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Kpaearu.r 3aJ).a':la JJ.JI5I ypaBHeHH5I 3JIJIHilTH':leCKOro THna 
a oonacTH c yrnoM · 

JJ:aHHilll paooTa nocB5Ill{eHa HJ)"IeHHJO noaeneHH5I perneHH5I Kpaeaoii JaJJ.a':IH 
JI.Jl5I HeJIHHeiiHoro 3JIJIHilTH':leCKOro ypaBHeHH5I B ooJiaCTH C yrJIOM. TiocTaHOBKa 
Kpaeaoii 3aJ).a':IH BO3HHKaeT B MarHHTOCTaTHKe npH OThICKaHHH pacnpeneJieHH5I 
MarHHTHOro IlOJI5I MeTOJJ.OM JJ.Byx CKaJI5IpHbIX IlOTeHUHaJIOB B OOJiaCTH, conep)l(a
meii cpeppoMarneTHK H BaKY)'M. HeJIHHeHHOCTI, 3aJ).a'IH ooycJIOBJieHa 3aBHCHMO
CThlO CBOHCTBa cpenu (MarHHTHOH npOHHuaeMOCTH) OT caMOro HCKOMOro IlOJI5I. B 
CB513H C TeM, '!TO perneHHe TaKOH 3aJ).a'IH npHXOJJ.HTC5I HCKaTh 'IHCJieHHhIMH MeTO
naMH, BCTaeT BOnpoc O noaeneHHH perneHH5I Kpaeaoii 3aJ).a'IH B OKpeCTHOCTH yrno
BOH TO'IKH cpeppoMarneTHKa. B naHHOH paooTe IlOKa3aHO, '!TO eCJIH cpyHKUH5I Mar
HHTHOH npOHHuaeMOCTH YJJ.OBJieTBOp5IeT onpeneJieHHhIM ycJIOBH5IM, TO COOTBeT
crnyromee perneHHe Kpaeaoii JaJJ.a':IH 6yneT HMeTh orpaHH'leHHhIH rpantteHT. 

PaooTa Bh!IlOJIHeHa B IlaoopaTOpHH Bhl'IHCJIHTeJibHOH TeXHHKH H aBTOMaTH3a
UHH OIDI11. 
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TiepeBOJJ. aBTOpOB 

Zhidkov E.P., Perepelkin E.E. 
The Boundary Value Problem for Elliptic Equation 
in the Comer Domain 
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1. IJocraHoBKa Kpaeaoii Ja.a:aqn 

CTaBHTCR 33JJ:atJa MarHHTOCTaTHKH o naxo>K.neHHH pacnpe.nenemur 
Marmrmoro nomr B OKpeCTHOCTH yrnoBOH TOtJKH cpeppoMarHeTHKa (cM. 
pHc.1 ). I-fa ypaBHeHHH MaKCBenna H H3 
cooTHOIIIeHHtt Ha rpamiue pa3,uena cpe.u - r2 

(ctJHTaeM, tJTO TOKH OTCYTCTBYJOT B 
paccMaTpHBaeMott o6nacm) cne.uyeT 

divB(p)= o, rotH(p)= o, pen; 

n•(B, -B2 )=0, iix(A, -A 2)=0, per, 

r.ue n - o6nacTh cpeppoMarneTHKa H naKyyMa, 
r - rpamiua paJ.nena cpe.u, B, A - neKTOpbI 

n2 o o, 
QI 

j__/rl 

Puc.I 

HH.QyK[(HH H Hanpm1ceHHOCTH MarHHTHOro nomr COOTBeTCTBeHHO. ,nmr 
o6nacrn cpeppoMarnernKa n 2 MO)KHO 3anncaTb . B = ~t 0µ(H)H, r.ue 

H = jAj, µ(H) - MarmtrnaJI npomnweMOCTb, µ0 - MarHHTHM 

nocTOJIHHM; ,unJI o6nacm naKyyMa n 1 : B = µ0 fr . J,fa - 3a orcyrcTBHJI B 

06naCTJf n = n 1 U n 2 HCTO'IHHKOB C TOKOM cne,uyeT TTOTeH[(HanbHOCTb 
nomr, orcIO.ua, cnpane.ummo npe.ncTaBnemie 

A(p)=-v'u(p), pen, u(p)={u.(p), pen •• 
ll2(p), J) e 0 2, 

r.ue u(p) - CKanRpHI,IH TTOTeHl .. (Jlall. Tor,z:ia TTOCTaHOBKa Kpaenofi 3a,Ua'IH 
npnMeT nn.u 

div[µ~v'u 2(p~Jvu 2 (p)]= 0, p e n 2 , 

f1ul(p)= 0, J) e n1 , 

n1lr = u2lr' - . 

µ~v'u 2(p~~1 = :• 1 , 
r. r_ 

u,lr = \fl1; u2lr = \f'2 • 
I 2 

r.ue cpYJIKUHR µ(H) y.n.onnernopJJeT ycnonnRM 
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(1.1) 

., 

cl, 

.. , 

1. µ(H)ec(''[o,+co); 
2. MH He[O,+co) , µ(H)>l; (1.2) 

3. µ(H) H-->+«> > 1. 

PacCMOTpHM cpymauno µ(H), attanor q>)'HKQHH µ(H), y KOTOpOtt BTOpoe 
H TpeTbe ycnonm:1 3aMeHeHbI Ha cne~me 

,unJI H' ~ H0 , µ(H')= 1 (1.3) 

r.ue Ho- «,UOCTaTOtJHO BellHKO». B ,UanbHeii:rneM 6y,ueM npe.unonaraTh, 

tJTO perneHHe KpaeBOH 33,uaqJI (I.I) uec(nurur,ur2), H3 :rroro 

cne.uycr, tJTO 3Co >0 Vpenurur, ur2 : ju(p)<Co. 

2. 06 o.u:Hoii Kpaeeoii 1a.u:aqe 

Ilpe)I(Jle tJeM npHCTyilHTb K OCHOBHblM yrnep)I(JleHHJIM ,n:aHHOH 
CTilTbH, paCCMOTpHM BCilOMOraTellbHYJO 3a.a:aqy, KOTOpaR no.upo6Ho 
pa3o6patta B [1]. liTaK, paccMOTpHM Kpaenyio 3a,uaqy (cM. pttc.2) 

div[qVu(p)] = o, pen 

ujr_ = uir. 

q2:l =q,:1 
r. r_ 

ulr = q,, ; ulr = q,2 
I • 2 

0=01 u02 , 

, r.u:e q = {q" 
q2, 

pen,, 

pen2, 

n 1 = {r,cp): o < r < r0 !cpl< n/4L · 
0 2 = {r,cp): 0 < r < r0 lcpj > 1t/4}, 

·n2 

Pnc.2 

r.ue q,; e c<1>(rJ, i = 1,2 (cM. pttc.2). Bne,n:eM nomqmyio cttCTeMy 
KOOp.D:HHaT. PerneHHe 6y,ueM HCKaTh MeTO,UOM. pa3,neneHHJI nepeMeHHhlX: 
u ~ R(r )• <l>(cp). B pe3yllbTaTe JIMeeM . 

<l>" +1..2<1> = 0, r 2R" +rR' -t..2R = 0 . 

----------:ttayqno-TeXHHqecK&R 

t 
6u6.nucpeKa 

OHSIH 



TaKIIM o6pa30M, MH R(r) B cHJiy orpaHHqeHH0CTH B Hyne u(p), 

rronyqHM perneHHe R(r) ~ r", a MH <I>(cp) - co6CTBeHHhie cpyHKUHH, 
K0T0pbie pacrra,uaIOTCH Ha ,[lBe rpyrrrr1,1: 
1. CHMMeTpJiqHbie 0TH0CHTenbH0 cp = 0 ; 
2. aHTHCHMMeTpHqHI,Ie 0TH0CHTenhH0 cp = 0. 
B rrepB0M cnyqae co6crneHHhie cpyHKUHH rrpHMYT BH,[l 

(iJ( )-{cos{A<p), lcpl<rc/4, 
<I>,. <p -

a,. cos{A{rc-<p)), l<pl > rc/4. 

3.[leCb II0CT0HHHaH a,. orrpe,1:lenHeTCH m C00TH0IJleHHH Ha rpaHHUe MH 

H0pManhHbIX rrp0H3B0,[lHhIX 

a,.= -[ q, sin( A¾)]/[ q 2 sin( A 
3
: )], 

a MH orrpe,1:leneHHH co6crneHHbIX 3HaqeHHH A BOCrron1,3yeMCH 
COOTH0illeHHeM HerrpepbIBHOCTH MH perneHHH u(r,cp) Ha rpaHHUe 

pa3,1:lena 

_-9!_ = 
q2 

co{ A¾) sin( A~) 

co{ A 
3

4
rc) sin( A¾) · 

TaKHM o6pa30M, HJIH tg( A¾)= 0 H T0r,1:la A= 4n, HnH A= ±A1 ± 4n, r,1:le 

A1 - HaHMeHhlllHH KopeHh ypaBHemrn 

- :: = [3-tg
2

( A¾)]/[1-3tg
2

( A¾)]. (2.1) 

Oco6eHHOCTh B peineiitte 6y.z:leT BHOCHTh qneH pH.z:la r"' <I>"' ( cp) npH A1 < I . 

lfa (2.1) cne,1:lyeT, qrn 

A1 =1 <=> q,=q2. (2.2) 

3To 03HaqaeT, qro ecn.H q1 = q2 , .TO IVu{p ~ - 6y.z:leT orpaHttqeH. 
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3. IloBeAeHue pemeuusi KpaeBoii JaAa'lu 

PaccMOTPHM KpaeByIO 3a):laqy ( 1.1) c cpyHKUHeii Marnttrnoii 
rrp0HHuaeM0CTH µ, o6naCTb n , II0Ka3aHa Ha pHc. l. 

YTBelli!Q!eHue 

:lK > 0 Vo > 0 0 < p{p, Q) < o jVu{p ~ < K, 

r.[le p{p,Q)- paCCTOHHHe Me)l(,1:ly TQqKaMH p H Q, a II0,[l 

orpaHHqeHH0CThlO Ha r nomIMaeTCH orpaHHqeHHOCTb Ha r+ H Ha r_ . 

./!OK33JITeJibCTB_!! 

oy.[leM ,[l0Ka3bIBaTh OT npOTHBHoro. IIpe,1:lnOnO)l(HM, qTo :no He TaK, 
Tor,1:la 

VK > 0 :lo > 0 0 < p(p, Q) < o IVu(p ~ ~ K . 

Bo3hMeM K = max(H 0 ,4C0 ~), 0 < 00 < o, Toma MH 
p: 0 < p(p, Q) ~ Oo ,1:lOmICHO BhmOnHHThCH ycnoBHe 

IVu{p~ ~ H 0 ⇒ µ{H)= l. (3.1) 

BBe,[leM nonHpHyIO CHCTeMy KOOp,1:lHHaT C ueHrpOM B T04Ke Q. IIycTb 

u{r,<p) - perneHHe Harneii KpaeBoii 3a):laqtt, y.z:lOBnernopHIOll.lee ycnoBHIO 

(3.1), TOr,[la Har± OHO ,[l0n)l(HO Y.z:lOBnernopHTb ycnOBHHM 

au(8o,cp~ = :(oo,cp~ , 
8cp 1 q,=O+ cp tp-0- (3.2) 

a B CHny HenpepbIBHOCTH u(o0 , (j)) ):l0n)l(H0 BbITTOnHHTbCH 

u{o0 ,cp~cp-o+ = u{o0 ,<p~cp-o- = u(o 0 ,0). (3.3) 

5 



ffa (3.2) H (3.3) cneey~, qT() 3: (oo,0)=: (3o:(j)✓ . =: (oo,(j)✓ , 
. (j) (j) 1.1""0+ Vo/ 1 cp=O-

Till(HM o6pa30M, IlOllO,KHB 

- ( ) ( ) . - {'¥" ~ , '¥i<p=U;00 ,<p, t=l,2,'¥= __ 
'¥2 , r2, 

f = «oo,<p): 0 < <p ~ 21t , 

nonyqaeM B Oo - OKpeCTHOCTH TQqKH Q Kpaesyro 3a)J;aqy 

Au 1{p)=O, peQ" 

Au2(p)= 0, p E n2, 

0021 =~ , 
an r. ~r_ 

u,lr_ = u2lr. • 

ulr = '¥, 

(3.4) 

r.ne '¥ ec(1>(r). ffa (2.2) (a TaK:>Ke H3 [I]) nonyqaeM, qTO (3.4) He HMeeT 

oco6eHHOCTeii, T.e. lim!Vu(p ~ = .Ja, 
2 + b1

2 ~ 4C0 .J:; = K, r.ne a1 H b1 ~ 
.,-Q 

K03<Pll>H[(HeHTbl pH.na <l>ypbe MR: <l>YHKQHH u(p) Ha rpaHHI.(e f . 
Cne_noBaTenbHO, nonyqHnH npOTHBOpeqHe, KOTOpoe H J(OKa3bIBaeT Harne 
yrnep:>K.neHHe. 

JIHTepa-rypa 
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