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Kac4~es M., Xp~cToB E.X. P5 - 12915 
MeTo,q Hb~ToHa a o6paTHo~ 3a,qa4e AJlR perynRpHoro 
onepaTopa WTypMa-n~ys~nnR 

nocTpOeHO ypaBHeH~e HenpepbiBHOrO aHanora MeTo,qa 
Hb~TOHa B 3a,qa4aX 0 BOCCTaHOB11eHI1~ CaMOCOnpRmeHHOrO one
paTOpa WTypMa-n~ys~nnR 

y"+(,\-q(x)y=O, 0 ~ x~ 11 (q(x)E-L
2

(0,77)), 

y'(O)-hy(O)=O, y'(17)+HY(77)=0, (h,H < oo) 

no cneKTpanbHO~ ~YHK4~~ ~ no ,qsyM cneKTpaM. Ha era ocHose 
npeAJ1omeHbl ~Tepa4110HHble MeTOAbl AJlfl 411cneHHoro peweH~fl 3TI1X 
3a,qa4. npl1 Be,qeHbl pe3y11 bTaTbl pac4eToB DRAa MO,qen bHbiX o6paT
HbiX 3a,qa4. 

Pa6oTa BblnOJlHeHa B na6opaTop~~ Bbi4~CJl~TeJlbHO~ 
TexH~K~ ~ asToMaT~3a411~ OHRH. 

Coo6meHHe 06bellHHeHHoro HliCTHTyTa !lllepHbiX HccneaosaHHll. Lly6Ha 1979 

Kaschiev M., Khristov E.Kh. P5 - 12915 
Newton Method in the Inverse Sturm-Liouville 
Problem 

The equation for the continuous analog of Newton's 
method for construction of the selfadjoint Sturm-Liouville 
problem is obtained 

y "+ (,\- q(x)y = 0, 

y'(O)-hy(O)=O, 

0 ~X~ 11 (q(x) E- L
2

(0, 11)), 

Y '(rr) + H y (rr) = 0, (h, H < oo) 

by the spectral function or by two spectra. Iterative 
methods for numerical solving of this problems are also 
suggested. The results of computation of some model 
inverse problems are 1 isted. 

The investigation has been performed at the 
Laboratory of Computing Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1979 

© 1979 06•e.a•seHBHI •scT•ryr llJlepBHJC •ccne.aoBIIHJIR /ly6s11 

§ 1. nOCTAHOBKA 3A,[IA4H H OCHOBHbiE PE3YnbTATbl 

Bse,qeM Bel!l~CT BeHHOe r~n bf5epTOBO npocTpaHCT sa n 1= L 2(0,17)!BR 
c 311eMeHTaM~ f=(f(x) EL 2 (0,17), a E- R) ~ cKanRpHbiM npoi13Be-
,qeHI1eM 

(f 1 ' f 2 ) 1 
X - --1'2 r r 1 < x) r 2 < x) ctx + a 1 a 2 • <\I r II n = < r. r > 1' > . 

0 1 

Kam,qo~ caMoconpRmeHHO~ 3a,qa4e WTypMa-nl1yBI11111fl 

y "+ (,\- q(x))Y = 0, 0 ~ x ~ 11, ( '= d/ dx) 

y'(O)-hy(O)=O, y'(17)+Hy(17)= 0~ 

AJlfl KOTOPO~ 

h + H + : f q(x) dx = a*, 
0 

I 1. 11 

I 1. 21 

11.31 

r,qe a* - ~11KCI1pOBaHHOe 411C110, nOCTaBI1M B COOTBeTCTBI1e 3ne
MeHT <i=(q(x),H)EYI 1 . 06o3Ha4~M 4epe3 >.n(q)(n=O,l, ... ) ee co6CTBeHHble 

- 11 2 -1 
3Ha4eH~fl lc.3./, a 4epe3 f3n(Q)=l fyn(x)dxl - ee HOPMI1POB04Hb1E 

0 
4~CJ1a IH.4.1, r,qe r/Jn{X) = y(X,Ad- co6cTBeHHafl ~YH~U11fl, Allfl KO-
TOpO~ r/Jn(17)= 1. Xopowo 113BeCTHO, 4TO AJlfl J1~6oro q t: n 1 

A (QJ < ,\ (q)(m n), ~ (A (q)-n2 - ~a"l 2 -... "'• 11 41' m n n ~ 0 n 11 • 

' <) - 2 9 j:3 (q) > O (n = O. l. ... J. ~ n~(t3 (qJ--)- < .. oeJ. 
n 11 ~ 1 n 11 11.51 

HMeeT MecTo 11 ofpaTHOe 

*3,qeCb ~ BC~kj B A~~b~e~WeM Bel!leCTBeHHafl ~YHKU11fl 
q(x) ~ L 2(0, 11), 411C1la h .~ II KOHe4Hbl. 
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npeAJlO)I(eHI-ie 1 /eM. renb$aHA 1-1 IleBI-1TaH 111 I. Eenl-1 AJlA 
ABYX noeileAOBaTeilbHOeTea:i 41-ieen IA~l;=O 1-1l{3~ln:O BblnOil-
HAIOTeA yeilOBI-iA /1.4/ T /1.5/, TO eyt~~eeTByeT eAI-1HeTBeHHbla:i 
3IleMeHT q*=(q*(X), ,H*)E:Il 1 , AilA KOTOporo 

A* =A (q*), .B* =.B (q-*) (n=O,l, ... ). n n n n I 1.6/ 

3Aeeb o6paTHaA 3aAa4a, B AailbHea:iweM 41-iT!-ipyeMaA KaK o.3. 1, 
eoeTOI-iT B BoeeTaHOBileHI-11-1 3IleMeHTa q * no 3aAaHHbiM I A *n l 
1-1 ~~~ l. B §3 3TO.:i pa6oT~ AOKa3aHa eneAYIOl!laR ~ 

TeopeMa 1. nyeTb 3aAaH~ noeneAOBaTeilbHOeTI-1 IA~ln=o 1-1 

I,B~l:=o•YAOBneTBOPAIOU\1-ie yenoBI-iAM /1.4/1-1 /1.5/, 1-1 no HI-1M 
noeTpOeHO MHO)I{eeTBO 

0 1 (N) =I q E-:111 1 An (q) =A~, .Bn (q) = {3 ~ , n = N + 1. ... I, I 1. 71 

rAe N- KOHe4HOe 41-ieno. TorAa AJlA 11106oro Ha4ailbHoro 3Ha4e-
HI-1A <l

0
=(q

0
(x),H 0)E-01 (N) 3aAa4a Kow~-1, 

N - - - -
q;(t)=n::OI{3n(q(t))[A *n- An(q(t))]V2n+1(q(t)) + 

+ [{3~ -{3n (q(t))]V2n+2(q(t))l, 
/1.8/ 

q(t)= (q(X,t),H(t)), 0 _::: t<~, q(O)=q0 , 

rAe 

- d -
V 2n + 1 = dA 1(1 (A) I A= A n v 

2n+ 2 = W(An)' 

- d 2 
W(A)=(2-l{I (x,A), -1), 

dx 

I 1.91 

l{I(x,A) - peweHI-ie ypaBHeHI-iA /1.1/, onpeAenAeMoe Ha4anbHbiMI-1 
l{f(rr,A) = 1 , r/J '(rr,A) =-H, 1-iMeeT eAI-1HeTBeHHOe peweHI-ie 

- 1 
q(t) E- cn/'n 1 (N), (O<t<~), '1. 10/ 

T. e. q(t) KaK BeKTOp-4JyHK41-1A OTt HenpepbiBHO Al-14><t>epeH41-1PYe-
Ma, q(t)E-il 1 (N). npl-1 3TOM eyt~~eCTByeT npeAeil q*=(q*(X),H*): 

lim lf<l(t)-q*lln = 0. 
t-+~ 1 

/1. 11/ 

AilA KOToporo BblnOilHAIOTeA paBeHeTBa I 1. 6!. 
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K 0.3. 1 npl-i~KaeT BOeXOAAlllaR K pa6oTe 6opra 121 3aAa4a 
o6 onpeAeneHI-11-1 onepaTopa WTypMa-Ill-1yBI-111IlA no ABYM eneKTpaM, 
Aanee 41-iT!-ipyeMaA KaK o.3. ll. 

PaeeMOTPI-iM ABe KpaeB~e 3aAa41-1, onpeAenAeM~e OAHI-1M 1-1 TeM 
)l{e A1-14><t>epeH41-1anbH~M ypaBHeHI-ieM 

y"+(A-q(x))Y=O, 0 ~ x_::: rr 

1-1 eOOTBeTeTBeHHO rpaHI-14H~MI-1 YCilOBI-iAMI-1 

Y '(0)- h Y (0) = 0, Y '(rr) + H 1 Y (rrl = 0, 

y '(0) -hy(O) = 0, y '(rr) + H
2

y (rr) = 0, (H 
1 

<H 
2
). 

I 1 . 12/ 

/1. 13/1 

I 1 • 13/2 

noeTpO!-iM no KpaeB~M 3aAa4aM /1.12/, /1. 13~, AJlA KOTOP~X 
e HeKOTOPbiMI-1 $1-lKe!-ipOBaHHbiMI-1 a J (a *1 <a~) BblnOilHAIOTeA 
paBeHeTBa 

1 TT 

h+H +- (q(x)dx=a~, (j= 1.2), /1.14/ 
J 2 0 J 

3IleMeHT q~(q(x),H 1 )E:Il 1 1-1 o6o3Ha41-1M 4epe3 A
2
n+j(q) 

(n = 0,1, ... ; J = 1.2) 1-iX eo6eTBeHH~e 3Ha4eHI-1A. 
Co6eTBeHH~e 3Ha4eHI-1A A 2n+ i (q) YAOBileTBOPAIOT yenoBI-iAM 

- - -
A 2n + 1 ( q) <A 2n + 2 ( q) < \(n+ 1) + 1 ( q) (n = 0 .1. · · ·) ' I 1.15/ 

- 2 2 2 }; (A . (q)- n - -a~) < ~ , 
n = o 2n +J rr J 

~2 - -2 . 2 
'Ln (A (q)-A (q)--(a*-a*-)) <~, 

n = 1 2n + 2 2n + 1 rr 2 1 

/1.16/ 

np~-1 3TOM 1-iMeeT MeeTO 
npeAilO)I{eHI-ie 2 /eM. IleBI-1TaH 1-1 raebiMOB 131 I. Eenl-1 noCileAO-

BaTeilbHOeTI-1 41-ieen IA*2n+j l ;=O (j=l,2) YAOBileTBOPAIOT eOOTHO-
WeHI-iAM /1.15/, /1.16/, TO eyt~~eeTByeT eAI-iHeTBeHHbla:i 3IleMeHT 
q* =(q*(X), H

1
, *) E- :11 1 , AJlA KOToporo 

A~n+j= A2n+/cl*)' (n=O,l, ... ; j=1.2). /1.17/ 

AnA 3TO.:i 0.3. B §3 noKa3aHo, 4TO enpaBeAJ11-1Ba eileAYIOlllaR 
TeopeMa 2 /eM. TaK>Ke /4/ I. nyeTb 3aAaHbl ABe noCileAOBa

TeilbHOeTI-1 IA~n+j 1:=0 (j=l,2), AJlA KOTOPbiX BblnOilHAIOTeA yeno
BI-iA /1.14/, /1.15/, 1-1 no HI-1M noeTpOeHO MHO)I{eeTBO 

QII(N) = I q E- n1 I A 2n+j (Q)=A:n-t;) ' n=N +l,N +2, ... ; j = 1.21. I 1 . 18/ 
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TorAa AnR mo6oro Ha4anbHoro 3Ha4eHHR q
0 

= (q
0 

(x) ,H
1
,
0

) E- Ou(N) 
3aAa4a Kow~-1 

-, 1 N j * - - -
q t (t)= .l . .l (-1) [.\ 2 + .-.\ 2 + .(q(t))]V2 +. (q(t)), 

a~-ai n=OJ=1,2 n J n J n J /1.19/ 

q(t)=(q(x,t),H 1 (t)), q(O)=q
0

, O~t< ""• 

rAe 

- - - d 
V 2n +j = 'i' (,\ 2n + j ), 'i' (,\) = (2dXI/I 1 (x,,\) 1/12 (x,.\), - 1)' I 1. 20/ 

1/1 i (x,,\) - peweHHe ypaeHeHHR I 1 . 12/, onpeAemteMoe Ha4an bHEMMH 
ycnOBHRMH 1/!j (17,,\) = 1 , l/lj'(17,A)=-H , HMeeT eAHHCTBeHHOe pe-

- 1 (\ 
WeHHe q (t) E- CY! 

1 
On (N), , (0 < t < oo), AnR KOTOporo npeAen 

lim q(t)=q*=(q*(x),H 1 * ) YAOBneTeopReT paeeHCTBaM /1.16/. 
t-t oo ' 

B pa6oTax 11
•31 , e 4aCTHOCTH, 6~n npeAfio>KeH 1-1 3¢¢eKTHBH~i1 

MeTOA peWeHHR yKa3aHH~X 0.3. C nOMO~b~ H3BeCTHOrO ypaBHeHHR 
renb¢aHAa-fleBHTaHa. 

MeTOAHKa, H3nO>KeHHaR B TeopeMaX 1 1-1 2, OCHOBaHa Ha 06~e~ 
HAee /eM. raeypHH /5 / I HaXO>KAeHHR peweHHR v * onepaTOPHOro 
ypaeHeHHR f(v) = y * 1-13 ypaeHeHHR HenpepbiBHoro aHanora Me-
TOAa HbiOTOHa 

-1 
vt =- [f'(v)] (f(v) -y * ), 0 < t < oo, v(O) =V 

0
• /1.21/ 

3AeCb e o6~eM cny1.1ae f - HenHHei1H~i1 onepaTop, f' - ero 
npo~3BOAHaR ¢pewe, Y* - 3aAaHH~H 3neMeHT. npl-1 HaAne>Ka~eM 
e~6ope Ha4anbHoro 3Ha4eHHR v

0 
HCKOMoe v* =lim v(t; v 

0
), rAe 

t-+oo 
v(t; v 0 ) - peweHHe 3aAa4H Kow~-1 /1.21/. TaKoi1 nOAXOA no3eo-
nReT C B~COKOH T04HOCTb~ 4HcneHHO pewaTb PRA 3aAa4 MaTeMa
TH4eCKO~ ¢1-131-iKH ~1 . AnR oopaTHOH 3aAa4H pacceRHHR OH AeTanb
HO 113nO>KeH B n I, 

B §4 Ha OCHOBe ypaBHeHHH /1.8/ 11 /1.19/ nocTpOeHbl HTepa-
41-lOHHble anropHTMbl AnR 4HcneHHblx pac4eToe o.3. I 1-1 II. Bc~AY 

B AanbHei:lweM Mb1 nonb3yeMCR BBeAeHHbiMH 3AeCb 0603Ha4eHHRMH. 

§Z. BcnOMOrATEflbHbiE nPEAflOl!<EHHR 

nycTb ¢(x,,\) 1-1 1/!(X,.\)- peweHHR ypaBHeHHR /1.1/' YAOBneTeo
PR~He Ha4anbHbiM ycnoBHRM 

¢(0, .\) = 1, ¢ '(0, .\) = h; 1/1(11, .\} =1. 1/1 '(11, .\)=-H. 

6 
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HanoMHHM, 4TO ecn~-1 eeecTH xapaKTePHCTH4ecKy~ ¢yHK4H~ 

w (.\) = ¢ '(11, .\) + H ¢ (17, .\) = h 1/1 (0, .\)- 1/1 '(0, .\), /2. 1/ 

TO c.a • .\ 0 Kpaeeoi1 3aAa4H /1.1/, /1.2/ onpeAenReTcR HynRMH 
¢yHK4HH w(.\): 

l.\
0

l:=o =l.\
0

jw(.\
0
l=O, n=O,l, ... l(~(,\ 0 )-f.O), /2.2/ 

npH 3TOM AnR H.4. ~n cnpaBeAfiHB~ 3anHCH 

-1 ·-1 · -1 
~0 =-1/1 (0,.\

0
lw (.\

0
h-¢(77,.\

0
)w (,\

0
), /')_ . 3/ 

rAe T04KOH o603Ha4eHa npOH3BOAHaR no .\. 
fleMMa 1. npl-1 n~60M q E- rl 1 cy~eCTBY~T AH¢¢epeH4Haml raTO 

d - - - a.\n d - - - a~n 
-.\ (q+Sf)j_ 0 = (f,--=-) 1 ,-~ (q+sf)j _

0
=(f,--=)

1
, 

ds n s- aq ds n s- dq /2.. 4/ 

(f E- rll), 
AnR KOTOP~X rpaAHeHTbl 

a.\n -1 -
---- = ~n °2n + 1 ' 

aq 

a~n -
--_-=U 
aq 2n +2' /2.5/ 

rAe ¢yHK4HH 

- 1 - - 1 - ~ (,\ n)-
U2n+1 = -;--2--<l>(,\n) , U2n+2 = · 2 {<1>(,\n)- -.---<I>(A n)l, /2 6/ 

w (,\n) w (,\n) w(,\n) . 

- 1 
<I>(,\)= (<l>(x, ,\)- 2 . <I>Crr, .\)- 1), <l>(x, ,\) = ¢ 2 (x, .\). /2.71 

AoKa3aTenbcTeo. PaccMOTPHM eenH41-1Hbl q = (q(x). H, h), 
onpeAenR~~~-~e 3aAa4y /1. 1/, /1.2/ KaK 3neMeHT npocTpaHcTsa 

2 ~ rl 2 = L 2(0 ,11l e R E f =(f(x), a,~). 

CO CKanRpHbiM npOH3BeAeHI-1eM 
~ ~ 77 

(f 
1

, f 2 ) 2 = ( f l (X) f 
2 

( X) dx + a
1 

a 
2 

~ {3 1 {3 2 
0 ~ ~ ~ 

1-1 COOTBeTCTBY~lJ11-1e q C.3. A0 (Q) 1-1 H.4. ~0 (Q) KaK $YHK41-10Ha-
nbl 1-13 j( 2 B R. noKa>KeM. 4T O AnR nl06biX q 'f .:: j( 2 

d ~ ~ ~ iJA 11 

-,\ (q+sf) l- , =(f. -:-;::- 12, / 2 8/ ds n s - o oq . 

a.\n de f. o.\ 11 a,\ 11 a.\ n 
(-(x), -,- ), 

aq Bq JH ah 
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ct ~ ~ ~ a{3 
-{3 (q+Sf) l = (f, -~ ) , 
ds n s= 0 a q 2 

a{3n de f. 8f3n a{3 n 
---;::-- = (-(x), -
aq aq aH 

rAe <i}(A) = (cf>(x, A) , cf>(IT, A), 1), 

-1 

af3n ) , 
ah 

a An 

- = ¢(IT, A ) w (A ) <i}(A n), 
n n aq 

a{3 n 1 ~ ~(A J ~ 
--! cf>(An) - cf>(An) I. -~-aq ~2 (An) ~(An) 

12.91 

12.101 

CneAYH, Hanp~Mep, pa6oTe Al l , MOlKHO nony4~Tb ~3 12.21 
~ 12. 31, 4TO AJlH f(x) E L 2(0,1T), ~MeiOT MeCTo c)lopMyllbl: 

d -1 IT 
-A (q(x) + sf(x)) l - = . r f(x)cf>(X,A )dx , 
ds n s- o ¢(1T,An)w(An) 0 n 

12.11/ 

d 1 IT • 
_r:J. (Q(X) + Sf(x) l '"' ( f(x)[cf>(X,A ) - 12 121 
ds~-'n s= o w2(A) n • 

.. ( ) n 0 
wAn 

- ---cf>(x,A )]dx, 
~(An) n 

onpeAenHIOlJ.I~e lnp~ c)l~Kc~posaHHbiX h ~ H B 11.211 ll~He~HYIO 
no s ->0 4aCTb np~palJ.IeH~H An(s) ~ f3n(s) np~ 3aMeHe s 11.1/ 
q(x) Ha q(X)+Sf(x). Aanee, TaK KaK at/J(X,A)/ ah = 0 'a¢(x,A) / aH=O, 
TO, A~c)lc)lepeH~~pyH no h ~ H COOTBeTCTBeHHO paBeHCTBa 

0 = h t/J (0, An (h)) - t/J • (0, An (h)) = w (A n(h)) , 

0 = ¢'(IT, An (H)) + H¢ (IT, An (H)) = w (An (H)), 

HaXOA~M, 4TO 4aCTHble npo~3BOAHble /eM. TaKlKe 131 I 

aA/ ah = -¢- 1 (IT, An)~ - 1 (An), aAn / aH = f3 n • 12.131 

0TCIOAa, ~CnOJlb3YH AJlH {3n BbiTeKaiOlJ.I~e ~3 /2.1/ ~ /2.31 3anw 
c~ 

f3n (h)= -1/J - 1 
(0 ,A n(h))(h ~(0 ,An (h)) - ~ '(0, An(h))) -

1 
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r:J. (H)=-¢(1T,A (H))(¢,'(1T,A (H))+H¢,(1T,A (H))- 1 , 
1-' n n n n 

nony4aeM 

a{3n w(An) a{3n 1 . w(An) 
--=---- --= !ct>(IT A )---cf>(IT A )I 
ah ~3(An), aH ~2(An) ' n ~(An) , n, 

4TO BMeCTe C 12.111, 12.121 ~ 12.131 AaeT npeACTaBJleH~H 
/2.101. Tenepb, AllH Toro 4T06bl nony4~Tb ¢>oPMYllbl 12.41, 12.51, 
AOCTaT04HO OTMeT~Tb, 4TO eCll~ B j( 2 BBeCT~ noAnPOCTpaHCTBO 

~ 1 IT 
)IT= { f E-j( 2 l a + {3 + 2 { f(x)dx = 01, TO ~3 /2. 81 

- - 0 ~ ~ 
CTBO dAn(q + Bf) ,'ds l 8 =o =dAn(q + sf)l ds l s=o, 

cneAyeT paseH

rAe f E-)1(. 

fleMMa AOKa3aHa. 
- (0) ~ 

BBeAeM B npocTpaHCTBe j( 1 C~CTeMbl { Un =(Un (x), Un )In= 1 
- (0) ~ 

~ !Vn =(Vn(x),Vn )ln= 1 cneAYIOlJ.I~M o6pa3oM: ecn~ H 1=/H 2 , nono-

lK~M 

'-1 - . 
u2n+j = n (A 2n+j )cf>(A 2n+ j ), (n = 0,1, ... ; J = 1.2), 

12.141 
f!(A) = w1 (A)w2(A), 

rAe wi (A)- xapaKJ:,ep~cT~4eCKaH c)lyHK~!:!H 12. 1 I 3aAa4~ I 1. 121, _ 
/1.13~; IA2n+j In= o - ee c.3., cf>(A) 3aAaeTCH /2. 71; Vn 

onpeAell~M KaK B I 1. 201; ecn~ H 1=H 2 , c)lyHK~~~ U 2n+ i ~ V 2n+ i 
(n =0,1, ... ; j = 1.2) onpeAell~M COOTBeTCTBeHHO ¢>QpMyllaM~ /2.61 
~ /1.9/. BalKHYIO ponb B Haw~x AallbHe~w~x nocTpoeH~Hx ~rpaeT 

npeAllOlKeH~e 3 14< .£lnH 111060~ c)lyHK~~~ f = (f(x), a) E j( 1 cnpa-
BeAJl~Ba cneAYIOlJ.IaH c)lopMyna pa3nolKeH~H: 

_ 2M __ _ 

lim l l f- l V (f,U ) 111 '" =0, /2.151 
M->~ n=1 n n Jl1 

- - IT (0) 
rAe (f, Un)1 = r f(x)Un(x)dX+aUn - K03c)lc)l~~~eHTbl pa3110lKeH~H f 

0 - -
no onpeAeileHHO~ Bblwe c~cTeMe I Un!. _np~ aToM c~cTeMa !U n I 
6~opToroHailbHO conpHlKeHa c~cTeMe IVnl, T.e. 

(Urn' Vn ) 1 =om,n (m, n= 1.2 .... ). 12.161 
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§3. AOKA3ATEnbCTBA TEOPEM 1 H 2 

AoKa3aTeilbCTBO TeopeMbl 1. PaccMOTPHM !)>yHKI..IHH 

A (t)=A (q )e-t +A* (1-e -t), 
n n 0 n 

f3 (t) = f3 ( q ) e - t + f3 * ( 1 - e- t ) , 
n n n 

/3.1/ 

(n = 0,1. ... ; 0 ::= t < oo), 

rAe q0 E-ilJ(N), An(q0 ), f3n(q0)- COOTBeTCTBeHHO C.3. 1-1 H.4. 
Kpaeeoi1 3aAa4H /1.1/, /1.2/ c q (x), H

0
, h

0
= a* -H

0
-

1 rr 0 
--(q (x)dx, A*, {3* YAOBileTBOPfiiOT /1.4/, /1.5/. H3 

2 0 0 n n 

npeAJlOJKeHHfl 1 I CM. § 1 I 1-1 onpeAeileHHfl nl (N) I 1 • 7 I CileAyeT' 
4TO !)>yHKI..II-!1-1 /3. 1/ onpeAeilfiiOT OAH03Ha4HO CeMei1CTBO KpaeB~X 
3aAa4 

y " + (A - q(x, t) y = 0 , (0 _::: X <.::_ rr, 0 _::: t < oo ), 

y'(O)-h(t)y(O)=O, y'(rr) +H(t)y(rr) = O, 

/3.2/ 

/3.3/ 

rAe 

1 rr 
h(t)+H(t)+- ( q(x, t)dx=a*, (0 < t< oo), 

2 0 
/3.4/ 

Ailfl KOTOPbiX 

An (t) =An (q(t)), f3n (t) = f3 n (q(t)), q(t) E- U 1 (N). /3.5/ 

Aanee 1-13 KOHKpeTHoro BHAa !)>yHK1..1Hi1 An(t) 1-1 /Jn(t) HeTPYAHO 
BbiBeCTI-I C noMO~biO ypaBHeHHfl renb!)>aHAa-JleBHTaHa /fiAPO 
KOTOporo, KaK XOPOWO 1-13BeCTHO, npH YCilOBI-!1-1 clo E il 1 (N) 
BbiPOJKAeHHOe I CM. ' Hanp. ' 191 I' 4TO q(t) E- c ~ (0 <.::_ ,t < oo), 

- 1 -
npH4eM Ailfl q (t) np1-1 t ... oo cy~ecT eyeT npeAeil q * I 1 • 11 I, 
YAOBileTBOPfi~Hi1 /1.6/. npoAH!)>!)>epeHI..II-IPYeM not paBeHCTBa 
/3.1/. C y4eTOM /1.10/, /3.5/ 1-1 IleM~ 1 HaXOAHM, 4TO Q(t) 
YAOBileTBOpfleT cHcTeMe ypaeHeHHi1 

(qt ,U2n+l(q(t)))1 =f3n (<i{t))[X*n -A n(q(t))], 

(q t' u2n+iq(t)) 1 = fJ ~ - fJ n (q(t))' 

(n = 0, 1, ... , N) , 

(qt' u2n+1(q(t))) 1= (qt 'u2n+2(q(t))) 1 = 0, 
/3.6/ 

(n = N +L N+2, ••. ), 

10 
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rAe !)>yHKI..IHH U2n+j onpeAeilfiiOTCfl !)>opMynaMH /2.6/, /2.7/. 
0TCIOAa, npHMeHflfl !)>opMyily o6pa~eHHfl /2.15/, nony4aeM, 4TO 
q(t) fiBilfleTCfl peweHHeM 3aAa4H KowH I 1. 8/. noKaJKeM Tenepb' 

- ' 4TO 3TO peweHHe eAHHCTBeHHO. nycTb q(t) E- C:n (0 <.::. t <oo) 
YAOBileTBOpfleT /1.8/, rAe A (Q(t)) 1-1 f3n(q(t)} - c.3. H H.4. 
Kpaeeoi1 3aAa4H /3.2/, /3.3~, h(t) onpeAeilfleTcfl H3 /3.4/. H3 
COOTHOWeHHfl 61-!0PTOrOHailbHOCTI-I /2,17/ B~TeKaeT, 4TO ypaBHe
HHe /1.8/ 3KBHBaileHTHO CHCTeMe ypaBHeHHi1 /3.6/, KOTOPYIO 
B CI-IIlY IleMM~ 1 MOJKHO 3anHCaTb B BHAe 

d - - d - -
-A (q(t)) =A* -A (q(t)), -{3 (q(t)) = f3* - f3 (q(t)), 
dt n n n dt n n n 

(n = 0,1, ... ). 

EAHHCTBeHHOe peweHHe 3TOi1 CHCTeM~ npH Ha4ai1bH~X yCI10BI-IfiX 

An(q(O))=An(qo), f3n(q(O)) ={3n(qo), qoE-UI(N), 

o4eBHAHO, AaeTcfl !)>opMynaMH /3. 1/. TeopeMa AOKa3aHa. 

AoKa3aTei1bCTBO TeopeM~ 2. nycTb 3aAaH~ noCileAOBaTenb-

HOCT!-1 lA2n+j l ;=O (j = 1. 2), YAOBileTBOpfi~He YCilOBI-IfiM /1.15/, 

/1.16/,1-1 nycTb lA 2n+/q0 )l;=o (j=l.2) c.3. Kpaee~x 3aAa4 

/1.12/, /1.13/j, c <i 0 =(q 0 (x),H 1,0 )E-ilu(N). HcxoAfl 1-13 npeA
IlOJKeHHfl 2 /CM. §1/, nerKO ycTaHOBHTb, 4TO !)>yHKI..II-!1-1 

A
2
n+j(t)=A

2
n+j(q

0
)e-t +A;n+j(1-e-t), (O~t< oo), 

/3.7/ 
(n =0,1, ... ; j = 1.2) 

onpeAeilfiiOT OAH03Ha4HO CeMei1CTBO KpaeBbiX 3aAa4 

Y "+(A- q(x, t)) Y = 0, (0 ,S X <.::_ rr, 0 <.::_ t < oo) 

y'(O)-h(t)y(O)=O, y'(")+Hj (t)y(rr) = 0, (j= 1.2), 

rAe 
1 rr 

h(t)+Hi(t) +-
2 

[ q(x,t)dx=a*, (j= 1,2), 
0 J 

AJlfl KOTOPbiX 

A2n+ i (t) =A2n+ J(q(t)), q(t) = (q(x, t), H 1 (t)) E- U11 (N). 

AJ1fl onpeAei1eHHOi1 TaKHM o6pa30M !)>yHKI..II-!1-1 cl(t) COOTHOWeHHe 
q(t) E- C.J (0 < t < oc) 3AeCb B~TeKaeT 1-13 pe3yi1bTaTOB neeH-

Jl1 -
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TaHa 
191 

/eM. TaKlKe XoxwTa,QT 110 1 I. 0TeiO,Qa, 3aMe4a.R, 4TO 1-13 
onpe,Qe.neHI-1.R · n(A) /2.14/ I-1MeeM paseHeTeo 

-1 . -1 j -1 
-¢ (.77,A 2n+j)wj (A 2n+j) = (-1) (a~-a~ )0 (A 2n+j ), 

HaXO,QI-1M, B e1-1ny neMMbl 1 , 4TO q (t) YAOBneT BOp .ReT e~-1 eTeMe 
ypaeHeHI-11ii 

(-1)J (a~-a;) [,\~ +.-A
2 

+.(q(t))], _ _ _ nJ n J l 
. -1 

(q; ,U 2n+ j (q(t))) 1= (n = O,t, ... ,N;j ,..1.2) 

0 (n = N + 1. N + 2 , .. , ; j = 1.2), 

r,Qe U2n+j onpe,Qen.RIOTe.R /2.14/. YpaeHeHI-1e /1.19/ Tenepb 
nony4aeTe.R Henoepe,QeTBeHHO 1-13 <!>opMynbl o6pa1J1eHI-1.R /2. 15/. 
TeopeMa ,QoKa3aHa. 

3aMe4aHI-1e 1. YKa3aHHa.R e ,QoKa3aTenbeTsax TeopeM 1 "'2 
3KBI-1BaneHTHOeTb 3a,Qa4 Kow~-1 /1.8/"' /1.19/ eooTeeTeTBeHHo 
paeeHeTBaM /3.1/ 1-1 /3.7/ OeHOBaHa Ha I-13BeeTHOM $aKTe ~I, 
4To .Qn.R 3a,Qa41-1 Kow~-1 /1.21/ ey1J1eeTsyeT nepBbllii 11HTerpan 

-t -t 
f(v(t ; v

0
))=f(v

0
)e +y* (1-e ), (O_st<ou), /3.8/ 

T.e. ee peweHI-1e v(t;v0 ) eeTb npoo6pa3 oTpe3Ka, eoe,QI1H.RIO-
ll1ero T04KI-1 f(v

0
) "' y*: 

v(t;v) = r- 1 (f(v )e-t +y* (1- e-t)) (0 <t < oo), 
0 0 

nonara.R .Qn.R o.3. 1 

def 00 

f I ( Q) = l An ( q} ' f3 n (q) ! n = 0 ' 
/3.9/ 

f 

y* = l A: , f3 ~ l :=o' 

a ,Qn.R o.3. 

def - - - oo 
f = f II (q) = l A2n+1 (q)' ,\2n+2(q) In= 0' 

y = l>.* ,,\ * 1
00 

' 
* 2n + 1 2n + 2 n = 0 

/3.10/ 

nony4aeM, 4TO /3.8/ npi-1BOA11T K /3.1/"' /3.7/. YpasHeHI-1.R 
/1.8/ 11 /1.19/ eeTb ypaBHeHI-1e /1.21/, 8 KOTOPOM f onpe,Qen.R
eTe.R /3.9/ 1-1 /3.10/ eOOTBeTeTBeHHO. 

3aMe4aHI1e 2. OrpaHI-14eHI-1.R /1.7/"' /1.18/ Ha o6naeT.RX Ha-
4anbHblx 3Ha4eHI11ii ,Qn.R 3a,Qa4 Kow~-1 /1.8/ "' /1.19/ /11rpai01J11-1X 

12 
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ey1J1eeTBeHHYIO ponb ni-1Wb 8 ,QOKa3aTenbeTBe rna,QKOeTI-1 peweHI-1H 
q(t) I MOlKHO 3Ha41-1TenbHO oena611Tb, l-1enonb3Y.R I-1Me101J11-1ee.R 
e 13/ Ol.leHKI-1, "' noKa3aTb, 4TO e N = oo e I 1. 8! "' I 1. 19/ 11MeeM 
n I (N) =On (N) = j[ 1 • 3To npe,QnOlKeHI-1e eeTeeTBeHHbiM o6pa30M 
eornaeyeTe.R e OAH03Ha4Holii pa3pewi-1MoeTbiO o.3. I H II so seeM 
j[ 1 H _e BblnyKnOeTbiO o6naeTelii 3Ha4eHI1H onepaTOPOB f y (<'f) 

H fu (q). 0TMeTHM elJ1e, 4TO 8 HeKOTOPbiX HeKni04HTeJl bHbiX cny4a
.RX peweHH.R ypaBHeHHH /1.8/ 1-1 /1.19/ MOlKHO BblnHeaTb 8 .RBHOM 
BH,Qe. npoeTeliiwHiii npHMep e 3TOM HanpaeneHHH nony4aeTe.R, eenH 
e /3.1/ nonolKI-1M An(q 0)=>.~ (n=O,l, ... ), {jn(q0 )={3~(n,fm,n=O,l, ... ) 
"' {3~ > 0- npoH3BOnbHOe 4Heno. Tor,Qa e noMOIJ1biO ypaeHeHH.R 
renb$aH,Qa-neBHTaHa HaXO,QHM, 4TO peweHHe ypaBHeHH.R /1.8/ 
,QaeTe.R $OpMynaMH: 

d 2 
- -t 

77 
2 -

q(x,t)=q 0(x)-2-2 ln[1+(f3m(q0 )-{3~)(1-e ) I t/Jm(q 0;s)ds], 
dx x 

H(t)=H 0 + (f3m(q
0

) -{3~H1-e-t ). 

§4. PAC4ETHbiE AnrOPHTMbl 
AHfl PEWEHH.fl OoPATHbiX 3AAA4 I H II 

npHee,QeM HeKOTOpble o61J1He coo6palKeHH.R, KOTopble nernH 
8 OeHOBy npe,Qna raeMbiX 3,Qeeb 4HeneHHbiX MeTO,QOB peweHH.R 0. 3, 

113 3a,Qa4H KowH /1.21/, KaK npaeHno, pae4eTHa.R exeMa 
nony4aeTe.R, eenH npHMeHHTb KOHe4Ho-pa3HOeTHbiH MeTO,Q 31iinepa 
,Qn.R ee npH6nHlKeHHOrO peweHH.R, 4TO npHBO,QHT K ene,Qyi01J1eH HTe
pal.II10HHOH noene,QOBaTenbHOeTH 

-1 
v =V -r [f'(v )] (f(vk)-Y*), k=O,l, ... (O<r <1). 

k+ 1 k k k k -

3,Qeeb, no epaeHeHHIO e KnaeeH4eeKHM MeTO,QOM Hb10ToHa-KaHTo-
poeH4a /KoTopbllii nony4aeTe.R npH r k = 1 I, MOlKHO 3a e4eT 
Bbl6opa rk ey1J1eeTBeHHO paeWHpHTb o6naeTb Ha4anbHbiX 3Ha4eHHH 
V, ,Qn.R KOTOpbiX lim Vk =V*: f(v* )=Y* /eM. /8/ /. nonOlKHB 

0 k~oo 
Tenepb Vk=Vo 8 (f'(vk))- 1 , nony4aeM H3 /4.1/ MO,QI1$1-1LIHPOBaHHbiH 

HbiOTOHOBeKHH np01.1eee 
-1 

vk+ 1 = vk -rk [f'(v
0

)] (f(vk)-y* ), (0< rk _s 1), /4.2/ 

KOTOpbiH e Bbi4HenHTenbHOH T04KI1 3peHH.A 4aeTO OKa3b1BaeTe.R 
6onee 3KOHOMH4Hb1M. 0TMeTHM, 4TO 3TI1M nyTeM 8 nl 6blnH nony-
4eHbl npocTble anropHTMbl ,Qn.R peweHH.R o6paTHolii 3a,Qa41-1 paeee.RHH.R. 

npHMeH.R.R H3nolKeHHYIO BbiWe cxeMy K 3a,Qa4e KowH /1.8/ 
c <1. 0 =0 ,nony4aeM cne,QYIOIJ1Hiii anropHTM THna /4.2/ ,Qn.R peweHH.A 

o. 3. 1: 
N 

qk+1=qk +rkn~Ol[A~ -An(qk)]f3n (qo)V2n+1(qo) + 

13 



+ [f3; - f3n(qk)]V2n+2(qo)l, Qk= (qk(x),Hk)' /4.3/ 

1 TT -
hk=a * -Hk - 2 Jqk(x)dx, (k=O,l, ... ) q

0
=(q

0
(x) = O, H

0
=0) , 

0 

rAe <I>YHK~~~ 

v2n + 1(qo)=(-
sin 2../ificx- rr) 

J~<o-;-
r;;;) - · 2(x-rr)cos2y>.'~' (x-rr , 0), 

n 

v2n +2 (qo) = (-2...fi.f>sin2/ifi(x-rr), -1}, A(O) = A (qo)· 
n n 

AHanor~4Ho, AnR peweH~R o.a.II BbiBOA~M ~3 3aAa4t-~ Kowt-~ 
/1.19/ npt-~ q0 = 0 t-~Tepa~~OHHYIO nocneAOBaTenbHOCTb 

r k N j * - - -
qk + 1= Qk + --- l l (-1) [>.2n +J·-A2n+J. (qo)]V2n+j(qo) 

a~ -a\ n=o J=1.2 

1 TT - r qk(x)dx' 
2 0 

hk a* -1-I -1 l,k H 2 ,k=I-Il.k+a~ -a; 

q k = (qk(x), H t.k) , ( k = 0.1. ... ), q0 = (q0(x) =0, H t.o = O), 

rAe 
( 0 ) -

(>.2n +j=A2n+j(q0) - <I>YHK~t-~t-1 

v 2n+j (qo) = (-2~j sin2~j (x-rr) 

- 2(a * -a *
1

) cos2~2°) . (x- rr), -1). 
2 n+J 

/4.4/ 

B npeAnono>KeHt-~t-~ o HeKoTopolli anpt-~opHolli ManocTt-~ L 2 -Hop""' 
t-~CKoMoro q *(x) a pa6oTe Eiap cenoHa 111 1 6blna AOKaaaHa cxoA~
MOCTb nocneAOBaTenbHOCTt-1 Tt-~na /4.4/ AnR cny4aR h * =H 1,* = "" , 
H 2, * =0 I ecnt-~ a I 1. 2/ h (H) = "" • TO cooTeeTCTBYIO!IIee ycnoet-~e 
aaMeHReTcR Ha y(O)(y(rr)) = 0 / . I. YCTolli4t-~Bbllli MeToA 4t-~cneHHoro 
peweHt-~R o6paTHOIIi 3aAa4t-~ e cny4ae q * (x) =q *(x-rr), h * = H * = "" 
6bln npeAno>KeH e 1121 • 

B HaCTOR!IIelli pa6oTe Mbl orpaH~4HMCR 4t-~cneHHbiM t-~c~neAoBaH~eM 
CXOAt-~MOCT~ t-~Tepa~~OHHblx npo~eccoe /4.3/ t-~ /4.4/. Cyl!leCTBeHHbiM 
<!>aKTOpOM B pean~3a~t-~t1 npeAnO>KeHHbiX anropt-~TMOB RBnReTCR 3$
<!>eKTHBHOe peweHt-~e /Ha Ka>KAOM HTepa~~OHHOM ware/ npRMOH 3a
Aa4t-~ /1. 1/, /1.2/. 3AeCb HaMt-~ t-~cnonbaoeaHa ~aeecTHaR paa
HOCTHaR cxeMa Tt-~xoHoea t-~ CaMapcKoro 1131 c waroM rr / 500, AnR Ko
Topolli nepeble N C06CTBeHHbiX 3Ha4eH~H H COOTBeTCTBYIOUIHe HM 
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C06CTBeHHble <I>YHK1.11111 Bbi411CJlRJ111Cb no 6Jl04HO-cTeneHHOMy MeTO-
AY /141. 3Ha4eHI1e r 

0 
=0,02 s A all bHet:1weM y Belll1411 sa eTCH no Mepe 

N 
(k) - 2 - 2 112 

y6btBaHI1R HeBR3KI1 8 1 = ( l (>. (qk)- >.*) + ({3 (qk)-{3~) ) 
N- n= 0 n n n 

/111160 0~~)=( l .l (>.2n+J·(Qk)->.2n+J. )2)1~. 
n= o J=1.2 

411CllO N cnaraeMbiX B PRAax /4.3/11 /4.4/ onpeAellReTCR 

COOTBeTCTBeHHO 113 YC110BI1t:1 1 >.~ -AN (q0)1, 1{3~ -{JN (q 0)1 90-5 

11 1>-;N +r>-2N +i (q0 )1.:S 10-5 (i=1.2). Pe3yllbTaTbl pac4eToB AJlR 

HeKOTOPbiX MOAellbHblx o6paTHbiX 3aAa4 I 11 II npi1BeAeHbl B 
Ta6n. 1-3. Pac4eTbl npoBOA111111Cb Ha 3BM CDC-6500 OH.s!H. 
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