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YT04HeHHe pa3HOCTH~x peweHHH 3aAa4H 
Ha co6cTBeHH~e 3Ha4eHH~ Ail~ HHTerpo
AH$$epeH~HailbHoro ypaeHeHH~ 
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noily4eH~ ycilOBH~ pa3IlOmHMOCTH no cTeneH~M wara ceTKH 
npH6IlHmeHHoro peweHH~ 3aAa4H Ha co6cTBeHH~e 3Ha4eHH~ Ail~ 
IlHHeHHoro caMOconp~meHHoro onepaTopa. Pe3yilbTaT npHMe
H~eTc~ Ail~ IlHHeHHOro HHTerpO-AH~~epeH~HailbHOrO onepaTOpa. 
noBbiWeHHe T04HOCTH peweHH~ Hilil~CTpHpyeTC~ 4HCileHH~M npH
MepOM. 

Pa6oTa B~nOilHeHa B na6opaTOPHH B~4HCilHTeilbHOH 
TeXHHKH H aeTOMaTH3a~HH OH.AH. 

npenpHHT 06'&8llHHeHHOrO K"HCTHTYT8 !lllepHblX HCCnellOB8HHll • .Qy6Ha ]979 

Nguyen M., Khoromsky B.N., 
Jamaleev R.M. P5 - 12993 

Accuracy Increasing of Difference Solutions 
of Eigenvalue Problem for Integra-Differenti al 
Equation 

We obtained the conditions for the expansion of 
approximate solution of eigenvalue problem for linear 
operator by powers of grid's step. The result is used 
for linear integra-differential operator. The numerical 
example illustrates the increase of the solutions accuracy 
by means of Richardson method. 

The investigation has been performed at the 
Laboratory of Computing Techniques and Automation, JINR. 
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MeTOA noe~weHH~ T04HOCTH npH6IlHmeHH~X peweHHH, HCnOilb3y~

~HH 3KCTpanoil~~H~ PH4aPACOHa, noKa3ail ceo~ 3$$eKT~BHOCTb eo 
MHOrHX 3aAa4aX MaTeMaTH4eCKOH ~H3HKH. MHOrO HHTepecH~X npH
IlOmeHHH 3TOrO MeTOAa paCCMOTpeHO B KHH re I 11, rAe OCHOBHOe 
BHHMaHHe YAeil~eTc~ IlHHeHH~M 3aAa4aM. B pa6oTax 12-5 / noily4eH~ 
pa3IlomeHH~ npH6IlHmeHHoro peweHH~ no cTeneH~M wara ceTKH Ail~ 

HeilHHeHH~x ypaeHeHHH. B 4aCTHOCTH, e 121 noily4eH~ ycilOBH~ 
cy~ecTeoeaHH~ TaKoro paailomeHH~ Ail~ npoH3BOilbHoro Hei1HHeH
Horo onepaTOpHoro ypaeHeHH~ B HOpMHpOBaHHOM npOCTpaHCTBe. 

B HacTo~~eH pa6oTe H3y4aeTc~ 3KCTpanoil~~H~ Ha nocneAo
eaTeilbHOCTH CeTOK B 3aAa4e Ha C06CTBeHH~e 3Ha4eHH~ Ail~ IlH
HeHHOrO caMoconp~meHHOro onepaTopa. PeayilbTaT~ npHMeH~~Tc~ 

K OAHOH 3aAa4e Ha co6CTBeHH~e 3Ha4eHH~ Ail~ IlHHeHHOro HH
TerpO-AH$$epeH~HailbHOrO ypaeHeHH~. 3~~eKTHBHOCTb paCCMaT
pHBaeMOro MeTOAa Hilil~CTpHpyeTC~ 4HCileHH~MH pac4eTaMH. 0TMe
THM, 4TO MeTOA PH4aPACOHa B 3aAa4e WTypMa-nHyBHilil~ 060CHO
B~BaeTC~ B / l / • 

§1 

PaccMOTPHM 3aAa4y Ha co6cTeeHH~e 3Ha4eHH~ Ail~ IlHHeHHoro 
caMoconp~meHHoro onepaTopa A=A*, onpeAeileHHoro e ee~ecTeeH
HOM rHilb6epTOBOM npocTpaHcTee H, A ~(H ~H). CKail~PHOe 

npoH3BeAeHHe e H o6o3Ha4HM 4epe3 (x,~. CorilacHo 1 6~ 3Ta 
3aAa4a npeACTaBil~eT co6oH HeilHHeHHoe ypaeHeHHe 

Ax- Ax 
¢(z) = I (x, x) _ 1 I= o, /1/ 

rAe z =(x,A) - 3IleMeHT np~MOH cyMMbl H1 = H + R, a ¢ oTo6pamaeT 
rHilb6epToeo npocTpaHCTBO H1 e Hl" CKail~PHOe npoH3BeAeHHe 
e H1 onpeAeil~eTc~ ~OPMYilOH 

(zl , z2) = (xl ' x2) +AlA 2. 

nepea~ npOH3BOAHa~ $pewe onepaTopa /1/ onpeAeil~eTc~ e~pame-
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HHeM 

¢' (zo)z = I A'x - A.o x- A.xo 

(x-o , x) 

a BTOpafl npOH3BOAHafl HMeeT BHA 

-(,\ X + A X 1) 
¢ "(z ) (z , z ) = I 1 2 2 

o 1 2 (x
1

,x
2

} 

I, z
0 

=(x
0

, A. 
0 

), 

I . 

npoH3BOAH~e 6onee B~COKO ro nOPfiAKa paBH~ Hyn~. 

/2/ 

13/ 

nycTb CYUieCTByeT OAHOKpaTHOe H30nHpO·BaHHOe C06 CT Be HHOe 
3Ha4eHHe A* c co6cTBeHHOA ~YHK~HeA x*. TorAa , Hcnonb3Yfl pe-
aynbTaTbl171, MO~HO non y 41H b/ S/ , 4TO onepaTOP cp'(z*) HMeeT 
orpaHH4eHHbli1 o6paT-HbiA ¢ '(z*)- 1 H 

II ¢ '(z*~- 1 II::: M , M = max(l ,m-1 ) /4/ 

rAe m = inf lA *-A I , a (A) - c ne KTP o nep.aTopa A. 
A~(A) ,\*. 

nycT b , aHanorH4Ho 121, aaAaHa nocneAOBaTenbHOCT b 
poe P n, npoeKTHPY~lliHX (PnX = Xn EHn, P n(Z) = (xn,A)) H1 
Ha n -MepHble noAnpocTpaHCTBa Xn=Hn+R, a ypasHeHHe 
MeHfleTCfl KOHe4HOMepHOA CHCTeMOA ypasHeHHA 

onepaTo-

/1/ aa-

A X -A X 
-~.. (z ) "' 1 n n n n 
'f' -1 - 1 

n n 2 (x , x ) -2 
1= 0 , A ~(H -+H), 

n n n /51 
n n n 

A n = A ~ 

OnepaTop An annpoKCHMHpyeT A, a cKanflpHoe npoH3BeAeHHe 
(.,.) B Hn annpOKCHMHpyeT COOTBeTCTBY~Uiee H3 Hn ( .,.) • 
PaseHCTBO / 5/ onpeAenfleT 3aAa4y Ha co6cTBeHHble 3Ha4eHHfl 
Anfl caMoconpfl~eHHoA MaT pH~~ An· 

nycTb B npocTpaHCTBe H, aHanorH4Ho 1 2~ 3aAaH~ nHHeAH~e 
MHo~ecTsa Bk c H"' Bk c H, (k=O,l, ... ,N), TaK 4TO 

B 0 c B 1 c ... c BN C H, Bd CBlC .... C B~ = H, x *~ B 
0 

3TH MHO~eCTBa OnpeAenfi~TCfl KnaccaMH pa3peWHMOCTH 3aAa4H 

¢ '(z *) z = f , f = (g, p.), z (x, A) , 

ecnH g ~ B' , TO x ~ B , "' npH 3TOM A ( B ) c B' • 
k k k k 

• 

Hawa ~enb - nony4HTb paano~eHHe senH4HH~ 

{'). = P z * -z * 
n n n /6/ 

no cTeneHfiM n - 1 : 

N -k - N 
{'). = P ( I. ckn ) + fl , 110 ll= o(n ) , n .. oo, 

n n k=1 n n 171 

rAe 3neMeHT~ Ck c;. Bk+ R H He 3aBHCfiT OT n. 3AeCb Z ~ - OA,HO 
H3 T04H~X peweHHA 3aAa4H /5/. 

TeopeMa 1. nycTb Cyll.leCTBYeT OAHOKpaTHOe H30nHpOBaHHOe 
C06CTBeHHOe 3Ha4eHHe ,\* 3aAa4H /1/ C C06CTBeHHOA ~YHK~HeA 
x*~B0 , z *=(x *,,\*) H BblnOnHeHo A

0 
= A ri . ECf1H Anfl HeKoi-o- · 

poro peweHHfl z * = (x *, ,\ * ) 3aAa4H /5/ BblnOnHeHo ycnoeHe n n n 

lim ii Pnz * -zri ii= O, n -+ /8/ 

H, KPOMe TOro, Anfl AOCTaT04HO 6onbWHx · n 
;. .,; 

II¢ , (P z * r 1 II < c , 
n n Xn - /9/ 

rAe C He 3aBHCHT OT n H CYUieCTBY~T paano~eHHft 1/' 2/: -
N-P -k 

1/PnA(x)-AnPnx := Pn<k;lak(x)n )+fln,O ! 

Anfl X~ Bp, ak ~ Bk+p' a~ He 3aBI<tCHT OT n; 

' N-.p -k 
2/ (y, x) :- (P y , P x) = I. p. n + w 

- n n n k=l k n 

Anfl X~ B , y c;. B , q < p , p. k He 3aBHCfiT OT n H BblnOnHeHO 
COOTHOWe~He q -

llfl 
0 

II = o(n-N+p) ; lwn I = o(n-N+p) , n, 

TO HMeeT MeCTO npeACTaBneHHe /7/ Anfl 3neMeHTa z* ' 
n H3 /8/. 

AoKaaaTenbCTBO fiBnfleTcfl HenocpeACTBeHH~M cneACTBHeM 
06UieA TeopeMbl 1 H3 / 2/ • YcnOBHfl /A/- /C/ 3TOA TeopeMbl 04eBHA
HO B~nonHfi~TCfl. YcnOBHe /0/ nerKO B~BOAHTCfl H3 npeACTaBne
HHA /2/ H /3/ Anfl npOH3BOAH~X ~pewe"' paano~eHHA 1/, 2/ 
C~OpMynHpO .BaHHOA TeOpeMbl 1 • 
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§2 

Pe3yil bTaT Te opeMbl 1 ·n p1-1MeH1-1M e 3 aAa4e Ha co6cT eeHHble 
3Ha4eHHfl AJlfl l-1HTerpO-Al-1 <1J<IJepeHI.Il-1ail bHOro y p aBHe HI-1fl 

1 
- Yn + q(x)y + J K(x ,e)y <e>de =>.y, O < x < l 1101 

0 
C KpaeBbiMI-1 YCilOBI-1fiMI-1 

y(O) = y(l) • 0 I 1 1 I 

1-1 YCilOBHeM HOPMHpOBKH 

1 2 J y (x) dx = 1 , y '(0) > 0 . 
0 

Ko3¢¢1-11.11-1eHTbl ypaeHeHI-1fl 1101 YAOBileTaopRIOT ycnoBHRM 

q(x) 2:_ 0, q~CN[O,l), K(x, ~~CN(O} , 

{h[O,l] x [.O,l], K(x , e> =K{e, x), K(x, e1 ~ 0 . 

06oaHa4ti!M 

1 
s-y = f-K(x . '> y~e) d' . 

0 

1121 

113/ 

113"' I 

npH . C<l>opMyJlHPOBaHHbiX YCilOBHfiX -onepaTOp S orpaHH 4eH B KamAOM 
H3 npocTpaHCTB L2t:O,l ) H W~[ 0, 1] H RBnReTcfl CHMMeTpH-
4eCKI1M .S =S * H nonomHTeilbHO onpeAeneHHbi M .a L2 [ 0,1] : (Sy, y) _: O. 
Kpaeay10 aaAa~y 1101-1121 paccMOT-pHM e npocTpaHcTae W1(0,1], 
KOTOpoe Aanee byAeM o603Ha4aT-b "W~ .. HanOMHHM, 4TOW~ 2 co
CTOHT H3 3JleMeHTOB L 2 , HMeiO~J.1X .I<BaApaTH4HO CyMMHpyeMyiO o6o6-
~eHHYIO npOI-13BOAHYIO nepsoro nopRAKa . CKanRpHo e n pOI-13BeAeH!-1e 
onpeAenAeTcfl no <l>oPMYile 

1 
(u , v) = J ~u v + uv) dx. 

wl O X X 

0 1 2 
4epe3 W2 0603H a4aeM , Ka K 06b1 4HO, nOAOPOCTpa HCTBO npOCTpaHCT-
ea W~ , nilOTHbiM MHOmeCTBOM B KOTOPOM fiBilfiiOTCfl $HHI-1THble <IJYHK
I.IHH, paBHfiiO~H~Cfl TOmAeCTBeHHO HYiliO B OKpeCT HOCTH KOHI.IOB OT
p eaKa ( 0, 1). 3aAa4y 1101-1121 C$0pMynl-1pyeM B BHAe HeilH HeH
HOro oneP.aTopHoro ypaeHeHHfl 111, onpeAeneHHOro e npocTpaH
CTBe H 1= W2

1 + R . AnR 3TOro nepeAAeM K o6o6~eHHOMy peweHHIO 
3aAa4H 1101-1121. CornacHo, HanpHMep / 9 / Ha~oeeM0o6o6~eHHbiM 
peWeHI-1eM H3 W~ 3aAa4H 1101- /121 <IJyHK,I.IHIO y(x) ~ W~ , YAOB
JleTBOPfiiO~IO TOmAeCTBY 

6 

1 1 
£ (y , 71 )= J(y 71 + q y 7J + S y • 7J ) dx = ,\ J y 7J dx I 1 4 I 

0 X X 0 
01 

npl-1 111060H 7J ~ W 2 1-1 YAOBileTBOpfiiOU\l-1X YCilOBI-110 1121. 04eBI-1AHO, 
4TO BCfiKOe peweH!-1e 1101-1121 YAOBileTBOpfleT 1141. npl-1 ycno
Bl-1fiX Ha rnaAKOCTb <1JyHK1.11-1H q 1-1 K(x, ~), C<IJOPMYI11-1POBaHHbiX 
B~We, cnpaBeAill-180 1-1 o6paTHOe YTBepmAeH!-1e. 3TO MOmHO AOKa-
3aTb no CXeMe, paCCMOTpeHHOH e /9/ ~1-1 B / 6 / , 

Aanee, aHai10rl-14HO /9/' BBeAeM B w~ HOBOe CKailfiPHOe npo
l-13BeAeHI-1e 

1 2 
[ y, v] = J (y v + q y v + S y · v) dx • II Y 11 1 = [ Y, Y ], 

0 

KOTOpOe onpe Ae ilfleT 3 KBH BaileHT HYIO npemHeH HOp My 11 · 11 1 
3anHWeM 1141 B BHAe 

1151 
0 

B W l 
2 ' 

[ y ' ry] = ,\ (y ' 7J ) • 1161 

Y4H Tbi Bafl Ol.leHKY l(y,ry)l sciiYII111TJII1 
paeeHCTBO 1161 npeACTaBHM B BHAe 

o1 
[y, ry] = ,\[A y , 7J], V 7J >; W 

2 
, 

1-1 Teope My <I> . PHcca, 

1171 

npH4eM A ecTb orpaHH4eHHbiH IlHHeHHbiH, caMoconpRmeHH~A one-
0 1 ° 1 /9/ 

paTop A ~ (W 
2 

... W 
2

) AHanorH4HO , MomHo noKa3aTb, 4TO A 
ecTb enonHe Henpep~BH~A onepaTop e ~~. TaK KaK 1171 cnpa

o 1 
BeAJlHBO Ailfl VTJ ~ W2 , TO OHO 3KBI-1BaJleHTHO onepaTOpHOMY 
ypaBHeHHIO 

-1 
Ay -,\ y = 0 1181 

0 1 
B npOCTpaHCTBe W2 , KOTOpoe B~JCTe C yCilOBHeM 1121 npHBOAHT 
K ypasHeHI-110 Tl-1na 111, rAe H1 = W 2 + R. Cyl!leCTsosaH!-1e l-13o
Ill-1POBaHH~x C06CTBeHH~X 41-1Ce11 3aAa41-1 1181 Tenepb CileAyeT 1-13 
o6111eA TeopeMbl Ailfl anon He HenpepbiBHoro onepaTopa. 3AeCb, 
04eBI-1AHO, HeCyU\eCTBeHHO, 4TO HOpMa 1121 He COBnaAaeT C se
Ill-141-1HOH II Y II i, TaK KaK 1121 3KBI-1BaileHTHO II YII i=(,\*)-1. 

C<1JopMynl-1pyeM Tenepb KOHe4HOMepHyiO 3aAa4y T1-1na 151, annpoK
Cl-1Ml-1PYIOU\YIO y pa s HeH!-1e 1181, 1121 . Ha OTpe3Ke [ 0, 1 ] nocTpOHM 
paBHOMe p Hy iO ceTKy wh = IX = ih,i=0,1, ... ,n,x0 = 0, Xn=ll,h=n-

1
. 

~·1cnOilb3yeM CTaHAa p TH bl e o6o3Ha4eHI-1fl / 10 / AJlfl p a 3 HOCTHbiX npOI-1 3 -
BOAH~X 1-1 p a311H4H~X CKail fl pH~X npOH3 BeAeHMH H HOpM CeT04H~X 

<IJyHK I.I MH 
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y X = (y i + 1 - y i ) h - 1 ; y- = (y i - y i - 1 ) h - 1 
x· 

n- 1 n 
(y. v) = I. y i v . h • (y ' v ] = I. y . v . h ' [ y ' v) 

i= 1 I != 1 I I 

n - 1 
I, Y. v. h, 

i=O I I 

n 2 2 
[y, v ] =.L y 1 v 1h; I IYII =[y ,y ], II Y II +=[yx ,yx], 

1= 0 

2 2 2 
II Y II+1 =IIY II++ II Y II + 

rHnb6epT080 npOCTpaHCT80 CeT04H~X ¢YHK~HA, onpeAeneHH~X Ha 
wh co CKanRpH~M npOH38eAeHHeM [ y , v] , o603Ha4HM 4epe3 B , 
a 8 cny4ae 11 · 11+ 1 - 4epe3 B + 1 . nonaraeM y

0 
= Y = 0 8 B 

H B+1 " . n 

AnnpoKcHMHpyeM HHTerpanbH~A onepaTop Sy c noMO~b~ K8aA
paTypHoA ¢0pMyn~ Tpane~HA 

n-1 1 
S Y = .I. K(x.~ . )Y . h+-2 (K(x,O)y0 + K(x,1)y )h. 

1191 n I= 1 1 1 n 

x ~;;:,h. 

a CKanRpHOe npOH38eAeHHe H3 /12/ 3aMeHHM Ha 8enH4HHy [y, ry). 
04e8HAHO, 4TO Sn 3aAaeTcR caMoconpRmeHHoA, nonomHTenbHO 
onpeAeneHHoA 8 B MaTpH~eA. CeT04HY~ ¢YHK~HIO y H 4Hcno An 
Ha3o8eM, aHanorH4HO l lO I ,peweHHeM pa3HOCTHOA cxeM~ AnR 3aAa-
4H /14/, ecnH AnR 8CRKoA ceT04HoA ¢YHK~HH ry ~ B cnpa8eAnH80 
TOmAeCT80 

f. (y , ry )= _!_((y_,ry_] +[y_,ry_)) +[Qy,ry] + 
n 2 X X X X 

/20/ 
+ [ Sn y • ry] = An [ y • ry ], 

C ycn08HeM HOpMHp08KH 

(y,y)n=[y,y] = 1, y(x) > 0. /21/ 

AHanorH4HO ¢opMyne /15/, 88eAeM 8 B+l 3K8H8aneHTHYIO 
nepeHOPMHP08KY C nDMO~b~ CKanRpHOro npOH38eAeHHR 

1 1 ] [y. v] 1 ~ - [ y . v ) + [ qy • v] + [ s y • v] + -2 (y- • v- • 2 X X n X X 

Hcnonb3YR Hepa8eHCT8o KowH-6YHRK08CKoro H pa3HOCTH~A aHanor 
1101 2 1 2 2 1 2 

TeopeM~ 8nomeHHR II YI I < -I I Y _ II , II Y II < - II Y II • 
-g X -g X 

8 

• 

nerKo nony4HT b o~eHKY 

l[y, ryJI sc i i Y II 1 · ll ry ll t · 

Hcnonb3YR TeopeMy ¢.PHcca , pa8eHCT8a /20/, /21/ MDmHo 
Tenepb nepenHcaTb 8 8HAe 

[ y. ry] 1 = A n [ <\ y • ry ] 1 ; [ y • y ] - 1 = 0 • ry ~ B + 1 • /22/ 

rAe A = A * H A > a E,a >O. TaKHM06pa3oM /20/, /21/Mom-n n n -
HO npeACTa8HTb 8 8HAe /5/: 

-1 
A n Y = An y , [ y , y] - 1 = 0. /23/ 

4To6~ nony4HTb R8Hbi A 8HA ypa8HeHHR /23/, 8 T04Ke X i AOCTa
T04HO nDACTa8HTb 8 /20/ 8MeCTO ry CeT04H~A aHanor 0 -¢yHK
~HH, COCpeAOT04eHHOA 8 T04Ke Xi : 

1 

ry(x) = ! n ' X= X 

0, X,.( X , 

-2 
Any = -[yi+l +2yi -Yi-1]h + QiYi+ [Sny]i=Anyi 

(i = l. ... ,n-1), y
0

= Yn = O. 

/24/ 

npo8epHM, Aanee, ycn08He TeopeM~ 1 AnR 3aAa4 /18/, /23/. 
nycTb A* , x*- peweHHe 3aAa4H /18/, /12/, rAe A* -

DAHDKpaTHOe co6cT8eHHOe 3Ha4eHHe. Ycn08He HOpMHP08KH /21/ 
nony4aeTcR H3 I 12/ c noMO~b~ K8aApaTypHoA ¢opMynbl Tpane~HA, 
a cor naCHO I lL' , npH ycn08HH f(x) ~ C 2P ( 0, 1) HMeeT MeCTO 
pa3nomeHHe 

h n-1 
-[f(O) + f(1)] + I. f(x 1) h 
2 i = 1 

2k k-
1 p h (-1) B k 1 2k 

=J f(x)dX + I. J f (x)dx + o(h 2P), 

/25/ 

0 k=l (2k) ! 0 

-
rAe B k - 4Hcna 6epHynnH. 

Y4HT~8aR /25/ H rnaAKDCTb RAp a K(x, ~ ), nerKo nony4HTb, 
4TO AnR f(x) ~ c2P [ 0, 1] cnpa8eAnH80 pa3nomeHHe 

9 



S f-P Sf=P ( ~ h
2
k(- l) Bk hK(x,g)f(01(!k)dg) + o(h

2P)./26/ 
n n n k = 1 (2k) ! "' 

0 

N·k( ) Onpe,qeJwtM npocTpaHcT a a B k 11 Bk' cn eAYKllli11 M o6pa3oM: Bk = C 0 ,1 , 
N-k- 2 [ ] 4/ B ~ = C 0,1. Tor,qa, Y411Tbtaa~ BbtpalKeHI1e /2 AJ1~ onepaTopa 

An 11 pa3nOlKeHI1~ /25/, /26/, n erKO nony4aeM pa3nolKeHI1~ 
1/, 2/ TeopeMbl 1, npl14e M TOJ1b KO no 4eT HbiM CTene H~M h . 

npoaepi1M YCJ10BHe / 9/. C nOMO~b~ TOlK,qeCTBa / 20 / n er KO 
nony4HTb ~BHbli1 BHA npoH3BOAHOi1 <llpewe ¢~ (P n z *) onepaTo-

pa ¢ ( z ) ; ecnH z =(y ,A ).y~B , a z *=(x * , A*), TO 
n n n n +1 

-[ Y. 
1

+2Y. - Y. 
1 

] h-
2

+q. Y. +[ S y], - A*y . -A x * 
1 + 1 1- 1 1 n 1 1 n i 

¢' (P z *) z (i=1, . .. ,n - 1). /27/ 
n n 

Yo=Yn = O , 

(Pn x* , y ) . 

,AoKalKeM CHa4ana, 4TO ¢~ (Pn z *) - 1 cy~ecT a yeT npH ,qoc T a
T04HO 60J1bWHX ll, T. e. ypaaHeHHe </J ' (p Z *) Z = 0 11MeeT 

n n 
TOJ1bKO Hyneaoe peweHHe . nycTb 3TO He TaK, H AJ1~ BCeX n 
cy~ecTayeT ceT04Ha~ <llYHK4H~ y H 411cno An ' ~an~~~eec~ pe-
weHHeM CHCTeMbl 

-{ yi +1 + 2Yi -y i-1 ] h-2 + q i yi + [Sny]i-A *yi-Anx~ = 0 

(i = 1, .. . , n-1) 

Y0 =Y n = 0 , 

(P x*, y) = 0, 
n 

(y,y ) = 1. 

YMHOlKa~ nepaoe paBeHCTBO /28/ CKan~pHO Ha y, nony4HM 
1 2 1 2 

-2 11Y -1 1 +((Pnq +oSn) y , y ) --
2 

II Y- 11 =A * , 

/28/ 

x2 x 
T. e . IIY - 11 < A * . PaccMOTPHM KYC04HO-n~-tHei1Hoe aocnon HeH~-te 

X - -
<!lyHK4H11 y , KOTopoe o603Ha4HM 4epe3 y(x) . T aK KaK II y(x) ll 1 < A*, 

w 
2 

10 
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To y { x) ... y
0

( x) n p~-t n ... oo B MeTp~-tKe C, OTKy,qa cneAYeT, 4TO 

(Y
0 

(x) , x *) = 0 , a (y
0

(x) , Yo (x) ) = 1 . l{poMe Toro, paaeHcTao 
(y, y) = 1 03Ha4aeT 

[Ay,y]=[ Any, y]= l , [y , y] = A*, 
.0 1 

a 3Ha4J.1T, Y4HTbtBa~, 4TO onepaTop 
0 

A anonHe HenpepbiBeH a W 
2

, 

nony4aeM, 4TO y ( x) ... y
0

(x) a w;. TaK~-tM o6pa3oM,cy~ecT-
ayeT o6o6~eHHOe peweHHe y

0
(x) /a HaweM cny4ae OHO y,qoaneT-

aop~eT 1-1 /10/-/12// cne,qyl0lllei1 3a,qa411 

l
y = A * Ay 

. 0 0 

(x*, y
0

) = 0, (y
0 
,y~) "'1, 

4TO npOTHBope4~-tT OAHOKpaTHOCTI-1 co6cTBeHHoro 4~-tcna A~ 
YcTaHoe~-tM, ,qanee, 04eHKY 191. PaccMOTp11M paaeHcTao 

¢'(P z*)z = c; z = (A , y), c ,(p., w) , 
n n 

l lru i i"B+l +11
2 

=-1. 

129/ 

B c~~tny npeAI>lAY~Hx J)i)CCYlKAeHmi cy~ec-Teye; e,qHHCTBeHHoe pe
weHwe z :n ora ypaaHeHH~. npe,qcTasa.fM eros EH-1,qe z =V+f3P .x*, 
r,qe (v,Pnx * ) = "tL nycTb W = Wt + aPx*, r,qe (w 1,Pnx~)=0. 
Tor,qa, y4~-tTb1BaR ycnoa~-t~ annpOKCHMa4111-1 1 f., 2/ 1-13 TeopeMbl 1, 
paseHCTBO /29/ nepenHWeM B BH,qe 

-[v 
1

+ 2V-V 
1
]h-2 + .qV+ ( Sv]-X*v-Ax * + 

i+ i i- i i n i i n i 

+ {3(f1 +ox~ ) , w 1 +ax r, 

(i=l, .. . , n-1); v
0

= vn = 0. /30/ 

{3 (p X * , P X * ) "' ll , 
n n 

r,qe (f, Pnx*)"' 0, lkll+ t "' o(h 2
), lo l =o(h2 ) , n ... oo, np~-t 3TOM 

f3 = ll + o( h2 
), n ... oo. YMHOlKHM nepeoe ypaaHeHHe c~-tcTeMbl /30/ Ha 

pn X*. nony4HM paaeHCTBO 

(A v,P x *)-A *(v,P x"*)-A (P x * ,P x *)+ {J o(P x '*)P x * ) 
n n n nn n n n 

=a(Pnx "' , Pn x*), 
II 



KOTOpOe MO~HO .nepenHCaTb B BHAe . 

(V,£.+ 8P n*) - .,\ ( 1 ~ o (h 2 )) +J.L O(h 2) =a + o (h 2 ) . 
n n 

An~ An HaXOAHM e~pa~eHHe 
2 -A =a - (v, £) + o (h ) , n -+ oo, n 

C y4eTOM KOTOpOrO ypaBHeHHe An~ $YHK~HH V npHofipeTaeT BHA 

A v- A*v - (v,d P x *=cu
1

- r:J.(£+o P x *) . n n ~ · n /31/ 

npeAnOnO>KHM, 4TO An~ HeKOTOpbiX c = (J.L,cu) An~ peweHH~ :noro 
ypaeHeHH~ B~nonHeHO I I v ll+1 -+ oo, n-+ oo, noAenHB o6e 4aCTH pa

BeHCTBa /31/ Ha ll v ll+l H YMHO>KHB 3aTeM 3TO ypaBHeHHe Ha 

__ V ___ = U, nony4HM paBeHCTBO 
II v ll+ t 

-1 
(A0 u , u) =A*(u,u) +«m t.,.-f3dll ·vil +1, ur , 

H3 KOTOporo, paccy>KAa~ aHanorH4HO npeAbiAYIJ.IeMy, nony4aeM, 
4TO KYC04HO-nHHe~Hoe BOCnOnHeHHe $yHK~HH u CXOAHTC~ K $YHK
~HH ii 0 e MeTpHKe C[O, 1], H An~ npeAenbHO~ $yHK~HH Bblnon
He)-tbl COOTHOWeHH~ (u0 , X* ) = 0, llu0 11 1 = 1 . YKa3aHHa~ CXO-

!U 
.AHMOCTb HMeeT MeCTO H B W2 , 4TO 03Ha4aeT pa3p'eWi1MOCTb 

cHcteMbl ilo= A*Aii 0 , (ii0 , x * ) = 0, ll iio ll 1=1 e npoCTpaHcT
ee W~ . A 3TO npoTHeope4HT OAHOKpaTHOCTH co6cTeeHHoro 4Hcna 
A*. YcnoeHe- /9/ TeopeMbJ l · npoeepeHo. • .... 

,l\OKa>KeM, 4~0 ·BblnOnHeHO . ycnOBHe /8/, T.e • . i'lpH AOCTaToi_i·HO 

. 60nbWHX n CyiJ.IeCTByeT peweHHe (A~ , y ~ ) = z *
0 

3aAa4H Ha 
COfiCT.BeHHble 3Ha4eHH~ /23/ 1 TaKOe, 4TO 

II P z*- z * 11
1 

... o. n ... oo • n n 

CyiJ.IeCTBOBaHHe HCKOMOrO peWeHH~ ypaBHeHH~ /24/, HMe~111ero 
BHA /5/, ¢ 0 (z 0 ) = 0 ,. ycTaHOBHM c noMOIJ.Ib~ MeTOAa Hb~TOHa. 
B Ka4ecTee Ha4anbHoro npH6nH>KeHH~ B03bMeM 3neMeHT z 0 = 
=(A *, P0 x *). Cor nacHo · ycnoeH~ annpoKCHMa~HH 1 I H ycnoe~~ /9/, 
e~nonHeH~ o~eHKH 

II¢ (z 0 )ll 1 < ch2 , ll¢ '(z 0
)-

1 11
1

< c. nn- nn -1 

BcnoMHHa~, 4TO STopa~ npoH3BOAHa~ $pewe onepaTopa ¢
0 

HMe

eT BHA /3/ H noToMy paeHoMepHo orpaHH4eHa II¢ ~' 11
1 

:S 1, MO>K-
HO 3aKn~4HTb, 4TO npH ycnOBHH £ =ch2.c1 < 2- 1 MeTOA 

Hb~TOHa-KaHTOpOBH4a CXOAHTC~ K T04HOMy peweHH~ z *~(A* , y * ) 
ypaeHeHH~ /24/ OT Ha4anbHOrO npHfinH>KeHH~ z 0 / l2~ n np~ 3T~M 

n . 
HMeeT MeCTO O~eHKa 

II z ~ - z ~ 11 1 5 (1 - .,; 1 - 2£) £- 1 c
1 

c h 2 :S M h 2 , 
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03Ha 4a~IJ.IaR c npa eeAnHBOCTb /8/ . B pe3ynbTaTe AOKa3aHa cne

AY~aA 

TeopeMa 2 . n y c Tb A* e CTb OAHOKp aTHOe co6CTBeHHOe 3Ha4e
HHe 3aAa4H / 10/- /12 / npH y cnOBY.H / 13 / , a X * - COOTBeTCTBy~
IJ.Ia~ eMy co6cTBeHHa~ $YHK~HR. TorAa cyiJ.IecTsyeT TaKOe n 0 • 

4T0 n pH BC~KOM n ~ n O HaHAeTC~ pewe HHe (A ~ , y;) pa3HOCTHO~ 
3aAa4H }24/ ~ HOPMH POBKO~ /2 1/ , An~ KOTOpOrO cnpaaeAnHB~ 

pa3no)f(eHH~ 

r 2k 
A* = A *+ lh J.L +p, 

n k=l k n 
I 

2f 
P n I = o ( h ) , /32/ 

F 2k N 
y * = P x * + P ( 1 h v k (x)) + cu , l ieu II 1 = o(h ) , 

n n n k=1 n n + 
/33/ 

r-Ae 
N-2k+2 

vk (x) ~ C { 0, 1], e = [ N/ 2], 

a $ y HKijHH Vk(x) H K03$$H~HeHTbl Ilk He 3aBHC~T OT n. 
Pa3nO>KeHH~ /32/ , /33 / MO)f(HO HenocpeACTBeHHO HCnonb30BaTb 

An~ yT04HeHH~ npH6nH~eHHbiX peweHH~ A* , y * Ha nocneAo aa-
n n 

TenbHOCTH c e TOK . Kpo Me 3Toro , H3 / 32/ , 133 / c pa3y nony 4a-
eT c~, 4TO p eweHHe pa3HOCTHOH 3aAa4H /24/ OTnH4aeT C~ OT co 
OTBeTCTBy~ero T04HOrO peweHH~ / 10/- /12/ (A*, P

0
X *) Ha ee

nH4HHY o (h2 ) e MeTpHKe II ·I I+ 1 , a TaK>Ke H e paeHoMepHOH 

MeTpHKe, TaK Ka K II y II c:Sc II yx II / 101. AH ano rH 4H~~ pe3ynbTaT 
An~ 3aAa4H lllTypMa-IlHyBHnn~ nony4eH e 1131 . 

3aMe4aHHe 1 . Ecn H A * ~an~eTc~ n - M no c4eTy co6cTeeHH~M 

4HCnOM 3aAa4H / 10/-/12/, TO ·npH n 2: n
0 

COOTBeTCTBYIOU.Iee eMy 
peweHHe A* T a K>Ke 6yAeT n -M co6cTeeHHbiM 4HcnoM 3aAa4H /24/. 

n 
3TO y Tae p>KAeHHe n erKO cneAyeT H3 eapHa~HOHHOrO npHH~Hna 

C nOMOIJ.Ib~ paCCY>KAeHH~, aHanOrH4H~X TeM, KOTOp~e npHMeH~nHCb 

npH AOKa 3 aTenbCTBe TeopeM~ 2. 

3aMe4aHHe 2. BMecTo npocTpaHcTea ceT04H~X $YHK~H~ MO~Ho 
Hcnonb30BaTb APYrY~ KOHCTPYK~H~ onepaTopa npoeKTHpoeaHH~P 0 , 
HanpHMep, C nOMOIJ.Ib~ MeTOAa KOHe4HbiX 3neMeHTOB. TorAa MO>KHO 
nony4HTb pa3no~eHH~ THna /32/ , /33/ An~ APYrHx pa3HOCTHbiX 

cxeM, annpOKCHMHPY~IJIHX 3aAa4y /10/- /1 2/. 

§3 
npoHnn~CTpHpyeM B03MO>KHOCTH HC nOnb30BaHH~ pa3nO~eHHH /32/, 

/33/ 4Hcnoe~M npHMepoM. PaccMOTPHM 3aAa 4y HaXO>KAeHH~ co6-

13 



CTBeHH~X 4HCen H C06CTBeHH~X BeKTOpOB 

R 
Y "- AY + f K(x, t) y(t) dt = 0, 0 < x < R , 

0 

K ( ) [ - ax- bt ] [ -ax ] -1 x, t = e 1- e , 

y(O) = 0 , y ' + F(x) y I = 0 , 
x=R 

-ax -ax -1 
F(x) =A - e [ 1 - e ] 

PeweHHeM :nail 3aAa4H npH a = 0,5; b =-0,57 HBnHeTCH 
A= 1 , y =e-x (1 - e-ax ) . 

/34/ 

3aAa4a /34/ pewanacb npH R =40. Ha OTpe3Ke [O,R] cTpoHnHcb 
ceTKH wn AnH 3Ha4eHHH n = k , n = 2k , n = 4k , rAe k = 20 , 
ah=Rn-1. 

B Ta6n. 1 npHBeAeH~ co6cTBeHH~e 3Ha4eHHH H co6cTBeHH~e 
~YHK~HH npH pa3H~x ceTKax. B Ta6n. 2 npHBeAeH~ pe3ynbTaT~ 

yT04HeHHH peweHHH A H y no ABYM H TpeM ceTKaM. YT04HeHH~e 
co6cTBeHH~e 3Ha4eHHH Bbi4HCnHnHcb cornacHo /32/, /33/ no 
~OpMynaM 

1 4 
A 2 =- -A k + -A2k ' 

3 3 

A = _!_A -_!A + .M_A 
3 45 k 9 2k 45 4k 

AHanorH4H~e KOM6HHa~HH COCTaBnHnHCb H AnH C06CTBeHH~X ~YHK
~HH Ha nepece4eHHH ecex Hcnonb3ye~x ceTOK. 

Ta6nH~a 1 

Co6cTeeHH~e 3Ha4eHHH H co6cTBeHHble ~YHK~HH npH pa3H~x ceTKax 

n 

A 
y(2) 

20 

0,911 
0, 125~ 

40 

0,9339 
0,9379 

80 

0,9747 
0,8736 

n - KOnH4eCTBo T04eK ceTKH, A - co6cTBeHHoe 3Ha4eHHe, 
y(2) - 3Ha4eHHH ~YHK~HH npH X= 2,0. 

0TMeTHM, 4TO anropHTM YT04HeHHH AnH 3aAa4H WTypMa-nHy
BHnnH peanH3osaH s/14/. 

14 
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Ta6nH~a 2 

YT04HeHH~e co6cTBeHH~e 3Ha4eHHH H co6cTBeHH~e ~YHK~HH 

~ 

A 
y(2) 

0,9458 
0,8337 

2 

0,9945 
0,8541 

n= 140 

0,9914 
0,8612 

To4Hoe 
3Ha4eHHe 

1, 00 
0,8554 

~ - KOnH4eCTBO CeTOK, no KOTOP~M npoBeAeHO YT04HeHHe. 

AeTop~ e~pama~T 6naroAaPHOCTb npo~. E.n.mHAKOBY 3a noA
AepmKy H HHTepec K pa6oTe. 
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