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A.H. THXOHOBbiM npellTIOlKe i/ 
11 

M e TOil llnH npH6nu>KcHuoro peweHHH BblpOJKileli

HblX CHCTeM nHHellHbiX 8nre6paH<teCKHX yp8nHeHHli. H8CTO<ll!lO H pa6oT8 colleplKHT He 

KOTopoe o6o6meHHe 8 TOrO MeTOil8 H 8 6eCKOHe'tHOMepHb1A cnyq8 li H npHMeHeHHe K 

npn6nHJKeHHOMy pellleHH!O 381l8'tH JlHpHxne llnH BOnHOBOrO yp8BHeHH5l. 

3 8 1l8Hbl o6n8CTh 0 C R " rp8HH'tHOe ycnosHex) W ~ ( 0, rp ) H llH¢1jlepeHuH-

8 nhnoe Bblp8lKeHHe nopHilK8 r 

rile 

a :0: (a 1 •••• 'an ) ' 

" a ( x) fl 
a 

D = 
~~ 

a 

a a ( x) - llOC T8TO'tHO rn81lKHe <jlyHKUHH B (! 

P8CCMOTPHB8e M 381l8 't y 

ui; W 2 ( (! ' rp l ' 

rile f <;;. L 
2 

(fl l . 

(!) 

( X I , . .. . , X 

(2) 

K8K H3secTHO, cn86biM pelllei!HeM 381l8'tH (2) H83biB8eTCH ¢>YHKUHH u <;;. L 
2 
((! ), 

YllOsneTsopSI!Ol1l8H ycnosH!O 

+ 
( u , f v )L = (f, v )L 

2 2 
(3) 

x) fp8HH'tHblM ;cnosHeM W: ( {l, rp) H83blB8eM / 2 / n1060e UOilUpOC Tp8HCTBO 

W' ((!), COileplK8l1lee W '
2 

((!) - 38MbiKBHHe MHOlKeCTB8 <jJHHHTHblX ¢yHKUHA H3 W; ((!) . 
2 r 

l..J.epe3 w2 ((!) 0603H8't8eM,&8K o6bl'tHO, npOCTp8HCTB8 Co6 o nes a. 
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r + c.>+ 
nn<~ KalKnoro v .;;. W 2 (!1, rp l . 3necb "-- o3Ha'-laeT BbtpalKeHHe , conps!l!CeHHOe K 

f. , a IV~(!1, rp ) "':...rpaHH'-IHOe ycnooHe, conpsll!CeHHoe K W~ (!1,rp) . 

06o3HB'-IHM 'lepe3 N MHOlKeCTBO cna6wx peweHHA oanoponnoA 38110 '-IH 

f. u -o. u <;; v: ~ ( n . rp ) (4) 

QqeBHilHO, N - cna6o 38MKHyToe B L 
2 

nHHeiiHoe MHOroo6pa3He. 

EcnH u
0

- HeKoTopoe cna6oe peweHHe (2), TO nee cna6we pew~HH<I 3anaroTC<I 

<)JopMynoil 

0 

u u + u 1 u 1 G- N • (5) 

EcnH 38118'-la (2) cna6o pa3pewnMa, TO cywecTnyeT cna6oe pewemre u 

opToroHanhHOe N . IleAcTnHTenhHO, nycTb u
0 

-HeKoTopoe peweHHe H o6o3na'-IHM 

qepe3 u ero npoeKUHro Ha N . Torna 

(:. s:+ v) 
L2 

( u 0 
, f+v \2 

0 

u = u - Ul 

- ( u 1 • &:+ v ) 
L 2 

OpTOf'OHanbHO N H 

(I, v) 
L 2 

(6) 

PeweHHe 6yneM Ha3biBD Tb HOpManbHbiM peweHHeM
1 11. 0Ho xapaKTepH3yeTC<I 

TeM, 'ITO cpenH acex cna6btX peweHHA (2) o6naaaeT HaHMeHhweA HOpMoti. 

nycTb I v • - IIeKOTOpblH 6a311C B W (!1, rp) , OpTOHOpM11pOB8HHblll B MeTpH-

Ke w' 
2 

06pa3yeM cpyHKUHOH8ll 

M (u, I, !1, a) 

rne u, I <;; L ({1) 
2 

r [ < u . f.+ v k ) L2 
2 2 

-U,vk )L] +ail u IlL 
2 2 

a - rr0nO*HTenbHOe 4HCno. 

(7) 

noK8l!CeM, 'ITO BblpalKeHE!e (7) I!MeeT CMblCJl, T.e. 'ITO HOni!COUHll<I CYMMO CXO

IlHTCSI. ileiiCTBHTenbi!01 <\lyHKUHOHan 

x) r + r 
W 2 ( rp) COCTOHT 113 ncex cJlYHKUHfl v <;. IV 2 (!1) TOKHX, 'ITO llnl' JllOUOf'O 

u <;; w~ ( n. rp) 

( f_ u • v ) L2 

+ 
( u • s.' v ) 

L2 
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+ f( v) = ( u , f_ v )L 
2 

auTunuueeu, uenpephraeu a w'2( !1 l 

f(vl =(of 

roe u f G- w; (!1) • TaKHM o6pa3oM, 

II ero MO~HO npeOCTBBHTb B DHOe 

, v) wr 
2 

(8) 

nocneOHSISI CyMMB CXOOHTCSI, TBK KBK 3TO CyMMil KBBApllTOB K03<jl<jlJ1UIIeHTOB 

<Pypbe npoeKUHH <jly HKUIIII 0 f ua W~ ( !1, rpl + no opTouopMHpoaaHHOMy 6a3ncy I v kl . 
2 

AuanorH'-!HO ooKa3hiBaeTCH, '-!TO cxooHTCH cyMMa t (f • v k l r. 
2 

TeopeMa 1. <l>yHKlUIOHan M ( u • I. n. a) en aGo nonyu enpepLIBeH CI!li3Y. 

LloKa3aTenbCTBO: nycTb u • "ot;. L 2 (fl) • Toroa 

M ( u , I, 0, a)- M ( u
0

, I, 0, a ) 

+ a ( ( u - u 
0 

, u - u ) L
2 

+ 2 ( u - u , U 
0 

) L
2 

= ~(u-u 

+ 2 ( u - u 0 • ~ :r_+ v [ ( u 
k k 

(.) j. 

• .,l. v k - ( I , v k )L ] + a u 
0 

2 

EcnH cxonHTCH cna6o K u 0 , TO nocnewmi'r qnen a nopaoil '-!BCTH (9) 

CTpeMHTC5l K uymo, a nepabre oaa '-!neua neoTpHuaTenbHhi. TaKUM o6pa3oM, nonyqaeM 
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r 

fim M ( u , I , {1 , a ) - M ( u 
0

, I, {1 , a ) > 0 , ( 10 ) 

u ... uo 

qTO H Tpe6oaanOCb QOK838Tb , 

nycTb 38Q8Hbl 06JJ8CTll fl 

0 

6 u 

{1 , {1 
0 

T8KH e, qTO {!,{1 ( f! 
0 

, ¢yHKUHH, On-

pea ene HH ble H8 {1 Hml {1 6yaeM npoaomKaTb Ha no uyneM. BaeaeM cneayiO-
' 0 8 

mee onpeaeneuue: rpauuquoe ycnoau e W2 ({1 , rp l 6yaeM ua3biBaTb o -npn 6mtJKe-

HHeM rpaHUqHOrO yCJJOBIISI W' ({1, rp ) , e CnH Cy!lleCTBylOT o pTOHOp M11pOB8HHble ( B 

' 8 
3 

' 8 /) MeTpnKe IV ) 6a3HCbi I v l 11 I v l cooTBeTCTBeHHO noanpocTpaHC TB IV ( f!, rp) .11 
2 k k 2 

IV~(fl, rp) T8KHe, qTO 

8 
ll vk - vk II , ,.., < c 8 

W 2 (><o ) k 

anH n106oro u .;;; W 2' ( fl 0 l . 

8 2 

I ( u • v k - v k 1 w' c ~ > 
k 2 

< cu 8 2 

¢ yHKUII IO 1"1.;. L ({1 
8 ) 6yaeM H83biB8Tb 

2 
8 -npu 6mtlKeHH eM tPYHKUHII I 

8 
II 1 1 II < o 

L 2 <flo> 
' 

( 11) 

, ecnu 

TeopeMa 2. nyc Tb 38Qa q a ( 2)• CJJ 86 0 pa3pemi!M8 H •u. - HOpManbHOe pelll CHH e , 

3aaaHa HeOTp11U8TellbH8SI t!JyHKUHH a ( 8 ) T8K8 H, qTo 

a(8) 0. 
82 

~ 
-+ 0 np11 8 -+ 0. ( 12) 

nyCTb 
8 

I ' 8 0 
H IV

2 
(0, rp) - npu6nHlKeHHH COOTBeTCTBeHHO I H W' ({1, rp, 0603Ha-

8 8 2 
8 

u ( TaKa n tPYHKUIIIO MHHIIMII3llpy!OIUYIO tPYHKUIIOHan M ( u, I , !1 , a (8)) q11M qepe3 
8 

cymecTayeT B cuny T e ope Mbi 1), Toraa u cxoaHTCH cna6o K npn 8 ... 0 

llOK838TenbCTBO: lloCT8TOqHO QOK838Tb, qTO 113 n 1060H nocneaOB8 TenbHOCTH 
bn 

u 

c 8 -+ 0 MOlKHO Bbi6pa Tb noanocneaoa a TenbHOCTh, cna6o cxoaHlllYIOCSI K u • 
n 8n 

noKalKeM, qTo n o cneaoaaTenbHOCTb u orpau11 q eHa n o HOpMe L 2 <!1J u ,cneao-

B8 T enbH0
0

CJJa60 KOMII8KTH8 , llefiCTBIITenbHO, (!!HQeKC n onycKaeM) 

6 

52 1 88 8 1 "88 
llu II ,.., < -~- M ( u ,I .n ,a(8))<-~-M(u ,I .n 

L 2 (u•) = a(u) = a(u) 

1 + 8 8 
I((u,fvk) ,..,8-(1 

8 2 " 

=~ k L2(") 
vk) ,..,8l+a(8l ll u ll 

L
2 

(u ) 

" + 8 " +· 8 I((u,fvk) ,.., -(1 ,v) (,..,+(u,fv~) 
a\8) k L2 (u) k L2ul "'L 2 ( 

<:.rvk >Len> 
2 

8 8 8 2 ' 
- ( I , v ) rJl +(I ,v ) _l +a(8lllt 

k L 
2 
on k ~ cnY 

1 8 2 "+ 8 2 8 
< --

8
- I I 3((1-1 , vk) + (u ,.£ (v -v )) !1>+(1 

- a ( 1 k L2({1) k k L 2 ( o 

2 
+a(81ll u 1\ L c!18 . 1 . 

2 

npu 3TOM BCl!Onb3yeM HepaBeHCTBO 

2 
(a+h+c1 <3(a 

2 
+h 

2 
+ c 1 

BbiTeKaiOm ee H3 uepaaeucTsa Kollln-Eyusn<.oacKoro, OueHHM cnaraeM 

Bblpa>KeHIIB ( 13), ¢yHKU BOHan 

f(v1=(g,v1 
L2 

v<;.w;<01, g!;.L
2

(!1J 

8HTHnHHeeH, Henpe pbiBeH B W; H ero MOlKHO npe.[1CT8BHTb B BHQe 

f(v1=(1g,v1 
w 

2 

' rae Igc;.w;m> OnepaTop , OTo6palK8101llHH L 2(!11 B W 2 ({1 1, 

orpauHqeHHbiii, TaKHM o6pa30M, 

I(f-1
8

,vk 1
2 

!1>-IOU-1
8

1,v 1
2

, siiiU-1 8 111 2 . ~ c II f . 
k L. ( k k w 2 <fl> . w'2 

= 0(8 
2 1 

Auanoraqno n TaK JKe KaK a (8) 
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[i ~ I [i [i [i I " 8 8 II u IlL en ) ;; a([i) M ( u • f • n . a([i))::; ~ M ( u • f .n . a( [i l) 
~ . 

" + [i 
a(8) I [ ( u • f v k ) " - ( f • v k l L "'>+ 

k L~(u) ~,,. 

" «>+ · [i) 
u • ..L v 1<. " 

L~ (u) 

I 
< --
- a([i) 

npH 3 TOM HCnOITb3yeM H e paBe HCTBO 

2 ~ 2 
(a + b + c) < 3 (a + b + c ) 

Bbl T eKaJOmee H 3 HepaseHCTBa KomH- EyHSIKOBCKoro. OueHHM cnaraeMble a nocne.nneM 

Bblp8)1<€HHH ( 13). ctlyHKU BOHan 

r 
8H T IWHHee H, HenpepblBeH B W 2 H € 1"0 MOlKHO npe.[lCT8 BHTb B BH.[le 

f(v)=(lg,v) r 
w2 

One paTop , OT06palK810lUKH L 
2
(0) B W: (Q), naHeHHblli B 

orpaaa'leHHblli. TaKBM o6paaoM, 

[i 2 [i 2 [i 
I{f-f ,vk )L(,.__•Ik([{f-f ),v l r 51\I{f-f l\1~ ~ 

• ., k w <fl> w' 
2 2 

= O([i ~ l 

AuanOI"ll'liiO H T8K >Ke KBK B (8) 
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A + 8 2 =l<: 
l(u,f(vk -vk))L

2
<flJ k f 

8 2 2 
v - v k) w' <il )= 0 (8 ) J 

2 0 

" B CHny (II) . TSK KSK u r ~ w; (flo). TaKHM lKe o6pa30M HMeeM 

8 
l(f ,v 

8 2 8 
-v) 

0
=l0f 

k L2 (.'t>) k 

0KOH'ISTenhHO nonyqaeM 

8 2 
- v k) 2 

w'2<flo> = 0 ( 8 
) . 

8 2 1 8 8 8 
ll u II ~ -~-M(u ,f .n , a(8)) < C 

L 
2

(!1
0

) a(u) = 

8 2 

a(8) + II " II 
2 

L (fl) 
2 

( 15) 

( 16) 

( 17) 

8 
8hi6epeM H3 nocneaosaTenbHOCTB u n 

HOCTb, 0603HS'IBM ee ana 

cna6o cxoamuy10ca noanocneaoaaTenb-
8 

npoCTOTbi TO)Ke 'lepe3 u n , a ee np eaen - qepe3 u 

DoKalKeM , 'ITO 0 
U a U 

8 + 8 + 8 + 8n 
i<un,f vk)L (!1)-{f,vk)L(fl) l~l(u n, f vk)L(!1)-(u n ,f vk \ <!1> 1 + 

2 o 2o 2 o 2 

Bn G + Bn 8 8n I I ( 8 n 8 n ) ( f Bn ) I + l( u ,..L vk )L ({l)-(f n,vk )L({l) + f ,v k L(fl )- ,vk L ({l) + 
2o 2o 2o 2o 

+ I u 
Bn 

,vk )L (!11-{f,vk) n I~ c II u 8n llllv-
2 o L 2 (>£,} - k 

8 
v k n II w' 

2 

+ 

Bn Bn 
1 • n 

J 
a(8 

n l ) + II 
8 

f n 
-1 1111 vtn ll w' + II EI IIIv~"-vkllw' +yM(u B" 

( 18) 

2 2 

Y'lliTbiBaH ( II), ( 12) 11 ( 17) aeTpynao ysuneTb, 'I TO npasa51 CTopoaa nocnea-

nero HepaBeHCTBB B ( 18) CTpeMHTC51 K HYIIIO np11 8 -+ 0 CneaosaTenb ao, 

0 + 
( u , f vk ) = ( f ,vk ) . (19) 

: 

J.13 ( 12) H ( 17) B cany cna6oll nonyaenpepbiBHOCTH CHH:Jy aopMbi nony-

'189M 

II •
0 

II ~ II ·"I I . 
(20) 

Ho TSK KSK HOpManbHOe peweaBe HMeeT HSHM9HbWYIO HOpMy cpeaa BCeX pewe

HHJ11 TO B3 (20) cneayeT, 'ITO 

u
0 

- u 

'ITO B aylKHO 6blno aoKa3aTh. 

B KS'leCTBe npHMepa paCCMOTpBM 3anaqy napaxne ana ypasaeaaa cTpyabi 

aa npBMoyronbHBKe 

2 2 

~-~af 
ax 2 ay 2 • 

"/r ~o . 

3aecb 

2 a2 
2 2 + 2 + a ~- . 

f-f = ax2- ay 2 n a [ 0. a; 0. b l . w 2 ( rp ) = w 2 rp l =I u <;. w (!1) : •;, = o I. 
2 r 

KaK H3secTao, paape WHMOCTh 3aaa'IH 3SBKCKT OT oTaoweaaa a = ~ 
a 

I. Ecna a paUHOHanh HO, GaaopoaaaB 3aaaqa BM99T 6eCKOH9'1HOe MHOlKeCTBO 

rnanKBX peweaall. Heoaaopoaaaa 3aaa'la paapewaMa Toraa H TOnhKO Toraa, Koraa 

npasaa 'ISCTh opToroaanbaa peweHBBM onaopoaaoll 3aaa'IH. Ecna paapewaMa, 

OHS HM99T 6eCKOH9'1H09 MHOlKCCTBO rnaaKHX p e w eaaJ!. 

2. EcnH a appauaoaanbao, peweaHe eaHHCTBeano, ecna cywecTsye T. P a3pe-

WHMOCTb 38/lS'IH H rnaaKOCTb p9W9HHa 3SBHCHT OT rnanKOCTH npaBOi1 'ISCTH. 

8 8 2 8 8 8 
DycTb 3aaaHbl npa6nH)!{9HHb19 aaHHb19 f • n . w2 ( n rp) . II f -f II< 8. 

8 8 8 8 8 28 8 28 8 
!1 =[O , a ;O,b J.la -a i<B , l b -b i<B ,W

2
(!1 , rpl =I ui;.W

2
<!1): u/a!1 =01 . 

B KS'le CTBe 6a3HCOB I vk I H I v ~ I B03hM9M <jlyHKUHH 

v - c . mf!' 
51n ---X 

mn mn a 

rae KOHCTSHThl C m n 

n iT 
sin~ y 

8 
, Cmn TBKHe, 

8 
v 

8 m iT . niT 
= C sin-....---- x 51n ~ y 

tnn 
8

o bo (20) 

'ITO 6a3HChi I v 
8 

I HI vmn OpTOHOpMHpOBBHhl 
2 

a w2 • MoJKao nposepHTh, 'ITO oaa yaosneTsopHIOT ycnosHaM ( II). 
- -8 ~ r::s8 

0603HS'IHM '19pe3 D m n U m n H f m n , f m n K03<jl<jJHUH9HThl <l>yphe <jly HK-

uall U H f ana 6a3HCOB (20) . <l>yHKUHOHan M(u, 18 ,Q8, a(l))) B 3 TOM 

cnyqae cnenyiOmail:: 

g 



8 8 
2 2 ~a ~ a 2 a 

M(u I U ,a(lJ)) =~[(~ - ~) u mn +I mo J C mn 
' ' tnn a0~ aO"' 

+a(8) ~ :;8 
m,n 

8 
c 

lln51 MHIIHMH3 Hpy!O!ll eH <jlyHKUHii I!OllyqaeM Cll ellylOlllHe ypa DH e UU51 

2 

2 [77
2 

( -ir 
• 

2 
D .,lJ ~)umn +ill 

b mn 

2 
]( m 

7 
2 

D 2 lJ 
---;;ll l 77 + 2a (8)~ 

bu mn 
0 . 

0Tc!Ona nn51 K03 <jl<jluuu e uTOD <l> ypbe npu6nH>Ke n11oro p e w eHU51 nMeeM: 

2 ( m2 n 2 "' 8 
-77 

"'8 
~ - ---w:- ) I mn 

b 
u = 

772(~ n'~~ 2 
52 -7 l +a(8) 

a b 

n H T e p a T y p a 

( 21) 

( 22) 
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