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AKHWHH n.r., Bopo*~OB C.6., IHAKOB E.n. P5 - 12569 
reHepHpOBaHHe TpeXMepHO~ TeTpa3ApanbHO~ CeTKH B npHno*eHHH 
K MeTOAY KOHe4HWX 3neMeHTOB 

npeAno*eH MeTOA reHepa~HH TeTpa3ApanbHO~ ceTKH An~ o6nacTe~ 
cnO*HWX KOH~Hrypa~H~. TeTpa3ApanbHaR CeTKa MO*eT 6WTb HCnonb30BaHa 
AnR pac4eTOB MeTOAOM KOHe4HWX aneMeHTOB. MaKCHManbHW~ pa3Mep 
TeTpa3ApoB perynHpyeTCR BXOAHWMH AaHHWMH. 

npoBeAeHW pac4eTW no npoCTWM MOAenbHWM 3aAa4aM C HCnOnb30-
BaHHeM npeAnO*eHHoro anropHTMa reHepa~HH ceTKH. 

Pa6oTa awnonHeHa B fla6opaTOpHH BW4HCnHTenbHO~ TeXHHKH 
H aaTOMaTH3a~HH OHRH. 

Coo6IUeHHe 06'bellHHeHHOrO HHCTHTyTa HAepHbiX HCCne.[lOBSHHA • .lly6Ha 1979 

Akishin P.G., Vorozhtsov S.B., Zhidkov E.P. 

Three-Dimensional Tetrahedral Grid Generation 
Applicable to the Finite Element Method 

P5 - 12569 

One method of tetrahedral grid generation for partition 
of complex region configurations is proposed. The tetrahedral 
grid could be used for the finite element method calculations. 
Maximum size of tetrahedral is given in the input data. 

'A simple model finite element problems are solved using 
the obtained grids. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 
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PacqeT TpeXMepH~ uarHRTH~ noneA cnoxH~ KOH~Hrypa~HR Tpe-
6yeT B HaCTO~ee BpeMH 3HaqRTenbHOH no~rOTOBHTenbHOH pa60T~ ~R 
npe~CTaBneHHH BXO~~ ~aHH~ KOHKpeTHOH 3~aqR. OTOH ~enH cnyxaT 
cne~anbH~e CHCTeM~ nporpaMM HnH ~axe oT~enbHhle 
BeTCTB~HM uaTeMaTHqeCKHM o6ecneqeHHeM/ •2/. 

3TanauH B ITOArOTOBKe AaHHHX RBRRDTCR: 

MHHR-8BM C COOT-

I) 3~aHHe KOH¢Hrypa~HH o6nacTH H3MeHeHHH napaueTpoB s~aqH Ha 
8~. 

2) reHepa~HH CeTKH. 
3) AAapT~HH ~aHH~ sa~aqH K KOHKpeTHOMY anropHTMY qHcneHHoro 

pacqeTa. 

PaccuoTpHM c~eCTBYD~He ueTo~ reHepa~HH ceTKH, o6p~an oco-
6oe BHHMaHHe Ha Tpexuep~H cnyqaH. 06~HM B nporpaMMax,reHepHpYD
~HX CeTKH, HBnHeTCH pas6HeHHe BCeH o6naCTH 3~aqH Ra IT0~06naCTH 
(uaxpo6nOKH), B K~OH H3 KOTOp~ reHepa~HH npOH3BO~HTCH HnH OT
~enbH0/3/, HnH rrpH aTOM ycTaHasnHsaeTCR cornacosaHHe ue~ ceT
KauH rro~o6nacTeH. 

~R ITOCTpOeHHH CSTKH B IT0~06naCTRX cy~eCTByeT HSCKORbKO 
KXaCCOB anrOpHTMOB,H cpe~H HHX CRe~~He: 

I) 0To6paxeHHH uaxpo6xoKa Ha o6oeKT npocToR reoMeTpHqecKoM 
~pNH c e~HHHqH~ pasuepauH. ilocne nocTpoeHHH perynapHoA ceTKH 
Ha 3TOM o6oeKTe OC~eCTBXReTCR o6paTHOe npeo6pa30BaHHe, IT03BORRID
~ee nonyqHTL KOOPAHHaTw y3noa B uaxpo6noKe.HarrpMuep,B padoTe/2/ 
ITPH ITOCTpoeHHH CeTKH H3 WeCTHrPaHHHKOB HCITORL3yeTCR ITORHHOMHaRLHOe 
OT06paxeHHe Ha 8AHHHQHWR Kyd.Qro6paxeHHe npH ITOMO~H ITORHHOMOB HC
ITOXb3yeTCR TaKXe B/4/. ilo~6HO anrOP,HTMH OT06pBXSHHH H TSKCThl 
~pTpaHHhlX rroAfEorpauu rrpHBe~eHhl s/57. 

B pa6oTe I upe~xoxeHo oc~ecTBHTb nocTpoeHHe Tpe.yronbHOA 
CeTKH npH ITOMO~H 0T06paxeHHH Ha npOCTYD 06RaCTb, npHqeM RHHHH 
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CeTKH HBnRDTCH B 3TOM cnyqae 3KBHnOTeHqHanHYH pemeHKA ypaBHeHKH 

JlBILIIaca c Sa,I\aHHbiMH rpaHHqHbiMH ycJIOBHRMH. AHanoroqsb!A MeTO,IJ, omr
CaH B/?/ ,li,JIH TeTpa3,IJ,paJibHOA CeTKH B TpeX H3MepeHHRX. ~H MeTO,IJ,a 

OT06~eHHA B03HHKaDT TPY,IJ,HOCTK npH noBTOpHOM re/epHpOBaHHH ceT
KH C ~eJib~ yueHbmeHHH mara B OT,IJ,eJibH~ paAOHax/8 , qTo CBH3aHO C 

~HKCKpOBaHHOA TOnOJIOrKe« C8TKH. 
I 

2) BciJibWJ'IO CB060,IJ,Y npe,IJ,CTaBJIHDT M8TO,IJ,~, OCHOBaHH~e Ha nepe-

6ope BC8B03MOMHNX BapKaHTOB nOCTpD8HHR 3JI8MeHTOB C8TKH H3 nOCTe

neHHO yBeJIHqKBam~erocn no onpe,IJ,eJieHH~ saxoHau Ha6opa ToqeK, npH

Ha,li,JieM~ o6JiaCTH sa,IJ,aqH. IIpH STOM npoKCXO,IJ,HT oT6op ToqeK H 

sJieMeHTOB ,li,JIR noJiyqeHHR MaKCHMaJibHO O,IJ,HOpo,IJ,HoA ceTKH. PasJIHqsYe 

aJiropHT~ 3TOrO KJiacca OTJIHqaDTCH MeTO,li,OM reHepa~HH BepWHH H KpH

TepHRMH oT6opa sJieMeHTOB. IIpHMep~ TaR~ reHepaTopoB ,IJ,JIR nocTpoe
HHR TeTpas,IJ,paJibHoA ceTKK npHBe,IJ,eH~ B/9 . PasMHoMeHHe sJieueHTOB 

npPBO,li,HJIOCb nyTeM HaHeCeHKR ,IJ,OnOJIHHT8JibH~ TOqeK Ha pe6pax nep

BOHaqaJibHOH KpynHOH ceTKH, 3a,I\aBaeMOH nOJib30BaTeJieM. ~KTHBHhlA 

aJirOpHTM nO,IJ,06Horo THna C HCnOJib30BaHHeM reHepaTopa CJiyqaAH~ qH

ceJI npHse,IJ,eH s/IO/. B 3TOM CJiyqae ,IJ,JIR ,IJ,syuepH~ s~aq 6~H no

JiyqeH~ 6oJiee O,IJ,HOpD,IJ,H~e TpeyrOJibH~e CeTKH, qeM s/9 . reHepa~R 
CKS03HOA ceTKH B npe,IJ,eJiax TpeXMepHOA 06JiaCTH CO CJIOMHbiMH SHem
HHMH K BHyTpeHHHMH rpaHK~aMH see e~e OCTaeTCR Tpy,IJ,HOA 3a,IJ,aqeH/ll< 

H n03TOMJ YCHJIHH B 3TOM HanpaBJieHHH npe,IJ,npKHHMaDTCR MHOrHMH aB

TOpaMH. 
B npe,IJ,JiaraeMoA pa6oTe paccMoTpeH ueTo,IJ, reHepa~H TeTpas,IJ,

paJibHOA CeTKH, S KOTOpOM npHMeHeH anropHTM STOporo THna. MaTeMa

THqeCKH 3a,I\aqa ~pMJJIHpyeTCR CJie~~HM o6pa30M. 
IlycTb HMeeTcR HeKoTopan O,IJ,HOCSR3HM o6JiaCTb Q c R3

• IIycTb §. 

eCTb HeKHA MHOrorpaHHHK, annpOKCHMKpJIO~HH 5l . 
Tpe6yeTcR npe,IJ,cTaSHTb gr B sH,IJ,e o6De,IJ,HHeHKR KOHeqHoro qKcJia 

NO TeTpa3,IJ,poB $;_ ., 
~ nO 

S2."" u S;, 
'-="' 

TeTpa3,!1,pa S.: y,IJ,oBJieTBOpRDT cJie~HM ycJIOSKRM: 

I) )I ( $i. n Sj)=O npK i. ~J • T.e. Mepa nepeceqeHKR pa3JI~H~ TeTpa3,IJ,

pos pasHa Hymo. 

2) BepmHH~ O,li,HOPO T8Tpa3,IJ,pa He MOryT 6~b SHyTpeHHHMK TOqKaMH 

rpaHK KJIK pe6pa ,IJ,Pyroro TeTpas,IJ,pa, T.e. eCJIK ,IJ,Sa TeTpas,IJ,pa 

Ka CaDTCH, TO OHK KaCaDTCR KJIK TOJibKO no ~eJIOMy pe6py, HJIH 

TOJibKO no ~eJIOH rpaHH, HJIH TOJibKO no O,li,HOH sepmKHe. 
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3) ,[lKaueTp TeTpa3,IJ,pa S ;_ ( HaK60Jibmee pe6po) He 6oJibme 3a,IJ,aHHoro 

3HaqeHHR Hn'IIU. B o6~eu cJiyqae sHaqeHKe H,.,.a.x MOMeT H3MeHRTb

cn s sasKcKMOCTK OT Toro, KaKOA no,IJ,o6JiaCTK o6JiaCTK IT npH
Ha,li,JieMKT TeTpa3,IJ,p. 

~R TOrO, qTo6~ KCnOJib30BaTb npe,IJ,JiaraeMbiA aJirOpKTM pa36HeHHR, 

He06XO,li,HMO npe,IJ,CTaSHTb ~ B BH,IJ,e o6De,IJ,HHeHKH S~yKJI~ MHOrO-
~ Ko 

rpaHHKKOB Qi. : )L :: V 51< . 
•-1 

~L ,li,OJIMH~ y,IJ,OSJieTBOpRTb yCJIOBKRM a) H 6), CXO,IJ,H~ C yc-
JIOSKRMK I ) H 2). 

a) )1 ( Sl;_ fl Slj ) = 0 (_ i- j 

6) EcnK ~i H QJ KaCaDTCR, TO OHK KaCaDTCR HJIK TOJibKO no 

O,IJ,HOH BepmKHe, KJIH TOJibKO no O,li,HOMY pe6py, KJIK TOJibKO no ~eJIOH 

rpaHK. B Kllllt,IJ,OM fl., sa,IJ,aeTcn MaKCKMaJibH~A ,IJ,HaMeTp TeTpas,IJ,pos Hi.. 
~biA S~nyKJI~A MHOrorpaHHHK f,l< 3a,IJ,aeTCR Ha6opOM KOOp,IJ,KHaT ero 

BepmKHbl [ p,j J . ,... 
Ha nepBhiA B3rJIR,IJ, .Y"e cauo STO npe,IJ,CTaaneHHe o6JiaCTH .n B 

TaKOY BH~e - ~ocTaTO~Ho CJIOXHaH s~a~a.O~Haxo dOJibmHHCTBO TPY~

HOCTeA MOMHO o60RTH SSe,IJ,eHH8M ,IJ,OnOJIHHTeJibHbiX BepmKH. flpOHJIJIDCTpH

pyeu STO Ha npHMepe o6JiacTH ft, Hso6pamaeuoA Ha pHc.I. 
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{Ad H t BJ - lle pliHHW .11 11yx napaJIJiue nHII U Oll HA..t ,A •• a •• A,. ,u,.. 

11aT B IIJIOCKOCTH A5" A, A1 Ar . TorAa,ecJIH B HDHeu napan:JieJienHJie.~te 

BBeCTH ~onoJIHHTeJibHHe sepmHHH Bi,Bz,B3,s~ H coe~HTb HX c co
OTBeTCTB~HMH B8pmHHaMK H~8I'O napaJIJI8JI8IIHII8,11a,TO Ilp8,11CTaliBT» 

06JiaCTb B BH~e o6oe~HH8HHfl AByx MHOI'OI'paHHHKOB, ~OBJI8TBOp~KX 

yCJIOBHKM a) H 6)t~OCTaTO~O DpOCTO. 

llpo~eCC pa36H8HHfl COCTOHT H3 ~Byx 3TaiTOB. Ha I18pBOM 3TaiT8 

MHOI'OI'paHHHK ~i pa36HBa8TCfl Ha H8BHpOMA8HHH8 T8Tpa3~H C o6~H 

S2i BepmHHaMH. 8 npo~ecce ITOCTpo8HHfl K~OI'O HOBOI'O T8Tpa3~ 

npoBO~HTCfl nposepKa BHnOJIHeHHfl yCJIOBHR I) H 2) ITO OTHOmeHHD K 

JMe ITOCTpoeHHHM TeTpa3~, TaK qTo B HTOI'e BCe ITOJiyqeHHHe T8T

pa3~H y~oBJieTBOpmlT 3THM yCJIOBHflM. llpH nepexo~e K ITOCJI8,eylllll8yY 

MHOI'OI'paHHHKY nposepKa ycJIOBHR I) H 2) rrpoBO~Tcn c yqeTou J11t8 

BCeX ITOCTp08HHHX K ~aHHOyY MOMeHTY T8Tpa3~B. ~OyY TeTpa3~Y 

sj npHITHCHBaeTCfl 3HaqeHHe Hi no~o6JiaCTH Qi, KOTopouy npHH~e
lltHT ~aHHHR TeTpa3~. EcJIH ~aueTp K~OI'O si. He 60Jibme Hi ' TO 

Ha 3TOM npo~e~ pa36HeHHfl GaKaHqHBaeTcn. KoJIHqecTBO npoaepoK 

YCJIOBHA I)H 2) CYllle CTB8HHO COKp~aeTCfl, ecJIH 38Aa8TCH HH~puaqHfl 

) TOM, KaKHe H3 MHOI'OI'paHHHKOB Qj KacaDTCfl no ~eJIOR I'paHH. 

Ha BTOpOM 3Tane ~a K~OI'O pe6pa HB.XOAJITCH Cpe~eapH!lJieTH

qec KOe 3HaqeHHe H no BC8M Hi. T8Tpa3~B si. ' KOTOplliM npHHSA

JielltHT ~aHHOe pe6po. BH6Hpa~TCfl pe6po, ~fl KOTOpoi'O OTHOmeHHe ,!I,JIH

HH pe6pa It H H MaKCHMaJibHO (HanpHYep,A8 Ha pHc.2). 3aTeu npoHa

BO~HTcn A8JI8HHe BCeX T8Tpa3~0B, COA8Pllt~ 3TO pe6po TaK, KaK 

noKa3aHO Ha pHc. 2 , np~eM A M paBHO M B . 
II 

l:'' ~ _, D 

c 

PHc.2. 

3HaqeHHe 1-1 AJifl HOBHX TeTpa3APQB A M'DC 
lite, qTo H ,!I,Jifl TeTpaa~ A BC'D • llpo~ecc 
scex pe6ep !.. :>.:- H, JIH6o qHcJio TeTpaa~poa 
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H C MD8 npHnHCHBaeTcn TO 

3aKaHqHBaeTCfl, KOI'Aa ,!I,Jifl 

rrpeBHCHT 3a,I1,8HH08. 

Ha pHC.3,4 H306pa&eHH ~Be npoeK~H 06JiaCTH CJIOKHOR KOH~HI'Y

~H, pa36HTOR nOCJI8 nepBOI'O 3Tana Ha 29 3JieMeHTOB. fiOCJie BTO

pOI'O 3Tana o6JiaCTb 6HJia pa36HTa Ha 295 TeTpaa~B. CqeTHoe Bpe

un Ha 8J3M O:X:-6500 COCTaBHJIO OKOJIO AByx MHHYT. fiaMnTb, 3aHHMae

MaH ITpH p8aJIH3a~HH aJII'OpHTMa, COCTaBHJia OKOJIO 49000 CJIOB. 

~3JI011teHHHR aJII'OpHTM I'8Hepa~H TpexuepHOR TeTpa3~bHOA CeT

KH IIPHW8HHJICH ,IIJIH pemeHKH H80,11HOpo,IIHOI 3a,llaQH ~PHXJI8 
- .3 

.1 u (p) = f(p) PCX,':J,:r:) E Q c R 
1()2 0 z I()Z 

I'Ae Ll - onepaTop JlaiiJiaca '3xz + ()yz + 'Cllz 

u c P J I '0 Q = ~ ( P J. 
Bpanacb 3apaHee H3BeCTHaa ~YHK~fl 

U (X,Y,l)=(X-3)
3 + (y-3) 3 + (~ -3)/' 

H no ee aHaqeHHnM BHqHCJIMHcb ~ (x, Y, r J H .f (X, Y, r) • ~aqa 

paCCMaTpHBaJiaCb B napaJIJieJtemme.~te 52 Lo~x £ 1,0~Y~t,o~i~2J. 
MeTOA KOHeqHHX 3Jie,eHyos npHMeHnJicn AJ~fl AaHHOR 3SAaqH c aJie

MeHTaMH nepsoro nopflAKa I 2 • B Ta6JIH~e npHBeAeHH 3SAaHHHe aHa

qeHHfl L( (')(, Y 1 r) H ITOJiyqeHHHe qJWJieHHO ,!I,JIH ~Byx pa3JIHqHHX pa3-

6HeHHii Q Ha TeTpaa~H c MaKCHMaJibHHM ~aueTpoM H 1 , pa BHHM 
I.2 H 0.9 B 06111HX TOqKax. 

B 38XJIDQ8HH8 He 06XOAHMO OTMeTHTb , 'TO npe,JJ,JIOllteHHHR MeTO~ 

reHepa~HH ceTKH 6JIH30K K H3JIOllteHHOMY B 91, o~aKo o6JISAaeT PflAOM 
OTJIHq HTeJibHHX qepT. B qacTHOCTH: 

a ) a HaJIH3 KaqeCTBa TeTpa3~0B ITpOH3BO~TCH B npo~ecce HX 

I'eHe~HH, a He ITOCJI8 C03~aHHa"qepHOBOA" CeTKH, qTO II03BOJifleT 

3KOHOMHTb IlaMaTb H BpeMn 88M; 

6) ~0 HaqaJia I'eHepa~K He TpeOyeTCH npOH3BO~HTb nocTpoeHHH 

TpeyrOJibHOA CeTKH Ha I'paHaX MHKpo6JIOKa; 

B) TaK xe XaK B/IO/, B K8X,IIOY YaKpo0JIOX8 Hli8DTCH B03UOZHOCTH 

A~H pery~MpOBaHMH paawepoB C8TKH,QTO A8~aeT ero,c Hame~ TOQKH 3pe

HHH,00Jiee Ilpt!B~exaTeJtbHHW B nPKW8H8HHH X ueTO,IIy KOH8QHHX 3Jl8U8HTOB. 

B 3aKJIDQ8HH8 aBTOpH cqHT~T CBOHM npHHTHHM ~OJII'OM BHpa3HTb 

6Jiaro~apHOCTb B.HaprYD aa CYllleCTBeHHyv noMO~b npK OTJialltHBaHHH 

aJII'OpKTMa. 
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PHc.3 

PHc.4 
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T"aC:Suqa 

U '!'OllHOe u qJtCJieHHoe 14 qJtc.BeHHoe I 
H=0.9 H=1.2 

26,15 26,50 26,75 
34,62 34,57 34,26 
44,96 45,38 45,67 
57,21 57,66 58,03 
39,25 38,84 39,88 
38,40 38,78 39,16 
46,87 46,85 46,48 

- ------ -
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