ 2 p. ' 

a 2 H' a3 H' 
-~ ( 1 + 8 ) t S/2 < E 2 /L 

, s a x , 2 a x 

C /L. = · p. s/2, C llPYI'Ol% CTOpOHbl)H3 HepaBeHCTB ( 13) H ( 13') Cli8LlyeT, 'ITO 
-L, 

npH f3 =88, y == 8 4n H lll060M ciJHKCHpOB8HHOM E C- (0,t&) HMeeM 

mes ( &, , (~ -3Ef3 ))-+ 0 

npH 8 -+ 0 , 0TC10Ll8 cneayeT, 'ITO OflHC8HH8SI BbiWe KOHCTpyKIUISI MO>KeT npH-

MeHHTbCH neorpaHH'IeHnoe 'IHcno paa. CxoaHMOCTb sToi'o npouecca llOK83hl-

B88TCSI 8HBliOI'H'IHO TOMy, K8K 9TO C!lenaHo B pa6oTe/2/, 

HepaeencTeo (13') a HacToHwefi pa6oTe aaMeH.HeT ucnonbaoeaHHoe a 

pa6oTe/1/ Tpe6oB8HHe OTCYTCTBHSI TO~!leCTBeHHbiX COOTHOW8HHA BH!l8 

A 
a Af3 +i(cu,k) ;!; 0 + 

C Uel!O'IHCli8HHbi MH k =- ·(k ,.,,, k ),B CBSI3H C 9THM 38Me'ly, 'ITO CO -
l n 

!leP>K8lliHeCSI B pa6oTe/3/ B03pa~eHHSI npoTHB 9TOrO Tpe60B8HHSI OCHOB8Hhl
0 

BH!lHMO, Ha neaopaayMeHHH, CywecTBeHHo aaMeTHTb, 'ITO npu ciJMKCHpoeaHHbiX 

H H r HepaeeHCTBO ( 13') HeTpHBH8nbHO TOl!bKO llnSI KOHe'IHOI'O 'IHCna 

3HaqeHMI% k , TaK KaK npH I k I ; nocTaTO'IHO 6onbWHx, cnpaeennMeocTb He

paBeHCTBa (13') cneayeT H3 HepaeeHCTBa (13), 

PaccMoTpe nnaH a HacToHweH pa6oTe CHTyauMH S!Bl!SieTc.H noaonbHO o6we~. 

0Ha BKlll0'18eT B Ce6g MHOI'He H3 p8CCMOTpeHHblX pauee CliY'I8eB/ 1-6/ , 
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