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§1. YPABHEHHE THnA 4Y-nOY 

PaccMOTP~M Hen~He~Hoe c~HrynRpHoe ~HTerpanbHoe ypaeHeH~e 
T~na 4y-noy / 1,2/ 

v (x) = g(x)[v2(x) +(,\ +Fv(x)) 2 ] , 

rAe 

Fv(x) = _!_ /--~-ll1_dy_+C_!_ /-v(y)~. X E- [0 , 1]. 
11 

0 
y-x " 

0 
y + x 

3AeCb Bel!leCTBeHHaR ciJYHK~~·R g(x), BeKTOP napaMeTpOB ,\ ~ KBaA-
paTHaR MaTP~4a C nopRAKa N aaAaHbl, a eeKTop-ciJyHK~~R 
V =(V 1,v2 , ••• , VN) - ~CKOMaR. 

nycT b X= COSt, Y = COST , t, T E (0, TT/ 2) ~ AnR npOCTOTbl V (COSt) , 
g(cost) o6oaHa4aiOTCR cHoea 4epea v(t) ~ g(t).B peaynbTaTE: 
Hecno~Horo npeo6paaoeaH~R paccMaTp~eaeMoe ypaeHeH~e np~MeT 

cneAYIOlll~~ B~A: 

v (t) = g (t) [ v2(t) + (,\ + F v (t)) 2 ] , /1.1/ 

F v(t) =K 
1 
v(t) + C K

2
v(t) +(E +C) e (t) v(t), 

1 1112 r-t 1 TT/2 r+t 
K 1v(t)=- f [v(r)-v(t)]ctg- + -- f [v(r) + V(t)]ctg--, 

2 TT 0 2 211 0 2 

1 TT/2 T- t 1 TT/2 T + t 
K

2
v(t) = - - f [v(r)-v(t)]tg--+- f (v(r) + V(t)]tg--

2
-, 

211 Q 2 211 0 

E- eA~H~4HaR MaTp~~a nopRAKa N, 
1 COSt ( TT ) . e(t) =- ln-

1
--.-t-, t E 0, -2 , 

11 + sm 
" .. ,,_.,.. 

~ I 1,.- ' 
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nycTb H ~+a- npocTpaHCTBO m pa3 (m2:0) AH<!XI>epeH4HPYeMbiX 
4JyHK4H~, o6pallla~HXCR B HYJlb Ha KOH4aX OTpe3Ka (0 ,77/ 2], m-R 
npOH3BOAHaR KOTOpbiX HenpepbiBHa no reJlbAepy C noKa3aTeJleM 
a (0 < a .:5 1) , a H~~Na - npo~T-faaHCTBO eeKTop-4JyHK4H~, KoM-
noHeHTbl KOTOPblX np~t~HaAJle>KaT H 0 • npl1 m=O 3H1 npocTpaHcT-
ea o6o3Ha4aeM 4epe3 Hg 11 Hg,N. .D.nR KpaTKOCTI1 BMeCTO "eeK
Top-4JyHK4HR11 6yAeM rOBOPit!Tb npOCTO 11¢YHK4HR 11 • 

nycTb 

ll x ll 
- a 

= max \ x(t) \ + sup \ x(t)-x(r) \ i t - rl , 
o_s t S 11/2 o ~ t , r_s11!2 

x(t) E- Ha 0 • II v II = max II v . II , v (t) E- H ao N , 
a 1~ i ~ N 1 a ' 

II AII= max \Ai l ; u=(u 1 , u 2, ... ,uN)' 
1_s iS N 

uv =(u 1v 1 , u 2v 2 , ... ,uNvN)' 

-1-( -1 -1 -1 uv - u
1

v
1 

, u 2v 2 , ... ,uNvN ), 

SR = l v(t) \v(t) E- H m+a o,N ' II v II < R ' 0 < R< + "" I. a- -

211 + a + 1 
EiyAeM npeAnonaraTb, 4TO g(t) E- H 0 11 > 2. 

,IJ,nR 11000~ ¢YHK41tf11 V(t) E S R paCCMOTPHM Jli1He~HOe lt!HTer-
paJlbHOe ypaBHeHHe 

¢ (t)- 2g (t) [v ¢(t) +(A+ Fv)F¢(t)] + y (t) =0, /1.2/ 

rAe y(t) - HeKOTOPbl~ 3JleMeHT npocTpaHcTea H ~;a-t. HMeeT 
MeCTO CJleAYIOUlaR 

neMMa 1. nycTb R>O TaKOBO, 4TO 

ll 2g ll [R +(\ \All + I IF II R) II Fll ] < 1. 
a a a /1.3/ 

TorAa ypaeHeH~t~e /1.1/ ~t~MeeT e SR eAI1HCTBeHHoe peweHI1e v *(t), 
KOTOpoe MO>KeT 6blTb noJly4eHO MeTOAOM npOCTO~ 11Tepa41111, a 1111-
He~HOe lt!HTerpaJlbHOe ypaBHeHHe /1.2/ np11 Ka>KAO~ orpaHH4eHH~ 
eeKTop-ltlyHK4HH y(t) E- H~N l+a 11MeeT e 3TOM npocTpaHcTee 
TOJlbKO OAHO peweHHe: cptt). 

2 

• 

3Ta JleMMa AOKa3biBaeTCR aHanori14HO TeopeMe eA11HCTBeHHOCTI1 
113 pa6oTbl 111 • 

§2 . PA3HOCTHWE CXEMW H T04HOCTb AnnPOKCHMAUHH 

nyCTb Q n - MHO>KeCTBO paBHOOTCTORUli1X T04eK C waroM h, 
71 

t 0 = 0 , t 1 = h , t 2 = 2h, ... , t n = nh = 2 . 
,IJ,nR npi10Jlltf>KeHHOrO peweHI1R ypaeHeHHR /1 . 1/ paCCMOTpi1M 

pa3HOCTHy~ 3aAa4y 

v. (t .)= g (t . )[v 2(t .)+ {A + F v (t.)) 2 ] , t
1
. E- iln , 

n J J nJ nn J /2.1/ 

rAe 

1 2 
F n v n (t i ) = n n v n (t ) + CB n v nCt i) + (C + E) P (t i )v nCt i). /2.2/ 

3AeCb Vn(tj)- CeT04HaR ¢YHK411R Ha Qn' 

1 1 1 B v (t ) = hlv (t .)(a + -a + . --a . ) + 
n n J n J J 2 n J 2 n - J 

n - 1 n- 1 
+ ~ [v (tk)-v (t. )]ak_ + ~ [v (tk) + V (t

1
. )]an + J. I, 

k = 1 n n J J k = 1 n n 

/2.3/ 

2 l 1 1 B v (t . ) = h v (t . ) (b . + - b + . - - b . ) + n n J n J J 2 n J 2 n-J 
/2.4/ 

n-1 n- 1 
+ ~ [vn(tk)- vn(tj)]bk-j + ~ [vn(tk) + Vn(tj)]bk + jl , 
k=l k=l 

t j (j = 1,2, ... , n-1) E iln , 

i - 1 i a . = ctg - h , b . = a . = tg -- h 
1 2 1 1 2 (i = ±1, ± 2, ... , ±(2n -1)). 

B ¢opMyne /2.3/ cnaraeMoe 

[v (tk) -v (t . )]ak . 
n n J - J 

np11 k = j 3aMeHReTCR Ha BeJ111411Hy 2V'(tj), KOTOpaR MO>KeT OblTb 
Bbl4~t~cneHa no ¢opMyne 

-1 1l:-l 2k 
v'(t . ) = [2hl [v (t . ~ 

1
)- v (t . 

1
)] + ~ e

2
k(t )h +e

2 
, 

J n J ~ n J - k = 1 11 
/2.5/ 

rAe e 2k ( t ) 211 
He 3aBI1CRT OT h , a e 211 11MeeT nOPRAOK h • 
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BMecTo tj E-On, tj f. 0, tj!y 6yAeM n1-1caTb npoCTo t E- On. 
nycT b P n - onepaTop npocToro cHoca, A - onepaTOP, onpeAeneH
Hbli:l npasoi:l ~acTbiO ypasHeHI-1.A 11.11, a An- onepaTOP npasoi:l 

~aCTI-1 pa3HOCTHOi1 3aAa~J.1 12. 11. 
nonO>KI-1M 

pn (v) =Pn Fv(t) -F n P n v(t), 

y n (v) = P n A v (t) -An P n v(t} , t E- 0 n . 

2v+ 1 +a 
nycTb v(r) E- H o,N , v?: 2 · TorAa cornacHo pa3nolKeHI-110 

3i1nepa-MaKnopeHa An.A ocT aTKa KBaApaTypHoi1 <IJopMynbl Tpane41-1i1 131 

1-1 Bblpa>KeHI-110 12.51 MO>KeM 3ani-1CaTb 

1 2v-1 1 k 
P K 

1 
v(t) = B P v(t) + l c h + p 1, 

n n n k= 2 k 2v 12.61 
v-1 

P K
2

v(t) = B2P v(t) + l c 2
2kh 2k +p

2
2 , t E-0 

n n n k= 1 v 
/2.71 

3AeCb piv• p~v I-1MeiOT nop.AAOK h 2v; c~, c~k- He aasl-1c.A-
llll-1e oT h <l>YHK41-11-1, a B~ 1-1 B~ Bbl~l-1cn.AIOTC.A no <IJopMynaM 12.31-
12.41 np1-1 vn(t)=P 0 v(t). 

H3 COOTHOWeHI-1i1 12.21, 12.61-12.71 HeTPYAHO BbiBeCTI-1, ~TO 
p n (v) I-1MeeT BI-1A 

2v-1 
p (v) = l c (t)hk + r , t E 0 , 12. 81 

n k= 2 k n n 
2v+a- k+ 1 

rAe c k (t) E- H 0 N 1-1 He 3as1<1C.AT oT h, a r n I-1MeeT nop.A-
2v ' 

AOK h 
nycT b S ~ - MHO>KeCTBO, nony~a10111eeC.A npOCTbiM CHOCOM 1-13 

MHO>KecTsa S R" CornacHo 12! np1-1 BblnOnHeHI-11-1 Hepa eeHCT ea I 1 • 31 
pa3HOCTHa.A 3aAa~a 12. 1 I I-1MeeT e S ~ eAI-1HCTBeHHOe peweH!-1e 
V ~ (t), KOTOpoe MOlKeT 6b1Tb nony~eHO MeTOAOM npOCTOi1 1<1Tepa41-11-1. 

6ni-130CTb peweHI-1.A V~(t) K TO~HOMY peweHI-110 v*(t), a TaK>Ke 

pa3no>KeHI-1e <l>YHK41-11-1 Yn (v) no cTeneH.AM wara h ycTaHasnl-1saeT 

cneAYIOllla.A 
neMMa 2. 

11 ll v *(t)-v*(t)\le" ::;M 111y (v*}lleo • 
n ,,un n ' n 

rAe. 

21 

4 

M 1 = const, 

II . lien - paBHOMepHa.A HOpMa Ha 0 . 
,~, n n ' 

2v-1 
y (V)= l d (t)hk + VvE-H2v+a+1 

n k= 2 k 11 n ' o, N ' 

12.91 

12.101 

( • 

• 

2v +a-k t-1 ) 
rAe dk(t)E-HO,N (tEO 1-1 He 3aBI-1C.AT OT h, a 11n 1-1MeeT 
nop.AAOK h 2v. 

nepsoe YTBePlKAeHI-1e neMMbl 2 AOKa3aHO B 121 • BTopoe YTBep>K
AeHI-1e HenocpeACTBeHHO nony~aeTc.A 1-13 npeACTasneHI-1.A 12.81 An.A 

<1JyHK41-11-1 p 0 (V), a TaK>Ke 1-13 cneAYIOU1ero COOTHOWeHI-1.A: 

y (v) = 2g(,\ +P Fv)p (n) -gp2 (v), t E 0 . 
n n n n n 

§3. TEOPEMA PA3nO~EHHR H YCKOPEHHR CXOAHMOCTH 

TeopeMa 1. nycTb BblnOnH.AeTC.A ycnOBI-1e neMMbl 1. TorAa 

2v- 2 
v *(t)=v * (t)+ l ¢k(t)hk+w, t E-0. 13.11 

n k= 2 n n 

2v +a-k+ t 
3AeCb c/>k(t) E-HQ.N 1-1 He 3aBJ.1C.AT OT h, w 0 1-1MeeT nop.AAOK 
h 2v- 1 . 

AoKa3aTenbcTso. An.A npocTOTbl npi-1BeAeM AOKa3aTenbcTso 
AaHHoi1 TeopeMbl np1-1 v = 2. B 3TOM cny~ae npeACTasneHI-1.A 12.81 
1-1 12.101, a TaK>Ke pa3nOlKeHI-1e 13.11 I-1MeiOT COOTBeTCTBeHHO BJ.1A: 

p n (v) = c 2 (t) h 2. + r n , II r n II e = O(h 3 ), 13.21 

y (v) = ct 2(t)h 2 +ry , ll 11 II e=O(h 3·), 
n n n 13.31 

v*(t) = v*(t) + ¢ 2(t)h 2 +w , ll w li e =O(h 3 ). n n n 13.41 

2v +a-1 
nycTb ¢2(t) E- H o,N . CocTaBJ.1M ceTO~HYIO <I>YHK41-110 

w (t) = v*(t) - v *(t) - ¢ (t) h 2 ' t E- 0 n . 
n n 2 13.51 

nono>KI-1M 

a=v*(t)-v;(t), tE-On. 
Hecno>KHbiM npeo6paaosaHI-1eM nony41-1M 

a=y (v*)+2g{v*a+(,\+PnFv*)[p (v*)+F a]-n n n 

1 2 2 --[a +(p (v*)+F a)]!. 
2 n n 

13.-61 

AHanori-14HO npeACTasneHI-1.AM 12.61-12.71 MO>KeM Han!-1caTb paano
lKeHI-1.A 

1 -1 2 
PnK 1¢ 2(t)=BnPn¢2(t)+c2(t)h + p 1 , 13.71 
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/ 

P K cf> (t) = B 2 P cf> (t) + c2 (t)h 2 + p , 
n22 nn2 2 2 

13.81 

11 

- 2 P 0 Fcp
2

(t)=F0 P0 ¢ 2(t)+c 2(t)h +p, 13.91 

- 1 -2 -rAe ciZ, c
2 

, c 2 He 3ae~o~c.AT oT h ; p 1 , p 2 , p ~o~MeiOT nop.A-

AOK h . 
nocKonbKY F 

0 
- mo~Hei1Hbli1 orpaH~o~4eHHbli1 onepaTop, TO e c~o~ny 

HepaeeHcTea /2.91 1-1 pa3no>KeH"'i1 13.21-13.31 Bblpa>KeH"'e 

..L[a2 + (p (v*) + F a) 2 ] 
2 n n 

4 ~o~MeeT nop.AAOK h. 0TCIOAa, y411Tb1Ba.A 13.71-13.91, MO>KeM nepe-

n~o~caTb 13.61 e e~o~Ae 

¢
2

(t)h 2 + w
0 

= 2gl[v *¢ 
2

(t) + (A + P0 Fv *)P 0 Fcf> 2(x)] +Y(t)!h
2 

+ 

/3.101 
+ 2g(v*w0 +(A +P 0 Fv*)F 0 w 0] + a

0
• 

3AeCb y(t) - HeKOTOPbli1 ¢MKCI1POBaHHbli1 3neMeHT npOCTpaHCTBa 
2v+a-1 h 3 H 
0 

N , a a 
0 

~o~MeeT nop.AAOK • 
' 2v+a- 1 
TaK~o~M o6pa3oM, An.A n106oi1 tt>yHKl.ll-111 ¢ 2(t) E- H 0 , N ~o~MeeT 

MeCTO TO>KAeCTBO 13.101. nycTb cp 2(t) - eAI-IHCTBeHHOe peWeH"'e 
ni-1Hei1Horo ypaeHeH"'.A 11.21. TorAa 1-13 TO>KAeCTBa 13.101 nony4~o~M 

w 0 = 2g [ v*w n +(A + P n F v *)F 0w0 ] + a 0, t E- 0 0 . 13.111 

B c1-1ny pa3pew~o~MOCTI-1 11.21 1-1 cornacHo 121 HeTPYAHO noKa3aTb, 

~0 

llw II n < M !Ia II c n , M = const, 
. n C, 

0
- 2 n , 0 2 

11 TaK KaK lla
0 

II c,n 
0 

- een~o~4t-1Ha nop.AAKa h 
3 

, TO, Bblpa>Ka.A 
v*(t) 113 13.51, nony4"1M pa3no>KeH~o~e 13.41 c Tpe6yeMbiMI-1 ceoi1-

cTeaM~o~. TeopeMa AOKa3aHa. 
YCKOpeH"'e CXOA~MOCTI-1, OCHOBaHHOe Ha pa3nO>KeHI111 T"'na 13. 11, 

AOCTaT04HO nOAP06HO ~ccneAOBaHO B /41. 
PaccMOTP~M e~e OA"~H cnoco6 noBblweH~.A T04HOCT~ pa3HOCTHbiX 

peweH~i1 v ~ (t) 3aAa4~ /2. 1 I. 

6 

• 

§4. YT04HEHI-1E nOCJlE,(IOBATEJlbHbiX nPI-15Jll-1lKEHI-1t:l. 
PA3HOCTHbiE CXEMbl nOBbiWEHHOt:l T04HOCTI-1 

Ha ocHoee neMMbl 1 6yAeM pewaTb ypaeHeH~e 11.11 1-1 3aAa4y 

12.11 Ha 02n MeTOAOM npOCTOi1 I-ITepal.ll-1~. 
,(ln.A YA06cTea tl>YHKl.l~IO v(t) e ypaeHeH~~ 11.11 o6o3Ha4~M 

4epe3 v (t), a v2 (t) B 3aAa4e /2. 1 I - 4epe3 v(t) ' t E n2n• 
nycT b vo (t) E- 'BR npi-1 R ,yAOBneTBOP.AIOIJieM HepaeeHCTBY I 1. 31. 

nonO>K"'M 

vo(t) = p 2n vo(t), t E- n2n' 

,(ln.A 3aAa411 12.11 Ha 0 20 pacCMOTPI1M cneAYIOIJI"'i1 t-1Tepal.li-IOHHbli1 

npol.lecc: 

v k + 
1 

(t) = g (t) [ v ;(t) + X k (A + F 20 v k (t)) 
2 

] 14. 1 I 

rAe 
2 4r k-r k 

X k = 4r k-1 

A+ F 0 vk(t) 
r - ---------

k - A + F 2n v k (t) 

t E 0 20 (k = 0,1. ... ) · 

nyCTb 

v * (t) = lim v k (t) , t E- n 2 . . 
2n k-+oo n 

14.21 

CxoAI-IMOCTb paccMaTpl-leaeMoro npol.lecca cneAYeT 113 
121

• I-1MeeT 

MecTo cneAyiOIJia.A 
TeopeMa 2. nycTb BblnOnH.AeTC.A ycnoe~o~e neMMbl 1. TorAa 

v *( t) = v * (t) + w t E- 0 2n n ' 2n' 
14.31 

rAe w n ~o~MeeT nOP.AAOK h3
. 

,(loKa3aTenbCTBO. nepeoe np~o~6n~o~>KeHI1e K peweHI-110 ypaBHeH~.A 

11. 11 "'MeeT BiolA 
- """2 - 2 TT 
v

1 
(t) = g(t)[v

0
(t) +(A + Fv0 (t)) ], t E- [0 , 2 1. 

Ha ceTKe n2n OHO MO>KeT 6b1Tb npeACTaBneHO ABYM.A cnoco6a~: 

v 
1 

(t) = g(t) [P 0 v ~(t) + (A+ F n P0 v 0 (t) + c 2(t)h 2 + r ;)
2

], 

- -2 - h 2 2 2 
v1(t)=g(t)[P2nvo(t) + (A+F2np2nvo(t) +C2(t)4+rn) ], 

14.41 

rAe r 1 , r 2 ~o~MeiOT nop.AAOK h 
3
• 

n n 7 



TaK KaK P 2nv 0 (t)=v 0 (t), t Efl 2n, To ~3 paeeHCTB /4.4/ 
HeTPYAHO nony4~Tb 

- 2 2 
v 1(t)=g(t)[v0 (t) T x 0 (>. + F 2nv 0(t)) +an' t E- 0

2
n' 

rAex 0 Bbi4~CnReTcR no ¢lopMyne /4.2/ np~ k = O, aan~MeeT 
nopRAOKh 3 . CneAOBaTenbHO, 

v 1 (t) = v 1(t) + an, t E- fl 2n. 

AonycT~M, 4TO np~ HeKoTopoM k_2> 1 cnpaBeAni-1BO pa3no>KeHI-1e 

v k (t) = v k (t) + an , ll an ll c,nn =O(ha) , 

/4.5/ 
t E- n 2n. 

noKa>KeM' 4TO 3TO pa3nO>KeH~e 1-1MeeT MeCTO ~ np~ k T 1. 
AHanor~4Ho /4.4/ MO>KeM 3an~caTb npeACTasneH~R 

vk (t) = g(t) [P ;;k
2
(t) + (>. + F P ;;k (t) + c 

2
(t)h 2 

t- r 1) 2 ], + 1 n n n n 

- -2 - h 2 2 2 
v k + 1 (t) = g(t)[P2n ~k (t) + (>. + F2n p2n v k(t) + c2(t)4 + rn) ], 

/4.6/ 

rAe r ~ , r ~ 11MeiOT nopRAOK h 3 • 3aMeHI1M een11 411 Hy P2n V k (t) B ¢lop
Mynax /4.6/ Ha vk (t) +an. Aanee nerKo nony411Tb 

~k+ [t) = g(t)[v~(t) + xk(>. + F 2nvk(t)) 
2

] + an 

= v k+1(t) +-an , t E 0 2n, 

rAe l lan l lc=O(h 3
). TaKI1M o6pa3oM, pa3no>KeH!-1e /4.5/ cnpaeeA

ni1BO 11 np11 k +1. nepeHAR B 3TOM pa3nO>KeHI111 K npeAeny, nony411M 

v *(t) = v * (t) + a ' t E- n ' 2n n 2n 

4TO 11 AOKa3~BaeT TeopeMy. 

3aMeTI1M, 4TO 11Cnonb3YR 11Ael0 ni1Hei1Hoi1 3KCTpanonR41111 P11-
4aPACOHa Ha nocneAOBaTenbHOCTI1 CeTOK fl Cfl 

2 
C fl 

4 
C ... C fl n 

1 n n n 2ln 
MO>KeM aHanori14HO TeopeMe 2 nony411Tb yT04H,HH~e peweHI1fl Ha 
CeTKe fl 2f n ( f ~ 1) C T04HOCTbiO nopRAKa h +2 · 0AHaKO peanl1-
3a411fl 11Tepa4110HHOro np04ecca np11 6onbWOM f CBR3aHa C TPYA-
HOCTRMI1. npo4ecc /4.1/, paCCMOTpeHH~H B TeopeMe 2, Mano • 
oTnl14aeTCR oT o6bi4HOi1 11Tepa41111. Aeno a TOM, 4TO CTPYKTypa 

¢lopMyn~ Tpane411i1 no3BOnReT opraHI130BaTb ~411Cni1TenbH~H 

npo4ecc TaK, 4T06bl Ha Ka>KAOM ware ~Tepa411~ B~41-1CnRnacb 

TOnbKO cyMMa F2nvk(t). 
1-13 neMMbl 2 cneAyeT e111e OA11H cnoco6 noe~weH~R T04HOCTI-1 

np116n11>KeHHbiX peweHI-1i1 3aAa411 /2. 1 I, cBR3aHH~i1 c nony4eHI1eM 
pa3HOCTHbiX CXeM nOBbiWeHHOH T04HOCT~ • .£\nR yeenl14eHI1R nOPRAKa 
T04HOCTI1 pa3HOCTHOH 3aAa411 /2.1/ AOCTaT04HO nOB~CI1Tb nopR
AOK annpoKCI1Ma41111 onepaTopa Fv~) onepaTopaMI1 Fnvn(0. 
0Ka3biBaeTCR, 4TO KBaApaTypHaR ¢lOpMyna nOBbiWeHHOH T04HOCTI1 
Mo>KeT 6b1Tb nony4eHa ni1Hei1Hoi1 3KCTpanonR411ei1 P~4aPACOHa, 

OCHOBaHHOH Ha ¢opMyne Tpane411H. B 4aCTHOCTI-1, ni1HeHHaR KOM-
611Ha411fl ABYX CYMM, T n 1-1 T 2n , Tl-1na Tpane411i1 

..i.T - _LT 
3 2n 3 n 

AaeT I<BaApaTYP,HYIO ¢lopMyny Ci-1MnCoHa Ha n2n. KaK npael1no' 
MO>KHO 113 ¢lopMynbl Tpane411i1 nony411Tb ¢lopMyny 6onee BbiCOKOH 
T04HOCTI-1, He>Ken~ ¢lopMyna Ci-1MncoHa. 

§5. 4HCnEHH~~ nPHMEP 

nycTb 

c = ( 0 
1 

1 ), 
0 

g(t) = cos 2 t sint, 

>. = (>. 1' >. 2 ), >. 1 =- >. 2 = 0·99 . 

t E- [0, ;], 

TorAa ypaeHeHI1e /1.1/ 11MeeT cneAYIOU~ee peweHI1e 11•51 : 

v 
1
· (t) = 4 >.2 cos2t sint [ 4- 4>. . cost (2 cos2t -1) + >.2 cos 2t] - 1 

1 1 1 

(i = 1,2). 

nycTb v;,n - peweHI1e pa3HOCTHOH 3aAa411 /2.1/, V~,n - pe-
WeHI1e pa3HOCTHOH 3aAa411 Tl1na /2. 1/, nocTpOeHHOH C nOMO!IIbiO 
¢lopMyn~ CI1MnCoHa, a v;,n - peweHVIe 3aAa4VI /2.1/, nony4eH-

Hoe a pe3ynbTaTe VITepa4VIOHHoro npo4ecca /4. 1/ . .QnR 3TVIX pe
weHVIH 6~n11 HaHAeH~ MaKC11ManbH~e OWV16K11: 

a . (n)=llv* -v*llcn 
1 1,n ,1111 n 

(i = 1,2,3)' 

(n = 10, 20, 40, 80, 160). 

nocne 3TOro COCTaBnRnacb nVIHeHHaR KOM6!-1Ha411R ABYX peweHI-1H 
3aAa4VI /2.1/: 

v* = .1.v* _1.. v* 
n,2n 3 1,2n 3 1,n 

VI BHOBb 8~411CnRnacb ee MaKCI1ManbHaR norpeWHOCTb: 



a(n,2n) =llv * 2 -v* lien . 
n, n ' n 

3n1 MaK01Ma!lbHble norpewHocn1 npi-1BeAeHbl s Ta6n1-1~e. 

Ta6n1-1~a 

MaKC!-lMa!lbHble norpewHOCTI-1 npl-16!11-l>KeHHbiX peweH!-1~ 

n a 1 (n) a 2 (n) a 3 (n) a(n, 2n) 

10 9· 14 . 10-3 6. 2 3 • 1 0-4 6. 15 • 10-4 

20 1 . 12 • 10-4 3. 15 • 10-5 3. 14 • 10 - 5 3. 20 . 10 
-5 

40 2· 77 . 10-5 2· 43 . 10-6 2· 64 • 10 - 6 2·52. 10- 6 

80 7·01 10- 6 1· 62 • 10-7 1·62. 10-7 1· 60 . 10- 7 

160 9· 11 10-7 4· 9 3 • 10-9 5· 27 . 10-9 4. 82 • 10- 9 

CneAyeT OTMeT!-lTb, 4To B AaHHOM npi-1Mepe 6naroAaPR BbiCOKO~ 

rilaAKOCTI-1 peweHI-lR Beil!-141-1 Ha V '(t j ) annpoKCI-1MI-1posanacb cne-
AY~I-1M pa3HOCTHbiM OTHOWeHI-leM: 

-1 4 
v'(t . )=[6h] [6v(t .+

1
)-3v(t . )-v(t .+ )-2v(t . 

1
)]+0(h) 

J J J J 2' J-

(j=1,2, .... ,n-1), 

4TO no3BOili-1IlO nony41-1Tb peweH!-1R v; , v; 1-1 v * 
2 

c T04-
HOCT biO nopRAKa h 4. ,D ,n n' n 

Ha OCHOBe pa3JlO>KeHHR /3.1/, KOM61-1HI-1PYR pa3Jli-14Hble peweHI-lR 
V ~,n , Ha 60!1 bWOM 41-1 Cile CeTOK 0 n MO>KHO nOJly4HT b peweH!-le 
6onee BbiCOKO~ T04HOCTI-1, 4eM v~, 2n TaKaR B03MO>KHOCTb HMe-
eTCR 1-1 AilR I-1Tepa~I-10HHOrO npo~ecca T!-lna /4. 1/. 0AHaKO B 3TOM 
Cily4ae pea!lH3a~!-1R aHanorH4Horo /4.1/ npo~ecca csr~saHa c TPYA
HOCTRMH, B03HHKaiO~I-1MI-1 npi-1 peweHI-11-1 CHCTeMbl anre6pa!-14eCKHX 

ypasHeHI-1~ AilR K03<!><!>11~HeHTOB THna x k' 
noBbiWaR nopRAOK annpOKCHMa~!-11-1, MO>KeM yBeJll-141-lTb T04HOCTb 

npH6IlH>KeHHblx peweHH~, OAHaKo peanHsa~HR cxeM noBbiWeHHO~ 
T04HOCTH, KaK npaBHflO, CBR3aHa C onpeAeileHHbiMI-1 TPYAHOCTRMH. 
3KCTpanOilR~HOHHbl~ MeTOA PH4aPACOHa o6IlaAaeT PRAOM AOCTO
HHCTB, KOTOPble AOCTaT04HO nOilHO OTMe4eHbl B 14 1 , H XOPOWO 
sapeKoMeHAOBan ce6R npH peu1eHHH AH<t><t>epeH~HailbHbiX 3aAa4 14 •6 •71• 
npoCT B peaJlH3a~HH 1-1 MeTOA, npeAJlO>KeHHbl~ B §4 /TeopeMa 2/, 
B KOTOpOM OTCYTCTByeT OAHH HeAOCTaTOK /XOTR HeCy~eCTBeHHbl~/ 
MeTOAa PH4aPACOHa, 3aKJ1104a~H~CR B TOM, 4TO yT04HeHHble pe
weHHR no!ly4aiOTCR Ili-1Wb Ha nepeCe4eHHI-1 I-1CnOilb3yeMbiX CeTOK. 
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OH AaeT peweHHR noBbiWeHHO~ T04HOCTH Ha o61>eA1-1HeHHH ceTOK 
nocne OAHOKpaTHO~ pean1-1sa~1-11-1 HTepa~l-lOHHoro npo~ecca 1-1 Mo>KeT 
1-1HTepnpeTI-1pOBaTbCR KaK 3KCTpanOJlR~HR PH4aPACOHa, KOTOpaR 
y41-1TbiBaeT HeJli-IHe~HOCTb HCXOAHO~ 3aAa4H /1. 1/. no-BI-IAHMOMy, 
3TOT MeTOA MO>KeT 6b1Tb HCnOilb30BaH B pa3JlH4HbiX HTepa~HOHHbiX 
MeTOAax peweHHR KaK ypasHeHI-IR /1. 1/, TaK 1-1 APYrl-lx ypasHeHI-1~, 
coAeP>Ka~f1X I-IHTerpanbHbl~ onepaTop Tl-lna Fv(t). 
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