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1. Bae.nemie 

B nacTOllll_\eJ':i pa6oTe peqL 11,neT 0 B03M0lKH0CTl1 rrp11MeHeHHll MeT0.[{a o6paTHOH 3a,naq11 

paccel!HHll .[{Jlll HCCJie.[{0BaHHll HeJI1111eii1101I 3BOJIIOI.(110IIHOH CMCTeMbl 

au 
m=f, 

av 
at= 9 , (1.1) 

I'.[{e j Hg - CKaJillpHb!e qiyIIKI(HII, 3aBIICllll_\lie OT He3aBIICIIMb!X rrepeMeHHb!X x, t, peIIIeHirn 

aku akv 
u = u(x,t), v = v(x,t) II era rrpOJBB0.[{Hb!X Uk= axk' Vk= axk ITO x .no HeK0TOporo 

KOIIe'HI0r0 rropll.L(Ka ko 2 0. Pa.nlI e,l.(IIH006pa3Hll Mb! qacT0 6y.neM HCII0Jlb30BaTb o603Ha

'leHHe u0 , v0 .nmr caMoro perneHIIll u, v, cq1ITal! era rrpmnBO.L(Hoii no x nyrreBoro rropll.LIKa. 

llJlll IICCJie,l.(0BaHIIll 3TOI1 CIICTeMLI Mb! IICIIOJib3yeM MeTO,l.( o6panroii 3a,l.(aqn paccel!HHll ,l.(Jill 

orrepaTopa 1l1IpaKa L BII.L(a 

L = o-a+ V, (1.2) 

r.ne a - orrepaTop .L11I¢¢epe11mrpoBaH1Ill no x, a 

o- = diag (1,-1), V = o-U = I 0 
-v ~I· (1.3) 

Mb! rrpe.nrroJI0lKHM, qTo CIICTeMa (1.1) o6na.naeT pemeHHllMH, CTpeMl!li\HMIICll ,l.(OCTaToqno 

6bICTpo K nymo rrpn X ➔ ±oo ( II03,l.(Hee Mb! YTOqiflIM CMb!CJl CJIOB ",l.(OCTaToqno 6b!CTpo" 

II cqiopMynnpyeM ycJIOBHll, rapaIITIIPYIOli\lie cymecTBOBanne TaKnx pemennii ), II, Ta

KIIM o6pa30M, Mb! CMOJKeM IIplIMeHHTb ,l.(Jill IICCJie,l.(OBaHIIll CHCTeMbl (1.1) MeTO,l.( o6paTIIOH 

3a.naqn paccel!HIIll .L(Jill ouepaTopa L BII.L(a (1.2), (1.3), ecnn HaM y.nacTcx KaKnM-Jin6o crro

co6oM rronyqlITb 3BOJIIOU:HOHHbre ypaBnemrn .L(Jill .nanHLIX paccel!HHll ouepaTopa L, Kor.na 

era K03qJqJlll.(HeHTbl u, V 3BOJIIOI(H0HIIPYIOT cornaCH0 ypaBHeHHl!M CHCTeMbl (1.1). Ouepa

Topnoe rrpe.ncTaBJieHne 

aL 
at+ [A,L] = 0 (1.4) 

,l.(Jill CIICTeMbl (1.1) (B TOM cnyqae, KOr.na OHO cymecTByeT) llBJilleTCll O,l.(HHM H3 cuoco6oB 

rronyqeHHll 3B0JI!OU:HOHHb!X ypaBHeHHH ,l.(Jill .naHHb!X paccel!Hllll ouepaTOpa L, XOTll H He 

e,l.(IIHCTBeHHb!M. lleiiCTBIITeJlbHO, TaKne ypaBHeHIIll, B TOM HJIH HH0M BII.L(e, cymecTBYIOT 

upaKTnqecKII Bcer.na. llpyroe .neno, qTo 3TH ypaBHeHIIll MoryT 6b!Tb HaCTOJibKO CJI0lK

Hb!MH, qTO nx rronyqeHne n HCCJie,l.(OBaHne MOJKeT OKa3aTbCll He Mel!ee, a MOJKeT 6b!Tb 

II 6onee TPY.LIHOH 3a.naqeii, qeM MCCJie,l.(OBaHne HCXO,l.(HOH CHCTeMbl (1.1). Ilo3TOMY 6y.neT 

noruqHb!M rrpe.L(II0JIOlKHTb CHaqana, qTo 3BOJI!OU:H0l!Hble ypaBHeHHll ,l.(Jill .naHHb!X pacce

llHHll ouepaTopa L uplIHa.L(JieJKaT KaKoMy-Hn6y.Llb He oqeHb CJIOlKHOMY KJiaccy, Harrpn

Mep, KJiaccy o6b!KHOBeHHb!X .nn¢¢epeHU:HaJibl!b!X ypaBHennii, a 3aTeM BblllCHl!Tb, KaKoii 

,l.(OJIJKHa 6b!Tb CHCTeMa ( 1. 1)' qTo6b! uopoJK,l.(aeMall eIO 3BOJI!OU:Hll .naHHb!X paccel!l!Hll oue

pa Topa L upnna.nneJKana 3TOMy KJiaccy. I-Icxo.nll lI3 CKaJanHoro Bblme, Mb! rrpe.nrronoJKHM, 

qTo 3BOJI!OU:IIOHHOe ypaBnenne ,l.(Jill S-MaTpHU:bl ouepaTopa L HMeeT Bil,[( 

as(() = J (S((), O, 
at 

! . et;M'J;. .. ~ i,,.i,.11\ -~:~~.irii-l 
~,~A~X EC~!elC~~t'l) 

t_;ijSifi-101~1 . 

(1.5) 



r.ne ( - crreKTpaJibHblli napaMeTp, a 3JieMeHTbl lo.,rJ, a, /3 = l, 2, MaTpIIUbl J JIBJIJIIOTCJI 

CKaJillpHbIMII <pyHKU:IIJIMII OT 3JieMeHTOB Sµ,v, µ, V = l, 2, MaTpIIUbl s. ilJill Toro qT06h! 

ypaBHeHIIe (1.5) y,noBJieTBOplIJIO TeopeMe O cymecTBOBaHIIII II e.nIIHCTBe!IHOCT!'I pernerrm1 

3a,naq1I KoIIIII, Mbl rrpe.nrroJiolKIIM, qTo <pyHKU:IIII J0 ,/J, a, /3 = l, 2, 3aBIICJIT rna.n;KIIM o6pa-

30M OT 3JieMeHTOB Sµ,v, µ, V = 1, 2, MaTpIIU:bl s. OKa3bIBaeTCJI, qTo c,neJiaHHOe ceiiqac 

rrpe.nrroJIOlKeHIIe JIBJIJleTCJI ,l\OBOJibHO CIIJibHb!M. B cnyqae, Kor.na <pyHKl(IIII f H g K TOMY 

lKe 3aBIICJIT ,l\OCTaToqrro rna.n;KIIM o6pa30M OT x, peIIIeHIIJI u, V II ero rrpOII3B0,l\Hb!X no x, 
Mbl IIOKalKeM, qTQ 3TOMY Tpe6oBaHHIO y,noBJieTBOpll!OT TOJibKO Te CHCTeMhl BII,D;a ( l. 1 ), B 

CIIJIY KOTOpbIX BblIIOJIHJleTCJI orrepaToprroe COOTHOIIIen:ne ( 1 .4) c ,D;II<p<pepel!l(!IaJlhHb!M ( no 

x) orreparopoM A. Ilpn 3TOM orreparop A .nonycKaeT npe,ncTaBnerr:ne 

ko 
A=~ AkLko-k 

k=O 

c MaTpIIUaM:n Ak, k = 0, 1, ..• , k0 , KOTOpble y.noaneTBOpll!OT ycnoBHJIM 

8Ak 
[u, Ao]= 0, [u, Ak+d =--;:;- + [U, Ak], k = 0, l, ... , ko, . ux 

a caMa 3BOJIIOI(HOHHal! CIICTeMa (1.1) IIMeeT BII,l\ 

au Io u I 8t = [u, Ako+il, r.ne U = uV = v O . 

(1.6) 

(1. 7) 

(1.8) 

8 3THX ycJIOBIIJIX MaTpIIn:a Ao 0Ka3blBaeTCJI .n;IIarOHaJlbHOll MaTpnueii C IIOCTOJIHHb!MII 

3JieMeHTaMH, a 3JieMeHTbI MaTpIIn: Ak rrp:n k = l, .... , k0 +. l JIBJIJIJOTCJI noJIHHOMaMII OT 

<pyHKU:Hli u,v H HX rrpOH3B0,l\HblX no X .no (k - 1)-ro rropll.n;Ka. KpoMe Toro, rropolK,nae

MaJI c:ncTeMoii (1.1) 3BOJIJOUHll S-MaTpIIU:bl oneparopa L BII.n;a (1.2), (1.3) on:nc1,rnaeTcl! 

ypaBHemieM (1.5) c MaTpHn:eii J BII,na 

J = p(()[u, S(()], (1.9) 

r.ne p - IIOJIIIHOM OT ( CTeIIeHII ko co CKaJillpHb!MII K03<p<pIIUIIeHTaMII. TaKHM o6pa30M, B 

3TIIX yCJIOBIIl!X CIICTeMa ypaBHeHIIH (1.5) OKa3bIBaeTCll JIIIHeHHOH II IIpIITOM IIMeeT BeChMa 

cnen:IIaJibHbIH BH,n. 8ro 3HaqIIT, qTo ecJIH cncTeMa (1.1) He HMeeT onepaTopHoro npe.n

CTaBJieHIIll BII.n;a (1.4) C y,noBJieTBOpl!!Oll(IIM ycJIOBIIJIM (1.6), (1.7) ,D;H<p<pepe11n:HaJihHb!M 

orreparopoM A, TO rropoJK,naeMaJI eJO 3BOJIJOUIIll S-MaTpIIUbI onepaTopa L He MOlKeT 6hITh 

OIIIICaHa ypaBHeHIIeM (1.5) C MaTpIIueii J, 3aBIICl!ll(eli rJia,D;KIIM o6pa30M OT 3JieMeHTOB 

Sµ,v, µ, v = l, 2, MaTpIIU:bI S. OTc10,na BbITeKaJOT .n;Ba BalKHhIX ~onpoca. IlpeJK,ne acero, 

KaKOBa CTPYKTypa rrpaBOH qacTII ypaaneHIIll (1.5), ecJIII CHCTeMa (1.1) onpe,neJieHa c no

MOII(b!O ,l\OCTaToqrro xopOIIIIIX <pyHKl(IIH f II g, ne o6Jia,naJOII(IIX onepaTOpHhlM npe,ncTa

BJieIIIIeM (1.4), T.e. y,noBJieTBOpll!Oll(IIX ycJIOBIIIO 

I ~g ~ I # [A, L] 

c JIJ06h!M onepaTopoM A BH,na (1.6) II (1.7). II Bonpoc BTopoii, KaKIIMII CBOHCTBaMII 

,l\OJilKHhl o6Jia,naTh <pyHKU:IIII f II g ,l\JilI Toro qro6b! nopolK,naeMaJI peIIIeHIIl!MII CIICTeMbl 

{1.1) 3BOJIJ01(IIll S-MaTpIIU:hl onepaTOpa L OITIICh!BaJiacb ypaBnenHeM (1.5) C MaTpIIueii J, 
3aBHCllll(Cll rna.n;KIIM o6pa30M OT 3JieMeHTOB Sµ,v, µ,v = 1,2, MaTpHl(LI s, HO OTJI1Iq11oii 

OT yKa3aHHOll BbIIIIe C ITOMOII(b!O paBeHCTBa (1.9). PacCMOTpenmo 060:nx 3THX BonpocoB 

6y.nyT IlOCBl!ll(eHJ,J IlOCJie,nyJOII(!Ie ny6JIIIKal(IIII Ha 3TY TeMy. 
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2. BcnoMoraTCJibHbie pe3yJihTaTbI 

On1paa1Io11 TO'IK011 Hccx J(an1,11ci'1111nx pacomTpe111111 noc:1y)l(l!T n1111eihia& cucTeMa 

ypaHl!Cllllll 

fJ.p + uijJ = i( 'P, 
fJx 

f)i!,, 
fJx + vcp + i(i;• = 0 

C Il0TelllUiaJia~III 1l u(.T) If V = v(x), YllOBJieTHOfll!IOll(ll!\HI ycJIOBHIO 

00 

/ (lu(1·)I + Jv(x)l)dx < oo. 

(2.1) 

(2.2) 

O6111c113BCCTIIO, 'ITO npn BL!II0JIIlCJIIIII }'CJI0Bl!ll (2.2) ypaBIICHllll (2.1) Ilfl!I mo6m1 HC!l(C

CTBCIII!0~1 ( mtcI0T cjiytIJ\aMe11Tarn,11y10 C11CTe11y pernem1ii cp1, 1f'i II cp2, 1j,2, o6JJanammux 

aCHM!lT0THKaMH 

cp1(x, () ~ cxp(i(x), 1f'1(x, () ~ 0, CCJIH x ➔ -oo, 

cp:;(.1:,() ~ o, i/J:;(.1:,() ~ cxp(-i(x), CCJIH X ➔ -oo, 
(2.3) 

11 BTopy10 cjiy11naMe!l'raJJbllYlO CIICTCMY pelllCIIHII 'Pi, 1Pi 11 'Pi, il-t, 06:1ana1011wx a11a.10-
raq1II,JMH aCHMIIT0Tl!KaMH 

'Pi(x, () ~ cxp(i(x), 1f'i(:r, () ~ 0, mm x ➔ oo, 

cpf(x, () ~ 0, i/Jt(x, () ~ cxp(-i(:r), ecJIH 1· ➔ oo. 

O6pa3yeMble C IIOM0!l(h!O 3THX peUICIIHll MaTpHIU,l BpoHCKOI'O 

W_(x,() = I 'P~(x,() 'P~(x,() I 
7P 1 (x,() 1P2 (1:,() ' I 

'Pi(x, () 
lt'+(J:, () = v•t(x, () 

cpf(,r,() 
i/•t(x,() 

H CIIJIY (2.3) H (2.4) np11 mo61,1x x, ( E (-oo, 00) y.noHJICTBOpl!IOT YCJIOHIIJO 

det W_(x, () = dct W+(x, () = 1, x, ( E (-oo, oo ). 

OnpCJlCJ!l!CMall B C0OTBCTCTBHH C paBCIICTH0M 

S(() = l·V.=- 1(x,()W+(x,(), ( E (-00,00), 

(2.4) 

(2.5) 

(2.6) 

(2.i) 

S-MaTpaua CHCTCMhl (2.1) He :JilBHCHT OT.TH Ila OCIIOBe (2.6) npH mo6oM HC'lllC'CTHC'IIII0~I 

( Yl!OBJICTBOfll!CT YCJIOBHIO 

dctS(() = 1, ( E (-00,00) . (2.8) 

Ilanec, C IIOMOIJ(h!0 orrpc.uerre11111,1x Hl,lllJC fll'IIICl!IIII CIICTCMl,I (2.1) 06pa1yeM JIHYXh0~III0-
HeJITilhlC BCKT0p!,l -c-rpOKH 

'P- = ('P1,'P2~, .. ,, = (·•',- .,,-
'f - 'f 1 , 'f 2 , 

'P+ = ~'Pi,'Pt) = 'P-S, 
,,/, = .. ,,+ .,1,+) = ,,/, c; v+ v 1 ,, 2 v-L· 

;! 

(2.9) 



HaKoHeu, nonolKIIM 

<I>= 'P-'P+, 0+ = 'P-t/J+, 0_ = -J-'P+, w = -J_t/J+, (2.10) 

r.n.e JHaK TIIJib.D.a "~" 03Ha'IaeT TpaHCIIOHilpoBaHile, T .e., B '!aCTHOCTlf, nepCXOJl OT BCKTopoB

CTpOK K BCKTOpaM-CTOJI6uaM. Ilony'!CHHblC TaKIIM o6pa30M KBa.n.paTUbIC MaTpIII(bl BTO

poro IIOpll.D.Ka cornacHO (2.1) y.n.oBJICTBOpll!OT JIIIIICHHOH CIICTeMe ypaBJICHIIH 

a<I> . 
ax + 2u0 = 2z(<I>, 

r.n.e 

aw . - + 2u0 + 2z(W = 0 
ax ' 

1 
0 = 

2 
(0+ + 0_). 

a0 
ax+ v<I> + uw = 0, (2.11) 

(2.12) 

O"1CBII.D.HO, '!TO orrpe.n.eJICHHb!C Bbill!C MaTpIIUbl 0+ II 0_ o6na.n.aJOT npe.n.cTaBJIC!IlfCM 

r.n.e 

1 
0+ = 0 + -0o, 

2 

1 
0 = 0- -0 - 2 o, 

0o = 0+ - 0_ = aoS, ao = I o 1 I -1 0 . 

OTCJO.D.a cne.n.yeT, '!TO MaTpilua 0o HC 3aBlfCIIT OT x, T.C. 

800 
ax = o, 

(2.13) 

(2.14) 

(2.15) 

a MaTpIIUbl 0+ II 0_ y.n.oBJICTBOpll!OT ypaBHCHilllM, IIOJIY'!aCMhlM Il3 IIOCJIC.!J.HCro ypaBHC

Hilll CIICTCMbl (2.11) B COOTBCTCTBlflf C paBCHCTBaMII (2.13)-(2.15). Onpe.n.eJICHHble 110cpe.n.

CTBOM (2.9), (2.10) II (2.12) MaTpIIUbl <l>,0, IV,0+ II 0_ B CIIJIY (2.5) II (2.6) .D.OIIycKaIOT 

npe.n.cTaBJICHIIC 

<I>= aaW.::- 1a_W+, 
1 I 0 = --a0w- aW+ 2 - ' 

W = -aoW_::- 1a+W+, 
(2.16) 

-1 ' -1 ' 0+ = a0W_ a+W+, 0_ = -a0 W_ a_W+, 

r.n.e 

a_= I~ ~ I, a+= I ~ ~ I, ao = a+ - a_, a= [a+,a-], 
(2.17) 

a~ = a+a- = diag(l, 0), a~ = a_a+ = diag(0, 1). 

B 3TOH CI1Tya1um C Y'!CT0M (2.7), (2.8), (2.16) H (2.17) HCTpy.D.H0 y6e.D.1'1ThCll B rnpaBe.n.

JI.lfB0CTH COOTHOI!ICHHH 

<I>(x, os-1(()ao<I>(x, () = w(x, os- 1(()aoW(x, () = 0, 

<I>(x,os- 1(()aoW(x,() = 0+(x,(), w(x,()S-1 (()ao<I>(x,() = -0-(x,(), 

1 
<l>(x,()S-J(()ao0(x,() == -0(x,()S-l(()ao<l>(x,() = 2 <I>(x,(), 

1 
0(x,()S- 1(()aoW(x,() = -w(x,os-1(()ao0(x,() = 2w(x,(), 

4 

(2.18) 

. i 

Cbirpa1omI1x BalKHYIO poJih B .!l.aJihHCHll!CM. 

Ha OCHOBC (2.1) orrpe.n.eJICHHh!C rrocpe.D.CTBOM (2.5) MaTp11Ub! w - .If w + Y.D.OBJICTBOpll!OT 

MaTpH'!HhlM ypaBHCHHllM 

__Q__w-l - w-lu + i1"W- 1a = 0 ax - - > - , :x W+ + UW+ = i(aW+, 

f'JlC MaTpI!!la u corrrac110 (2.17) .n.011ycKaCT npe.D.CTaBJICHHC 

U = a+u(x) + a_v(x). 

(2.19) 

(2.20) 

OTCIO.D.a CJie.n.yeT, '!TO Bapnaann ow.::- 1 
H .SW+ MaTp1'1!l w.::- 1 

H W+ npn Bapb1'1p0BaH1'!H 

IIOTCH!lHaJIOB u( X) II v( X) Y.D.OBJICTBOpllIOT ypaBHCH.lfllM 

:x .sw.::-1 
- .sw.::-1u + i(ow.::- 1a = w.::- 1.su, 

(2.21) 
a . 
ax .SW++ UoW+ - i(aoW+ = -oUW+· 

YMHOlKall nepBOC ypaBHCH.lfC C.lfCTCMbl (2.19) cnpaBa na .SW+ 11 CKJia.D.b!Bal! c ITOCJIC.D.HHM 

ypaBHCHHCM CIICTCMbl (2.21), yMHOlKCHHb!M CJICBa Ha W_::- 1
, ITOJiy'!aCM COOTHOll!CH.lfC 

__Q__ (w- 1.sw ) = -w-1.suw . ax - + - + (2.22) 

AHaJIOrI!'!HblM o6pa30M, YMHOlKMI nepBoe ypaBHCHHC C.lfCTCMhl (2.21) cnpaBa Ha W+ .If 

CKJia.D.bIBal! C II0CJIC.!J.HIIM ypaBHCHHCM CIICTCMbl (2.19), YMH0lKCHHb!M CJICBa Ha oW_::- 1
, II0-

Jiy'IaCM cxo.n.uoe C00TH0ll!C!IHC 

__Q__ (.sw- 1w ) = w-1.suw ax - + - +· (2.23) 

C Y'!CT0M rpaH.lf'IHblX yrnoBnii: (2.3) JI (2.4) 0TCIO.D.a rne.n.yroT paBCHCTBa 

X 

.sw..::-1(x, () = / w..::-1(z, ()oU(z)W+(z, ()dzW.j:" 1(x, (), 
-oo 

(2.24) 
00 

oW+(x,() = W_(x,() I w..::- 1(z,()oU(z)W+(z,()dz. 
X 

8 C00TBCTCTB!Ili c 3THM1'1 paBCHCTBaM.lf ueTpy.n.uo y6e.D.HTbCll, 'ITO Bap11au1rnHHb!C rrpon3-

B0.QHblC OT MaTpHU W_::- 1 
1'l W+ B CIIJIY (2.16) Ii (2.20) ,n:orrycKaIOT IlpC.D.CTaBJICHJIC 
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JW.:=-l(x,() = { uoW(z,()W.;:-'(x,(), ecm1 z < x, 

Ju(z) 0, eCJIH Z > X, 

JW.:=-l(x,() = {-uo'1>(z,()W_;:
1
(x,(), ecm1 z < x, 

Jv(z) 0, ecm1 z > x, 

JW+(x,() = { 
Ju(z) 

JW+(x,() = { 
Jv(z) 

0, ecm1 z < x, 

w_(x, ()uoW(z, (), eCJIH z > x, 

0, ecnu z < x, 

-W_(x,()uo'1>(z,(), ecm1 z > x. 

(2.25) 

C IIOMO[UblO 3THX paBeHCTB IIOJiyqaeM, '!TO BapuaUHOHHble rrpOH3BO)lHble OT orrpeneneH

HbIX rrocpe)lCTBOM (2.16) MaTpHU '1> n 11' HMelOT BH)l 

Jq>(x, () = { W(z, os-1
(()uo'1>(x, (), eCJIH Z < X, 

Ju(z) '1>(x, os-1(()uoW(z, (), eCJIH z > x, 

J'1>(x, () = { 
Jv(z) 

-'1>(z,()S- 1(()uo'1>(x,(), ecJIH Z < X, 

-'1>(x, os-1 (()uo'1>(z, (), eCJIH Z > X, 

JW(x,() = { w(z,()S-
1
(()u.0W(x,(), eCJIH z < x, 

Ju( z) 1 w(x,()s- (()uoW(z,(), eCJIII z > x, 

Jw(x, () = { -'1>(z, os-1
(()uoW(x, (), ecJIH z < x, 

Jv(z) -W(x,()s-1(()uo'1>(z,(), eCJIH z > x. 

(2.26) 

AnanorH'IHb!M o6pa30M, na OCHOBe (2.7) 11 (2.25) HaXO)lHM )lJUI BapuaunoHHb!X npOH3BO)l

HblX OT S-MaTpHUbl cneny10rune Bb!pa2KeHHll: 

JS(()= uoW(x,(), 
Ju(x) 

JS(() _ -u0'1>(x, (). 
Jv(x) -

(2.27) 

Ilpe)lIIOJI02KHM Terrepb, '!TO BXO)lll[Uall B paBeHCTBa (2.21 )-(2.24) BapHaUHll JU IIOJIY

qena B pe3yJibTaTe C)lBHra 3a BpeMll Jt IIO TpaeKTOpllllM CHCTeMbl (1.1 ), T.e. C yYeTOM 

(2.20) IIOJIO2KIIM 
JU= (u+f + u_g) Jt. 
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Ilepcfu1e~1 Tenep1, B paBeHcTBax (2.24) K rrpeneny npu Jt ➔ 0. C noMOIUhJO (2.16) rro:1y

•Iac~1 COOTIIOWCl!llll 

i~/V-=- 1(x, () = u0 L(x, ()W.;:1(x, (), %/V+(x, () = W_(x, ()uol+(x, (), (2.28) 

rnc 

X 

L(.r,() = J [w(z,Of(z)- '1>(z,()g(z)] dz, 
-oo 

(2.29) 
00 

l+(.r,() = J [w(z,()](z) - '1>(z,()g(z)] dz. 

BxoJ\ll[UHC B 3Tll paBe!ICTBa BeJIJl'IH!lhl ](z) II .ii(z) COOTBeTCTBeHJ!O paBHhl 3!1a'Ielll!llM 

- f aku\z) akv(z) k O l k C 
<l>YIIKl!IIH II g npH X = z, 1~k = az H Vk = azk , = , , .... , ·o- or:iacHO 

(2.16) OTCIO)!a CJICJJ.YIOT paBC!ICTBa 

~'1>(x, () = L(x, ()S-1 (()uo'1>(x, () + '1>(x, ()s- 1 (()uol+(x, (), at 

:t w(x, () = L(x, os- 1(()uoW(x, () + W(x, ()S- 1(()uol+(x, (), 

~0(x, () = L(x, os-1(()uo8(x, () + 0(x, os-1(()uol+(.r, (), at 

(2.30) 

a B CHJIY (2.7), (2.28) n (2.29) IIOJiy<IaeM 3BOJIIOI\HOIIIIOe ypaB!IellHC J\Jlll S-MaTJJHUhl B 

cJie)lyJO[UCM BH)lC: 

rne 

00 

as(() = u0 I((), 
at 

1(() = J [w(z,()](z) - '1>(z,()g(z)] dz. 

(2.31) 

(2.32) 

3nec1, uco6xonnMo cnenaTh cneny1oruec 3aMe'!a1111e. llJrn cyruecTBoBalllill I111TerpaJ10B 

L, I+ HI COOTBCTCTBellHO BH)la (2.29) H (2.32) cpyHKHHH f 11 g Heo6XO)ll!MO 1!O)1'11111llTI, 

orrpe)lCJiellHhlM Tpe6oBalIHllM. IIMeimo, Mhl 6y)leM C'lllTaTI,, 'ITO UpH HCCX I E (lo,/ 1), lo < 
11' X E ( -oo, CX)) H mo6oM 3Ha'ICIIIIH BeJIH'llllll,I 

J= ko (lak 1'.l+l~k.vl) L axk dxk 
k=O 

cpyHKUHII f H g IIO)l'IHlllllOTCll Tpe60Ba1IHIO 

IJI + 191 S ho(,r) + c(J)J, 
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r.ne IIOJIOlKHTeJibHal! Bem,iqnHa c( J) ne 3aBHCHT OT X H orpannqena B mo6oM KOl!e'JHOM 

HHTepBaJie J E (0,Jo), 0 <Jo< oo, a cpyHKUHll ho(x) HeOTpHUaTeJibHa H y.UOBJieTBOplleT 

HepaBeHCTBY 
00 J h0 (x)dx < oo. 

BoJiee Toro, rrpe,n;IIOJIOlKHM, '!TO npn JII060M t E (to,ti) IlOTeHUl!aJlbl u - u(x,t) H V = 
v(x, t) y,noBJieTBOpll!OT ycJIOBHIO 

ko+1 /
00 (I ak I I ak I) L ax~ + ax~ dx < oo. 

k=O -oo 

8 3TOH CHTyaUHH Mb! MOlKeM rapaHTHpOBaTb cyruecTBOBa1rne HHTerpaJIOB /_, I+ H I, a 

CJie,noBaTeJibHO, B CHJIY (2.30), (2.31) H CaMO cyruecTBOBaHHe rrpOH3BO.UHb!X no BpCMeirn t 
OT BeJinqnH <I>, \JI, 0 n S-MaTpHUbl. 

3. Heo6xo.n;ttMble ycJIOBttH .D:JIH cymeCTBOBaHttH ypaBHeHttH (1.5) 

B 3T0M pa3,neJie Mb! rroKaJKeM, qTo rrpoH3BOJibual! KBa,npaTHal! MaTpnua J = J(S( (), () 
BTOporo nopl!,n;Ka, 3JICMCHTbl KOTopoii 3aBHClIT rJia,lJ;KHM o6pa30M OT 3JICMCHTOB Sµ,v, µ, V = 
1, 2, MaTpHl!bl s, ecTeCTBCHHbIM o6pa30M rropoJK,naeT ueKOTopoe MaTpHqHoe peIIIeHHe CH

CTCMbl (2.11). Jlanee, C IIOMO!Ub!O 3TOI'O peIIIeHHll CHCTeMhl (2.11) Mb! rroJiyquM Heo6-

xo,nnMbie ycJIOBHll, KOTOpb!M .UOJIJKHbl Y.UOBJICTBOpl!Tb cpyHKUHH f n g .UJill TOI'O qTo6bl 

rropolK,naeMal! CHCTeMoii (1. 1) 3BOJIJOl!Hll S-MaTpHl!bl orrepaTopa L OllllCb!BaJiacL ypaBHC

HHCM (1.5) C paHee B3l!TOH rrpaBoii qaCTbJO J. HaKOHCU, Ha OCHOBC aHaJIH3a 3THX JCJIOBHH 

Mb! oupe,neJIHM cyruecTBeHHb!e CTPYKTYPHb!e xapaKTepHCTHKH cpyHKUllll f H g H HO 3THM 

xapaKTepncTHKaM IIOCTpOHM ,lJ;Jlll CHCTeMbl (1.1) Tpe6yeMoe ouepaTopHoe npe,ncTaBJICHHe 

Bn,na (1.4). llocTnraeTcll 3TO cne.ny10II(HM o6pa3oM .. IIoJIOlKHM 

F = - JJ(O 
Jv(x)' 

G = JJ(O 
Ju(x)" 

Cornarno (2.17) u (2.27) crrpaBe.n;JIHBbl paBeHCTBa 

aJ aJ aJ aJ 
F = asll q,21 + 8S12 q,22 - 8S21 <I>u - 8S22 q,12 ' 

, BJ BJ BJ BJ 
G = asll \jl 21 + 8S12 \jl 22 - 8S21 Wu - 8S22 \jl 12 ' 

(3.1) 

(3.2) 

r.ne <I>a,/1 = r.p-;;r.pt H Wa,/1 = if;-;;if;t' a, /3 = 1, 2, COOTBCTCTBeHHO l!BJill!OTCll 3JlCMeIITaMH 

MaTpHII <I> H \JI BH.n;a (2.10). llanee, HOJIOlKHM 

aJ aJ aJ aJ 
H - asll 021 + 8S12 °22 - 8S21 °ll 8S22 812 ' 

(3.3) 

r.ae 0 0 ,11 = ½ (r.p-;;if;t + if;-;;r.p;), a,/3 = 1,2, l!BJil!IOTCll ::iJieMeHTaMH orrpe.neneHHOH no

cpe,ncTBOM (2.10) H {2.12) MaTpHl!bl 0. IIocKOJibKY COOTBeTCTBJIOIUHC 3JieMeHTbl MaTpHU 
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<I>, \JI n 0, T.e. :.meMel!Tbl c o,nnnaKOBb!MH HH.D:eKCaMH, y,noBJieTBOpll!OT.ypaBHeHHl!M (2.11), 
a MaTpHUbl #,:, µ, V = 1, 2, He 3aBUCl!T OT x, TO orrpe.n;eJieHHb!e rrocpe,n;CTBOM (3.l)-

µ,v 
(3.3) MaTpHULI F, Gu H y.n;oBJJeTBOpl!IOT cncTeMe (2.11). TaKHM o6pa30M, HMeIOT MeCTo 

paBe!ICTBa 

BF . 
ax + 2uH = 2i(F, 

HaKoHeu, rronoJKHM 

aa . 
Bx + 2vH + 2i(G = 0, 

'.t= - J/(0 
Jv(x)' 

J/(0 
9= Ju(x)' 

BH 
-
8 

+vF+uG=0 X . (3.4) 

(3.5) 

r.ne BCJIH'luHa I = !( () orrpe,neneHa c IIOMO!UbIO (2.32). IlocKOJibKY MeJK,n:y upaBoii qa

CTbIO J ypaBHCHHll (1.5) 11 HHTCrpaJIOM I BH.Ua (2.32) B cuny (2.31) cyruecTByeT CBll3b 

J = uol, TO TaKal! )Ke TOqHo CBll3b cylll,eCTBJCT H MC)K,ny BCJIHqHHaMH F, G BH.D;a (3.1), 
C 0.!(HOH CTOpOHbl, H BeJinqnHaMH '.f, 9 BH.D;a (3.5), C .npyroii CTOpOHbl, T.e. llMCeM paBCH

CTBa F = uo'.f, G = uo9- OTCIO.D;a CJie,n;yeT, qTo cyruecTBJCT BCJIHqHHa '.JC, TaKM, q-ro 

crrpaae,n:JIHBbl aHaJiornqHb!C (3.4) COOTHOIIIeHllll 

:: + 2u'.J-C = 2i('.f, !~ + 2v'.J-C + 2i(9 = 0, 
ax 
]; + v'.f + u9 = 0. (3.6) 

Haii.ueM ee. C 3Toii ueJibIO rroJIO)KllM 

'.f = r + K, 9 = ~ + M, (3.7) 

rne 

r = /
00 

[J<I>(z, () '( ) _ J\Jl(z, ()J,( )] d 
Jv(x) g z Jv(x) z z, 

-oo 

(3.8) 

~ = Joo [J\Jl(z, Of·( ) - J<I>(z, () '( )] d 
Ju(x) z , Ju(x) g z z, 

-oo 

K= t(-l/Dk [<I>(x,()aag -\Jl(x,()aaJ], 
k=O Vk Vk 

M = t (-I/ Dk [w(x, OaaJ - <I>(x, Oaag]. 
bO Uk ~ 

(3.9) 

HaqnHM C 3TOI'O MOMCHTa, Mb! 6y.ueM cqHTaTb f H g cpyHKl!HlIMH x, t H 2ko + 2 HC3a

BHCHMhlX uepeMeHHb!X uk,vk, k = 0,l, .... ,ko, a Bhlpa)Kel!nll THrra }(z) n g(z) Mhl 6y.n;eM 

Oku(z) 8kv(z) 
IlOHHMaTb KaK 3HaqeHHll 3THX cpyHKl!Hll rrpn X = z, Uk = fuk H Vk = a;;;-, k = 
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_ . af(z) 8g(z) o, 1, .... , ko. B 3TOll ClITyaumi 'IaCTHLie npOll3B0.D;HLre nrna ~ lI ~ IIYlKHO IIO!Ill-

aku(z) Bkv(z) 
MaTL KaK 3Ha'!eHllll BeJill'IlIH fl f lI Dg npll X = z, Uk = -

8 
k lI Vk = --k-, k 2 0. 

z az 
Ilpll 3TOM onepaTop D noJIHOH npoll3BO.D;Hoii no x 3a.n;aeTCll paBeHCTBOM 

a =( a a) 
D =ax+ L uk+1auk +vk+1avk . 

k=O 

(3. 10) 

IIocKOJILKY Bee BeJill'IlIHLI, K KOTOphlM a .n;aHHOH pa6oTe 6y.n;eT npHMeHl!TLCll orrepaTop D, 
JaBHCl!T OT KOHe'!Horo 'IlICJia nepeMeHHLIX Uk, Vk, TO HlIKaKlIX rrpo6JieM co CXO.D;lIMOCTLIO 

npll npHMeHeHllll 3Toro onepaTopa B03HlIKaTL He 6y.n;eT. KpoMe Toro, MaTplIUI,I <I>, ljl lI 0 
C'IlITa!OTCll He 3aBlICllIUlIMll OT nepeMeHHLIX Uk !I Vk C JII06LIM IIOMCpOM k 2 0 lI nO'.>TOMY 

.n;euCTB!Ie onepaTopa fl Ha 3TH MaTplIULI onpe.n;eJilleTCll q>OpMyJiaM!I 

D<I>- 8<I> 
- ax' 

fl\jl - 8\jl 
- ax' 

ne= ae 
ax· (3.11) 

BocnoJIL3YeMCll TenepL paBeHCTBaM!I (2.26). Ha !IX OCHOBe npaBLie 'IaCT!I paBe!ICTB (3.8) 
MOryT 6LITL 3aIIIICaHLI B crre.n;y10meM BII,n;e: 

f = L(x, os-1 (()0-o<I>(x, () + <I>(x, os-1(()0-ol+(x, (), 

/j_ = L(x, os-1(()0-0\jl(x, 6 + ljl(x, os-1(()0-ol+(x, (), 
(3.12) 

r.n;e BeJIII'IlIHLI L(x, () II l+(x, () onpe.n;erreHLI nocpe.ncTBoM (2.29). llarree, IIOJIOlKIIM 

£ = L(x, os-1 (()ao0(x, () + 0(x, os-1(()0-of+(x, (). (3.13) 

CpaBHeHlle paBeHCTB (3.12) lI (3.13) c paBeHCTBaMII (2.30) nOKa3LIBaeT, 'ITO lIMeIOT MeCTo 

COOTHOIIIeHlIH 

r = 8<I>(x,() 
at , 

/j_ = 81j!(x,() 
at , £ = 80(x,() 

at · (3.14) 

IIocKOJILKY npO!I3B0.D;HLie OT <I>, ljl lI 0 no t y.n;oBJieTBOpll!OT ypaBHeIIIIllM, IIOJIY'IaIOmlIMCH 

lI3 ypaBHeH!Ill (2.11) np!I ¢opMaJILHOM .D;liq>q>epeHUlIPOBaH!IlI 3TlIX ypaBHeH!IH no t, TO B 

c:imy (3.14) II ypaBHeH!IH (1.1) rnpaBe.D;JilIBLI paBeHCTBa 

ar . 81:!,. . 
ax + 2u£ - 2z(f = -2f0, ax + 2v£ + 2z(/j_ = -2g0, 

8£ 
ax+ vr + ul:!,. = -g<I> -f\jl_ 

(3.15) 

3aMeTIIM, 'ITO 3TH paBeHCTBa rrerKO MoryT 6LITL noJiy'IeHLI nenocpe.D;CTBeirno lI3 paaeHCTB 

(3.12) II (3.13) c noMoIULIO cooTHOIIIeHIIH (2.18). IIonolKIIM TenepL R = 0, ecnII k0 = 0, a 

npII ko > 0 nycTL 

ko k-1 

R =LL (-1)" (uk-x-1D"Uk - Vk-x-1D"V,,), (3.16) 
k=l x=O 
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\I 

! 
r 

rJ(C 

BJ ug . Bf 8g 
Uk= \jl(x,()-8 - <I>(x,()-0 , Vi= ljl(x,~)-

8 
- <I>(x,()-

8
, k = 0, l, .... ,k

0
. 

Ilk Uk Vk Vk 

(3.17) 

llancc, nonolKHM 

ko 

Ro= L (uklh - vkVi). 
k=O 

(3.18) 

Cornac110 (3.9) 11 (3.16)-(3.18) npn mo60:--1 l.~o 2 0 cnpaae.n;mrno paaeHcTBO 

DR+vK+uM=Ro. (3.19) 

HaKoHcu, noJIOlKHM 

X= £+ R-x. (3.20) 

C y'leTOM (3.15) 11 (3.19) JierKO HaXO.UHM, 'ITO onpe.UCJlCHHLie B COOTBCTCTBIIH C paBeH

CTBaMII (3. 7) II (3.20) BCJIIl'IlIHLI 3', 9 11 X Y.UOBJ!CTBOpiIIOT ypaBI!ClillllM (3.6), CCJIII onpe

.ueJICIIIILIC rrocpe.ucTBOM paBCIICTB 

X =DK+ 2uR- 2i(K - 2f0, Y = DM + 2vR + 2z(M - 2g0 

BCJlH'IIIIILI X !I Y Y.UOBJ!CTBOpll!OT ycJIOBHllM 

X = 2ux, Y = 2vx, 

r.ue BCJIII'IHl!a X I10.U'IIIIICHa Tpe6oBaumo 

ax 
Bx = Ro - g<I> - fljl. 

(3.21) 

(3.22) 

(3.23) 

Ha OC!IOBC (2.11 ), (3.9)-(3.11) II (3.21) BLipalKCIIHl! .UJil! X H Y MoryT 6LJTI, 11pe.n;cTaBJ!l'IIH 

B OKOil'IaTeJILHOM B!I.UC 

ko [ Bf 
X=2uR-2f0+ L(-llDk 4i(ljl--

k=o 8vk 

-lj/D-+<I>D-+20 v--u- , BJ 8g , ( Bf 8g)] 
8vk 8vk 8vk UVk 

ko [ 
Y=2vR-2g0+ I)-l)k/Jk -4i(<I>aDg -

Ilk · k=O 

(:J.2.1) 

-<I>D- + \jl/J- + 20 u-·- - v-a9 uf ( iJg of)] 
auk auk iJu.. Duk ' 
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as cirny (3.17) tt (3.18) ypaBHCHllC (3.23) 1Ipl111llMaeT BllL( 

ax 
ax =n<l>+mw, 

r.ue 

ko ( 8f 8f) 
m= L uk--Vk- -f, 

8uk 8vk 
k=O 

ko ( 8g 8g) 
n = L vk- - uk- - g. 

Ovk Duk 
k=O 

(3.25) 

(3.26) 

TaKHM o6pa3oM, uar,.rn ycTaIIOBJieno cne.uyIOwcc. Ilnll Toro 'IT061,1 11opmK.uaeMaJ1 pe

IIICHIIJIMH cncTeMhI (1.1) 3BOJI!Ollllll S-MaTpllUhI oneparnpa llnpaKa L sn.ua (1.2) ll (1.3) 
nOL('IllHl!JiaCh 3BOJI!OUHOHIIOMY ypaBHCHH!O (1.5), He06XOL(llMO Bhll10JIIICl!UC ycJIOHUii (3.22), 
r.ue X ll y onpe.ueJIC!lhl paBC!ICTBaMH (3.24), a BXOL(llll!all B npaBhIC qacrn 3THX ycJIOHllil 

BCJlll'IHHa x Y.UOBJICTBOpl!CT COOT!IOIIIC!IU!O (3.25). HeTpy.uno BIIL(CTh, 'ITO npaBhlC 'IaCTll 

paBC!ICTB (3.24) JIBIIO co.uep)KaT MaTplll!hl <I>, IJI ll 0, CKaJil!pllhIC cpyHKUHH J,g n llX npo

ll3B0L(Hh!C no BCCM apryMCIITal,I, KpOMC BpeMCHH, noTenuuaJihl u, V onepaTopa ilIIpaKa H 

llX npOH3BOL(llh!C no X L(O HCKOTOporo KOHC'IHOro nopl!,UKa, !IC npeBOCXOL(Jlll!Cro 2ko + 1, a 

TaK)KC CIICKTpaJihHhlil napaMeTp (. 3JieMeHThl MaTpUUhl J, onpe.ueJIJIIOII!Cil ypaBUC!lllC 

(1.5), s llllX m!KaK He co.uep)KaTCll, n HX pOJih CBCJiaCh TOJlhKO K TOMY, 'ITO c IIX noMOII!h!O 

6hIJill noJIJ'IC!lhl JCJIOBUll (3.22). 

4. Auam13 pememti\: ypaBnemu1 (3.25) 

Ilnll Toro 'IT06h! npIIcTynHTh K aHaJIH3Y ycJIOBllil (3.22), HaM Heo6xo,UIIMO npe)K,UC 

scero Bh!JICHllTh CTPYKTYPY peweHHii ypaBHCHllll (3.25). B 3TOM pa3L(CJIC 6y.ueT L(OKa3aHo, 

'ITO s paccMaTpl!BaeMoii naMH CHTyaUllll ypaBUCHllC (3.25) MO)KCT llMCTh TOJlhKO TpllBll

aJihHOe peIIICHUC, 'ITO, B CBOIO oqepe.uh, BJIC'ICT o6pamerrne B HJJih 011pe.ueneHHhIX nocpe.u

CTBOM (3.~6) BCJilf'IllH 7:1' n n. lleiiCTBllTCJlhHO, s COOTBCTCTBllll c TCM, 'ITO MaTplll!hl 

a+, a_, 0-+ = a_a+ ll a_= a+a- Bll,Ua (2.17) o6pa3JIOT 6a3UC B npocTpaHCTBC KBa.upaT

Hh!X MaTpllU BTOporo nopl!,UKa, MaTpllUhl a+, a_ ll a = [a+, a_] BMCCTC C CL(llHU'IHOii 

MaTpnueii BTOporo nopll,UKa TaK)KC o6pa3JIOT 6a3HC B 3TOM npocTpaHCTBC. OTCIOL(a B 

CHJIY (2.16) cne.uyeT, 'ITO MaTplll!hl <I>, IJI, 0 n 0o COOTBCTCTBCHHO Bll,Ua (2.10), (2.12) ;I! 
(2.14) l!BJIJl!OTCll 6a3IICOM B npocTpaHCTBC KBa.upaTHh!X MaTplll! BTOporo nopl!,UKa. 3m 

3Ha'IHT, 'ITO MIITepecyJOIIICC nae peIIICI!llC X ypaBHCHllll (3.25) MO)KCT 6h!Th npe.ucTaBJICHO 

B Bll,UC 

X = pW + q<l> - 2r0 + >.o0o, ( 4.1) 

r.ue CKaJillpHh!C K03q>q>llUllCHThl P, q, r ll >.o cornarno (2.11), (2.15) ll (3.25) Y.UOBJICTBOpll!OT 

CllCTeMe ypaBHCHllil 

8p . 8q . ar a>.o 
ax+2ur-2i(p=m, ax+2vr+2i(q=n, ax+vp+uq=O, a;;=O. (4.2) 

B COOTBCTCTBllll c paBCHCTBaMll (3.11), (3.16), (3.17) H ypaBHCHllJ!Mll (2.11) HCTPY.UHO 

y6e,Ul!ThCll, 'ITO onpe.ueneHHhIC nocpe,UCTBOM (3.24) BCJill'IllHhl X ll Y ,nonycKa!OT npe.u

CTaBJICilllC 

X=X10+X2<l>+X3W, Y=Yr0+l';w+Y:i<l>, (4.3) 
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r.ue CKamrpHhIC BCJIII'IllHhl X1 II Yi npII l = 1, 2, 3 3aBHCJIT nOJIIIHOMllaJihHO OT cneKTpaJih-

11oro napaMeTpa (. Ilpll '.HOM CTeneHII 3TIIX nOJillHOMOB, O'ICBIIL(HO, He npeBOCXOL(JIT ko+ 1. 
C J'ICTOM JCJIOBllii (3.22) OTCIOL(a cne.uyeT, 'ITO BXOL(JUI!IIC B paBCHCTBO (4.1) K03<p<pIIIIII

enThl p, q H r TaK)KC JIBJIJIIOTCJI nOJillHOMaMH OT napaMeTpa (, a >.o = 0. llcXOL(JI ll3 3TOro 

o6cTOJITCJlhCTBa, noJIO)KllM 

k1 
" ( 'l')k1-k P == L.., i~ Pk, 
k=O 

k1 

"('i)k1-k q = L.., i~ qk, 
k=O 

k1 

"('1')k1-k r = L.., t~ rk, (4.4) 
k=O 

r.ue k1 :2: 0 ll y.uosrreTBopl!eT HepaBeHcTBy k1 :::; ko + 1. · BeJIH'IllHhl m .If n BH.Ua (3.26) 
He 3aBI!Cl!T OT napaMeTpa (. B CHJIY 3TOro o6CTOJITCJlhCTBa ll3 ypaBHCHllM ( 4.2) CJie,nyeT, 

Bro 
'ITO Po = qo = 0, a ax = 0, T.C. BCJlll'IllHa ro JIBJIJICTCJI OTJI.lf'IHOM OT HJJIJI KOHCTaH-

TOil. llanee, Ha ocHose ypaBHCHHii: ( 4.2) npH O :::; k < k1 BhIIIOJIHJIJOTCJI peKyppeHTHh!e 

COOTHOIIICHI!JI 

8pk + 2urk = 2pk+I' 
ax 

Bqk + 2vrk + 2qk+l = O, 
ax . 

8rk 
fu + vpk + uqk = 0, 

a nptt k = k1 HMCJOT MCCTO paBeHCTBa 

8pk1 
Bx + 2urk1 = m, 8qk1 + 2vrk1 = n. 

ax 

(4.5) 

(4.6) 

PeKyppeHTHh!C COOTHOIIICHI!JI ( 4.5) npHI'OL(Hhl L(JIJI HaXO)KL(CH.HJI Pk, qk .If rk npll JIJ060M 

k > 0. lleii:CTBllTCJlhHO, C noMOII!h!O y2Ke noJiy'IeHHh!X BCJIIl'I.HH Pk, qk .If rk nepBhle L(Ba .lf3 

COOTHOIIICHIIii (4.5) no3BOJIJIIOT OL(H03Ha'IHO onpe,UCJI.HTh BCJI.lf'Il!Hhl Pk+! .If qk+I, a 3aTCM B 

COOTBCTCTBllll C nocne,UH.HM ll3 COOTHOIIICHIIM ( 4.5) BCJI.lf'IllHa rk+I onpe.ueJIJICTCJI C TO'IHO

CTh!O L(O npOll3BOJihHOii: KOHCTaHTh!. IIony'IeHHh!e TaKHM o6pa30M BCJI.lf'I.lfHhl Pk, qk .If rk+I 
npll k > 0 JIBJIJIIOTCJI noJII!HOMaMll OT u, V ll .HX npOH3BOL(HhlX no X He Bh!IIIC ( k - l )-ro 

nopl!,UKa. lleii:CTBHTCJlhHO, B03hMCM Bh!TCKa!OIIIIIC .lf3 ( 4.5) COOTHOIIICH.HJI 

a 
axPk-x+I + 2urk-x+I - 2Pk-x+2 = o, a 

ax qk-x+l + 2vrk-x+I + 2qk-x+2 = 0, 

a 
axrx + VPx + uqx = 0. 

YMHO)K.HM Teneph nepsoe .lf3 3T.HX COOTHOIIICH.Hii: Ha qx, BTOpoe ll3 3T.HX COOTHOIIICH.Hii: 

YMHO)K.lfM Ha Px, TpCThC .lf3 3TllX COOTHOIIICHllii: YMHO)Kl!M Ha -2rk-x+I, 3aTCM CJIO)Kl!M 

BCe 3TO BMCCTC ll npocyMMHpyeM no X OT HJJIJI ,no k + 1. C J'ICTOM paBeHCTB Po = qo = 
Bro 

0, ax = 0 norryqaeM COOTHOIIICH.HC 

k ( 8 8 8rx) ~ qx BxPk-x+I + Px Bx qk-x+l - 2rk-x+I fu 

k+l a 
= 2 L (qxPk-x+2 - Pxqk-x+2) + 2ro ax rk+1, 

x=I 
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s COOTBeTCTBHH c KOTOpb!M BeJmqnHa rk+I npH k > 0 o6na.uaeT npe.ucTaBJieHHeM 

1 k 

Tk+1 = 2eo L (pxqk-x+I - T xTk-x+I) + Ck+I, 
x=l 

(4.7) 

r.ue Co = To f= 0 n Ck+! - KOHCTaHTb!. CorJiacuo ( 4.5) HMCIOT MeCTO paBeHCTBa Pl = 
aT1 

CQU, qi = -CQV, ax = 0, T.e. C1 = T1 l!BJil!eTCll KOHCTaHTOM. TaKHM o6pa30M, nepBble 

.usa COOTHOIIICHllll ( 4.5) BMeCTe c paBeHCTBOM ( 4. 7) rapaHTHPYJOT, qTo onpe,UeJil!CMble HMH 

BCJillqllJib! Pk, qk H Tk+1 npH k > 0 l!BJill!OTCll noJIHHOMaMH OT u, V l1 HX npoH3B0.UHb!X no 

x He Bb!IIIe (k - 1)-ro nopll.UKa. Eonee Toro, HeTpy.UHO y6e.u11TbCll, qTo B cnny (4.5) rrpn 

k 2: 0 cnpase,uJIHBb! paseHCTBa 

k l ax _ °" --(uTk-x), Pk+I - L., 2x axx 
x=O 

k ( 1r ax °" ------(vTk-x) · qk+l = - L., 2x axx 
x=O 

OTCIO,Ua CJie,uyeT, 'ITO npH IIO,UCTaHOBKe BeJIHql1Hb! >,x+I a Bb!palKeHMll ,[(Jlll Pk, qk n Tk 
axu axv 

BMeCTO npOH3B0,[(Hh!X -a 11 -a, X 2: 0, KalK,UOe HeTpMBHaJibHOe CJiaraeMoe B 3THX xx xx 
BbipalKeHHl!X npHHHMaeT BH.U c>.k', r,ue c f= 0, a O ::; k' ::; k. KpoMe Toro, KalK,UbIM 

O,UHOqJieH, BXO,Ullll\l1M B Bb!palKeHHll ,[(Jill Pk 11 qk, l!BJilleTCll npOI13Be,UeHHeM HeqeTIIOro ( C 

al'u avv 
yqeTOM HX KpaTHOCTI1) qncJia COMHOlKHTeJieM BH,Ua -a H -a C pa3JillqHb!Ml1 µ 2: 0 11 xµ xv 
I/ 2: 0, a KalK,Ub!M O,UHOqJieH, BXO,Ul!IIIHM B Bb!palKeHHe ,[(Jill Tk, llBJil!eTCll 11pOH3Be,UeHHeM 

qeTHOro ( C yq:eTOM HX KpaTHOCTH) qncJia TaKHX COMHOlKHTeJieii. B COOTBeTCTBHH co 

CKa3aH!lb!M Bb!!Ile nonyqaeM, qTo np11 k > 0 cnpaBe,UJIHBb! paBeHCTBa 

Co aku C1 ak-lU 
Pk+I = 2k axk + 2k-l axk-I + ... k = _1 k[_Coakv ~ak-lV] 

q +I ( ) 2k axk + 2k-l axk-I + ... , (4.8) 

r.ue Co = To H CJ = Tj l!BJill!OTCll KOHCTaHTaMH, a TOqKaMH o6o3HaqeHbl CJiaraeMbie, co

,ueplKaIIIHe u, v 11 11x rrpoH3BO.UHb!e no x He BbIIIIe (k - 2)-ro nopl!.UKa, ecJIH k > 1, a 

rrpn k = l 3TH cnaraeMbJe paBHbI Hymo. IlonyqeHHb!e BbIIIIe pe3JJihTaTbI o CBOJICTBax 

peIIIeHMM Cl1CTeMb! ( 4.5) 1103BOJill!OT naM ,[(0Ka3aTb, qTO HHTepecy10mee Hae peIIIeHHC X 
ypaBHeHHll (3.25) ll:BJilleTCll TpHBl1aJibllb!M. Ilpe,urrOJIOlKMM IIpOTHBHOe: nycTb x f= 0. Co

rJiaCHO ,[(OKa3aHHOMY paHee paBeHCTBY Ao= 0 ll3 (4.1) CJie,uyeT, qTo HepaBeHCTBO X f= 0 
B03MOlKHO TOJibKO Tor.ua, Kor.ua XOTll 6b! O,[(HH ll3 IIOJIHHOMOB p, q H T BH,[(a ( 4.4) OTJIHqeH 

OT HJJill. IlycTb k1 2: 0 paBHO cTeneHH 3THX IIOJIHHOMOB, T.e. IPol + lqol + I Toi f= 0. KaK Mb! 

ycTaHOBHJIH paHee, B 3Toii: cnTyaIJHH HMeeM Po = q0 = 0. Cne,uosaTeJibHo, Co = To f= 0. 
Ha OCHOBe COOTHOIIIeHHM ( 4.5) paBeHCTBa ( 4.6) rrpHHHMaIOT Bll,[( 

m = 2pk,+1, n = -2qk,+1, 

r.ue k1 2: 0. Ilpo.umpcpepeHIJHpyeM Terrepb 3TH paBeHCTBa COOTBeTCTBeHHO no Uk, H Vk,. 
Ha ocHoBe ( 4.8) nonyqaeM, qTo 

am Co 

auk, = 2k1 -1, 
an = (-l)k' ~ 

av 2k,-l· k, 
(4.9) 
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l 
{ 
t, 

I1p11 k 1 > k0 JieBLie qacrn :in1x pase11cTB paBHLI uymo cornacuo (3.26), a np11 k
1 

::; ko 
cnpaae1umsb1 paaeuc-.rna 

am ~ ( a2J a2J ) -- = L., llk--- - Vk--- . 
Ullk, k=O aukauk, avkauk, ' 

an ko ( a2 g a2 g ) 
-- - Vk--- - llk __ _ 
avk, - ~ avkavk, aukaVk

1 
' 

11a ocuose KOTopLIX 11ony,iae11, 'ITO B TO'IKe uk = Vk = 0, k = 0, 1, ... , ko, Be:rnq1111b1 um an . 
-,-- II -, - 06pa1ua10TCll B HJJIL. ITocKOJILKY npaBb!C 'JaCTI! paBeHCTB ( 4.9) llBJlll!OTCll Duk, iJvk, 

KOIICTawra!\111, To 0Tc1011a c.1c.uyeT paBeIICTBo c0 = 0 sonpeKu c.uenamw:..1y Halim npe.uno

JJOlKe11mo, '!TO c0 f= 0. I1ony,Ic1111oc nponrnopeque 0311atJaeT, qTo x = 0. B cnny (3.25) 11 

(3.26) JTO 31Ia'!HT, 'ITO c11paBC.UJIJlBLI paBeIICTBa 

ko ( iJf aJ) 
- llk- -vk- , 

f - L auk avk 
k=O 

ko ( ag ag) 
g= L vk-a, -uk-a . 

1,k Uk k=O 
( 4.10) 

5. AHamn ycJIOBHtt (3.22) 

u npe.uLIJIYIHCM pa3]1CJJC MLI ycTaIIOBIIJJil, 'ITO BXO.Qj!IIIal! B paBCIIC'rBa (3.22) !\!aTpnua 

X paaua uymo. u COOTBCTCTBl!H C JTl1M o6CT0l!TCJil,CTBOM )'CJJOBIIll (3.22) II(l111ll!Ma!OT 
811.U 

X = Y = 0, 
(5.1) 

r11e Bem1q1111LI X 11 Y 3a11am,I cjiopMyJiaM11 (3.24). KaK )'lKe 0TMeqanocL pauee, 1111Tepe

cyIOIIlHe Hae BCJ1Hq1111L1 X 11 y MoryT 6LITL npCJICTaBJJCIILI B BH,Ue ( 4.3), r11e CKaJJl!pHb!e 

BeJI11q11uL1 X1 11 Yi, l = 1, 2, 3, Ha OCH0BC JIH!Ie11H01! He3aBHCl1MOCTH Ma TpllU <I>' IV II 0 
o6l!3aIILI YJIOBJJCTBOpllTL 3KBl1BaJIC!ITHLIM ( 5.1) ycJJOBHl!M 

X1 = Yi = 0, l = 1, 2, 3. 
(5.2) 

Jlanec, c IIOMOlll!,IO ypaBIICIIH!I (2.11) IICTpymw y6e.uwn,cJ!, '!TO upn mo6oM I,_, > 1 npo-
ak<I> akw ake 

113BOJ11ILie axk , axk u axk 11onycKaIOT 11pe.ucraanem1e 

akq, 
axk = 'Pk,o<I> + 'Pk,1 0 + 'Pk,2 IV, 

cJk0 
-a k = ok,o<I> + ok,18 + ok,2IV, 

X 

akw 
uxk = 1f!k.2<I> + IPk,18 + 1hu1V, 

(5.3) 

r11e CKaJillpHLIC BeJIH'!Hllbl 'Pk,1, ok,I 11 IPk,I npH Bcex k > l H l = I, 2, 3 J!BJlllIOTCll 110-

JJHIIOMaMH OT napaMeTpa ( Ile Bh!Ille k-ii CTCIICHH C Ko:icpcjmtuic11TaM11, :JaBHClllIUIMII OT 

nOTCIIUHaJIOB U = u(x), V = v(x) H HX 1Ip0113B0/UII,IX 110 X IIC BhllllC (k- J)-ro II0!)ll/!Ka. 
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IlpH mo6oM k > 1 crrpaBe,llJIHBhI paBeHCTBa 

'Pk,O = (2i()k + 2(k - l)uv(2i()k-
2 

+ ... , 

'Pk,l = -2u(2id-l - 2 :: (2i()k-
2 

+ · · · , 

'Pk,2 = [ 1 + (-l)k] u2(2i()k-
2 

+ · · • , 

0k,o = -v(2id-1 - (k - 1) :~ (2i()k-
2 

+ ... , 

0k,1 = 2 [1 + (-1l] uv(2i()k-
2 

+ ... , 

0k,2 = -u(-2i()k-I -(k- l)::(-2i()k-
2 

+ ... , 

IPk,O = (-2i(l + 2(k - 1 )uv(-2i()k-
2 

+ ... , 

1Pk,1 = -2v(-2i()k-l - 2 :~ (-2i()k-
2 

+ ... , 

1Pk,2 = [1 + (-1l] v2(-2i()k-
2 

+ · · ·, 

(5.4) 

r.ue TO'!KaMH o6o3Ha'!eHh! '!JieHhI imlKe (k - 2)-ii: cTerreHH, ecnH k > 2, a rrpH k = 2 
o603Ha'leHHh!e TO'!KaMll '!JieHhl l!Blll!JOTOI HJJieBb!Mll. C y'leTOM paaeHCTB (5.3) ll (5.4) 
orrpe.ueneHHh!e rrocpe.UCTBOM (4.3) BeJIH'lllHhI X1 H Yi rrpH I = 2 ll I = 3 B rnny (3.11) ll 

(3.24) MoryT 6hITh 3arrHcaHhl B cne.uyJOmeM BH,lle: 

X2 = (-2i()k0 D og + · · · , 
0Vk0 

Y2 = (2i()k0 D of + ... , 
0Uk0 

X3 = 2(2i()ko+I of + (2i(lo (2__!!L - D of ) + ... , 
0Vk

0 
OVko-1 0Vk0 

Yj = 2(-2i()ko+I og + (-2i()ko (2~ - D og ) + ... , 
0Uk

0 
0Uk0 -I 0Uk0 

r.ue TO'!KaMll o6o3Ha'!eHhl '!JieHhl He Bh!IIIe (ko - 1)-ii: CTene1m, ecJill ko > 0. 

IlpH k0 = 0 cornacHo (3.24) cnpaBe.UJIHBhl paBeHCTBa 

X1=-2(f+uog_}f) av av , ( 
of og) 

Yi = -2 g + V OU - u OU ) 

X2 = Dog av' ½=D!~, X3=(4i(-D)!~, ½=-(4i(+D):~-

(5.5) 

B 3TOM cny'!ae 113 paaeHCTB (5.2) C I = 2, 3 B COOTBeTCTBl111 C onpe.ueneHl1eM onepaTOpa 
D B11,lla (3.10) cne.uyeT, 'ITO qiyHKU.1111 f 11 g HMeJOT Bll,ll f = eou, g = ~v, r.ue Co H ~ -

16 

11, 

";\ 

J: 

KO!ICTaHThI, Ha OCHOBe paBeHCTB (5.2) c I= 1 y.uoaneTBOpl!IOIUlle COOTHOIIIeHHIO ea+c~ = o. 
TaKUM o6pa30M, OKOH'!aTeJihHO nony'!aeM, 'ITO npll ko = 0 CllCTeMa (1.1) HMeeT Bll,ll 

OU 
at= eou, 

av ot = -eov, (5.6) 

r.ue Co - npoH3BOJihHal! KOHCTaHTa. B cny'!ae k0 > 0 H3 paaeHcTB (5.2) c I= 3 B cooTBeT
CTBlll! C (5.5) cne.uyeT, 'ITO qiyHKll,llll f ll g y.uoBJieTBOpll!OT ycJIOBll!O 

of = __!!l_ = cJg = ~ = 0 
0Vk0 OVko-1 0Uk0 0Uk0 -J. ' 

(5.7) 

T.e. <j:>yHKll,Ull f He 3aBHCl1T OT Vko 11 Vko-1, a <j:>yHKU.11ll g He 3aB11CllT OT Uko 11 Uko-1· Ilanee, 
of og 

C ITOMOIUh!O paBeHCTB (5.2) c [ = 2 B CllJIY (5.5) ITOJIJ'laeM, 'ITO np0113B0,llHh!e -0 ll -0 Uko Vko 

<j:>yHKU11M f ll g Y.UOBJieTBOpll!OT ycnOBl1!0 

of og D-=D-=0. 
0Uk0 0Vk0 

(5.8) 

Cornacuo orrpe.ueneu11JO orrepaTopa D a11.ua (3.10) 3TO 3Ha'll1T, 'ITO 3Tl1 npo113BO.UHhle He 
3aBl1Cl!T OT X 11 rrepeMeHHh!X Uk, Vk C k :2'. o, T.e. l!BJJll!OTCll KOHCTaHTaMl1. C y'leTOM 
paaeHCTB (5. 7) 11 (5.8) onpe.ueneHHh!e nocpe.UCTBOM (3.24) 11 ( 4.3) BeJJl1'!11Hhl X1 11 Yi C 

l = 2 11 I = 3 np11H11MaJOT a11.u 

X ( 2 -,.)ko-lD og 
2 = - !~ -- + ... , 

0Vk0 -J 

y; _ (2?)ko-lD of 
2 - !~ -- + ... ' 

0Uk0 -J 

X3 = 2(2i()ko-l [aof - (c~ - eo)u2
] + ... , 

Vko-2 

Y3 = 2(-2i()ko-l [__0!.._ - ( Co - c~)v2] + · · · , 
OUko-2 

r.ue TO'!KaMl1 o6o3Ha'leHh! '!JJeHh! He Bh!IIIe (ko - 2)-11: cTeneH11, ecn11 k0 > 1, a 

of 
Co= OUko ,. 

og 
~ = OVko. 

Ilpn k0 = 1 Ha ornoae (3.24), (5. 7) n (5.8) Bh!ITOJJHl!JOTCll paaeHCTBa 

( 
og , OU) 

X1 = -2 f + u av - Co ox ' ( 
of av) Yi = -2 g + V OU - Co ox , 

X2 = Dog 
ov' 

½ = Dof 
ou' X 3 = 2 ( Co - ~) u

2
, ½ = 2 ( ~ - Co) v

2
• 

(5.9) 

(5.10) 

• 

B COOTBeTCTBllll C paBeHCTBaMH X3 ='½ = 0 nony'!aeM, 'ITO Co=~, a ll3 paBeHCTB X2 = 
of , og 

½ = 0 cne.uyeT, 'ITO BeJJH'lllHhl C1 = OU ll Cr = av l!BJ!l!IOTCl! KOHCTaHTaMH, cornacHo 
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paBeHCTBaM X1 = Yi. = 0 ynoBJieTB0pll!Ollll'IMl'l ycJI0Bl'IIO CJ + c~ = 0. TaKHM o6pa30M, 
IIOJiy'laeM, 'ITO npl'l ko = 1 Cl'ICTeMa (1.1) l'!MeeT B11Ll 

au au 
at = Co ax + CJ u, 

av av 
at= Coax - CJV, (5.11) 

rne Co l'l c1 - npol'l3B0llbHhle K0HCTaHThl. B cny-qae, Karna k0 > 1, H3 paseHCTB X2 = Y2 = 0 

s Cl'IJIY (5.9) Bb!TeKa!OT aHaJI0rH'lHbJe (5.8) ycJI0BHJI 

D~ = D_!!J_ = 0, 
auko-J avk0 -J 

C y-qeT0M orrpeneneHHJI orrepaTopa D BHL{a (3.10) 03Ha'la!Oll1He, 'ITO BCJIH'IHHbl 

aJ - --, 
Ct - auko-1 

ag 
Cl= avko-1 

(5.12) 

(5.13) 

He 3aBl'!CJIT OT X ll rrepeMeHHhlX Uk, Vk C k 2'. 0, T.e. JIBJIJIIOTCJI K0HCTaIITaMH. OTCIOL{a 
cnenyeT, 'ITO rrpl'l k0 > 1 cpynKIIl'IH f l'l g norrycKaIOT rrpencTasneHl'!e 

akou aka-Ju 
f = Co axko + C1 axko-J + ... ' 

, akov , ako-lv 
g=co-a k +c1-a k 1 +···' X o X o-

(5.14) 

aku akv 
rne T0'lKaMl'l o6o3Ha'leHhl cnaraeMhle, conepJKamne rrpon3BOLlHbie axk ~ a,xk He BbIIIIe 

(ko - 2)-ro rropllnKa. BxoL{lllllHe B 3Tl'l paBeHCTBa BeJIH'll'IHbl Co, C1 ll Co, CJ' O'leBl'!L{HO, 
MoryT 3aBHCeTb OT BpeMeHl'l t l'l y,noBJieTB0pll!OT C00TH0IIIeHl'IJIM 

Co+ (-lt0 c~ = 0, C1 = (-lt0
c~. (5.15) 

Bb1IIIe Mhl yJKe y6e,nl'IJil'ICb, 'ITO 3TH cooTHomeHl'lll Bb!Il0JIHJIIOTCJI rrpn ko = 0 n ko 
1. Hl!JKe crrpasenmrnocTb cooTHomeHl'IH (5.15) 6yneT ycTanosnena npn n1060M k0 > l. 
IlocTl'!raeTCJI 3T0 cneny10ll1HM o6pa30M. 11pol!3BeL{eM B CHCTeMe (2.1) 3aMeHy 

U = €p, V = E:q, (5.16) 

rne € - Manhlii: napaMeTp. B pe3yJibTaTe 3TOH 3aMeHbI onpenenennb1e rrocpe,ncTBOM (2.3) 

n (2.4) peIIIeHl'IJI cp-;,, 'lj;-;, l'l <pt, 1Pt, a,/3 = 1,2, Cl'ICTeMbl (2.1) npHMYT BHL{ 

cp1(x, 0 = exp(i(x) + · · · , 'lj;1(x, 0 = E:q-(x, 0 exp(i(x) + · · · , 

<p{(x, 0 = exp(i(x) + · · · , 1Pi(x, 0 = E:q+(x, 0 exp(i(x) + · · · , 

cp2(x, 0 = €p_(x, 0 exp(-i(x) + · · · , 'lj;2(x, 0 = exp(-i(x) + · • • , 

cp!(x,O=E:P+(x,Oexp(-i(x)+···, 1Pi(x,O=exp(-i(x)+···, 

rne T0'lKaMl'l o6o3Ha'leHbl 'lJieHbl He HHJKe BT0poro II0pllnKa MaJI0CTl'l no €, a BeJIH'lHHbl 

P+, P- n q+, q_ l'!MeIOT Bl'ILl 
00 X 

P+(x, 0 = / p(z) exp [2i((x - z)I dz, p_(x, 0 = - / p(z) exp [2i((x - z)I dz, 

18 

00 X 

q+(x,O = f q(z)exp[-2i((x - z)ldz, q_(x, 0 = - / q(z) exp [-2i((x - z)I dz. 

X 

OTCl<)J(a cncnyeT, 'ITO MaTpHIIbl <I>, IV 11 0 C00TBeTCTBemm Bl'IL{a (2.10) H (2.12) ofoianaIOT 
pa3JJO)KeJIHC~I 

<I>= er>xp(2i(x) + der+P+(x, 0 + er_p_(x, 01 + · · · , 

IV= er~ exp(-2i(x) + E [er+t1-(x, 0 + er_q+(x, 01 + · · · , 

1 E [ , , l 0 = 2 (er++ er_)+ 2 er+P(x, () + er_Q(x, () + ... , 

(5.17) 

!'/le T0'IKaMH o6031Ia'le1Ibl 'IJieJILI He JIH)KC BT0poro II0pll,nKa MaJI0CTll no E, MaTpll!Ibl 
er+, er_ 11 er~, er~ onpeJ\CJJellbl c nml0lllblO (2.17), a BCJIH'H!llbl P 11 Q HMeIOT BHH 

00 X 

P(x,() = f p(.z)exp(-2i(z)dz - f p(z)exp(-2i(z)dz, 

-oo 

00 X 

Q(x,() = f q(z)exp(2i(z)dz - f q(z)exp(2i(z)dz. 

OnpenenenIILIH nocpencTB0M (3.10) onepaTop D np11 3a!',1e11e (5.16) upeo6pa3yeTcll Bone
paTop '.D snna 

a 
00

( a a) '.D = -a + L Pk+! -a + qk+1 -a , 
X k=O Pk qk 

(5.18) 

rne 

akp akq 
Pk= axk' /Jk = axk' k 2'. 0. (5.19) 

1Iance, C II0M0lllblO BbITeKaIOllll'IX 113 ( 4.10) paBeHCTB 

a f l ko ( a2 f a2 f ) -=-I: Uk----Vk ___ ' 
av,, 2 k=O aukaVx avkaVx 

~ = ~ t (vk ~ - Uk __!'jJ_) 
au,, 2 avkaux auk aux k=O 

aJ 
HCTPYLlHO y6e,nl'!TbCll, 'ITO B TO'lKC Uk = Vk = 0, k = 0, I, ... , ko, np0H3B0Llllb!C -a H 

Vx 
ag 
-- npH x = 0, l, ... , k0 06pama10Tcll B HYJIL. OTc1ona cJ1enycT, 'ITO Bb1paJKe111rn nnll 
aux 
np0H3BOL{Hb!X cpyHK!IllH j l'l g no nepeMeHHb!M Uk H Vk Ck = o, l, ... , ko Il0CJie II0L{CTa!I0BKII 
(5.16) npmrnMaIOT Bl'!Ll 

aJ - = fk + €llk + · · · , 
auk 

aJ =€bk+··· 
avk 

ag 
auk= €Ck+···, 

ag 
avk = 9k + Eek + 
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r.ne TO'IKaMII o6o3Ha'IeHbl 'IJieIIbl He HillKe BToporo nopll.nKa MaJIOeTII no c:, a !k 11 gk 
aJ ag 

paBHbl eOOTBeTeTBel!I!O 3Ha'Ie!U!l!M np0113B0)lllbJX -
8 

II -
8 

B TO'IKe U,, = V,, = 0, n = 
Uk Vk 

0, 1, ... , k0 • HaKonen, e ytreTOM eooTHOIIlerrnii ( 4.10) 11 paBeHeTB (5.20) 110JIy'!aeJ1.I, '!To 

q>yHKUHII f H g 06na.na10T pa3JIOlKeHHeM 

ko 

f = E L f kPk + ... ' 
k=O 

ko 

g = EL gkqk + ... , 
k=O 

(5.21) 

r.ne TO'!KaMII o6o3Ha'!eHbl '!JieHbl He HHlKe BTOporo nopl!JlKa MaJJoeTH no c. 3aMeJUIM 

Tenepb e nOMOIUblO paBeHeTB (5.16)-(5.21) Bee BeJll!'-!HHbI, BXO)lllll{He B 3a)laBaeMLJC no

epe.neTBOM (3.24) BbrpalKeill!ll .nnll X n Y. C yYeTOM Toro, '-!To BCJIH'-IHIIa R BH,na (3.16), 

(3.17) B pe3yJibTaTe :noii 3aMeHbl eTaHeT BeJIH'-IHHOH nepBoro nopll.nKa MaJioeTH no c:, 
IIHTepeey10mI1e Hae BeJIIl'IIIHbl X II y MoryT 6b!Tb npe.neTaBJieIIbl B ene.ny10meM BH,ne: 

, , [ , ] X = a-_X_ + w+X+ + c: X 0 - (a++ a-_)Xo + · · · , 

Y = a+ Y+ - w _ y_ + c: Y0 - (a+ + a - ) Yo + · · · , , , [ , ] 
r.ne TO'-!Kal\rn o603Ha'-!ellbl 'IJJeHbl He HHlKe BTOporo nopl!JlKa ManoeTII no c:, a 

ko 

X_ = L (-1/'Dk [exp(2i(x)'D(gk + c:ek)], 
k=O 

ko 

X+ = L (-1 t'Dk [exp(-2i(x )( 4i( - 'D)bk], 
k=O 

ko 

X~ = I:(-l)k'Dk[(a-+P+ +a-_p_)'Dgk], 
k=O 

ko 

Xo = L [!kPk + (-1/'D\gkp)], 
k=O 

ko 

(5.22) 

(5.23) 

(5.24) 

(5.25) 

ko 

Yo= L [gkqk + (-1/'Dk(Jkq)]. (5.28) 

k=O 

B CHJIY Toro, '-!TO Ma TpIIUbl (T +' (T - ' (T~ II (T~ - JJIIHeMHO He3aBI1eI1MbI, Il3 paBeHeTB ( 5.1) II 

(5.22) CJie,nyIOT paBeHeTBa 

X_ = X+ = X~ - (a++ a-_)Xo = 0, Y+ = Y_ = Y; - (a++ a-_)Yo = 0. (5.29) 

llanee, H3 yenoBilii X_ = X+ = 0 cornacHo (5.23) ene,ny10T paBeHeTBa 

'Dgk = 'Dek =bk= 0, k = 0, 1, ._ .. ,ko, 

a Il3 ycJIOBHM Y+ = y_ = 0 Ha OCHOBe (5.26) Bb!TeKalOT paBeHCTBa 

'Dfk='Dak=ck=O, k=0,1, ... ,k~. 

3nI paBeHeTBa, B '-!aeTHOeTII, 03HatraIOT, '-!TO BeJIH'IIIHbl !k II gk rrpII k = o, 1, ... 'ko 
l!BJ!lllOTel! KOHeTaHTaMH, a onpe,neJieHHble noepe.neTBOM (5.24) H (5.27) BeJJH'-IHHbl x~ H 

y; paBHbl Hymo, T.e. x~ = y; = 0. C y'-!eTOM 3TOro o6eTOllTCJibeTBa B eooTBeTeTBHH e 

(5.29) nonyqaeM paseneTBa X 0 = Yo = 0, B rnny (5.25) H (5.28) 03Hatra10mHe, 'ITO npH 

n1060M k = 0, 1, . . . , k0 enpase,nJIHBO eooTHOIIIeHHe 

fk+(-ltgk=O, k=O,l, ... ,k0 • (5.30) 

· aJ aJ ag ag 
KaK Mb! yeTaHOBHJIH paHee, npOI13BO)lHble -

8
, -

8
-- H -

8
, -

8
-- eorJJaCHO (5.8) 

Uko Uko-1 Vko Vko-1 
n (5.12) l!BJ!lllOTel! KOHCTaHTaMH. OTe10.na Ha OCHOBe (5.10) H (5.13) ene.ny10T paBeHeTBa 

Co= fko, 
, 

c0 = gko, C1 = fko-1, 
, 

C1 = gk0 -1, 

03Hatra10mue, 'ITO eOOTHOIIIeHHll (5.15) ene,nyIOT H3 (5.30), 'ITO H Tpe6oBaJIOeb JlOKa3aTb. 

CyMMIIPYll Bee eKa3aHHOe Bb!IIIe, Mb! Bil)lHMj 'ITO nopOlK,D;aeMal! peIIIeHHllMH eHeTeMbl 

(1.1) 3BOJIIOUHll S-MaTpIIUb! onepaTOpa lIHpaKa L no,ntrIIHlleTrn ypasneHHIO BH)la (1.5) 

TOJ!bKO B TOM enyqae, eeJIH 3Ta eueTeMa HMeeT BH)l (5.6} HJIH (5.11) eOOTBeTeTBeHHO IlpH 

k0 = 0 n k0 = 1, a rrpH ko > 1 q>YHKUHH f Hg .nonyeKaIOT rrpe,neTaBJieHne (5.14) e rro

eTOllHHb!MH Co, e1 lI c~, c~' Y.ZJ:OBJieTBOpll!Oll{HMH eOOTHOIIIeHHllM (5.15). 3TOii HHq>OpMaUHH 

.noeTaTO'IHO .D:Jill Toro, 'IT06bl yeTaHOBHTb eymeeTBOBaHHe y eHeTeMbl (1.1) orrepaTopHoro 

rrpe.neTaBJieHHll sn.na (1.4), 'ITO H 6y,neT oeymeeTBJieHo B ene.ny10meM pa3,n:ene. 

6. HaxO)K.ZJ:eHue onepaTopa A .ZJ:JlJI onepaTopaQro cooTHOIIIeHHJI (1.4) 

Y+ = L (-1 /'Dk [exp(-2i(x )'D(Jk + c:ak)], 'I 11exo,nl! H3 rrpe,n:eTaBJieHHll (1.6), HeTpy.n;Ho y6e,nHTbel! B cnpase.nnHBOeTH paBeHeTBa 

k=O 

ko 

y_ = L (-1/'Dk [exp(2i(x)(4i( + 'D)ck], 
k=O 

ko 
' ~ k k ) Yo= L.,(-1) '1) [(a-+q-+a-_q+ 'Dfk], 

k=O 
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(5.26) 

(5.27) 

[A, L] = (T t [a, Ak] Lko-k+I - (T t { aa~k + [U, Ak]} Lko-k_ 

Ha oeHoBe 3TOro paBeHeTBa nonytraeM, 'ITO .D:Jill orrepaTOpa A BH)la (1.6) orrepaTOpHoe 

COOTHOIIIeHile (1.4) 3KBHBaJieHTHO yrno,BHllM (1.7) H ypaBHeHHIO (1.8). 113 HX eTpyKTypb! 

ene.nyeT, 'ITO, He HapyIIIal! o6mHoeTH, MaTpHUbl Ak MoryT 6b!Tb B3l!Tbl B BH)le 

Ak = I O'.k -(A I· 
'Yk -0'.k 

21 



B :noii: c1nyaUHH ypaBIIeHHe (1.8) rrpeBpamaeTor B CUCTeMy BH,na 

au 
at + 2f3ko+I = 0, 

av 
at + 2l'ko+I = 0. (6.1) 

KpoMe Toro, H3 ycnoBuii: (1. 7) cne.nyeT, '!To /30 = ")'o - 0, a rrpH k 2'. 0 BhllIOJIHJIJOTCJI 
peKyppeHTHh!e COOTHOIIIeHHJI 

aak a;+ vfJk + U")'k = 0, 
l af]k 

fJk+J = 2,a";; + uo:k, 
1 a,k 

i'k+I + 2.& + VO:k = 0, (6.2) 

C TO'!HOCThlO .no o603Ha'!eHHll COBI1a,na10mHe C peKyppeHTl!hlMH COOTl!OIIIel!UJIMH ( 4 .5). 

C y'leTOM CKa3al!Imro paHee O CBOllCTBax peIIIel!Ull CllCTeMhl ( 4.5) Mhl rroJiyqaeM, '!TO 

BeJIU'll!HhI O:o II 0:1 JIBJIJIIOTCJI KOHCTaHTaMH, /31 = O:oU, ")'1 = -O:oV, a rrpH k > 0 HMeJOT 
MeCTO paBeHCTBa 

O:o aku .0:J ak-lU k [ O:o akv 0:1 ak-lV] 
f3k+i - 2k axk + 2k-l axk-1 + ... , !'k+I = (-1) - 2k axk + 2k-l axk-1 + ... , (6.3) 

r.ne O:o ll 0:1 - rrpOH3BOJihHhie KOHCTaHThI, a TO'!KaMH o603Ha'!eHhI 'lJieHhI, co.nepJKamne 
axu axv 

rrpOH3BO,LIHhle -a H -a He BhIIIIe (k - 2)-ro rropll.nKa, ecJIH k > l, a rrpH k =· 1 xx xx . 
o603Ha'!eHHh!e TO'!KaMH '!JieHhl JIBJIJIIOTCJI HyJieBhlMH. 0TCIO,Ua CJie,nyeT, 'ITO rrpH ko = 0 

CllCTeMa (1.1), l1Me10maJ1 Bll.LI (5.6), COBrra.naeT C (6.1), eCJIH lIOJIOlKHTh Co = -20:0, a 

rrpH ko = 1 CllCTeMa (1.1), HMe!Oll.\aJI Bll.LI (5.11), COBrra,naeT c (6.1), eCJIH lIOJIOlKHTL 

c0 = -o:o, c1 = -20:1 . .llanee, rrp:n ko > 1 cornarno (5.14), (5.15) H (6.3) rrony'laeM, '!To 

ypaBHeHHJI ( 1. 1) ll ( 6.1) COBrra,nyT C TO'!HOCThlO .no '!JieHC'm, co.ueplKall.\HX rrpOH3BO,UHhle 
aku akv 
axk H axk He BhIIIIe ( ko - 2)-ro rropll,nKa, eCJill lIOJIOlKHTh 

O:o = -2ko-lco, o:1 = -2ko-2c1. 

TaKHM o6pa3oM, rronarall rrpn ko > 1 

/ = f + 2f3ko+I, 

Mhl lIOJiy'laeM CHCTeMy ypaBHeHHll 

au 
at=/, 

g' = g + 2,'ko+I, 

av 
at = g, 

(6.4) 

aku akv 
rrpaBble '!aCTll KOTOphIX B CHJiy (6.4) He 3aBHCJIT OT rrpOH3BO,LIHhIX axk H axk BhIIIIe 

(ko - 2)-ro rropll,nKa. IlopoJK,nemiall peIIIeHHl!MH 3TOH c:ncTeMhl 3BOJIIOUHJI S-MaTpHULI 

orrepaTOpa L OlIHChIBaeTCJI auanorH'!Hh!M (1.5) ypaBHeHHeM 

as =J' 
at ' 

r.ne MaTpHua J' ua OCHOBe a,n,nHTHBHOCTH HHTerpana /(() BH,na (2.32) n paBeHCTBa (1.9) 

.norrycKaeTrrpe,ncTaBJieH:ne 

J' = J (S((), () - p(()(c,, S(()] 

.22 

ll, CJlCJ(OBan~;11,uo, o6na.uaeT Tel\111 )KC Cal\lhll\,111 CBoikTBaMH, 'lTO H HCXO.UHaJI !vlaTpnua J. 
0TCIOJ(a CJIC.LIYC'T, 'lTO yKa3all!IaJI 3,LICCL npouc.nypa Il03BOJJJleT 3a Kouequoe 'lllCJIO IIIaTOB 

ua11T11 oncpaTop A B11,na (1.6), c I!Ol\,!Oll.\LIO onepaTopnoro cooTHOIIIem1J1 (1.4) nopoJK,na10-

IIIlli:"i CHCTC!v!Y ( 1. 1). 

KmoqeBylO pOJJh B noJiyqc11m1 3Toro pe3yJihTaTa CLirpaJIO TO o6CTOJITeJihCTBO, 'lTO 

onpe,ueJICIIHWC IIOCpe.ucTBOM (3.7)-(3.9), (3.14), (3.16), (3.17) n (3.20) BeJIII'!IIHhl :r, 9 n 

'.J{ Y.UOBJICTBOpll!OT CHCTCMC (3.6). B CIIJJY (3.9), (3.14) H (3.16) 3TOT qiaKT 03Ha'laeT, 'ITO 

cyIIICCTBYIOT onepaTOpLI A II '.B BH,Ua 

A11 A12 A13 
A = I A21 An A23 

1 
, 

A31 A32 A33 

TaKHc, 'ITO onepaTopuoe COOTIIOilleJUIC 

'.B11 '.B12 '.B13 

'.B = I '.B21 '.B22 '.B23 I , 

'.B31 '.B32 '.B33 

a£ 
--;, + [A, £] = '.B. £. 
ot 

(6.5) 

(6.6) 

3KBIIBaJICIITHO CIICTeMC {I .I), eCJJH B Ka'leCTBe £. B3J!Th nopOlKJlaJOUUiii onepaTop, T.e. 

HCIIOJJJ,'.lyeMLIH Ila npOTlllKCIIIIH Bcer1 pa6oTLI onepaTop BIIJ\a 

r.ue 

£.=a+ P - 2i(A, 

0 2u 0 
P=lv Ou 

0 2v 0 
A= diag (1,0,-1). 

(6.i) 

(6.8) 

Ilp11 3TOM BeJIH'Illllhl Aµ,v II '.Bµ,v, /l, V = l, 2, 3, JIBJ!ll!OTCJI .nnqiqiepe11u11aJ1hl1Lll\lll (110 x) 
onepaTopaMH co CKaJillpHhlMU K03qJqJIIUHeI!TaMl1. llcttcTBHTeJJLIIO, IIOJIOlKlll\l 

ko 
A11 = Z:)-llDk. ag 

k=O avk' 

ko 
A13 = - L(-l)kDk. aJ 

k=O avk' 

ko 
A31 = -1)-ll Dk. !!Jj__ 

k=O auk' 

ko 
A33 = L ( -1 t Dk . .!!l_ 

k=O auk' 

(6.9) 

A12 = A22 = A32 = 0, A21 = A21, A23 = A23, 

r.ne A 21 = A 23 = 0, ecn11 k0 = 0, a npn k0 > 0 3TH oncpaTop1,1 onpc,ueJ1e11b1 nocp<'JKTBOl\l 

paBeHCTB 

ko k-1 ( 
A21 = LL (-1 r Vk-x-1 DX. ag - llk-x-1 DX . ag ) 

k=I x=O avk auk ' 

ko k-1 

A23 =LL (-1r (uk-x-1 DX· ,?1 - Vk-x-1 vx. _af). 
k=I x=O U1tk avk 

((i.lO) 
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B COOTBeTCTBIUI C paBeHCTBaMII (4.10) HeTpynno y6eJllITbCll, '!TO np11 mo60;1,1 ko > 0 
cnpaBeJlJIIIBbl COOTHOllleHllll 

D · A21 + vAu + uA31 = g, D · A23 + vA13 + uA33 = f. (6.11) 

IlaJiee, nycTb :f o,/3, So,/3 M X 0 ,13 - COOTBeTCTBCl!HO 3JICMCHThI MaTplIU :I', 9 If 9-{ BIIJia (3. 7) 
M (3.20), CTOllll(lfe Ha nepeCC'!CHlflI a-ii CTpOKII If /3-ro CTOJI6ua 3TIIX MaTpau, a, /3 = 1, 2. 
Ha OCHOBC paBeHCTBa X = 0 cornarno (3.7), (3.9), (3.14), (3.16), (3.17), (3.20), (6.9) II 

(6.10) lfMCIOT MCCTO paBCHCTBa 

a 
:f.,,13= at<I>.,,13+Au<l>.,,13+A13W.,,13, 

a 
Sa,/3 = at \Ji a,/3 + A31 <I>.,,13 + A33 \Ji a,/3, 

a 
Xa,/3 = 8t 0a,/3 + A21 cl>o,/3 + A23\Jia,,/3, 

(6.12) 

rne <I>a,/3, \Ji.,,13 II 0a,/3 - COOTBCTCTBeHHO 3JieMel!Thl MaTpnu cl>, lji II 0 Bll.l(a (2.10) II 

(2.12), CTOllll(IIC Ha nepece'!CHIIII a-ii: CTp0KII II /3-ro CTOJI6ua 3TIIX MaTpllU, a, /3 = 1, 2. 
IlycTb, HaK0HCU, E.,,13 - BCKTOp-CTOJI6eu c KOMIIaHCHTaMII cl>a,/3, 0a,/3 11 lli a,/3, a, /3 = 1, 2, 
T.e. 

i;;.,,/3 = (<I>a,/3, 0a,/3, Wa,/3), a,/3 = 1,2. 

B CIIJIY (3.6) 11 (6.12) 0TCIOJla CJienyeT, '!TO orrpe.l(CJICHHb!ll c II0M0II(b!O (6.5), (6.9) 11 (6.10) 
orrepa Top 'J BIIJla 

a 
'J= -+A 

at 
rrepeB0JlllT mo6oii BCKTop-CTOJI6eu Ea,/3, a,/3 = 1,2, B pelliCHlfC CIICTCMbl (2.11). 3To 

3Ha'!11T, '!To orrepaTop X mma 

X = ['J, £-] 

rrepeB0JlllT JII06oii BCKTOp-cTOJI6eu Eo,/3 B HYJib. C Y'!CTOM 3Toro o6CTOllTCJibCTBa IIOJI0-

lKIIM 

X = '.B -£, +Xa, 

r.l(e '.B - nmpqiepeHUMaJibHhIH orrepaTop BMJla (6.5), a Xa - orrepaTop HyJieBoro rropl!JlKa, 

T.e. MaTp11ua C 3JICMCHTaMII I<µ,v, µ, I/ = 1, 2, 3. lh orrpe.l(eJICHMll 3TOro orrepaTopa 

Bb!TCKaeT paBeHCTBO 

XaEo,/3 = 0, a,/3 = 1,2, 

T.e. paBCHCTBO 

Kµ,I <I> + Kµ,20 + Kµ,3 lli = 0 

MMCCT MCCTO rrpn mo6oM µ = 1, 2' 3' '!TO B03MOlKHO TOJibK0 rrpn Bbl!I0JIHCHIIII ycJI0BMll 

Kµ,v = 0, µ, I/ = 1, 2, 3. TaKIIM o6pa3oM, crrpaBC]lJIMBOCTh orrepaTopHoro CO0TH0lliCHM.ll 

(6.6) JlOKaJaHa. 

7. Amunn ouepaTopHoro cooTHornemrn (6.6) 

OrrepaTOpHoe COOTHOlllCHIIC (6.6) llBJI.llCTCll ecTeCTBCHHbIM o6o6mem-ieM xoporno M3-

BeCTHoro B KBaHToBoii Mexa1111Ke ypaBHCHllll reiiJeH6epra, coxpamrnrn11M Mfmr1Ie 3aMe

'!a.TeJibHhie CBOHCTBa II0CJIC.LIHCro. IlocJie 113BCCTIIOH pa60Tbl [1) II. JlaKca 3T0 ypa.BHCHMC 
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(noJl Ha3BaHMCM npencTaBJICHllll Jla.Kca) Jl0Jirne r0Jlbl CJIYlKMJIO e,nnHCTBCHHb!M cpe.LICTBOM 

JlJill Il0IICKa IIHTerp1IpyeMblX CMCTCM. O.LIHaKO orrepaTopHoe C00THO!lICHMC (6.6) BO MHO

rlIX cJiy'!al!X [2-4) .llBJil!CTC.ll 6oJiee Y.LI06Hh!M HHCTpyMeHTOM JlJill IIOMCKa M MCCJICJlOBaHM.ll 

IIHTerp1IpyeMbIX CIICTCM, a B HeKoTOpb!X cJiy'!a.l!X H CJlHHCTBCHHO B03MOlKHb!M [5-7]. Pac

cMa.TplrnaeMal! 3.l!CCb CHTyaUllll M0lKeT CJIYlKHTb II0JlTBCplKJlCHMCM 3TO['Q YTBCplKJlCHH.ll. 

IlettCTBHTeJibHO, JlJill orrepaTopoB A, '.B n £, COOTBCTCTBCHHO BHJla (6.5) u (6.7) orrepaTop-

11oe C00TII0lllCHIIC (6.6) 3KBHBaJICHTHO JlBYM ycJI0BHl!M 

AA= (A - '.B) · A, '.P + (A - '.B) · P - PA+ (A - '.B) · D - D ·A= 0, (7.1) 

. . aP 
r.l(e onepaTop D onpeJleJieH rrocpeJlCTB0M (3.10), a MaTpH.ua '.P = -a B rnny (1.1) H (6.8) . t 
lfMCCT BHJl 

0 2f 0 
'.P = I g o J 

0 2g 0 

lh rrepBoro H3 3THx.ycJIOBHH BhlTeKaIOT paBeHCTBa 

A12 = A32 = '.Bu = '.B33 = 0, '.1313 = 2A13, '.1321 = A21, '.1323 = A23, '.1331 = 2A31. 

TaKHM o6pa30M, onepaTopw A H '.B HMCIOT cJieJlyIOmyIO CTPYKTypy: 

A= 
Au O A13 
A21 A22 A23 
A31 0 A33 

'.B = 
0 

A21 
2A31 

'.1312 2A13 
'.1322 A23 
'.1332 0 

(7.2) 

C y'!eTOM 3TQ['Q o6CTOl!TCJibCTBa BTOpoe H3 ycJIOBHll (7.1) B CHJIY (7.2) OKa3b!BaeTC.ll 3KBH

Ba.JICHTH0 orrepaTOpHb!M COOTH0illCHH.llM 

[D, Au]+ 2uA21 + '.1312 · v = 0, {D, A13} + 2uA23 + '.1312 · u = 0, 

{D, A31} + 2vA21 + '.1332 · v = 0, [D, A33] + 2vA23 + '.1332 · u = 0, 

1 
-Au · u + A13 · v + uA22 + 2'.1312 · D = f, 

1 
A31 · U -A33 · V + tiA22 + -'.1332 · D = g, 

2 

D · A21 + vAu + uA31 - (A22 - '.1322) · v = g, 

D · A23 + vA13 + uA33 - (A22 - '.1322) · u = f, 

D · A22 = (A22 - '.1322) · D, 

(7.3) 

(7.4) 

(7.5) 

(7.6) 

r.l(e qiurypHb!MH CK06KaMH o6o3Ha'!eHb! aHTHKOMMyTaTOpb!. lh COOTOH!lieHH.ll (7.6) CJIC

JlyeT, 'ITO cyruecTByeT orrepaTop w, TaKoii:, 'ITO Bb!IIOJIH.ll!OTC.ll paBeHCTBa 

A22 = w · D + c, '.1322 = [w, D] , (7.7) 
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r.ne C - KOHCTaHTa. IleiiCTB!lTeJibHO, IIOJIOlK!lM 

k1 
A ~ Dk,-k 

22 = L · ak, 
k=O 

Tor.na Ha OCHOBaH!l!l (7.6) IIOJiytJ.aeM, 'ITO 

k1 
'B _ ~Dk1-k b 

22 - L . k· 

k=O 

bo = 0, 
a 
ax (akt - bk1) = o, 

a rrp11 k = 0, l, ... , k1 - 1, ecn11 k1 > 0, crrpaBe,nJI!lBO peKyppenTnoe cooTHOlllem1e 

a 
bk+I = ax (bk - ak), k = o, l, ... , k1 - l. 

(7.8) 

lfa 3TOro cooTHOilleH!ll! BbITeKaeT, tJ.TO BeJI!ltJ.!lHbI bk np11 k = l, ... , k1 .norrycKaIOT npe.n
CTaBJieH!le 

awk 
bk= -a;, 

k-1 ax 

Wk= L axxak-x-1, k = l, ... 'k1. 
x=O 

KpoMe Toro, corJiaCHO (7.8) 11 (7.9) !lMeeT MeCTO paBeHCTBO 

IloJIOlK!lM Terrepb 

OTcm.na cne.nyeT paBeHCTBO 

a k1 ak _ ~ ak1-k _ 
ax L axk - O. 

k=O 

k1 
w = L Dk' -k . Wk. 

k=I 

a k1-I 
w . D = Dk1 . W1 - wk, + L Dk1 -k . 

ax 
k=I 

Ilanee, B COOTBeTCTB!l!l c (7.9) !lMeeM 

( 
awk) Wk+I -a; . 

W1 = ao, 
awk awk1 Wk+I - ax= ak, k = l, ... ,k1 -1, -a;:= -ak1 + c, 

r.ne 

k1 ak 
_ ~ llk 1 -k 

C- L axk ' 
k=O 

(7.9) 

(7.10) 

(7.11) 

!l B nmy (7.10) C l!BJil!eTCl! KOIICTaHTOH. TaK!lM o6pa30M, rronytJ.aeM paBeI!CTBO w. D = 
An - c, 3KB!lBaJieHTHoe rrepBoMy !13 paBeHCTB (7. 7). HaKoneu, cornacIIo (7.9) 11 (7.11) 
!lMeeM uerrotJ.Ky paBeHCTB 

k1 a k1 
[w, D] = - L Dk1-k. /:xk = L Dk1-k. bk, 

,k=I k=I 
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'!TO C ytJ.eT0:-.1 paBeIICTBa bo = 0 3KBHBaJieHTHO BTOpoMy !13 paBeHCTB (7. 7). B COOTBeT

CTB!ll1 C paBeUCTBaMl1 ( 6.11) ll ( 7. 7) COOTHOlllel!l1l! ( 7 .5) 11p!11111MaIOT B!l,n 

D · (A21 - A21 - w · v) = cv, D · (A23 - A 23 - w · u) = cu. 

OTc10.na cJie,nyeT, 'ITO c = 0, a orrepaTopb1 A 21 11 A 23 .nonycKaIOT 11pe.ncTaBJ1e11ue 

A21 = A21 + w · v, A23 = A23 + w · u. (7.12) 

Ha 0CII0Ba111111 paBelICTB (7.12) C00TII0IIIe111rn (7.3) II (7.4) 11p1111miaIOT CBOH 0K0UtJ.aTeJlb
Hhlll BH/1 

r11e 

[D, A11] + 2uA21 + f!1 · v = 0, {D, A13} + 2uA23 + f!1 · u = 0, 

{D, A3i} + 2vA21 + fh · v = 0, [D, A33] + 2vA23 + f!3 · u = 0, 

1 . 
-A11. u +A13. v + 

2
n1 • D = J, 1 

A:n. 11 -A33. V + 2n3. D = g, 

f!1 = 2uw + '.1312, f!3 = 2vw + '.1332. 

(7.13) 

(7.14) 

TaKHM o6pa30M, 11a1160J1ee 06m1111 B11,n onepaTopoB A 11 '.B, y,noBJICTB0pl!IOllil1X C00TH0IIIe
IIHIO (6.6), 01111CbIBaeTCl! cpopMyJ1aM11 

Au 0 A13 
A= I A21 +w · v w•D A23 +w · u 1 , 

A31 0 A33 

0 f!1 - 2uw 2A13 
'.13 = I A21 + W • V [w, D] A23 +w · ll 

2A31 f!3 - 2vw 0 

Bxo,Ul!llllll1 B 3T!l paBeHCTBa orrepaTop W M0lKeT 6b!Tb B3l!T 1Ip0113B0JlbllblM. 3To JIIIKaK 

He CKa3b!BaCTCl! ua C00TH0illeJl!lllX (7.13) !l (7.14). 3TOT cjJaKT C00TBCTCTBYCT T0My, 'IT0 

011epaTOp11oe C00TII0IIICH!le (6.6) !lIIBapHaHTII0 0TH0C!ITCJILII0 3aMelILI 

A ➔ A+f! .£,, '.B ➔ '.B + [n, £,], 

r.ne 

n = diag (0, w, 0), 

KOT0pall He Me!!lleT 3JICMeHT0B nepBOH !l IIOCJie,n11ei1 CTp0K MaTpHI(bl A. OTCIOJ(a CJIC

.nyeT, 'ITO nu np!l KaK0M Bb16ope onepaTopa w neJib3l! c.ncnaTL onepaTop '.B HYJICBhl~I, a 

CO0TII0!lICl!lle (6.6) npeBpaT!lTb B 'lllCT0e ypaBHeH!le reihcu6epra 6e3 11paBOl1 'IilCTll. 

BLITCKa!Oll{IIC !13 (6.6) C00TII0!lieU!lll (7.13) H (7.14) 3KB11BaJ!ClITl!l,l ycJI0BllllM (5.1). 

ToT cpaKT, 'ITO 0llll BhJTeKa!OT !13 3THX ycJIOBl111 UaMH 61,m ycTaU0BJICII BLIIIIC. JloKalKCI\I 

o6paTHOe. C 3TOl1 ueJib!O II0KalKCM, 'ITO YCJIOB!lll (5.7), (5.8), (5.12) 11 (5.15) M<ll'YT 6blTI, 

IIOJiytJ.e!lbl C II0M0JULIO COOTIIOIIICll!l11 (7.13) 11 (7.14). 1Ic11CTBl1TCJILIIO, C0I'JlaCH0 (6.9) 11 

(7.14) IIOpll.nKn onepaTopoB f!1 11 f!3 !IC IIpCB0CX0)ll!T J..:o - 1, CCJIII ko > 0, a lljlll ko = 0 
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IIMeeM !11 = !12 = 0. Jlanee B cm1y (6.10) IIOpll.l(KI! orrepaTopoB A21 H A23 He rrpeBOCXO.l(llT 

ko - l, ecJIII ko > 0, a rrplI ko = 0 HMeel\1 A21 = A23 = 0. 0TcJO.n:a Ha ocHoBe (7.13) 

BbITeKaeT, qTo IIOpll.l(KII orrepaTopoB flo,/3, a.,/3 = 1,3, BH.n:a 

flu= [D, A11], /113 = {D, A13}, /131 = {D, A3i}, /133 = [D, A33] 

He rrpeaocxo.n:llT k0 -1, ecJIII k0 > 0, a rrp11 ko = 0 ace :n11 orrepa TOpbI l!BJillIOTCll uy JieBI,IMl1. 

C yqeTOM (6.9) 3TO 311aq1IT, qTO rrpn mo60:-.1 ko > 0 11.\ICIOT MeCTO COOTl!Olliemrn (5.7) 11 

(5.8), a rrpH ko = 0 113 COOTHOll!eHH5! (5.7) IIYlKHO Bb!6pocHTL ue HMCIOIL{l!C CMblCJia rrp11 
of og 

ko = 0 1Ip0113B0.l(Hb!C -<>-- II _<> ___ TaKHM o6pa30l\l, IIOJIY'JaCM, 'ITO B COOTBCTCTBIU! 
UVko-1 UUko-1 

C YCJIOBHCM (5.7) II paBCHCTBaMII (6.9) IIOJlll.l(KH orrepaTopoB A13 II A31 l!C rrpeBOCXO)ll!T 

ko - 2, ecJIII ko > l, a rrp11 ko = l 11 ko = 0 IIMeeM A 13 = A31 = 0. Jlanee, onepaTOJlLI A 11 
II A33 B CIIJIY (5.8), (5.10) II (6.9) HMCIOT BII.l( 

Au= (-l/0 c~Dk0 + ···, A33 = (-l/0 caDk0 + ···, (7.15) 

r.n:e TOqKa.\lH o603Haqeub! qJICHbl, IIMCIOIL{IIC rrop5!.D:Kll He Bblll!C (ko - 1)-ro, CCJIII ko > o, 
a rrp11 ko = 0 0603uaqeuHbre ToqKaMII qJieHbr paBHLI uymo. IlaKOHeu, orrepaTopbr A 21 II 

A23 Ha OCIIOBe (5.7), (5.8), (5.10) 11 (6.10), a orrepaTopbr !1 1 II !13 cornacuo (7.14) II (7.15) 
.n:orrycKa10T rrpe.n:cTaane1rne 

A21 = (-l)k0
-

1c~vDko-l + · ··, A23 = (-ll0
-

1cauDko-l + · · ·, 
!11 = 2(-l)k0 c~Dko-l · u + · · ·, !13 = 2(-ll0 caDko-l · V + · · ·, 

r.n:e TOqKaMII o6o3HaqeHbl qJieIIbI, l!MelOIL{IIe IIOJlll.l(Kl! He Bblllie (ko - 2)-ro, CCJIII ko > l, 

a IIpll ko = l o6o3Haqeu11b1e TO'IKaMII qJieHbl paBHbl HYJIIO. 0Tc10.n:a cne.n:y10T paBeHCTBa 

2uA21 + !11 · v = 2(-l)k
0

c~flo + · · ·, 2vA23 + !13 · u ~ 2(-ll0 eaflo + · · ·, 
r.n:e 

Ila= Dko-I · uv - uvDko- 1, 

a 0603HaqeHHbie TO'IKaMI! 'IJieI!bI l!MeJOT IIOpll.l(Kll He BbIIIIe (ko-2)-ro rrpll ko > l 11 paBHbl 

HYJIJO, ecn11 ko = l. TaKHM o6pa30M, c yqeToM (7.13) rronyqaeM, 'ITO rropll.D:Kll orrepaTopoB 

[D, A11] 11 [D, A33] He rrpeaocxo.n:aT k0 - 2 rrp11 k0 > l, a rrp11 k0 = l 3TH orrepaTOpb1 

paBHbl HYJIIO. 0TCIO.l(a HeMe.n:neHHO cne.n:yeT crrpaBe,n:JIIIBOCTb COOTHOIIIeHI!ll (5.12) rrpll 

JIJ06oM k0 > 0. B pe3yJihTaTe rnpaae.n:n11B0CTb cooTHOll!eu11iI (5. 7), (5.8) 11 (5.12) .n:oKa3aHa 

rrp11 JIJ06oM ko > 0. IloKalKeM Terrepb, qTO orrpe.n:eneHHbie rrocpe.n:cTBOM (5.10) 11 (5.13) 

aen11q1IHbl co, c~ II CJ, c; y.n:oaJieTBOpll!OT COOTHOllleHllllM (5.15). C 3TOH ueJiblO rrpoI13Be.l(eM 

B paBeHcTBax (6.9) 11 (7.13) 3aMeny (5.16). CornacHo (5.20) orrpe.n:eneHHbie c rroMOIUbJO 

(6.9) orrepaTopbI A 0 ,13, a.,/3 = 1,3 .n:orrycKaJOT pa3JIOlKeH11e 

A11 = Au +ca+ ... , A13 = cb + ... , 
(7.16) 

A31 = c:c + ... , A33 = A33 + c:e + ... , 
r.n:e orrepaTOpbl a, b, C II e He 3aBI!C5IT OT c, TOqKaMH o6o3HaqenbI 'IJieHLI He HlllKe BTOporo 
rropll,n:Ka Manocn1 no c, a 

ko ko 
A11 = 1)-ll'Ii. 9k, A33 = L ( -l /'.Dk • fk_ (7.17) 

k=O k=D 
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Ilp11 3TOM orrepaTOp '.D orrpe.n:eneu rrocpe.n:cTBOM (5.18), a orrepaTopbI Au u A33 au.n:a (7.17) 

rm OCHOBe (7.13) y.n:oBJieTBOpll!OT ycnoBll5IM ['.D, Au] = ['.D, A33] = 0, 03Ha'laJOIIlHM, 'ITO 

Bem1q11HhI fk If 9k llBJillJOTCll KOHCTaHTaMll, k = 0, l, ... , kO. Terrepb rro.n:eiicTByeM Ha 

e,n:HHHUY JieBblMII If rrpaBbIMII qacTllMll COOTHOll!eHHH (7.14). B pe3JJILTaTC rronyqnM 

paBeHCTBa 

-Au u + A13V = J, A31 u - A33V = g, 

H3 KOTOpb!X rrpll 3aMeHe (5.16) a cuny (5.19), (5.21), (7.16) u (7.17) BbITCKalOT COOTHO-

meHII5! 
ko ko 

L [!k + (-l)kgk] Pk= L [9k + (-1/fk] qk = 0. 
k=O k=D 

TaKIIM o6pa30M, HaMII .l(OKa3aHa cnpaae,n:JIHBOCTb paBeHCTBa (5.30), ll3 KOTOporo COOTHO

meHH5! (5.15) cne.n:yJOT Ha yKa3aHHOM Bb!IIIC OCHOBaHHH. 3To 3Ha'lnT, 'ITO MLI IIOJiyqunu 

.l(OKa3aTCJlbCTBO paBCHCTB (5. 7), (5.8), (5.10), (5.12), (5.13) u (5.15), UCJIHKOM OCHOBaHHOe 

Ha COOTHOIIIeHllllX (4.10) ll (6.6) ll HC HCIIOJib3YIOIIlCC ycJIOBllll (5.1). 3TO o6CTOllTCJibCTBO 

.n:aeT HaM B03MOlKHOCTb npo,n:OJilKHTb ,n:oKa3aTeJibCTBO HaIIIero JTBeplK.l(CHllll no CXCMe, 

aHanor11qHoiI TOH, KOTopall HaMH ylKe 6b!Jia ucrroJib30BaHa paHee npu nocTpoeHHH orrepa

Topa AC IIOMOIL{b!O ycnoBHH (5.1). JleTaJill 3TOro ,n:OKa3aTeJibCTBa O'leBH.11:HLI ll no:iTOMy 

orrymeHbl. B pe3yJihTaTe Mb! MOlKCM cquTaTb 3KBHBaneHTHOCTb ycJIOBllll (5.1) ll COOTHO

IIIeHHll (6.6) IIOJIHOCTblO .D:OKa3aHHOll. 

8. 3aKJUO'ICHlle 

B 3aKJIJ0qeHne 6y.n:eT HCJIHIIIHC CKa3aTb HCCKOJlbKO CJIOB O rrpH'IHHax, no KOTOpbIM 

orrepaTopHoe npe,n:cTaBneHue au.n:a (1.4) urpaeT CTOJih aalKHYJO ponh B Teopuu ypaBHe

HIIH, llHTerpupyeMbIX C IIOMOIIlb!O MCTO,n:a o6paTHOll 3a,n:a'ln paccellHllll. C 3T0ll UCJibIO, 

orrnpallCb Ha ypaBHCHllll (2.11 ), IIpOH3BC.l(CM B HHTerpane (2.32) 3aMeHy 

1 (()ip ) ip ➔ 2i( ox + 2ue ' 1 (aw ) 
ir, ➔ - 2i( ox + 2ve · 

8 pC3JJibTaTC llHTerpupoBaHnll !IO qacTllM B IIOJIJ'ICHHOM paBCHCTBe Bb!palKCHHC .l(Jlll 

I= I(() rrpumrnaeT au.n: 

1 /
00 

a](z) ofl(z) • • 
I(()= 

2
i( {iIT(z, Oa;- + iI!(z, Oa;- - 2[v(z)f(z) + u(z)g(z)]0(z, ()}dz. 

-oo 

Ilpe.n:nonOlKHM TCIIepb, qTo q>yHKUHll h = h(x) y.n:oBJICTBOpllCT COOTHOillCHHIO 

oh(x) + v(x)](x) + u(x)g(x) = 0. ox 

(8.1) 

(8.2) 

C yqeTOM 3TOI'O COOTHOIIIeHHll paBeHCTBO (8.1) nocne llHTCrpupoBaHHll !IO '!aCTllM Ha 

OCHOBC l!OCJIC,n:Hero ypaBHCHllll CllCTCMbI (2.11) rrpHHI!MaeT Bll.l( 

!'(() = i(I(()- h(z)0(z,()i::::, 
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r.ne 

00 

I'(()= J [w(z,()j'(z)- <I>(z,()i/(z)] dz, (8.3) 

' 1 
J= 2DJ+uh, ' 1 g=--Dg-vh 2 . (8.4) 

B COOTBeTCTBllll C (2.3) ll (2.4) orrpe,nene1rnal! rrocpe,ncTBOM (2.10) II (2.12) MaTp11ua 0 
o6na,naeT aCIIMIITOTMKaMII 

1 
0(x, () ~ - 2aaa S( (), ern11 x --+ -oo, 1 

0(x,() ~ - 2a0 S(()u, ernn x--+ oo. (8.5) 

TaKIIM o6pa3oM, rrony'!aeM, '!TO .L\Jil! orrttcamrn 3BOJIIOUl'.lll S-MaTp11UbI orrepaTopa L, rro
po2K,naeMoii 6blcTpo y6uBaIOIIIl'.lMl'.l rrpl'.l x --+ ±oo peIIIeHlll!MU Cl'.lCTeMbl 

au 
at=/, 

av 
at = g, (8.6) 

r.ne / l'.l g' onpe,neneHbI cornacHo (8.4), ueo6xo.nttMo ucrroJib30BaTb l'.lHTerpan (8.3), KOTo
pbIH CBl!3aH C IIHTerpanoM I ( () l'.lCXO,L\IIOH Cl'.lCTeMbl ( 1.1) rrpoCTblM COOTHOIIIeHl'.leM 

, h_ ) h+ 
I(()= i(/(() - 2 uauS(( + 2 aaS(()u, 

r.ne 

h+ = limh(x), h_ = lim h(x). 
x➔oo x➔ -oo 

Ilprr h+ = h_ = c 3TO cooT110II1e11ue rrprrnttMaeT oco6e11110 rrpocToii Bl'.l.L\ 

!'(() = i(/(0 - iaa [a, S(()]. (8.7) 

Ilnl! crrcTeMb! (5.6), T.e. rrpl'.l k0 = 0, l'.lHTerpan /( () B c1rny rrocJ1e.n11ero ypaBIIeHl'.ll! 
Cl'.lCTeMbl (2.11) tt aCHMIITOTllK (8.5) MMeeT Bil,[\ 

Co 
I(() = - 2 ao [a, S(()]. 

OTrrpaBJil!l!Cb OT 3TOI'O paBeHCTBa, MLI M02KeM C IIOMOIIIb!O COOTIIOIIIeHlll! (8. 7) IIOJIY'IIITI, 
BL!pa2Ke1111e ,L\Jll! IIHTerpana /' ( () B cnyqae Cl'.lCTeMbl (8.6), eCJIII oua IIOJJyqena 113 Cl'.l
CTeMbl (5.6) cornaCHo paBeHCTBaM (8.2) 11 (8.4). OrnoBannal! Ha paBeHCTBax (8.2), (8.4) 
rr (8. 7) rrpoue.nypa IIOJiyqeHHl! ypamrenrrii Bl'.l,L\a (8.6) rr COOTBeTCTBYIOIIIl'.lX l'.lM l'.l!ITerpaJIOB 
J' ( () Bll,L\a (8.3) M02KeT 6b!Tb IICIIOJ!b30Bana 11eorpa1111qennoe ql'.lCJIO pa3. IleiiCTBHTeJJbHO, 
cpaB11eu11e COOTHOIIIenrrii (8.2) II (8.4) C COOTHOIIIeHlll!Ml'.l (6.2) IIOKa3bIBaeT, qTo C Toq110-
CTLIO .no 060311aqeHrrii OHM coBrra,naIOT. 3To 3Ha'!ttT, qTo npouecc naxo2K:UeHl'.ll! orrepaTopa 
A Bl'.l,[\a (1.6) l'.l 3a.L(aBaeMoii l'.lM C IIOMOIIILIO (1.4) HeJil'.lHeiinoii 3BOJIIOUl'.lOHH~ii CllCTeMbl 
(1.8), C O,L\HOH CTOpOHbI, ll npoue.nypa BbJq11cneHl1l! l'.l!ITerpana /( () Bl'.l,na (2.32), 1'.lCIIOJib-
3yeMoro ,L\Jll! 0111'.lCaHl'.ll! nopo2K,naeMOH peIIIeHHl!MII CIICTeMLI (1.1) 3BOJIIOl]l'.ll'.l S-MaTpl'.lUbI, 
C ,np_yroii CTOpOHbI, 6a3ttpy10TCl! Ha peIIIeHl'.ll!X O,L\Hl'.lX l'.l Tex ,Ke ypaB11en11ii. Ilpn 3TOM 
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onpe,neJil!eMal! C IIOMOIIIb!O (8.2) cpyHKUHl! h(x) Ka)K,L(LIH pa3 OKa3b!BaeTCl! IIOJil'.lHOMOM OT 
u, V II ux rrpol'.l3BO,L\HbIX ITO x, qTo rrpl!BO,L\HT K aBTOMaTl'.lqecKOMY Bb!IIOJIHeHIIIO COOTHO
meHl'.ll! h+ = h_, CTOJIL 11eo6xo,n11Moro .L\Jil! nony'leHl'.ll! paBencTBa (8. 7). TaK11.M o6pa3o.M, 
B caMOM l\leTO)le IIOJIY'lelll'.ll! orrepaTopa A co.nep2K11TCl! crroco6 orrpe,neJieHl'.ll! 3BOJIIOUIUI 
S-MaTpl'.lUbl. 3a.MeTUM, 'ITO yKa3aJUiblll ce11'1aC cnoco6 HaXO)K,L\eHUl! ypaBHeHl'.ll!, OIIl!Cbl
BaIOIIIero 3BOJIIO!l1110 S-MaTpHUbI, ne l!B!l51eTCl! e,nl'.lHCTBeHHO B03:IIO)KHbl.M II ,na2Ke M02KeT 
6LITL He CaMbIM rrpoCTLIM, a rrp11Be.ne11 3,L\eCL TOJ!bKO ,L\Jll! ,nel\lOIICTpaUl'.lll CBl!311 .\le2K.ny 
onepa-roplll,IM rrpe.ucTaBJiem1eM (1.4) 11 11aJil!'IHeM 3BOJIIOUUOilllOro ypaBHeHIIJ! BH,L\a (1.5) 
J\Jil! S-.MaTp11111,1. KpoMe Toro, 11eo6xom1Mo oT:-.1eTHTL, 'ITO 11rpaIOm11e Ba2KH)"IO poJib B 
:no{! pa6o-re peKyppeIITilble COOTIIOll!eIIHJ! (4.5) n rrpOH3BO.lll!IIIHfI orrepa-rop £., BJl)\a (6.7), 
(6.8) 11rrepBL1e 61,inn rroJiy'leHLI B pa6oTe (8) ,nnl! pell!emrn pacc.M0Tpenno{1 TaM JaJ(a'IH. 
3TOT <paKT l!BJll!CTCJ! CBH.UeTeJibCTBOM <jiyn.naMeHTaJibHOH ponrr 3TllX o6beKTOB IIpll nc
cne.uoBamrn ypaa11e11ni-i, 1111-rerp11pyeMLIX C IIOMOlllLIO MCTO,L\a 06pan10ii 3a,na'IH paCCCJ!HHJ! 
.unl! onepa-ropa IlnpaKa. 
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