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Uenb nacToHmell: pa6oTbi - nonyquTh nucKpeTnyro cepuro ynuTapHbiX nenpn

aonnMbiX npe.QCTilBnennll: anre6pbl nn rpyllllbl 0( p, q) ( KOHeqno, B cnyqa!1X1 KOr,Qil 

TaKaH cepnn cymecTayeT, - eM. § 3). 3TH npencTaBnenun 6ynyT aanaHbi KllK 

'xaocTbi' li:oneqHoMepHbiX npencTaanennll: anre6pbi nu rpynnbi 0 ( n ) , .n = p + q , 
Ill . 

SljlcpeKTHBHbie cpopMynhi nnn KOTOpbiX nallbi B • Tipa aToM o6napyJKuaaeTcn nonnan 

6 "n u (o. q) (cp.
12

•
31

). ananorHH c anre pon . n rpynnhi 

§ 1. fpynna 0 (p,q) ,H ee anre6pa nu 

fpynna O(p,q) ecTh rpynna acex aemecTBeHHbiX nuneliHbiX npeo6paaoaanali 

n~ p+q, nepeMeHHbiX x 1 , ~·· , x 0 , coxpannromux KBanpaTaqnyro ¢opMy 

P 2 n 2 
I xt - I x t . 

k .. l t=p+l 
0 ( n ) opToronanhHbiX 

Tipa q = 0 ( p = n ) O(p ,q) coananaeT c rpynnoil: 

npeo6paaoaannli. TiycTb 1 
8 

- ennnnqnan MaTpnna nopnnKa 

s ; Torna 

( 1.1) 

eCTb MllTpHUil pllCCMilTpHBileMOli KBilApllTHqHQH cpopMb! 1 a CllMil 9Til cpopMil 31lllH
T 

Cb!BileTClt KOMllllKTHO B Bnne X U X X -cTon6en H3 aneMeHTOB X t , 

T -3HilK TpllHCllOHHpOBilHHlt, TllK qTO XT CTpOKil H3 aneMeHTOB X t ) • 

CnenoaaTenhHO, 0 G· 0 ( p , q ) TOr.Qil H TOnbKO TOr,Qa 1 KOr,Qil 

(IT u 0 = u .• ( 1.2) 
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11HhiMH cnonaMH, 0 ( p , q ) ecTb rpynna scex semecTnennhlx MaTpnn 0 nopgnKa 

n ~ p + q y.QOBneTBOpRIOII!HX ( 1.2) • 
J 

Ha ( 1.2) BbiTeKaeT, 'ITO anre6pa nu A ( p, q) rpynni>I 0 (p, q) eCTb COBOKyn-

nocTb acex semecTnennhiX MaTpHn A nopSI.QKa n"" p + q 
1 

ynonneTnopgromux yc-

IIOBHIO 

T 
A "' _, r1 A r1 ( 1.3) 

( B KOTOpoil onpeneneHbi onepanuu cnoJKeHHSI, yMHOJKeHHSI na semecTnennoe 'IHcno u 

onepailHSI KOMMyTHpOB8HHSI). 0603H8'1HM 'lepe3 e IJ M8TpHUy n -ro nopgnKa, y 

KoTopoil na nepeceqennu -oil CTpOKH H -ro CTOn6na CTOHT 1, a liB OCT81lb-

Hb!X MGCTllX - nynn. KaK neTpynao llOK838Tb c llOMOII!biO ( 1.3). anre6pa nu A (p, q) 
1 ~ 

p + q = n , nopoJKnaeTcSI T n ( n -1) MaTpnnaMH 

ell rJ·JJ - e 11 rJu • l>j 

Hllb!MH CllOB8MH 0 8TH M8TpHUbl MOlKHO Bbi6paTb B Kll'leCTBe reHepaTOpOB rpyllllbl 
O(p, q). 

KaK nanecTno, nnR Toro 'IT06bi aanaTb npencTannenne anre6pbi A ( p, q) a rnnb-

6epTOBOM npocTpancTne H c opTonopMnpoaannhiM 6aancoM E , neo6xonnMo n 

.QOCTBTO'IHO COIIOCTBBHTb K8lK.QOMy aneMeHTY At;;;· A ( p, q) llHHeilHblH orrepBTOp 

T ( A ) a H , orrpenenennhiH na MHoJKecTne ncex KOIIG'IHbiX nuneilnhiX KOM6nna-

nuil BeKTopon 6aanca E H nepeBO.QSlii!HI1 STO MHOlKGCTBO B ce6g, IIpU'IGM 

T (a A + fl B) "' a T ( A)+ f3 T ( B ) , ['I'( A), T.( B)]= 'I'([ A, B] ), 

( 1.4) 

rne A u B -rrpouanonhHbie aneMeHTbi ua A ( p, q ) , a a n f3 -rrponaaonhHbie 

semecTBeHHbie qucna. IlonoJKnM: 

M 1 J = T ( e IJ a J J - e J 1 a 11 ) , i, f= 1, ... , n • ( 1.5) 

B cuny ( 1.4-5) npencTanneHue T (A) rropolK.QaeTcSI orrepaTopaMH M 
11 

, l >~ j ; 

cnenonaTenhHo, nnH Toro, 'IT06bl aanaTb aTo rrpencTanneHue, nocTaTO'IHO aanaTb 

M 11 , I> j 0r.SITb JKe B cuny ( 1.4-5) HMeeM: 
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( 1.6) 
I, j, k, l> c 1,, •• , n 

u, KpoMe Toro, 

M 11 =- M l1 , i, j = 1, ... , n. ( 1. 7) 

Tenepb Mbi cnenaeM cnenyromuii, necbM a cymecTneHHbili, mar. nonoJKHM: 

( 1,8) 

An!! onpeAeneHHOCTH 6yACM CqHTaTb, qTo BCC KOpHH Bb!6paHbl CO 3UaKOM nnroc, 

Torna ua (1.6) H (1,8) aaxonuM: 

( 1,9) 

i,j,k,r=1,.,.,n 

8 11 - CHMBOn KpoHeKepa), a H3 (1,7-8) -

Ill =-Ill, i,j=1, ... ,n. (1.10) 

Cornacno ( 1,8), COOTBCTCTBHC MCJKAY 11 J 

T8K qTo BMCCTO TOI'0 0 qTo6bi 3aAaBaTb M !J 

H M 11 onnoanaqno H o6paTHMo, 

i > j , MOJKllO 3aAaB8Tb 11 J , 

i > j • A aTo 6onee yno6ao no npuqune, K DbiliCHeauroKoTopoii Mbi cefiqac nepe-

XOAHM, 

PaccMoTpliM qacTHblli cnyqafi rpynnbi 0 ( n) = 0 ( n, 0) 

A(n)=A(n,O), T,e, cnyqaii, Korna p = n u q= 0. 

e11 a
11

-·eJlall=ei
1
-e11 , i,j=1, ... ,n, 

II anre6pbl RH 

Torna, cornacno 

T.e. onpenenennhxe aaMH renepaTopbi rpynnhl 0 ( n) connanaroT c TeMu, JCOTOpbie 
111 

ucnonbaonanucb B , npu aToM, cornacno ( 1,5), onepaTopbi llil 11 connanaJOT c onepa-
/1/ 

TOpaMH 111 1 
BBCA8l!Hb!Mii D , TaK qTO nocneAHUe 6yAyT YAOBneTDOp!!Tb KOMMyTanD-
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OHHb!M COOTHOmeHHllM 0 nony'l:aiOWHMCll H3 ( 1,6) 38M9H8MH M-.1 H u-.8 ,T,e,KOMMYTattHOH-

Hb!M COOTHOW9HHllM ( 1,9), Hcao, 'ITO ecnH pa50T8Tb C onepaTopaMH I II , KOTOpb!Q 

onpeneneHbl H8MH cpopMynoft ( 1,8) (B KOTOpb!e, KCTSTH, T8KJK9 COBIT8l18IOT C one

p8TOp8MH M 1 J B paCCMOTpeHHOM '1:8CTHOM cnyqae), TO ITpH nepexone OT an-

re5pb! A ( D ) X anre5pe A ( p 0 q ) 0 p + q - n , cpopMa KOMMYT8UHOHHb!X COOT-

HomenuA He H3M9Hll9TCSI; TO'I:Hee, OHH COXpaHlliOTCll B Bllll.e ( 1,9), B STOM II COCTO

HT yno5cTao, o xoTopoM mna pe'l:b Bbtme, YJKe snecb snnHa neKoTOpall ananornll 
/2 3/ 

c anre5poA na rpynnbl U ( p , q ) (eM. ' ) • 

EyneM nasbiBaTb npencTaaneHIIe T ( A ) anre6pbi A( p , q ) yanTapnb!M, 

ecnll ORO COCTOHT nllmb 113 KOC09pMHTOBb!X onepaTOpOB0 TaX K8K B TSKOM H TOIU>.;.. 

xo B TaxoM cnyqae cooTBeTCTByromee npencTaaneHne · caMoit rpynnbl 0 ( p , q ) 

5yneT ynnTapHbiM. Toqnee, oHo 5yneT TaKnM, ecn11 cymecTByeT, T.e. ecnn MO:»<Ho 

'nponHTerpupoBSTb' npencTaanenlle anre6pbi 11 TeM caMbiM nony'I:IITb npencTat!

nenlle rpynnbi ('ITO, KaK 11saecTno, He acerna B03Mo:»<Ho). Bonpoc o6 'HB'rt'!rpa

poaanna' paccMaTpiiBaeMbiX a HacToSimeA pa5oTe npencTaanenaa anre5pbi A (p, q) 

snecb ne 6yneT o5cy:»<naTbCll, 

Hs BbtmecxasanHoro BbiTexaeT, 'ITO npencTaaminlle T (A) ynnTarno rorna 11 
-+ ~ 

Tonbxo rorna, xorna M 11 ., - M 11 , I > j , nn11, cornacno ( 1. 7), 

M ~~ ., - M 11 , I, j., 1, ••• , n. 

B c11ny ( 1.1) u ( 1.8) nocnenHue paaencTaa liMe roT MecTo Torna a TonbKO Torna, 

xorna 

rne 

£11 

+ 
I 11 .. ·-r 11 I 11 , l,j .. 1, ... ,n, 

(+ 1 npH 

~uu u""'(-1 npll 

I ,j~ p 

I$. p < 

(1.11) 

, na6o p< 1 j 

, na6o j~p:l :(1.12) 

. /2 3/ 
Tenepb l!cno, 'ITO ananorull c anre6poa RH rpynn&x U ( p , q ) (eM. ~ , ) llB-

nlleTcll nonHoit. 

Kax llsaecTno, npencTaanenne T (A ) ,sanannoe B npocTpancTBe · H • H83bt-

BaeTcll nenpHBOlli!MbiM, ecnn B H He cymecTByeT nonnpocTpaHCTB, HnaapuanT-
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UbiX oTnocnTenbuo ncex onepaTopon T (A). B nanbHei!weM Mhi paccMoTpnM ueKo

Topyro cepnro uenpnnonnMhiX ynnTapnhiX' npencTanneunli: anre6pbl nn A ( p, q ) , 

p ,q l 0. Oun 6ynyT 6ecKoHe'IHOMeprrhiMH ( aaMeTnM, 'ITO Mhi nMeeM neno c 

anre6poA rreKoMnaKTHoi! rpynnbi). Cornacuo BhiWecKaaauuoMy, nnH aanaunSI TaKnx 

npencTanneunl! nocTaTO'IHO aanaTb onepaTopbi I 11 TaK, 'IT06oi ynonneTnopHnncb 

KOMMYT~UHOII!Ible COOTIIOWe!IHSI ( 1.95 H YC/lOBHSI ~ 3pMHTOBOCTH., ( 1.11); KOHe'!HO, 

aaTeM uano nponepnTb nx nenpnnonnMoC'Tb. 

§ 2. PegyKUHSI CHCT9Mbl KOMMyTSUHOHHbiX COOTIIOWeHHli 

H CHCTeMbl ycnoBHi! ., 3QMHTOBOCTH., 

0KS3b!B89TCSI 0 'ITO llOCTSTO'IHO 38/lSTb TO/lbKO '18CTb onepaTOpOB ! il H Upo

nepHTb TO/lbKO '!aCTb cooTaoweunll (1.9) n ycnonni! (1.11). To'!uee, cnpanennnno 

cnenyromee yTnep)KJ:{enne. TiycTb aanaua cncTeMa onepaTopon It+ 1·, t , k"" 1, ... , 

n - 11 KOTOpb!e YllOB/l9TBOpSIIOT KOMMyTaUHOHHbiM COOTHOWeHHSIM 

[ I k+ I, k , I h+ I, h l "' 0, k ,& h ± 1 ( 2.1) 

npn k ;6 p, 

npn k"" p 
( 2.2) 

TiycTb, KpoMe Toro, onepaTopoi I 11 onpenenSIIOTCSI npn ! > j- peKyppeuTuoli tjlop-

Mynoli 

x/ 
a B OCT8/lb!IDIX C/ly'I8SIX - tPOpMynoli 

I ""-I 
IJ Ji 

x/ , B 3TOM nyHKTe Mbi PYIWBoncTnyeMCSI paBeHCTBaMn ( 1.10). 
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TorAa, ecnu 

[It+2,k ,Ik+2,i:+·t] ... I ~<+1,1: • (2.6) 

[I I ] .. -I 
k +2. k ' k + .,, k k + 2, It+ 1 ' 

(2.8) 

TO I 
11 

YAOBneTBopsrroT KaK ( 1.9), TaK H ( 1.11). 

'tJT06bl He neperpylKSTb H3flOlKeHHSI1 3,[teCb ·Mhl TOflbKO HaMeTHM CXeMy ,ltOK8-

38TeflbCTB8 9Toro yTBeplKAenusr. Cna'lana c noMomhro ( 2.1), ( 2.3) u TOJK.necTBa 

HKo6H HHAYKTHBHO ycTaHaBnHBaeM, 'ITO 

[ I n , I k 
1 

] ~ I 
11 

, I> 'k > J • (2. 7) 

3aTeM Ha OCHOB8HHH (2.1), (2.6-7) H TOlKAeCTBa HKo6H nonyqaeM 

[ I k + 2, 1: • I t + 1, 1t - 1] "' O • 
(2.8) 

nanee aa ocnoBaHHH Tex lKe apryMeHTOB, ncnonb3ysr H ( 2.8), nonyqaeM 

[It+1,t-t•I~~:J "'-Bt,h+1I i:+1,t 
a 

[Ik+t,t ,It+l,h ],._,I kh, k> h • (2.9) 

. [ Ik+ 1, 1: • 1 t- 1, h ] "' 0 

npnMeHSISI ( 2.1) 1 ( 2. 7) H ( 2.9) B KOM6HH8AHH C TOlK,IteCTBOM HKODH1 HHAYKTH8HO 

yCT8H8BflHB8eM cnpaBe,nnHBOCTb COOTHOWeHHft 

[ItJ ,It,k-tl=•\, It,t-t-8t,i:-titJ-BkliJ,k-t+0 J,k-1 1tt ( 2.10) 

npH I> j , a H3 9TOI"O B CHny ( 2.4) BblTeKaeT HX cnpaBe,nnHBOCTb 'II npH 

I,:S j , C y'!eTOM ( 2.4) H ( 2.10) nei"KO y6e.nHTbCSI B TOM, 'ITO COOTHomeHHSI 
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(2.11) 

HMeroT M~cTo npu I k - h I~ 1 ( u, Koneqno, npu Bcex u j ) • 3ToT peayn&TaT 

lt89T H8M .B03MOlKHOCTb HHAYKTHBHO (omiTb lK9 npH llOMOmH (2.3) H T0l!}A9CTB8 

.Hxo6u) AOK838Tb ( 2.11) npH BC9X k ~ h ( H BC9X I 1 j ) • Haxoneu, CHOBa 

Y'IHTbiB8li (2.4) 1 npHXOAHM K BbiBOAY 1 'ITO ( 2;11) HM99T MaC TO npH BCeX i, j , 

k, h • MnbiMH cnoBaMu, Mbi nonyqunu ( 1.9). 

OcTanoc& nony'IHTb ( 1.11). B cuny (2.2) u (2.4) HMeeM 

+ 
I IJ = -c IJ I !J ( 2.12) 

npu I I - n ~ 1. KpoMe Toro, cornaC!IO ( I. I 2). (It ( k J = (I J . • npunuMali BO BHH-

M8HH9 eme H ( 2.3) 1 R8XOAHM no HHAYKitHH1 'ITO ycnoBH9 ( 2.12) BbinOnHli9TCli npn: 

Bcex I ~j. CneAoBaTen&no; cornacno (2.4), BbinonHliiOTCli u ycnoBuH (1.11). 

0TMeTnM, 'ITO B cny'lae anre6pbi nu rpynnbi U ( p , q ) cnpaBeAnHBo yTBe!JJK~ 

AeBBe, ananorn'lnoe c¢opMynupoBannoMy B na'lane nacToSimero naparpa¢a, npH'IeM 

/3/ 
ORO AOK83biB89TCli ananOI'H'IHbiM o6pa30M ( CMo ) • I1M9IOTCli1 OltiiSK0 1 cymeCTB9H-

Hb19 paanH'IHli KSK B ¢opMynHpOBKSX1 TSK H B ltOK838T9nbCTB8X yK838HHbiX ltBYX 

yTBeplKltenun. noaToMy Mbl co'lnn nennmnnM npnaecTH xoTu 6bl cxeMy paccylKlte

nun B paccMaTpuBaeMoM.anec& cnyqae. 

3aMeTHM eme, 'ITO npu noMomu ( 2.3) MOJKHo nepenucaTb ( 2.5-6) B anne 

2 2 fnu6o A=I~+2,t+l'B=Ik+l,t' 
2ABA-A B-BA "'B; (2.13) 

nn6o A=lk+l,k'Bci t+ 2,k+l i 

BepXRlili CTpOKa COOTB9TCTByeT ( 2.5), HlllKHRli - ( 2.6) • B HTore peayn&TSTbl HSC

TOSimero naparpa¢a MOlKHO p9310MHpOB8Tb Cn91lYIOmHM 06p830M: ltOCT8TO'IHO 381l8Tb 

H npoBepBTb (2.I~2) B (2.13). 
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§ 3, AKcxpeTRall cepHSI 

Ill 
HanoMHHM cnaqana, xax aanaeTcl! B nenpHBO.QHMoe ynKTapnoe npencTaB-

neuKe anre6pbi A ( n ) , ORo nelicTeyeT B KOHe'IHOMepnoM npocTpancTBe c opTo-

HopMHpoeaHHhiM 6aaKcoM, eeKTOpbi KOToporo B cnyqae n = 2 k + 2 •aanyMepoaa-

Hbl• BCeB03MOJKHbiMH CXeMaMH 
x/ 

m= 

a B cnyqae n 

m 2 k + I, I m 2 k + 1, 2 ' ' ' ' m i k + I, k m 2 k + I, k + I 

m2k, 1' • • • • • • • • • • • m2k ,k 

m 2k -1,1" • • • • • • • • • • m 2 k - 1 , k 

m 41 m 42 

m 31 m 32 

m2I 

!!' 11 

2 k + 1 x/ 
BCeB03MOJKHbiMH CXeMaMH 

rn2k, 1 .... • ...... • rn 2k,k 

m .......... m 
2k-l,l 2k-l,k 

!!l= 
...•... 0. 0. ·-· .... 

m 4 1 rn 42 

rn:i1 m 32 

m21 

mil 

(3, 1) 

(3,2) 

rne 'II!Cna !!l !J l!Bnl!IOTCS! O.llHOBpeMeHHO BCe uenbiMII IIIII! BCe nonynellb!MH K Y.llOB
xx/ 

neTBOpl!IOT uepaBei!CTB8M 

x/B/1/ . . 
aepxnsm cTpoxa paccMaTpKBaeMbiX cxeM onymeHa, TaK KaK ona nnll 

acex eexTopoB 6aaHca onna H Ta ~e. 
xx/ /1/) 

BMeCTO nepaBei!CTB m2s,s ~ m2s-l,S~ -m2• ( CM, 3.QeCb Mbl nanH-
canH 3KBHBanenTnoe nepaeeucTBO m > 1 m • \ KpoMe Toro, uanncaa .

1 1 2 a, o - 2o- 1tJ 
rn 2 > m 2 + 1, +I BMecTO rn 2 > !!l 2 +I +I , Mbl HCnpaBHnH O.llHY OIIJH6Ky, 

a,•- a !i/ s,s- 11!1 ,a 

nonymennyro B , Bnpo'leM, KaK noroM Bhll!CI!Hnocb, sTa OlllH6Ka ncrrpaanena 
/4/ 

eme B (eM, AononneuHe 1), 
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(3.3) 
m >m >m > •••• >m >m >m >lm j • 

. 2a,l- 2a-1,1-· 2s,2- - 2s,s-t- 2s-t,s-t- 2a,a- 2a-l,a 

B aTnx cxeMax aepXHSISI cTpOKa ljlnKcnpoaana - ona 3a.QaeT caMo npencTaBneHH·e. 

Ka~noli nonycTHMoli cxeMe rn conocTaBnSieTcSI BeKTop 6a3HCa '(m). 06o3Ha~nM 
c± ( -~~) ~epe3 1. u· BeKTOp, COOTBeTCTBY!OWHlt CXeMe, IIOny'l:eHHOli H3 m 38MeHOli 

m 11 Ha m11 :!:. 1. KpoMe roro, nono~nM: 

Torna onepaTopbi lk+·l k 38ll8IOTCSI cnenyromnMn ljlopMynaMn (eM~ noncTpo~noe npn-
/1/ . 

Me~aane B QTHOCHTenbHO o6o3H8'ieHHSI K09IjlljlnnneHTOB): • 

x/ 
rne 

t 
8 2 2 •+ I 2 
D (I -I )IT (I -I 2 

) 
B(l "' r>=~ 2a-l,r 2s,J,,I 2a+I,r 2s,J 

2a,J) 2 2 2 2 · 
I (41 -l)D(I -1 )[(I -1) 2

-] 2 
2 a, J 2 s, J r:P J 2 s, r · 2 s, J 2 s, r 2 a, J 

x/ 
• .:; Hannca:a qncneHHbili KoaljlljlnnnenT 1/2 B ljlopMyne nmi A (I. ) Mhl ncnpa-

,. /1/ "a-t,J • snnn ·eme onay omn6Ky, nonymenayro B 
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s+ 1 
PI n I 

C 
r = 1 2 ,._I, •r= 1 2 s+ ~. r 

2 s = -------=---- (3.6) s 
III (I -1) 

r=l2s,r 2s,r 

B CIIny uepaBeHCTB (3.3) KOpHII BemeCTBeHHbli BCe OHM 6epyTC!I CO 3H8KOM nmoc. 

3aMeTRM eme, qTo B paccMaTp.RBaeMoM cnyqae p · = n u, cornacuo ( 2.2), 

E k = + 1, k = 1, ••• , n - 1. 

PacCMOTpHM Tenepb cnyqal! anre6pbl A ( p • q ) • p • q "' 0 . nycTb qucno 

p -qeTuoe, TaK qTo que no 11 = -f p - nenoe. BBeneM cxeMbi, nono6Hble cxeMaM 

( 3. 1-2) , KOTOpbie onpenenHIOTC!I cnenyio!IlHM o6paaoM: qucna m 11 Ofi!!Tb !IBn!!-

IOTC!I OJlHOBpeMeHHO BCe uenbiMII HUH BCe nonyuenbiMH 0 HO H8 aTOT pa3 Mbl no

Tpe6yeM, qTo6bi OHH YllOBneTBOp!!fiH npyrRM HepaBeHCTBaM, a IIMeHHo: 

m2•+l,l:_m2s, 12:mh+l.2 ~ .... ~m2s+l,s~m2s,s~l m2s+l,s+ll • } 

m >m >m > .... >m >m m > m 2s,l- 2s-1,1- 2s, 2- - 2s, s-1 - 2s-l,s-f 2s, s-1 2s-t,sl 

S <.11, 

lll 217, 1 ;: m 217+ 1,1 + 1 .::. m 211,2 :::, .. '.;: m 211,11:::, m 2 TT+ 1,11 + 1:::,1 m 211+ 1, TT+ II + 1' 1 
S:=.J;' 

m2TT-!,I?_m2TT,I+ 1.::,m2TT-1,2:::, .... 2:_ ll12TT-I,,.....?.m211,11-l +1?.1 m2TT-1,111:::.m211,TT+1 

(3.7) 

m 2 s, 1 ?_ro 2 s+ 1, 1 + 1,? m .1. s, 2 >_, • • • >_m 2 s, 11 :::.m2 s+ 1, rr + 1 • 

m2 a+ I,TT+~lll2 s,TT+ 1?. m2 s+ 1,11+2:::.' ... ?_ m 2 a, • .::..1 in2s+ 1, s+ ,I • 

s > 11 

Ill 2 s -I, 1 :_ m 2 s, 1 + 1 :::_m 2 s-1, 2 ~" " ~ m 2 s- 1, 11 ~Ill 2 s, 11 + 1 • 

m >m >m > .... >m >lm I 
2 S 1 rr+ l- 2 a -1, tr+ 1- 2 a, "+ 2 - - 2 s, s - 2 s-1, a 
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H3MeHl!eTCll B HHTepnane ( m + 1, oc) t 
Ito rna I > p -1 = 217- 1 . 

I+ 1, I 
Hcno, 'ITO HMeeTCl! C'leTHOe MIIOJKeCTBO llOllyCTHMb!X CXeM 

c ¢n~tcnponanaoll nepxuell CTpoKoii. BneneM rnnb6epTono npocTpaucTBo H , B Ko

TopoM 9TH CXeMb! 'HyMepyroT' BeKTOpb! OpTOHOpMHpOBllHHOro 6aanca, llpH'IeM BeK-

Top 6aanca, cooTneTcTnyromull nonycTnMoll cxeMe m 
1 0603Hll'IHM Olll!Tb 'lepea 

~ ( m); COXpaHHM (no ¢opMe) H OCTlliibHbl\J 0603Hll'leliHl! 1 KOTOpb!e HCIIOIIb30BllnJJCb 

BbJIIIe, 

3anannM onepaTopbi Ik+ 1, k TeMn JKe <jlopMynaMH (3.6), 'ITO u B cnyqae an-

re6pbi A ( n ) • Tenepb B cnny uepanencTn ( 3. 7) npn k /. p nee cooTneTcTnyromHe 

KOpHH B ( 3.6} nemeCTBeJIHbl ( H 6epyTCl! CO 3llllKOM lliiJOC) 
1 

ll llpH k = p ('ITO 

COOTBeTCTByeT nepBOH H3 <jlopMyn ( 3,6) II pH S = 1T ) OHH 'IHCTO MHHMbie ( HO 6e-

pyTCl! Olll!Tb CO 3l!llKOM lliiJOC ) • J.1a STOre BbJTeKaeT, 'ITO 6yneT HMeTb MeCTO 

( 2.2). HHbiMH cnonaMn, nepanencTna ( 3. 7) o6ecneqnnaroT BbmonuenHe ycnonnll 

• SpMHTOBOCTH' C C k + 1 npn k /. p H C p = - 1, TllK JKe KllK nepaBeHCTBll 

(3.3) o6ecne'IHBll!OT Bb!IIOIIHeHHe yCnOBHif 'SpMHTOBOCTH' C C k = + 1, 

k = 1, ••• , n - 1 ( CM. Bbiiiie). 3TH yTnepJKneumi noKaahmaroTCll auanorH'IHO 

COOTBeTCTByJOIIIHM yTBepJKlleHIIl!M B cnyqae anre6pb! nu rpyllllbl U ( p 
1 

q ) 
/3/ . 

(eM. ). TiponepKa (2.1) n (2.13) rrpononnTCl! TaKJKe ananorH'IHO nponepKe 'Mn-

/3/ 
HHManbnoll cncTeMbr' KOMMyTannonHhiX cooTHOIIIennli n • H anecb caMbiM cy-

mecTneHHbiM n SToll rrponepKe l!Bnl!eTcl! npHMeueune anannTn'lecKoro npononJKeHnl!, 

a STO 03Hll'llleT1 'ITO paccyJKlleHHl! HHKllK He CBl!3llHbl C HepaBeJICTBllMH ( 3. 7) H 

HMeroT ynnnepcanbHhiii xapaKTep, T.e. ne aaBHCl!T O'r Toro, c KaKoll H3 anre6p, 

A ( n) Hnn A(p ,q) t Mbi HMeeM neno. B sToM eme paa nposmnl!eTcl! ToT <PaKT, 'ITO 

<jlopMa KOMMyTaiiHOIIHb!X COOTHOIIIeHHii B yKa3llHIIbiX )lByX cnyqagx O.QHHllKOBa, ecnH 

pa6oTaT:b c onepaTopaMn 11J. nMecTo M IJ • 

qTO ItllClleTCl! nenpHBOJlHMOCTH1 TO Ollll TOJKe nponepl!eTCl! C IIOMOIIIb!O pac-

/3/ 
CylK)leHHli 1 auanorH'IIIbiX TeM, KOTOpb!e HCIIOIIb30BlliiHCb B , TaKHM nyTeM MOJK-

IIO y6ennTbCll, 'ITo KaJKnoe na onpeJlenennbrx Bbiiiie npeJlCTannennll anre6pbr A(p,q) 

llpHBOllHMO H pacnanaeTCl! Hll JlBll HenpHBO)lHMb!X ( 6ecKOHe'IHOMepHb!X) npe)lCTllB

neHHl! - onno na nnx aanaeTcl! JlononnH:enbHbiM ycnonneM m 
2
"_

1
," > 0 

1 
a npyroe-

ycnonneM m 2 TT- 1, 17 < 0 ; neyJlHBHTenbuo, 'ITO sneMeHT 

6y10 p01Ib 1 TllK KaK eme H3 HepaneHCTB (3. 7) BH)liiO, 'ITO 

TeX sneMeiiTOB CXeMb! rr. 1 KOTOpb!e Y'lllCTByJOT B ( 3. 7) 

a6conroTHbiX auaqenHli. 
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Ecnn qncno p -ueqeTuoe, KoucTpyKumt, nono6uasr Bblmenpnaeneuuolt, ueB03-

MOJKHa, TaK KaK ueno3MOJKHO o6ecne'lHTb Bbmonueune ycnonnlt ( 2.2); TO'Iuee,nenr.-

3SI cnenaTb TllK, 'lT06bl HMeno MeCTO paBeHCTBO f P = - I, ecnn B OCHOBe KOH-

CTpyKUHH nonoJKeubt 4JopMynhl ( 3.5) • .Oell:cTBHTenbuo, cornacuo ( 2.2), paaeucTBO 
+ 

f P = - I o3uaqano 6bl, 'ITO lp+ 1, P =.I p+ l,p 1 a TaK KaK p ue'leTuo, TO one-

paTop lp+ 1, P 3auanancsr 6bi BTopolt H3 4JopMyn ( 3.5) irpu s = ~ ( p -I) , T.e. B 

Bb!palKeHHe AliSI I p+ I, P ~ (m) BXOAHll 6bl .'lneu I CP -I~ ( m) C 'IHCTO MHHMb!M 

Koa~nnneHTOM I C p-I (a cnny (3.6) KlllKAbiil: H3 Koa4J4JunueuTOB C npencTaB

nsreT co6ofi pannonanhuoe 'lHCno u aTnM cymecTnenuo oTnnqaeTcn oT Koa4J4Jnnnen

TOB A H B i KCTaTH 0 Koa4J4JnuneHTbl B BO BCSIKOM OTHOmeHHH llOXOlKH Hll A 1 

HO npncyTCTBH9 C BO BTOpOfi H3 4JopMyn (3.5) KopeHHb!M o6pa30M H3MeHSieT 

CHTyannro) • Tionyqeuuoe npOTHBOpel!:He H AOKll3b!BlleT Bbtmec$opMynnpOB~HHOe yT-

aepJKuenne. 

TiycTb Tenepb '!:Hcno q -'leTnoe. Torna nnsr anre6pb! A (q, p) Bblmenpnne- • 

neHHllSl KOHCTpyKUHSI B03MOJK!Ill (Kolle'IHO, TYT UOApaayMeBlleTCSI, 'ITO BO BCeX npe

AbiAYillHX paccyJKAennnx uyJKuo noMellsrTb MecTaMn p n q ) • Ho 3TO o3llll'lll

eT, 'ITO H B TllKOM CliY'Ille Mbl HMeeM B03MOlKHOCTb CTpOHTb npel(CTllBlleHHSI llll

re6pbl A(p,q) 
1 

TaK KllK A(p,q) H A(q,p) n3oMop$uhl. CyMMnpysr ace peaynh-

TllTbl, Mbl MOJKeM yTBeplKAllTb, 'ITO npn p, q f. 0 , ecnn XOTSI 6bi onuo na 3THX 

'!:ncen 'leTuo, anre6pa A{p, q) o6nanaeT nncKpeTnolt cepnefi yunTapHb!X uenpn

nonnMhiX npencT";'nneunfi, onpenenneMbiX $opMynaMn (3.5) nMecTe c uepaaeucT

BaMn (3.7); f~H 9TOM, B OTliH'lHe OT CliY'lllSl anre6pbl A(n) 1 aepXHSISl CTpOKll 

cooTBeTcTnyromnx cxeM (3.1-2) ue onpenenneT nonuocTbiO npencTanneune - nMe

eTcn nna Tnna npencTaBneunil:.c $nKcnpoaanuon nepxuen cTpoKoil, ecnn nnmb on

uo H3 qncen p n q 'leTuo, n qeTbtpe Tnna TaKnx npencTatmeunfi~ ecnn o6a oau 

qeTHhl. B cnyqae JKe, Korna o68 ouu uel!:eTHbi, nono6u8sr KOHCTPYKUHSl ueao3MOJK

ua. Eonee TOro, K8K MOlKHO U0Kll38Tb, B 9TOM cnyqae anre6pa A ( p' q) noo6me 

ne o6nanaeT nncKpeTuoll: cepnefi. 

HT8K, yK83llHHble npencTanneunsr onpenennroTcsr TeMn JKe $opMyn8MH, KaK 

u npencTanneunn anre6pbl A ( n ) 1 uo Tenepb onpenensrromne uepaneucTB8 npyrne. 

HMeHHO 9TH CXOACTB8 H pa311H'IHSI Mbl HMenn B BHAYo Korna yTBepJKAllliH, 'ITO 

npeACT8BllgUHsr H3 AHCKpeTHOH cepnn A (p, q) !!Bli!IIOTCR "'XBOCT8MH"' KOHe'IHOMep-

Hb!X rrpeucTaBllellnlt A ( n ) , n ~ p + q • 

B 38KliiO'leBne anTOp 6nqronapnT ~.H. fp8ena, no nonnnaTnne KOToporo H8-

'18nach uacTonrnaSl pa6oT81 38 nnonoTBO~Hbte nncKyccnn. On 6naronapnT T8K>Ke 

H. T. TonopOB8 38 neuubte aaMe'l8Bnsr. 
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