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06 O~HOM Knacce CHCTeM HenHHeHH~X HHTerpanbH~X ypaeHeHHH 

PaccMaTpHaaeTCR OAHH Knacc HenHHeHHWX HHTerpanbH~X ypaeHeHHH B 
npOCTpaHCTBe H:[O, 1 ), K 3TOMY KJlaCCy OTHOCHTCR, B «aCTHOCTH, ypaBHe
HI1e Jloy, paccMoTpeHHoe a pa6oTax 14' 11• AoKa3wsaooTCR TeopeMW cyl!leCTBOaa
HHR H eAHHCTBeHHOCTH peweHHH. npeAflaraeTCR anrOpHTM npH6nH*eHHOro pe
WeHHR AaHHOrO Knacca ypaaHeHHH. B~BOARTCR HeKOTOp~e ycnOBHR CXOAHMOCTH 
H YCTOH4HBOCTH HTepa~HOHHWX npo~eCCOB npH6nH*eHHOrO peWeHHR O~ero one 
paTOPHOrO ypaBHeHHR. 3TH ycnOBHR cnpaseAnHB~ AnR paccMaTpHBaeMOrO Knac 
ca ypaeHeHHH . 0TMe4eHa TaK*e ycTOH4HBOCTb HTepa~HOHH~x npo4eccos npH-
6nH*eHHOro peweHHR ypasHeHHR nay, paccMOTpeHHoro e nt, rAe 3TOT eon
poe He 6~n HccneAOBaH. 

Pa6oTa B~nonHeHa B na6opaTOPHH B~4HCnHTenbHOH TeXHHKH H aBTOMa
TH3a4HH OH~H. 

Coo6meHHe 06beOHHeHHoro HHCTHTyTa st.aepHbiX uccneaoaaHHA • .O.y6Ha 1979 

Zhidkov E.P . , Nguyen M., Khoromsky B.N. 
P5 · 12602 

On One Class of Nonlinear Integral Equations 

One class of nonlinear integral equations i·n H:ro. 11 space is 
considered. This class appljes to low's equation. There are proved 
the theorems of existence and uniqueness of solutions. An algoritm 
of interative solution of considered class is proposed. Some condi
tions for the convergence and the stability of interative processes 
for numerical solution of general operator equation are obtained. 
There conditions apply to the considered class of equations. The 
stability is remarked for interative processes for numerical solution 
of the low's equation where these problems were not investigated. 

The investigation has been performed at the laboratory of 
Computing Techniques and Automation, JlNR. 
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O~oMepH~e HenHHe~~e CHHryngpH~e HHTerpanbH~e ypaBHeHHH 
H3yqanHCb, HanpHMep, ryce~HOB~ A.~./I, 2/H HaTanesHqeM B.K./3/. 
B HaCTO~e~ pa60Te paccMaTpHBaeTCH O~HH Knacc CHCTeM ypaBHeHH~ 
cneAJD~ero BH~a: 

.X{t) = C/J(::t{t)' l;j{t))-t) , (I) 

r~e ifJ { .z, If 
1 

"C ) - ~e~cTBHTenbHM <l>YHK~HH CBOHX aprJMeHTOB 
DC,tj,-tj 1 1 

u { t) = A _ " r .x {7: ' d~ + c j_ 1 .X ,~) d. 't: . < 2) 
iJ Ji, 1: -'t .1[ '{; +t I 

0 0 

;>:{t) = (X1(t) ,X2(tJ, ... ,X#(t))- HCKOMM BeKTOp-<l>JHKL\HR; 
). = ().1 ).l, ... ,)w) - H3BeCTH~A BeKTOp Be~eCTBeHH~ napaMeTpOB; C -

3a,D,aHHM N• N MaTpHl\a. 
K 3TOMJ Knaccy CHCTeM OTHOCHTCR, HanpKMep, CHCTeMa ypaBHe

HHH ]oy, paCCMOTpeHHaH B/4-?/. 
B nepsou naparpa<Pe H3yqaDTCR sonpoc~ c~eCTBOBaHHH H e~HH

CTBeHHOCTH pemeHHH CHCTeM~ (l)-(2). 
Bo BTOpoM naparpa<J>e CHCTeMa (1)-(~) pemaeTCR npH6~~e~~ 

MeTo~oM no o6~eA ~xeMe, npe~no~eHHO~ B ?/no aHanorHH c 8•9 . 
3~ecb paccMaTpHBaeTCR HeKoTopoe npHMeHeHHe nonyqeHH~ pe3ynbTa
TOB K HTepa~HOHH~ npOQeCCaM npH6nH~eHHOrO pemeHHH CHCTeM~ ypaB
HeHH~ ]oy, paCCMOTpeHH~ B/?/, r~e CXO~HMOCTb 6~a HCCne~OBaHa, 
a JCTOHqHBOCTb e~e He paCCMOTpeHa. 

§ I. CrmecTsosaHHe H e8HHCTBeHHOCTb 

CHcTeMy (1)-(2) 6y~eM paccMaTpHBaTb B cneAJD~X npocTpaHCT
sax t;' c"; H: 11 Hof~o H3BeCTH~. HanpHMep, B 61. IIpe~no
no~HM, qTo <l>YHKL\HR cp rx, :f, t J y)(OBneTBO pReT ycJIOBJ.IRM: 
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I. P rx: ~(. t 1)- ¢ {x~ tt~t~) = 
=<f-t (.x:.x z; lf~'/; t~tl}( t1 - t z) + 

+~(a:; Xzj ~~'j2 ; t~-tZ)(.x1-.z:. Z) + tfAX:.z~y~f/z;i~t t)(j1-:/Ji 
I'~e tf1 1 

~. ~ - JIHHel!trne onepaTOpbl OTHOCHTeJibHO 

pa3HOCTel! £1 -t z, X 1 -.:X z, :f'- Jf z COOTB9TCTB9HHO, 

2. ,IJ.Jur acex x:.xz TB.KHX, t~TO /!.X' !lot :f R (i=f,2) ; R < oo 
a ui.=).-S~c.+CS+.xi. r~e ' 

IJ ~ . J 1 i 
S i =.iJ x•cr.Jd7: . S ::x: < .L J x crnd-r: 

.X :Ji 0 1;:-t; ' + -:J[ 0 'i:+-t 

HU9DT M9CTO HepaBeHCTBa: 

1/lf..llc ~ R-t (R); 1/tfzlfc ~ R2 ( R); lftf.3!c. ~ R.3 (R); 

If t.fz II o1, £: R ~ ( R) i II tf.31/ <>< ~ R~ C R ) ; 
r~e R.i. ( R) (i =J,2,3)K Rj (10 (J =2,3) Henpepb1BHbl9 !J!JHKizy~H oT R , npK-

t~eN R. 1 (R)L.. R, 

a TaKJle Ri. (0):0 11. Rj"' ( 0) = 0 . 

ilpH 3THX npe~nOJIOllteHHRX CnpaBe~HBa CJie~a.H JieMMa . 

neMMa I. llycTb ~- onepaTop, Onpe)J.eJieHHbll! CHCTewol! (I)-(2). 

Tor~a Jl oTo6paMaeT npocTpaHCTBO H: a ce6n,H KB.K 

onepaTop H3 H: B c~ RBJIReTCR BnOJIHe HenpepbiBHbiM. 

3Ta JieMNa eCTb Henocpe~CTB€,HOe CJie~CTBII.e yCJIOBHR 

CJie~~HX 11.3BeCTHbiX HepaBeHCTB/
6 : 

I)-2) H 

:2 1+2"'+ 1-+3o( 
II S /10/. ~ (1 -a~.>:ii + r~ = Mo1. (3) 

II S + • V o( :f J ( 4) 

llycTb M R "' ( :..c (t ) E c N I II X ( t} II o( ~ R ) . 
N ' 

II c fl :::: max ~ I c ~j I 
J =1 

0- = meax. Jae I , a._e - co6cTBeHHble 3Hat~eHHR MaTpH~ 
I'~e c•- COnpRJ!eHHa.H C- MaTp~a. cc'*' 

' 
Teopewa I. 

I. llycTb R :>O TB.KOBO, qTo 

R1(R.)+[R2 (RJ+R. 3 (R)(N«+I!c!IJr)jR1!: R., (5) 

Tor~a BO MHOllteCTBe M R CHCTewa (I)-( 2) HNeeT XOTR 6bl o~o pe

meHHe. 
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2. EcJIH ~e BblilOJIHReTCR HepaaeHCTBO 

Rz{R) +RJ(R) ( 1+J[) <i 
' TO CHCTeMa ( I)- ( 2) HMeeT B NR He 6oJiee O,D,HOI'O pemeHHR. 

3 . ilpH BblilOJIHeHHH HepaB€HCTBa (5) H CJI€~~€!'0 HepaBeHCTBa 

(6) 

R~ {R) -t R~ { R) ( MO( +If cttif) < 1. (7) 

CHCTeMa (I)-\2) HMeeT BO MHO~eCTB€ NR e~HHCTBeHHOe pemeHHe 

X "' { t ) J KOTOpOe MOllt€T 6b1Tb ilOJIJ'tleHO MeTO~OM npOCTOI! HTepaL\IiK. 

,l.\oKa3aTeJibCTBO • 

I. llycTb BblnOJIHeHo HepaaeHCTBO (5). ~R ~oKa3aTeJibCTBa nepao-

ro JTB9j)X,Il9HM.H )J.OCTaTOtiHO noKa3aTb, tiTO onepaTOp oJ/ nepeBO~II.T 

MHOJ!eCTBO MR. B ce6n. ,l.lel!cTBHTeJibHo, eCJIH !1NeeT MecTo JiMR!;; MR 
' TO 11.3 Jl€MMbl I, a TaK*e TeopeMbl 0 HenO~BHJI(HOI! TOtiKe, CJI8)J.Y8T,t1TO 

CYIIleCTayeT TB.Kol! aJieMeHT :x.f'{f.) MHOllteCTBa M11. t~TO x 11 rt J = ollx it- {t J. 
llycTb /IX (t!/lo~.~ R, Tor~a 11.3 ycJIOBHI! I )-2) ,' a Ta~e HepaaeHCTB 

(3) II. (4) HeTpy~HO ilOJIYtiHTb CJie~~ O~€HKy: 

/{all X {t)l!ot ~ H Cf1 lie + /Nzlfc R +I tfJI/c /1 ~I/o~ 

~ R 1 ( R) + R z ( R) R t R 3 ( R ){ Mc< +- II c II .f ) R • 
0TCIO)J,a, 

l/w9.x(tJIIo~ ~ R 
7 

T. e ..!1#11 f HR.. llepaoe yTaepllt)J.eHHe .n.oKa3aHo. 

2. ,[(onyCTHM, qTo CHCTeMa (!)-(2) II.M88T ~Ba peweHHR a; 1(t)j::t2{t) 

ao MHOlltecTBe HR 1 r~e R y.n.oaJieTaopneT HepaaeHCTBy (6). 

llycTb u{f.J=;x1(t)-x{t) ,Tor~a 11.3 ycJIOBHI! I) HeTpy,D,Ho BH~eTb, qTo 

B8KTop-<fJJHK~HR u(t) y~OBJI€TBOpReT CJie~~el! JlliHei!HOR CII.CT8Me: 

u{tJ;'fz{.,,)u{t) + tfJ ( .. J{SU(tJ+C!Stu(tJ)=:BuftJ. 
(8) 

3~8Cb ~R ilpDCTOTbl Mbl He ilii.CaJIH api'JM8HTOB <lJyHKizy!M <f2 II. cf'3 

B OTJIII.qll.e OT (I)-(2) 3Ta CII.CT8Ma (8) pdccMaTpiiBa€TCR B ~2~ 
' M3BeCTHO, qTo ecJIH 

II B. II '-z t. l. , < 9 > 
TO (8) HM99T e~II.HCTBeHHOe pemeHHe, KOTOpoe TOK,IleCTB8HHO } dBHO Hy

nD. JTO 03HaqaeT, qTO B~nOJIH9HMe ( 9) o6ecneqHBaeT e~MHCTB9HHOCTb 

peweHH.H CII.CT9KW (I)-(2). 

M3 /IO/CJI€AJ€T, qTo 

II s. n Lz ~ i i I c s+ 1/ '-z {, ~ ) 
OTCIO)J.a II. li3 HepaB€HCTBa (6) ilOJIJ'tiHM: 
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// 8ut-t.Jf, ~ [!l'f2 He+ 1/<f'Jifc (19.114 +f/cs~tl~. )]Uu(t)Ut., 
u2 2 t 

~ [R 2 {R) + R3 (R)(d. + 't-J/Iu{tJIIt
2 

{: /(u(t.)/11.2. 

TaxHM o6paaoM, HepaseHCTBO (9) B~O~HeHo, T.e. BTopoe yTBe~e
HHe TeopeM~ AOKaaaHo. 

3. ~R AOKaaaTe~bCTBa TpeTbero yTsep~eHHR BBeAeM ~eAJD~ 
MeTpHKY; 

f(:x{, x') =- §xf-:x.tUoe' 
f Z IV 

X' X € HO( 

ITycTb B~no~HeH~ HepaseHCTBa (5) H (?). ~R ~~6~ AByx a~e
MeHTOB x 1

, x 2e. M( HMeeM 

rAe 

//fix' -.fix' H"' ~ 1/'fz (.x'-x')/1"' + ff<f'J (t/ -t/ JUo< 

:0 [NzU .. + {/<I'J/!oe {!S.IIo< t 1/CS+"ffoe]/l:x 1- x 2 1/ol 
= q. Hx1-x'/lot ' 

4: l'f2 flo< t-1/cf',lf.< (fs.Ko< +f/CS._ .Ifo~) ~ 
~ ft. ( R J <- R~ ( R) U1"' + II c H}; ) < i. 

B CH~Y HepaBeHCTBa (7). 

WTaK, noKa3MH, t!TO A oc~eCTB~ReT c~aToe oTo6p8llteHHe M 11. 

B ce6R H, C~eAOBaTeAbHO, c~eCTByeT eAHHCTBeHHaR HellOAB~aR TOti
Ka :r.*(t) E M11. , TaKaR, tiTO Z.*(tkf!J!(t) , H KOTOpaR MOlleT 6b1Tb HaA
AeHa weTOAOM npocToA HTe~H. TpeTbe yTBePJ~AeHHe AOKaaaHo, a 
aHaqHr, H reopewa nonHOCTbn ~oKaaaHa. 

3aMet~aHHe: HepaseHCTBa (5),(6), (?) ecTb Hens~e orpaHHtleHHR Ha 
senHtiHHbl R H If .:t ll=mf!XI)., I. &ro aHatiHT, tiTO pemeHKe 
CKCTe~ (I)-(2) C~eCTByeT K eAKHCTBeHHO TOAbKO npH 
AOCTaTOtiHO MMblX 3HatleHHRX napayeTP,OB ..\, H R • 0AHaKO, 
KaK llOKa3bi88DT tiHC~eHHble pactleT~6t, pemeHHe CHCTe~ 
(I)-(2) C~CTByeT H eAHHCTBeHHo B 6onee WHpOKOA o6-
naCTH, tleM o6nacT&, ycTaHOBAeHHan TeopeNoR I. 

ITepeRAeM Tenepb K sonpocaw npH6nHMeHHoro pemeHHR CHCTe~ 
(I}-(2). 

• 

~ 

§ 2. PaaHOCTHaR cxeMa rrpH6~HMeHHoro pemeHHR CHCTe~ 
(I)-(2) 

ITycTb aaAaHo c~eAYD~ee onepaTopHoe ypaBHeHHe 
X :.f/X (IO) 

rAe ;x: - a~eMeHT HeKoToporo MeTpHt!ecKoro npoCTpaHCTBa X , ;/1 - one
paTop, nepeBO,IVIIIIH« K~~ :meweHT .x E X B HeKOTop~ a~eMeHT 3TO
ro ~e npOCTp~CTBa. AnropHTM pemeHHR 3TOrO ypaBHeHHR (!0) 6~ 
paccMoTpeH s ?/. OH paa6HsaeTcn Ha ABa aTana. Ha nepsoM 
paCCMaTpHBaeTCR CHCTeMe 

>1:n=.Jlnx, , (II) 

rAe Jl,. - onepaTop, annpoKCHMHpj'll~KA onepaTop JJ. B HeKoTopoA MeT
pHKe; .;:r,._- aneMeHT npoCTtJB.HCTBa Xn, no~yqB.!l!Jierocn H3 X oTo-
6p8llteHHeM <.fn. • 

Ha BTOpoM aTane B~HCAmDTCR npH6~HMeHH~e pemeHHR ypaBHeHHR 
(!0) no ll><>PMY~e 

;::t. (n) = Lf,._ X It- (12) 

*" rAe ~~- pemeHHe CKCTe~ (II), KOTOpoe Ha3~BaeTCR KapKaCOM npH-
6~KJ!teHHOrO pemeHHR ypasHeHHR ( IO), a if ,_-HeKOTop~ onepaTop, ne
peBO,IVIIIIHA K~R 3~eMeHT .:r,., npOCTpaHCTBa )( n. B 3~eMeHT x(tJ npo
CTpaHCTBa X . 3ToT onepaTop HaabiBaeTcn onepaTopow socno~HeH,n. 

HanOMHHM HeKOTOpble OllpeAe~eHHR, KOTOpble HCnOnb30BaHbl B ?/. 
ITpoqecc Haxo~eHHR KapKacos npH6~HlleHHiiX pemeHHR 6yAeM Ha-

3~BaTb cxo~cn, ecnH 
fim.fx (x!. tf~x"')~o 

n.-+- K. I ) 

rAe :t.• - pemeHHe ypaBHeHHR (IQ), a npOI..IeCC H8XO~eHHR npH6AHJieH
HblX pemeHHR X

1
"
1 CXOAHTCR, ecnH 

.f.~m.Px (:x•, lf,..;;x:';,) = o . ,.. __ 
B pa6oTe/? I 6~o noKaaaHo, t!TO e~H onepaTop .II .... .RBMeTcn 

C~HMB.DII!HM, a lfn. - ~HHef;IH~ H orpaHHtleHHbiR onepaTop, TO CXOAH
MOCTb 3THX HTe~OHHblX npo1..1eCCOB onpeAeAReTCR MepoR annpOKCHMa-
I..IHK Y, ( .x; = Yx .. (olin. .P .. x. , lf'., .Jl.x.) 

onepaTOpa .fl onepaTOpaMH Jl n.., npK 3TOM HMellT MeCTO CAeAj'll~He He-
paBeHCTBa: 
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a;._ 2 fx ... (.x~.lfn.l:") ~ 1~/Y '/,... ex•)' 

r.- - * - " ( - •0 " - * - - If r \ ( I J) 
(;rt. = fx (.X , <fn .r n.) ~f..- <f., Tn.Ol:, <f,_.z,,.)+Jx(<f,.cf,.z, x J. 

06paTHMCR Tenepb K BOnpocy YCTOA~BOCTH HTepa~HOHH~ npo~ec

COB (II) H (I2). 

KaK H3BeCTHO, K~A 3Tan npH6HHMeHHOI'O peweHHR ypaBHeHHR 

(IQ) CBR3aH C norpemHOCTRMH B~CHeHHA. 0co6eHHO 3TO OTHOCHTCR K 

nepBOMJ 3Tany, TaK KaK 3AeCb npHXOAHTCR HMeTb AeHO C peweHHeM 

ypaBHeHHA. B CaMOM AeHe,pemaeTCR He CHCTeMa (II), a CHe~an, 
11 B03MJ'llleHHaR": 

a .11 s x .... = .z..._ + '/"'- , y .... f o. 
IlycTb X H Xn.- 6aHaxOBbl npocTpaHCTBa. BBeAeM no aHanorHH / 8/ 
cneAYD~ee onpeAeHeHHe. 
OrrpeAeHeHHe I. Ilpo~ecc Haxo~eHHR KapKacoB npH6HHMeHH~ pemeHHA 

CHCTeMbl (II) Ha3b1BaeTCR yCTOA4HBbiM (HHH pa3HOCT

HaR cxeMa (I I) Ha3biBaeTCR ycTOA4HBoA ), ecnH MR n106oro f. ~ o cy

~ecTsyeT 4HCHO S" (13) /'0 , 3aBHC~ee TOHbKO OT c H TaKOe, 4TO 

AHR BCex if"- E x..._,HOpMa KOTOpbiX MeHbWe, qeM O(e ): tfr,_t( < t (e)' 

cnpaBe~HHBO HepaBeHCTBO 

I If 0 a:.._- :2!,..1/ <£, 
no KpaAHeli Mepe MR AOCTaT04HO 60HblliHX 3Ha4eHHii 11.- • 

~eeT MeCTO CHeAJIO~aR HeMMa. 

Jlewaa 2. EcJIH .JlH- AeAcTBYJO~HA B 6aHaxOBOM npocTpaHCTBe Xn.. RB-

' ' JIReTCR CMHM8DUIHM 

HJl.x:._ -.Jixt.,. II~ 0 floc:_ -or.: If? 
O<q_<i, 

TO npo~ecc Haxo~eHHR KapKaCOB (II) YCTOA4HB. 

,lloKa3aTeJibCTBO: nycTb c >0, TOI'Aa,noJIOlttHB O(E) = E(1-q,> 

scex y .... , J(t• If< O{t.), HMeeu 

H .x ~ - a.s .. (I= IJI;x.*,_ -cfl.x: -:fn.d ~ ffa/l:c";,. -/!.~!II 1- II t"' II 
f:. ~ 11 .x:. -xi,_u 1- Eo- q,J. 

0TCDAa noJiyqHM 

II X ~ - X~ If < £ • 

Jlewa AOKa3aHa. 

8 

H MR 

Ha BTOpOM 3Tane npH6HHltteHHOI'O pemeHHR ypaBHeHHR (IO) nOMHMO 

norpemHOCTeA Bb14HCHeHHR KapKaCOB npH6JIHMeHHbiX pemeHHA AOnycKaeTCR 

HCKaMeHHe B onepaTOpe BbiTIOJIHeHHR ~~~ TaK 4TO ~KTH4eCKH npHMe-
HReTCR He 3TOT onepaTop ;:p.._ , a onepaTop <f>.., +Liif ..... TaKHM o6pa3oM, 

( >l.-) ( 12) ('t.) BMeCTO ~ , Bbi4HCJIReMOI'O no 4JopMyJie , 6yAeT 3JieMeHT .X.5 : 
{n) - - b 

.Xs =(if.,_+ Lllf,._)a: ... 

BBeAeM cneAJIO~ee onpeAeJieHHe. 

OnpeAeJieHHe 2. Ilpo~ecc Haxo~eHHR npH6JIHMeHHbiX pemeHHA CHCTeMbl 

(IO) Ha3biBaeTCR YCTOii4HBbiM, eCHH AHR JID6oro E~o, 

CJ'llleCTBYJOT 4HCJia !J(t}>O H W(c)>0 TaKHe, 4TO npH YCJIOBHH 

lftcfn. If < o ( c J 
1 

II tJ If,_ II < w {e. J 
BbiTIOJIHReTCR CHeAJIO~ee HepaBeHCTBO: 

II o.r*-- ox:.! It< c., 
""It" /). { ... ) 

I'Ae "'-& = t.un. Xs . 
n-+oo 

~eeT MeCTO CHeAJIO~aR HeMMa. 

JleMMa 3. EcJIH npo~ecc Haxo~eHHR KapKacos npH6JIHMeHHbiX pemeHHA 

YCTOA4HB, a onepaTOp BOCnOJIHeHHR tf n.. OI'paHH4eH, TO H 

npo~ecc Haxo~eHHR npH6n~eHHbiX pemeHHA ycToA4HB. 

~OKa3aTeJibCTBO 3TOA npoCTOA JieMMbl aBTOMaTH4eCKH nonyqaeTCR 

H3 CJieAJIO~HX 04eBHAHbiX HepaBeHCTB: 

//a:*-:r.f/1*'- ux·-.x. ("' 1 1/+ f/:J.:.("-i_x;/1' 
If .X("-}- .x.; II~ If x ("-i- a; (si If -t-Il :X.j1 - X; II } 

II ~l"' 1 -x';111 ~ If if ... lf II x: -x:11 + 1/!Jlf,_ttll x!..11 . 
CJieACTBHe: HTepa~HOHHble npo~eccbl ~H6JIH~eHHoro pemeHHR ypaBHeHHR 

Jloy, paccuoTpeHHble B I 7, RBHRDTCR ycTOA4HBbiMH. 

BepHeMCR K paCCMOTpeHHD BOTipOCOB, CBR3aHHbiX C npH6JIHMeHHbiM 

pemeHHeM CHCTeMbl (l)-(2). ~R 3TOI'O CHaqana 0Tpe30K [O,I) pa3o6oew 
Ha n-~ qacTeA T04KBMH 

0 = t1 < tz < • · • < t ... = 1.. (I4) 

OTH T04KH YTOqHRDTCR B COOTBeTCTBHH C annpoKCHMaQHeA onepaTOpDB 

Sx. H S+x.. 
HN.n... 

IlyCTb o(' - npoCTpaHCTBO 3JieMeHTOB X.._, KOTOpble nOJiyq81lT-
CR H3 :1.:. (t) E H: CYJleHH6M Ha MHO~eCTBO T046K THna ( 14), T.e • .X.._ 

HMeeT BH~! 
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x. (t1), ... ,.x1(t,.) 

.Xn= l 
.X ll. (tz)' .. 

1 
.X 2 (tn) 

.:L"(t.}' .•• , X.v(t,..) 

fl~n 6y~eT 6aHaXOB~, eCnH BBe~eHa HOpMa171: 

If X"' lfc ::: m_a..x. mq..x. f X;(t.i} I < + = 
HnH HOpMa 1H~N HJ!,fl 

II 11 [ I /.T,(tj)-X;_{t.;+1)1] 
uXnl•o< =max max .:r, (tj) /+Sup I t·-t.. I < +oo · 

4i.t!::.N 1~JI:I1 J J+'f o< 

IlycTb BMeCTO onepaTopoa Sx H S +;r. paccMaTpHBaJOTCfl nHHe~
Hble KOHeqHOMepHble onepaTOpbl COOTB6TCTB6HHO 81

Xn.. H 82 ,X.._, KOTOpble 

HN,.... ( 
~e~CTBytOT B "' , a .X t) 38M6Hfi6TCfl aneMeHTOM X n. , TOI'~a BMeC-
TO .J/ nonyqaeTCfl OnepaTOp o/ln , a BM6CTO CHCTeMbl (I}-(2) TIOJiyqaeT

Cfl CJie~~af! KOHeqHOMepHaF! CHCTeMa ypaBH6HHH: 

.X.n. =.ll:r.n.... (15) 
KaK H / 7 I, MepoJ:t annpoKcHMa'-\HH onepaTopa tit onepaTopoM rll ,_ 

6epeTCfl BenHqHHa 

rrt {x) = 1/Jln Lfn X - lf'n .llx II c . 
IlyCTb r:(:;t) -Mepa annpOKCHMal..\HH onepaTopa ~X onepaTOpOM 

B~x~ ' a r~ {x)- Mepa an;~oKCHMa'-\HH onepaTopa s.x onepaTOpOM 
Bz .:t" • Tor~a, aHanorHqHo I, a TaKllte H3 ycnoaHfl 1)-2) ,MOJKHO 

nonyqHTb cne~~ee HepaaeHCTBO 

't"(oc.)~,t'[o~(x} + 1/c II{~ (x)], O<X<+ oo . ( 16) 

llycTb, .n.anee, Mt' - MHOJKeCTBO, nonyqaroll\eecH H3 H R saMeHoi.l 
~{t) Ha x,_ , TOP,IJ,a coaeprneHHO aHanOPH4H~I71 o6pasoM MOJKHO 

~oKasaTb cne.n.yro~ neMMy. 

JleMMa 4. !IyCTb cnpaBe,IJ,nHBbl HepaBeHCTBa (5) H (7 ), H nyCTb 81
.X., H 

8:1-X.n. TaKOBbl, qTQ 

II B1 X~ + B\:'n- B".:x.~- fl/x~//o< ~ £1 //.x~- x~J/ri t17l 

0 < :t. < + 00 ' 
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Tor~a so MHOlleCTBe M;<;,H~" CHCTewa (15) IUieeT e~HHCTBeHHoe pe-

meHHe .X:;_ , KOTOpOe MOlleT 6b1Tb TI0~6HO M6TO~OM npoCTOf:! HTepa.qHH. 

TaKIDI o6paaow, H3 pesyJibTaToa' 'I ,IJ,nfl cxo~wocTK HTeparzy~oH
HbiX TipD'-\6CCOB, H3 HepaBeHCTB (13),(16), a TaKJKe H3 JieMM 2,3,4 
TIOJiyqaeTCfl CJI6AYD~J:l OKQHqaTeJibHbiJ:t pesyJibTaT. 

1 I. 
TeopeMa 2. IlycTb BWIOJIHeHbl HepaaeHCTBa ( 5) H ( 7) , a B X... H 8 X.... 

TaKOBbl, qTO BbiTIOJIHf!eTCfl (17) K 

t 1
n. (x') ;z::-.• P :> r~ (x*);;::_o. 

Tor~a cHcTewa (1)-(2) HMeeT e~HCTBeHHoe pemeHHe :x!'·ctJ, KOTopoe 

MOJK6T 6b1Tb TIOJiyqeHO M6TO,IJ,OM TIOCJie~OBaT6JibHbiX llpK6nHJKeHHJ:l, npH 

3TOM: 

1) npo'-\eCC HSX0~6HKfl KapKaCOB npH6JIHJK6HHbiX pemeHHJ:l CXO~HTCfl 

H ycToAqHB, npHqey 

c;;; = .fx.._ (.x';. ,·tf .. .;r'') ~ :/!q, [t:.. (~") + J!c.lf'r,._ \x"' J] j 

2) np0'-\6CC HSXO~eHHfl npH6JIHJK6HHbiX pemeHHJ:l CXO,IJ,HTCH H YCTOJ:l-
qJ.IB H 

-r:,._ = fx (.x~ ifn.x:) ~ 1/tf,_/1 ;!.q,Cl~(:x")i-1/c !o;;, .:z.-J] + 

+ /Jlf., f n X,._- X* // o< i 

HN ... H"' ecJIK Lfn. mmeJ:lHbiJ:t H OI'paHHqeHHbl£1 onepaTop Ks ,; B o<. H 

H ifn. fn. xlf'_-x*!ot~~- CIIocJie,IJ,Hee BbipaJKeHKe KNeeT MecTo, ecJIK B 

KiqecTBe ~~ 6epeTCH H6KOTOpblf:! CnJiaf:!H, KaK 3TO 6biJIO npo~eJiaHO 
B 71) • 

B 3aKJIDqeHK8 OTMeTKM, /TO Teopeua 2 HOCHT 6oJiee o6~KJ:l xapaK

Tep, H6JK6JIH aHaJIOJ:'HqHaH B/7 , 0Ha ,IJ,aeT illHpDKHJ:l Bbi60p onepaTOpOB 

B1 xn.. e/.:x,.. H lfn.o:r,.,_, 
)l.a~HaR pa6oTa - ecTeCTBeHHoe o6o6~eHHe pa6oTI6·• 7 I. Oco6eH

HO 3TO OTHOCHTCH K TOJ:l qaCTH, I'~e paCCMaTpHBa6TCH YCTOJ:lqHBOCTb 

~Tepa'-\HOHHWX npoUeCCOB. Cma RBRH8TCR C~eCTBeHHWW ~OflORH8HHeK K 
paOore/7/, r~e aror aonpoc He O~n paccuorpeH. 

II 
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