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0 nepe4HCneHHH 4aCTH4HbiX rpa~OB C 3aAaHHbiM 
~HKnOMaTH4eCKHM 4HCnOM 

Ha OCHOBe aHanH3a TOnOnOrH4eCKHX CBOHCTB rpa~a 
npeAnomeH 6blcTpbli1 anropHTM.noHcKa ecex v-rpa~oe. v -rpa~M 
3aAaHHOrO CHMMeTpH4eCKOro MYnbTHrpa~a G =(X,U) C MHOmeCTBOM 
BepWHH X H MHOmeCTBOM pe6ep U Ha3BaH 4aCTH4HbiH rpa~ 
Gv =(X,u), U C U, C ~HKnOMaTH4eCKHM 4HcnOM v, HMe~~HH CTOnb
KO me KOMnOHeHT CB~3HOCTH, CKOnbKO rpa~ G =(X ,U). 8 4acT
HOCTH, Go ~Bn~eTC~ AepeBOM /KapKaCOM/ rpa~a G. npH pea
nH3a~HH Ha 38M anropHTM Tpe6yeT ~~HHManbHOH naM~TH. 

Pa6oTa BblnOnHeHa 8 na6opaTOPHH Bb14HCnHTenbHOH 
TeXHHKH H aBTOMaTH3a~HH 0~~~. 
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On the Generation of All Fixed Cyclomatic Number 
Spanning Subgraphs 

Fast v-graph generation algorithm is proposed on 
t he base of graph topology analysis. Spanning subgraph G v 
is defined as v-graph of the undirected multigraph G=(X,U) 
(set of vertices X and set of edges U), if graph Gv =(X,u), 
u c U, has cyclomatic number v and the same number of 

components as graph G=(X,U).In particular Go is spanning 
subtree (skeleton) of the graph G. Computer realization 
of the algorithm needs minimal memory. 

The investigation has been performed at the 
Laboratory of Computing Techniques and Automation, JINR. 
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1. OCHOBHME nP~HU~nM 

4TO KacaeTC~ TeOpHH rpa~OB, 6yAeM 8 OCHOBHOM npHAepmH
BaTbC~ TepMHHonorHH liepma 111. CHMMeTpH4eCKHi1 rpa~ G=(X,U) 
3aAaH, ecnH 3aAaHo MHOmeCTBO eepWHH X H MHOmeCTBO pe6ep U. 
Pe6po r E-U 3aAaeTc~ Heynop~A04eHHoi1 napoi1 ero rpaHH4HbiX eep
WHH: r=(Xi,Xj)· 8 cny4ae MynbTHrpa~a MHOmeCTBO U COAepmHT 
KpaTHble 3neMeHTbl. UHKnOMaTH4eCKHM 4HCnoM rpa~a G c N eep
WHHaMH, M pe6paMH H p KOMnOHeHTaMH CB~3HOCTH Ha3b1BaeTC~ 

4Hcno 
v(G) =M -N +P. 

4acTH4HbiM rpa~oM rpa~a G=(X,U) Ha3b1BaeTc~ rpa~ g=(X, u), 
u c U, T. e. OH nony4aeTc~ HCKn~4eHHeM H3 3aAaHHoro rpa~a He
KOTOpblx pe6ep. liyAeM Ha3biBaTb v-rpa~M CHMMeTpH4eCKOrO 
MynbTHrpa~a G=(X,U) 4aCTH4HbiH rpa~ Gv =(X,u) c ~HKnOMaTH-
4eCKHM 4HCnOM v, HMe~~HH TaKOH me HHAeKC CB~3HOCTH, KaK 
rpa~ G, T.e. CTOnbKO me KOMnOHeHT CB~3HOCTH. Mbl XOTHM CKOH
CTPYHPOBaTb anropHTM, OTbiCKHBa~~HH BCe v-rpa~ 3aAaHHOrO 
rpa~a. 

AnropHTMbl nepe4HCneHH~ AHCKpeTHbiX 06DeKTOB H3 HeKOTOporo 
Knacca o6naAa~T P~AOM o6~HX CBOHCTB. Cy~eCTByeT ABe OCHOBHbiX 
pa3HOBHAHOCTH TaKHX anropHTMOB. 

1. AnropHTMbl napannenbHoro Aei1CTBH~. B npo~ecce pa6oTbl 
anropHTMa KOHCTPYHPY~Tc~ HeKoTopble npoMemyT04Hble CTPYKTYPbl, 
H3 KOTOPbiX 8 KOH~e pa60Tbl anropHTMa OAHOBpeMeHHO nony4a~TC~ 
HCKOMble 06DeKTbl. K 3TOH pa3HOBHAHOCTH npHHaAnemHT H3BeCTHbiH 
~nOHCKHH anropHTM An~ OTbiCKaHH~ BCeX KapKaCOB 3aAaHHOro 
rpa~a 121. 

2. AnropHTMbl nocneAoBaTenbHOro Aei1cTBH~. ~CKOMble o6DeKTbl 
npoH3BOA~Tc~ nocneAOBaTenbHo, no OAHOMy. npeAnonaraeTc~, 

4TO Bbl3b1Ba~~a~ npo~eAypa yMeeT nocneAOBaTenbHO Hcnonb3oeaTb 
nony4eHHble 06DeKTbl H 4TO An~ Hee Hecy~eCTBeH nop~AOK, B KO
TOpOM o6DeKTbl reHepHpy~Tc~. B H3BeCTHbiX npaKTH4eCKHX 3aAa-
4ax 3TO Aei1cTBHTenbHO TaK. KaK npaeHno, Bbi4Hcn~eTc~ HeKOTo-
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pa~ $yHK~~~ OT 06DeKTa, KOTOpa~ n~60 ~HTerp~pyeTC~ no SCeM 
o6DeKTaM, n~6o cny~~T KP~Tep~eM An~ ~6opa onT~ManbHoro 
06DeKTa. 

Hbl XOT~M CKOHCTpy~posaTb anrop~TM, AOnycKaiOIII~i1 pean~3a
~~IO S S~Ae nporpaM~ An~ 3BH, n03TOMy M~H~M~3a~~~ 06DeMa 
pa6o4~x Macc~sos np~o6peTaeT oco6y10 sa~HOCTb. Knacc napan
nenbH~X anrop~TMOS cosepweHHO Henp~eMneM c 3Toi1 T04K~ 3pe
H~~. 4~cno npoMe~yT04H~x CTPYKTYP HnH ~cKo~x o6DeKTos Mo~eT 
AOCT~raTb 2N, He06XOA~Ma~ naM~Tb CTaHOS~TC~ $aHTaCT~4eCKOi1 
Aa~e An~ rpa$Qs co cpasH~TenbHO Man~M 4HcnoM sepw~H N. 
CneAOSaTenbHO, ~cKo~i1 anrop~TM AOn~eH np~HaAne~aTb Knaccy 
nocneAosaTenbH~x anrop~TMOS. 

Ase ocHOSH~e npo6ne~, KOTop~e AOn~H~ 6~Tb peweH~ - KaK 
o6ecne4~Tb reHepa~~IO scex o6DeKTOS ~ KaK o6ecne4~Tb nepe6op 
6e3 nosTopeH~i1. 04eS~AHOe peweH~e nocneAHei1 npo6neM~ - Aep
~aTb S naM~T~ cn~COK y~e nony4eHH~X 06DeKTOS ~ cpasH~SaTb 

CO cn~CKOM 04epeAHOi1 Hai1AeHH~i1 06DeKT. 0AHaKO TaKoi1 MeTOA 
np~SOA~T K anrop~TMaM, KOTOPble no CSO~M napaMeTpaM Mano 4eM 
oTn~4aiOTC~ oT Knacca napannenbH~x anrop~TMos, - Tpe6yeTc~ 
r~raHTCKa~ naM~Tb ~ nporpecc~SHO yxyAWaeTC~ 6~CTPOAei1CTS~e. 
YAOSneTSOp~TenbH~i1 np~H~~n COCTO~T S cneAYIOIIIeM: anrop~TM 

AOn~eH 6b1Tb ycTpOeH TaK, 4T06~ OCYIIIeCTSn~nc~ ~eCTKO ynop~A0-

4eHH~i1 nepe6op ~cKOMbiX o6DeKTOS. TorAa 11H$OpMa~~~, KOTopyiO 
HY~HO xpaH~Tb, 4T06W ~36e~aTb noSTopeH~i1, - TeKy111ee COCTO~

H~e npo~ecca nepe6opa. 3ToT np~H~~n asToMaT~4eCK~ rapaHT~
pyeT ~ reHepa~~IO Scex ~CKOMWX 06DeKTOS. 

no-S~A~MOMy, CyllleCTSyeT eA~HCTSeHHa~ npo~eAypa, YAOSneT
sop~IOIIIa~ yKa3aHHOMY np~H~~ny ~ YH~SepcanbHO np~MeH~Ma~ KO 
seeM anrop~TMaM nepe6opa o6DeKToa ~3 3aAaHHoro Knacca. Anro
P~TMW, CKOHCTpy~poaaHHWe Ha OCHoae 3TOi1 npo~eAYPW, MW 6yAeM 
Ha3blaaTb CTeKoa~M~ anrop~TMaM~. To ~e caMoe Kp~cTOCI>i-1Aec 131 

Ha3~aaeT AepeaoM peweH~i1. nocneAHee Ha3aaH~e cneAyeT np~-
3HaTb HeyAa4H~M, • nOCKOnbKy C~Cn npo~eAYP~ 4~CTO KOM6~
HaTOPH~i1. YcTaHoaneHH~i1 abiWe np~H~~n, aoo6111e roaop~, Tpe-
6yeT a Haw eM cny4ae ynop~A04eHHoro nepe6opa C ~~~ co4eTaH~i1 
pe6ep (M

11
=N+v-p)c npoaepKoi1 coxpaHeH~~ ~HAeKca ca~3HOCT~ 

a Ka~AOM 4aCT~4HOM rpa$e. H~ ya~A~M H~~e, 4TO CTeKOaa~ npo
~eAypa no3aon~eT ~36e~aTb nepe6opa acex co4eTaH~i1. 

2. OCHOBHO~ AflrOP~TH 

nepeHyMepyeM a KaKoM-n~6o nop~AKe pe6pa ~CXOAHOrO rpa$a. 
HaM HY~Ho ~CKn104~Tb M-M 11 pe6ep. Ecn~ np~ ~tKnl04eH~~ pe6-
pa 1 ~HAeKC Ca~3HOCT~ COXpaH~eTC~, TO ~CKnl04aeM 3TO pefipo 
~ 3arpy~aeM ero a cTeK. Ecn~ HeT - nepexoA~M K pe6py 2. 
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B KOH~e KOH~Oa KaKoe-TO pe6po 6yAeT ~CKnl04eHO. nonpo6yeM 
~CKn104~Tb e111e OAHO pe6po, Ha4~Ha~ C HOMepa, Ha eA~H~~y 
6onbwero HOMepa nocneAHero pe6pa, noMellleHHoro a cTeK. Aei1-
CTay~ TaK M-M 11 pa3, M~ nony4~M nepa~i1 v-rpa$. B cTeKe np~ 
3TOM OKa~yTC~ pe6pa, ~CKnl04eHHble ~3 ~CXOAHOro rpa$a. An~ 
Toro, 4To6~ Hai1T~ o4epeAHoi1 v-rpa$, ~cKni04~M ~3 cTeKa no
cneAHee 3arpy~eHHOe pe6po ~ aepHeM 3To pe6po a rpa$. nonpo-
6yeM ~CKni04~Tb ~3 rpa$a pe6po c HOMepoM, Ha eA~H~~Y 6onbw~M 
HOMepa pe6pa, TOnbKO 4TO np~cOeA~HeHHOrO K rpa$y. Ecn~ 3TO 
ao3MO~Ho, M~ nony4~M 04epeAHOi1 v-rpa$, ecn~ HeT - nepei1AeM 
K cneAYIOIIIeMy pe6py ~ T.A. Ecn~ ~ AOCT~rHeM pe6pa c MaKc~
ManbH~M HOMepOM ~ H~ OAHO ~3 pe6ep Henb3~ ~CKni04~Tb, AOCTa
HeM ~3 CTeKa nocneAHee 3arpy~eHHoe a Hero pe6po ~ aepHeM 
3TO pe6po a rpa$. nonpo6yeM ~CKni04~Tb ~3 rpa$a pe6po C Ho
MepoM, Ha eA~H~~y 60nbW~M HOMepa pe6pa, TOnbKO 4TO np~COeA~
HeHHOrO K rpa$y, ~ T.A. Ka~A~i1 pa3, KOrAa C$OpM~poaaH 04e
peAHOi1 ~CKOMbli1 v-rpa$, a CTeKe OKa3blaaeTC~ M-M

11 
~cKnl04eH

HbiX pe6ep. 
Aei1cTay~ TaK~M o6pa3oM, Mbl nepe6epeM ace v-rpa<!Jt,l. npo

~ecc OKOH4~Tc~, KOrAa Mbl non~TaeMc~ AOCTaTb pe6po ~3 nycToro 
CTeKa. Anrop~TM yCTpoeH TaK, 4TO ecn~ 4aCT~4Ha~ KOH$~rypa~~~ 
~CKnl04eHHbiX pe6ep ~3MeH~eT ~HAeKC Ca~3HOCT~, TO aaToMaT~-
4eCK~ ~rHop~pyiOTC~ ace "a~c~111~e11 Ha Hei1 nonH~e KOHCI>i-1 rypa~~~. 
3aMeT~M, 4TO cocTo~H~e npo~ecca nepe6opa OAH03Ha4HO onpeAe
n~eTc~ COAeP~~M~M CTeKa a MOMeHT ab1Aa4~ 04epeAHOrO v- rpa$a. 

Ha p~c. 1 npeACTaaneHa nor~4ecKa~ cxeMa ocHoaHoro anro
P~TMa. ~CXOAH~i1 rpa$ 3aAaeTc~ MaTp~~ei1 G pa3MepHoCT~ (2,M) , 
M - 4~cno pe6ep ~CXOAHOro rpa$a. G(l. i) COAeP~~T HoMep nep
aoi1 rpaH~ 4HOi1 aepw~ H~ pe6pa i , G(2,i) COAep~~T HOMep aTopoi1 
rpaH~4Hoi1 aepw~H~. np~ nepaoM o6pa111eH~~ K anrop~TMY AOn~Ho 
6b1Tb ycTaHoaneHo m: =0. Pe3ynbTaT pa6oT~ anrop~TMa 3ac~naeTc~ 
a $naroabli1 Mace~ a W pa3MepHoCT~ M. 3neMeHT~ 3Toro Macc~aa 
np~H~MaiOT 3Ha4eH~~ 0 ~n~ 1. W(i) = 0 o3Ha4aeT, 4TO pe6po i 
~CXOAHOrO rpa$a OTCyTCTayeT a AaHHOM II -rpa$e. nepeMeHHa~ 

L -c4eT4~K 4~cna v-rpa$Qa. H~ c4~TaeM An~ npocToT~ 3aAaH
HbiM 4~cno aepw~H N ~CXOAHoro rpa$a IN MO~Ho nerKo Hai1T~ 
~3 MaTpH~w G I. 4To6~ He ycno~H~Tb nor~4eCKYIO cxeMy, ~ 
nonaraeM TaK~e, 4TO ~CXOAHbli1 rpa$ He ~MeeT .~3on~poaaHH~x 

aepw~H ~ neTenb- pe6ep T~na (xi,xi). 
$yHK~~~ CT(G,W,m) np~H~MaeT 3Ha4eH~~ 0 ~n~ 1 , CT(G,W,m)= 1, 

ecn~ np~ ~CKnl04eH~~ pe6pa m ~3 4aCT~4Horo rpa$a, 3aAaHHoro 
MaTp~~ei1 G ~ ¢maroabiM Macc~aoM W, coxpaH~eTc~ ~HAeKc ca~3-
HOCT~. $yHK~~~ PT(G) onpeAen~eT ~HAeKC ca~3HOCT~ ~CXOAHOrO 
rpa$a G. nepeMeHH~e m ~ k ~an~IOTc~ pa6o4~M~ nepeMeHHbiM~. 
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1 KHRY ~----""" 

P~c. 1 . OcHOBHO~ an rop~TM. 

Yes 

P~c. 2. <l>yHKL\~fl PT(G). 

Yes 

Yes 

li=G(1,1); 
JI•G(2,1); 

,... __ ....jV{l)la1; . 
V(J)I•ll 

tl•i 



npH KamAOM o6pa~eHHH K anropHTMy KOHCTpyHpyeTCH OAHH 
v -rpa~. 4T06~ nony4HTb 04epeAHOH v -rpa~, HymHO o6paTHTbCH 
K anropHTMY e~e pa3 H T.A. npH3HaK KOHI..Ia nepe6opa - B~XOA 

H3 anropHTMa C nepeMeHHOH m=O, 3TO 03Ha4aeT, 4TO nocneAHHH 
v - rpa~ 6~n BbiAaH e npeAbiAY~eM o6pa~eHHH. Oco6~H cny4aH 
B03HHKaeT, KOrAa m = 0 nocne nepeoro o6pa~eHHH K anropHTMY. 
EcnH npH 3TOM L=l, TO HCXOAH~H rpa~ coenaAaeT C HCKOMbiM; 
ecnH L = 0, TO HCKOMOrO rpa~a He Cy~eCTByeT. 

npH B~6paHHOH HaMH KOHCTPYKLIHH anropHTMa HeT HYmA~ 

peanH30BbiBaTb CTeK B RBHOM BHAe . BMeCTO KnaCCH4eCKoro CTeKa 
Mbl HMeeM ~naroe~H MaCCHB W H yKaaaTenb nocneAHero HcKmo-
4eHHoro pe6pa m. ~naroe~H MaccHe W e~nonHHeT, TaKHM o6pa-
30M, ABe ~YHKI..IHH. Ha PHC. 1 XOPOWO BHAH~ ABa KOHKYPHPY~~HX 
np04eCca. nepBbiH H3 HHX COOTBeTCTByeT 3anonHeHH~ CTeKa 
/6nOKH 10, 11, 12, 15, 16,17/, BTOPOH- onopomHeHH~ CTeKa 
/6noKH 7,8,9,13,14,15/. 

3. KOHTPOnb CB~3HOCTH 

Ha PHC. 2, 3 npeACTaeneHbl norH4eCKHe cxeMbl ~YHKI..IHH PT 
H CT. MacCHB X- pa6o4HH MaCCHB pa3MepHOCTH M, MaCCHB v- pa-
604HH MaccH e paaMepHOCTH N • G , W, M , m HMe~T TOT me 
CMbiCn, 4TO H Ha pHC. 1, OCTanbH~e nepeMeHH~e RBnH~TCH pa-
604HMH. C 1..1enb~ MHHHMH3ai..IHH pa3MepoB MaCCHBa V M~ 3AeCb 
C4HTaeM, 4TO eepwHH~ HCXOAHoro rpa~a npoHyMepoeaH~ 6ea paa
PbiBOB. 

Ponb , KOTopy~ HrpaeT npolleAypa CT , MomHo 6~no 6bl peanH
aoeaTb nocpeACTBOM npocTOH MOAH~HKai..IHH npo~eAYPbl PT. BHHMa
TenbHbiH aHanH3 OCHOBHOrO anropHTMa noKa3~BaeT, OAHaKo, 4TO 
CT(G, W, m) RBnHeTcH HaH6onee TPYAOeMKOH 4acTb~ anropHTMa, 
noTpe6nR~~eH 6onbWY~ 4aCTb epeMeHH. 4T06bl BbiHCHHTb, H3MeHHT 
nH HCKn~4eHHe pe6pa m HHAeKC CBH3HOCTH, HeT He06XOAHMOCTH 
B~4HCnRTb CaM HHAeKC - MOmHO HCnonb30BaTb ynpo~eHHY~ npo
l..leAYPY, KOTopaH B cpeAHeM AaeT cy~eCTBeHH~H B~Hrp~W BO Bpe
MeHH. 

PeanH3YH npo1..1·eAYPY CT(G, W ,m), Mbl ocHOBbiBanHc b Ha cneAY~~eH 
npocTOH TeopeMe, KOTOPY~ npHBOAHM 6e3 AOKa3aTenbCTB. 

T eopeMa 1 . nycT b 4aCTH 4HbiH rpa~ g = (X, u) nony4eH YAaneHH
eM H3 rpa~a G= (X,U) pe6pa (xj._xj). rpa~l G H g HMe~T OAHHaKo
eoe 4HCnO KOMnOHeHT CBR3HOCTH H 3aAa~T OAHHaKOB~e pa36HeHHH 
MHOmeCTBa eepWHH B TOM H TOnbKO TOM cny4ae, ecnH B fpa~e g 
cy~ecTeyeT 4enb, coeAHHR~~aR eepwHHbl xi~ j' 
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.1( 1) I•W( 1); X(2) •~W(2); , • , .1(11) a~W(ll); 
2IV(1)a.V(2)a •••• a.V(N)a.o; li•G(1 1m); 

Ja.G(2,a); .l(m)a.o; V(l)a•1; V(JJa - 2 

•o 

No 

PHc. 3. ~YHKI..IHH 

61EXIT 

4. 06 OnTHMAnbHO~ PEAnH3AUHH CTEKOBOrO AnrOPHTMA 

EAHHCTBeHHaH H3BeCTHaH aeTopaM peanH3a4HH CTeKoeoro an
ropHTMa npHHaAnemHT XycaHHoey 141 • .QeHCTBYH e AYXe HanomeH
HbiX BbiWe npHHI..IHnoe, XycaHHOB C03Aan anropHTM AnH nepe4Hcne
HHH ecex Aepeebee /T.e. 0-rpa~oe/ 3aAaHHoro rpa~a. noAXOA 
XycaHHOBa B HeKOTOpOM CMbiCne o6paTHbiH HaweMy: HCKO~H rpa~ 
CTPOHTCH He MeTOAOM HCKn~4eHHR pe6ep H3 3aAaHHOro rpa~a, 
a MeTOAOM nocneAoBaTenbHoro npHcoeAHHeHHH pe6ep K nepeoHa-
4anbHO nycTOMy MHOmeCTBY. TaKOH nOAXOA npHBOAHT K npoHrpbiWY 
no 6~CTPOAeHCTBH~, KOrAa LIHKnOMaTH4eCKOe 4Hcno HCXOAHOrO 
rpa~a CpaBHHTenbHO HeeenHKO, H n03TOMy He MOmeT 6b1Tb peKo
MeHAOBaH B yKa3aHHOM cny4ae. 
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Cnoeo6 ey~eeTseHHoro yny4weH~R 6~eTPOAe~eTs~R eneAYeT, 
OAHaKO, ~eKaTb He Ha nyT~ onT~ManbHO~ pean~3a~~~ TeXH~4ee
K~X AeTane~ anrop~TMa. B~we Mbl OTMeT~n~, 4To Ha~6onee TPYAO
eMKaR 4aeTb anrop~TMa - KOHTPOilb eSR3HOeT~. AHaJl~3~pyR np~

MeHeH~e anrop~TMa K KOHKpeTH~M rpa~aM, MO~HO 3aMeT~Tb, 4TO 
He AnR Ka~AOrO ~eKn~4aeMOro pefipa 3TOT KOHTpOJlb Hy~HO oey
~eeTSJlRTb. CooTseTeTsy~~~e MeTOA~ OYAYT pa3S~T~ s eneAY~~eM 
pa3Aene. 

4TO KaeaeTeR OeHOSHOrO anrop~TMa, OTMeT~M eneAY~~~ ~aKT: 
see pa6o4~e Maee~s~ RSilR~TeR no eyT~ Aena ~narosbrM~ ~ no3-
TOMY MoryT 6~Tb nnOTHO ynaKOSaH~ SMeeTe e Maee~SOM G. 3T~M 
ea~M 6yAeT o6eene4eHa ~ nonHaR peeHTepa6enbHOeTb nporpaMM~. 
np~ npaKT~4eeKO~ pean~3a~~~ peeHTepafienbHOrO ·anrop~TMa Ha 
38M 63CM-6 HaM noTpe6osanoeb M +3 enosa AnR Taro, 4T06br 
Aep~aTb nonHy~ ~H~opMa~~~ o6 ~exoAHOM rpa~e, pe3ynbT~PY~~eM 

rpa~e ~ eoeTORH~~ npo~eeea nepe6opa. 4~eno pe6ep M ~exoA-
Horo rpa~a orpaH~4eHo TOilbKO AOeTynHo~ onepaT~SHO~ naMRTb~ 
3BM. 

5. KBA3HLIHKJlbl 

H3 Tpe6osaH~R eoxpaHeH~R ~HAeKea eSR3HoeT~ eneAYeT, 4TO 
v-rpa~ eoAeP~~T s ee6e see nepewe~K~ ~exoAHoro rpa~a. He

nonb3yR 3TO o6eTORTenbeTSO, MO~HO epa3y yny4W~Tb 6~eTPOAe~
eTS~e anrop~TMa. 4To6~ npoAS~HYTbeR Aanbwe, HaM npeAeTo~T 
yrny6~TbeR S TOnonor~4eeK~e aeneKT~ eTpyKTYPbl rpa~a. 

Ha3ose~1 KSa3~~~KnOM rpa~a G=(X,U) MHO~eeTso pe6ep K c U, 
o6naAa~~ee eneAY~~~M~ eso~eTsaM~: 

1. KamAoe pe6po riEK np~HaAne~~T no Kpa~He~ Mepe OAHOMy 
~~Kny; 

2. J\nR n~6o~ nap~ pe6ep r i, r i E- K ~ n~6oro ~~ Kna C c U 
enpaseAn~so: een~ r i E C, To r i E- C; 

3. He ey~eeTsyeT pe6pa r E-U'K TaKara, 4TO MHO~eeTSO lr,KI 
o6naAaeT eso~eTSaM~ 1 ~ 2 /T.e. MHO~eeTSO K He MO~eT O~Tb 
pacw~peHo/. 

Ksa3~~~Kn MO~eT eoeTORTb ~3 eA~HeTSeHHOro pe6pa. 8 3TOM 
cny4ae eso~eTSO 2 TepReT e~cn. nepe4~en~M HenoepeAeTSeHH~e 
cneAeTS~R yKa3aHH~X ~We eso~eTS. 

1. Ksa3~~~Kn He eOAeP~~T nepewe~KOS , 

2. Ksa3~~~Kn np~HaAne~~T OAHO~ ~I TOJlbKO OAHO~ KOMnOHeHTe 
eSR3HOeT!-1 . 

3. J\nR n~6o~ napbl pe6ep r ., r . E K ~ n~6oro ~~Kna C c U 
I J 

enpaseAn~so: ecn~ ri iC,To rii · C. 
4. Eemr pe6po rEK np~HaAne~~T eA~HeTseHHOMy ~~KnY C cU, 

TO K "'c. 
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TeopeMa 2. Een~ K1 ~ K2- ASa pa3n~4HbiX KSa3~~~Kna rpa~a 
G, TO K10K2=¢. npeAnono~~M o6paTHoe. nyeTb r- o6~ee 
pe6po K1 ~ K2, r 1 np~HaAne~~T TOnbKO K1- np~MeHRR eso~eTSO 2 
K r , r 1 E K 1 , Ha~AeM, 4TO see ~~Knbl, COAep~a~~e r, eOAep~aT r 1, 
~ n03TOMY MHO~eeTSO K 2 MO~eT 6~Tb pacw~peHO, 4TO npoT~BOpe4~T 
eso~eTSY 3. 

CneAeTB~e TeopeM~ 2: een~ ASa Ksa3~~~Kna ~Me~T HenyeToe 
~epeee4eH~e, oH~ eosnaAa~T. 

TeopeMa 3. Een~ K- KBa3~~~Kn rpa~a G, To ~eKn~4eH~e ~3 
rpa~a G n~6o~ nap~ pe6ep ri, r i E- K ~3MeHReT ~HAeKe CBR3HoeT~. 
"flpeAnOnO~~M n6paTHOe. nyeTb g - 4aeT~4H~~ rpa~, noJJy4eHHbl~ 
11eKn~4eH~eM ~3 rpa~a G pe6ep r i, r i ~ nyeTb x 1, x 2- rpaH~4Hble 

oepw~Hbl pe6pa r j. Een~ 11HAeKebl eBR3HaeT~ rpa~e g ~ G coena
Aa~T, TO, Ha OeHOBaH~~ Teope~ 1, B rpa~e g ey~eeTsyeT ~enb, 

eoeA~HR~aR BepW~H~ X 1 ~ x 2 .Ho TOrAa B rpa~e G ey~eeTByeT 
~~Kn, eOeTaBneHH~~ ~3 3TO~ ~en~ ~ pe6pa rj ~ He eOAep~a~~~ 
pe6pa ri , 4TO npOT~Bope4~T eBO~eTBY 2. 

CneAeT BHe TeopeMbl 3: ecn~ K - KSa3~~H Kn rpa~a G, TO a 4ac
T~4HOM rpa~e G1, nony4eHHOM HeKn~4eH~eM pe6pa r E K ~3 rpa~a 
G, pe6pa IK' r I RBilRIOTeR nepewe~KaM~. 

TeopeMa 4. Een~ pe6pa r i.!!i E- U He RBnR~TeR nepewe~KaM~ 
:..~~n.:.!:p:.:~.:...;;~.:.e::.:.:Kn:.:.:.::~..;4:.:e.:.H:.;.~:.;_~;_:_n.:.;a:.!p::.:b::.'~r i!.!.i ~3 rp·a~a G =(X, U) ~3MeHReT~R 
~HAeKe eSR3HOeT~, TO ey~eeTByeT KSa3~~~Kn K, TaKa~, 4TO 
E i.!.! i E-K. Ceo~CTBO 1 SbrnonHReTeR no onpeAeneH~~; HaM oeTa
noeb AOKa3aTb, 4TO BblnOJIHReTCR eso~eTSO 2. npeAnOJJ0~11H o6-
paTHOe. nycT b ey~ecTsyeT ~~Kn C,TaKo~. 4TO rjEC, rj e: c. 
06o3Ha4~M 4epe3 G 1 4aeTI14H~~ rpa~, nony4eHH~~ v.ct:nro4eH~eM 
~3 rpa~a G pe6pa ri . noeKOJJbKY r i He RSnReTeR nepewe~KoM, ~H
AeKebr esR3HoeT~ rpa~s G111 G eosnaAa~T. nocKonbKY r i e' C, 
~~Kn C ey~ecTsyeT 11 s rpa~e G1 . 06o3Ha4~M 4epe3 G2 4aen14Hbl~ 

rpa~, nony4eHHbl~ 11eKn~4eH~eM ~3 rpa~a G 1 pe6pa r i, 11 nyeTb 
x 

1 
, x 2 - rpaH~4Hble eepw~Hbl 3Toro pe6pa. 8 rpa~e G2 ey~eeT.,

eyeT ~enb, eoeA~HRIO~aR Bepw~Hbl x 1 , x 2 ~ nony4eHHaR YAaneHHeM 
113 ~11Kna C pe6pa ri. TorAa Ha oeHoBaHI1~ TeopeMbl 1 eoonaAat:>T 
11HAeKebl esR3HOCTI1 rpa~s G1 ~ G2 ~, eneAOSaTenbHO, eoenaAa .. 
t:>T ~HAeKe~ eBR3HOeTI1 rpa~oe G ~ G2, 4TO nponrsopeli>~T ycnoB~
RM TeopeM~ 4. 

TeopeMa 5. Een~ So c U- MHo~eeTBO nepewei1KoB rpa!lJa G= (X,U) 

11 4aeTH4H~~ rpa~ G 1 nonyu.eH 11eKnto4eHI1eM pe6pa r E U' So 

.~3 rpa~a G, S 1 - t~Ho~eeTso nepewe~KOB rpa~a G 1• TO t.otHo~eeT

ao pe6ep K =I r, Si'S 0 1 nsm~eTeR KBa311~~KnoM rpa~a G. Ha oeHo-
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saH~<H1 TeopeMbl 4 Ka>KAaR napa r, r i (r i E- S i' S0 ) npHHaAJle>KHT 
HeKoTopoMy KSa3H4HKnY Ki. Ha ocHosaHHH cneACTSHR TeopeM~ 2 
see KSa3H4HKn~ K i COSnaAaiOT. Ha OCHOSaHHH cneACTSHR Teope
Mbl 3 MHO>KeCTSO K He MO>KeT 6~Tb paCWHpeHO. 

nycTb so - MHO>KeCTSO nepeweHKOS rpa<t>a G= (X, U), u = u' So. 
H3 TeopeM~ 2 cneAyeT, 4TO cy~ecTsyeT eAHHCTSeHHOe pa36HeHHe 
MHO>KeCTBa U Ha CHCTeMy KSa3H4HKnOS. H3 TeOpeMbl 3 cneAyeT, 
4TO npH nocTpoeHHH v-rpa<t>a Henb3R HCKnl04aTb 6onee OAHoro 
pe6pa 1-13 KSa>KAOrO KSa3H4HKna. nycTb HeKOTOP~H v-rpa<!> 3aAaH 
MHo>KeCTSOM HcKnl04eHHbiX pe6ep R c U "" pe6po r E R npHHaAJle-
AHT KSa3H4HKny K. EcnH sMeCTO r HcKni04HTb n106oe APyroe pe6po, 
npHHaAJle>Ka~ee KSa3H4HKny K, TO nony4HTCR TO>Ke v-rpa<!>. AnR 
AOKa3aTenbCTSa SOCCTaHOSHM pe6po r, TOrAa S v-rpa<!>e nORSHT
CR nHWHHH 4HKn, 4enHKOM COAep>Ka~HH S ce6e KSa3H4HKn K.4To-
6bl pa3opasaTb nHWHHH 4HKn, M~ MO>KeM HCKni04HTb n106oe npHHaAJle
>Ka~ee eMy pe6po 1-1, a 4aCTHOCTH, n106oe pe6po, npHHaAfle>Ka~ee 
KSa3H4HKny K. 

Tenepb Y HaC eCTb MeTOA cy~eCTSeHHOrO ycKOpeHHR OCHOSHOro 
anropHTMa. DYAeM Ha3biSaTb KSa3H4HKn HCKnl04eHHbiM, ecnH OH 
COAep>KHT HCKnl04eHHOe pe6po. KoHTpOnb Ha CSR3HOCTb HylKHO 
AenaTb TOnbKO npH nepeXOAe K HOSOH KOH<!>Hrypa4HH HCKnl04eHHbiX 
Ksa3H4HKnos. np"" nepe6ope v- rpa<t>os, acco4HHposaHHbiX c OAHOH 
H TOH >Ke KOH<!>Hrypa4HeH HCKnl04eHH~X KSa3H4HKnos, KOHTpOnb 
Ha CSR3HOCTb AenaTb He HYlKHO. 

KoH4en4HR KSa3H4HKnos AenaeT oco6eHHO npo3pa4HbiM Tonono
rH4eCKHH CM~Cn KOHTpOnR Ha CSR3HOCTb. Hcnonb3YR KSa3H4HKn~, 
~I KaK 6bl CSOpa4HSaeM HCXOAHbiH rpa<!> K MHHHManbHOMy TOnonorH-
4eCKOMy 3KSHSaneHTy. 

6. MOAH<I>HUHPOBAHH~~ AnrOPHTM 

TeopeMa 5 AaeT KOHCTpyKTHBHbiH MeTOA pa36HeHHR rpa<!>a Ha 
cHcTeMy KSa3H4HKnos. Ha pHc. 4 AaH npHMep TaKoro pa36HeHHR, 
pe6pa noMe4eHbl HOMepOM COOTSeTCTSyiO~ero KSa3H4HKna, HOMepOM 
0 noMe4eH~ nepeweHKH. 

Ha pHc. 5 H3o6pa>KeHa norH4ecKaR cxeMa npo4eAYPbl KT(G,W,K), 
npOH3SOAR~eH pa36HeHHe HCXOAHOro rpa<!>a Ha CHCTeMy KSa3H4HK
nos. G , W, M HMeiOT TOT >Ke CMblCn, 4TO H S OCHOSHOM an ropHT
Me. MaccHs K pa3MepHOCTH M - <t>naros~H, K(i) npHHHMaeT 3Ha4e
HHR 0 HnH 1. A- B 03Ha4aeT nepecTaHosKy o6l>eKTos A "" n. 
nepeMeHHble m,t, r - pa604He. 

npo4eAypa KT nepeynopRA04HSaeT MaCCHS G TaKHM o6pa30M, 
4TO s Ha4ane MaccHsa oKa3biSaiOTCR see nepeweHKH, nocne HHX 
pacnono>KeHbl see pe6pa, npHHaAJle>Ka~He nepsoMy KSa3H4HKny, 
3aTeM see pe6pa, npHHaAJle>Ka~He STOpOMy KSa3H4HKny, "" T.A. 
B MaccHs K 3ac~naeTCR cneAyiO~aR HH<!>opMa4HR: K(i) = 1 03Ha4a-
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PHc. 4. Pa36HeHHe rpa<t>a Ha KBa3H4HKnbl. 

51 ra-t+ 1 

No 

10 

W(m)l=1 
·.v< t): .. o 
K(t)l .. 1 
IDI=t 

K(1)a:K(2)a:,,.a=K(M)I=0; 
"(1)1=h(2)1=···1=W(M)I=1; 
IDI=tlat"1=1 

No 

11 

il( 1, t)-G(1 ,t) 
G(2,t)-G(2,ti') 
t I at •1 

Yes 

PHC. 5.npo4eAYpa KT(G,W,K). 

eT, 4TO pefipo i S MaCCHSe G RSnReTCR nepBbiM pe6poM HOSOrO 
KBa3H4H Kna. nocne SbiXOAa H3 npo4eAYPbl see W(i) = 1. npH nepe
cTaHosKax TepReTCR HH<!>OpMa4HR 06 OpHrHHanbHOM HOMepe pefipa. 
EcnH 3Ta HH<!>OpMa4HR cy~eCTSeHHa, HOMep MOlKHO Aep>KaTb SMeCTe 
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Ko 

Ye• 

Ko Ko 
5lt•-

Ye11 

Ko 

P~c. 6.npo~eAYpa NT(W,K,m 0, m ,t). 

c pe6poM a Macc~ee G ~ nepecTaBnRTb HoMepa np~ nepecTaHOBKe 
pe6ep. B 3TOM cny4ae Mace~ a G 6yAeT ~MeTb pa3MepHOCTb (3,M).. 

Ha p~c. 6 npeACTaeneHa nor~4eCKaR cxeMa npo~eAYP~ 
NT(W, K,m0,m,t), KoTopaR reHep~pyeT v-rpa~, acco~~~poeaH-

H~e C OAHOH KOH~rypa~~eH ~CKn~4eHH~X KBa3~~~KnOB. 3AeCb 
m0 - HOMep nepeoro pe6pa nepeoro ~cKn~4eHHoro KBa3~~~Kna, 
m - HOMep nocneAHero ~cKn~4eHHoro pe6pa, t - HOMep Hoeoro 
no cpaeHeH~~ c npeA~AYIII~M v -rpa<l>oM ~cKn~4eHHOro pef5pa. Ec
n~ nocne B~XOAa ~3 npo~eAYPbl t = m0, TO nocneAH~H v-rpa<l>, 
acco~~~poBaHH~H C AaHHOH KOH~rypa~~eH, 6~n ~AaH B npeA~
AYIIIeM o6pa111eH~~. 3aMeT~M, 4TO npo~eAypa NT caMa no ce6e 
RBnReTCR CTeKOB~M anrop~TMOM, 

Ha p~c. 7 npeACTaeneHa nor~4ecKaR cxeMa MOA~<I>~~~poeaH
Horo anrop~TMa. nor~Ka pa6oT~ anrop~TMa, cBR3aHHaR co cMe
HOH KOH<J>~rypa~~H ~CKn~4eHH~X KBa3~~~KnOB, npaKT~4eCK~ 
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3KB~eaneHTHa nor~Ke ocHoBHoro anrop~TMa. n - HoMep nocneA
Hero ~cKn~4eHHoro Keaa~~~Kna. BxoA-B~XOA opraH~aoeaH TaK ~e, 
KaK B OCHOBHOM anrop~TMe. 

AHan~a npo~eAYP~ NT noKaa~eaeT, 4TO oHa 6yAeT pa6oTaTb 
6~cTpee, ecn~ Keaa~~~Kn~ pacnono~eH~ a nop~AKe eoapacTaH~~ 
~x MO~HOCT~. CooTBeTCTBY~~~ copT~poeKy MO~Ho pean~aoeaTb 

e npo~eAype NT. 3To He oTpa~eHo Ha p~c. 5, 4T06~ He ycno~
H~Tb nor~4ecKy~ cxeMy. 

ABTOP~ 6naroAap~T M.H.rypeB~4a, c.c.ne6eAeBa, A.n.Cano~
H~KOBa, KOTOp~e y4aCTBOBan~ B o6cy~AeH~~ HaCTO~~eH pa60T~. 
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