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Jle6eAeHKO S.M. P5 - 12491 

0 pac~ennHeMOCTH cynepanre6p H KOHe4HOMepHWX 
anre6p 

B pa6oTe paccMaTpHaaeTcH aonpoc o pa3no~eHHH KoHe4Ho
MepHoA anre6pw /a 4aCTHOCTH, cynepanre6pw llH/ a npHMY~ cyM
My 3aAaHHOrO HAeana H HeKOTOpoA nOAanre6pbl. 0H CBOAHTCH 
K pa3peWHMOCTH HeKOTOpOA CHCTeMbl anre6paH4eCKHX ypaBHeHHA, 
K03$$H4HeHTaMH KOTOpoA HBnH~TCH CTpyKTYPHWe KOHCTaHTW an
re6pw. 3Ta CHCTeMa CTaHOBHTCH nHHeAHoA, ecnH 3aAaHHWA HAean 
a6enea. Pe3ynbTaT npoHnn~cTpHpoaaH Ha npHMepe anre6pw 
MHHHManbHOrO CnHHOpHOrO paCWHpeHHH rpynnw nyaHKape. 

Pa6oTa awnonHeHa a Jla6opaTopHH TeopeTH4ecKoA 
$H3HKH 0~~~. 

Coo6meHKe 06beOKHeHHOro KHCTHryra HQepHhlX KCCneaOBSHKA, ny6Ha 1979 

Lebedenko V.M. P5 - 12491 

On the Splitting of Subalgebras and Finite
Dimensional Algebras 

The splitting of finite-dimensional algebra(in parti
cular, of Lie subalgebra) to a direct sum of a given 
ideal and a certain subalgebra is considered. It is 
reduced to solvability of a certain system of algebraic 
equations, whose coefficients are algebra structure con
stants. This system becomes linear, if the given ideal 
is Abel ian. The result is illustrated by an example of 
the algebra of minimum spinor expansion of Poincare's 
group. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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npH H3y4eHHH KOHe4HOMepHbiX anrefip, HanpHMep anre6p JlH 
11 cynepanre6p 1111, 4acTo B03HHKaeT aonpoc o6 oT~enneHHH 
HAeana, TO ecTb o pa3no~eHHH anre6p~ a npHMy~ cyMMY HAeana 
11 HeKoTopoA noAanre6p~. Ba~H~M npHMepoM 3Toro HBnHeTCH 
npo6neMa pac~enneHHH cynepanre6p~ a npHMY~ cyMMY paAHKana 
H nonynpOCTOH nOAanre6pbl. 8 HaCTOH~eH pa60Te Mbl AaAHM OTBeT 
Ha 3TOT aonpoc Ha H3WKe anre6paH4eCKHX ypaaHeHHA /eM. · npeA
no~eHHe 1/. CHa4ana AOKa~eM cneAY~~ee yTaep~AeHHe. 

JleMMa. nycTb G- KOHe4HOMepHaH anre6pa H A -ee ABYCTO
pOHHHH HAean. G={A,b 1,. .. ,bnl /3AeCb 11 Hl1~e IMI 03Ha4aeT 
npOCTpaHCTBO, HaTHHYTOe Ha MHO~eCTBO M /, 11 3neMeHTbl b1, ... ,bn 
nHHeHHO He3aBI1CI1Mbl no MOAYnDA. nycTb, KpOMe TOro, 

n 
[b.,b.]= I. a .. tbt+c

1
.J., i,j=1, ... ,n, ciJ.~A*. 

I J t= \ IJ 

Anre6pa G pa3naraeTcH e npHMY~ cyMMY G=B ;A, rAe B- HeKoTo
paH nOAanre6pa, TOrAa H TOnbKO TOrAa, KOrAa cy~eCTBY~T TaKI1e 
3neMeHT~ bj=bi+ei, i =1, ... ,n,eir;;.A, 4TO 

n 
I b: , b: ) = I. a .. t bt' i , j ~ 1, ... ,n . 

I .} t,.\ IJ 
/1/ 

AoKa3aTenbCTBO. Ecn11 BblnonHH~TCH cooTHOWeHI1H /1/, TO 
B= {b'1 , ... ,b~l- noAanre6pa G 11 B c11ny Bbr6opa b 1, ... ,bn G=B-tA. 

nycTb G=B;A 11 B-noAanre6pa G.TorAa 
bi=bj- ei , 

11bj = bi+ei. 
bj r.; B 
Aanee, 

ei c A i =1, ... , n 

[bj .bj ] = [ b i + e i , bj +e j) =-l:b i, b J 1 + 

+[ei, bj] +[bi ,ej] +lei,ej] = 
n 

= [bi,bj)+X= t:laijtbt+Cij +X' 

* [x,y] 03Ha4aeT npOI13BeAeHI1e 3neMeHTOB X 11 Y · 
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n 

x C A , i , j = 1 , ... , n. 

nocneAHee 8~pa~eHHe 8 cHny nHHeAHOCTH nep8oro 4neHa pa8HO 
n 
!.a .. tbt' + x 'C B , x '<;, A CneA08aTenbHO, x ' = O, HHa4e An B } O. 
t=1 IJ 
no3TOMY 8~nOnHH~TCH COOTHOWeHHH /1/. DeMMa AOKa3aHa. 

npeAnO~eHHe 1. nycTb G- KOHe4HOMepHaH anre6pa, A - ee 
A8YCTOpOHHHA HAean , 0 = {A , b 1, ... , b n l• rAe 3neMeHTbl b i nw 
HeAHO He3a8HCHMbl no MOAYn~ A . [ a 1 ..... a ml - 6a3HC A. nycTb, 
KpOMe TOrO, 

n m 
[ b i , b J. ] = !. a .. tb t + ~ (3 iJ. t a t, i. j ~ 1, . .. , n 

t= 1 IJ trz1 

m 
[ b i. a s l = !. y. t a t . i = 1, .. . ,n ; s = 1 . .. .. m ; 

t= 1 IS 

m 
[a s, bJ. ] = !. y' .tat, 

t=1 SJ 

m 

= 1 , ... ,n, s = 1 , ... , m; 

[a , at ] = !. o a . s . t = 1 .... . m . 
s q=1 stq q 

Anre6pa G pa3naraeTCH 8 npHMY~ cyMMY 0 = B + A . rAe B- HeKo
TopaH noAanre6pa, TOrAa H TOnbKO TOrAa, KOrAa pa3pewHMa 
CHCTeMa anre6paH4eCKHX ypa8HeHHA: . 

n X 
l a ijt tq 

t= 1 
m 

m 
L y . X . 

s= 1 l s q JS 

-!. y ' . x . - !. o x . xj = f3 · · 
s=1 SJq IS 1< < s+q IS t IJq• _ s , t _ m 

i . j = 1 , .. . ,n ; q = 1 , .. . , m. 

AoKa3aTenbCT80. Pa3pewHMOCTb cHcTeM~ /2/ pa8HOCHnbHa 
m 

cylJleCT808aHH~ TaKHX 3neMeHT08 b j 0
" bi + l x . a s (i = 1 ..... n ) . 

n • s=1 IS 

/2/ 

4Tolb :,bJ ~ l a .. tb 't. OcTaeTCH npHMeHHTb neMMy. YT8eP~AeHHe 
I J t= 1 IJ 

AOKa3aHO. 

CneACT8He 1. EcnH KOHe4HOMepHaH anre6pa G HMeeT a6ene8 
A8YCTOPOHHHA HAean A ( [X, y) ;c .0 ) H YA08neT80pHeT COOT8eT-
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CT8Y~lJlHM ycn08HHM npeAnO~eHHH 1, TO ee pa3nO~HMOCTb 8 npH
MY~ cyMMY G = B + A . rAe B - noAanre6pa G, pa8HOcHnbHa 
pa3peWHMOCTH nHHeAHOA CHCTeM~ 

m 
L a .. X - ~ y . X . -l
.n .... . . . . ... m • •. 

t= 1 IJt tq s= 1 Isq JS s: 1 y ~j q X iS = (3 ij q ' /3/ 

• 0. 0 • •• • 0 •• 0. 0. 

i , j = 1 , .. . ,n; q = 1 , .. . ,m. 

CneACT8He 2. EcnH G - cynepa nre6pa DH c nonynpocToA 
4eTHOA 4aCTb~, TO pa3no~HMOCTb G 8 npHMY~ cyMMy paAHKana 
H HeKOTOpoA nOAanre6pbl G pa8HOCHnbHa pa3peWHMOCTH COOT8eT
CT8Y~l!leA nHHeA HoA CHCTeM~ THna /3/. YT8ep~AeHHe cnpa8eA
nH80, nocKonbKY paAHKan 8 3TOM cny4ae a6ene8. 

3aMe 4aHHe. AnH KOHKpeTHoro nocTpoeHHH AOnonHHTenbHOA 
nOAanre6p~ 8 cny4ae pa3peWHMOCTH CHCTeM~ THna /2/ HnH /3/ 
AOCTaT04HO HaATH KaKoe-TO e e peweHHe H nOCTpOHTb COOT8eT-
CT8Y~lllH A 6a3HC [bl '"'' b 'n). . 

KocHeMCH 80npoca o pa3no~eHHH anre6p 8 npHMY~ cyMMY A8YX 
HAeano8. 

npeAnO~eHHe 2. nycTb anre6pa G YA08neT80pHeT ycn08H~ 
npeAno~eHHH 1. AnH Taro, 4T06bl anre6pa G pa3naranacb 8 npH
MY~ CYMMY HAeana A H AOnOnHHTenbHOrO A8YCTOPOHHero HAeana B, 
He06XOAHMa H AOCTaT04Ha pa3peWHMOCTb CHCTeMbl, COCTa8neHHOA 
H3 nOACHCTeM~ THna /2/ H nOACHCTeM~ THna 

l
·m· . . ... 

:£ o . x is= - y .. , S= 1 SJ q IJq 
. . .... . 
m 
}"; 0 X = - ' 
s~ ~ . . j ~: . ~ s Yj iq • 

/4/ 

i , j = 1 .... ,n . q = 1 , ... , m. 

AoKa3aTenbCT80. CooTHoweHHH THna /4/ pa8HOCHnbH~ cooTHo-

weHHHM THna lb j , a i l = O, [ai ,bjl= O, ._
1 

,rAe bi = bi + ~1Xisa s · 
(

i = 1, ... , n~ , m 

J - ..... m s 

A 3TO, 8 c8o~ 04epeAb, pa8HOCHnbHO TOMY, 4TO BA = AB = 0. 
rAe B = l b '1 , ... , b ~ l . To ecTb B- AOnonHHTenbHbiA K A HAean G. 
YT8eP~AeHHe AOKa3aHo. 

npHMep. PacCMOTPHM cynepanre6py G, H8nH~lllY~CH anre6poA 
MHHHManbHOrO CnHHOpHOrO paCWHpeHHH rpynn~ nyaHKape /CM. ! Si j. 
Anre6pa G 3aAaeTcH coOTHOWeHHHMH 
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[ LfLv , LAp ] = - i( 17fL.A L vp + 17vp Lf!A - 17fLP LvA - 17vA L fLP ) , 

[ l_..fLV • PA ] = i ( 17 fLA p v - 17 vA pfL) ' [ p fL ' p v ] = O' 

[ L fLV , Qa ] = t (a fLV )~ Q{3 , 

- 1- f3 -
[ L uv ' Q • ] = -2 (a ) • Q {3. ' 

r a fLV a 

- fL 
IQa ,Q/31 =2(afL )a~ P 

I Qa . Q {31 = I Q ci • Q ~ I = o. 

[Q • p ] = [ Q •. p ] = 0. 
a fL a fL 

4epea A o6oaHa4~M ~Aean 3TOH anre6p~, HaTRHYT~H Ha 
3neMeHTbl Po , p 1 , p 2 ~ p3. noKa>KeM, 4TO Anfl 3TOrO ~Aeana HeT 
TaKoH AOnonH~TenbHO.:i noAanre6pbl Be G, 4TO G= B + A . Anfl 3Toro 
socnonbayeMCfl cneACTB~eM 1, TaK KaK A- a6enes ~Aean anre6-
pbl G. nycTb 

Lo1= b1 , Lo2= b2 , L 03 = b3 L1 2 = b 4 

L 13 = b 5 • L 23= b 6 , Q1 = b 7, Q 2= bs · 

Qi = b g• Q. = b 2 10 . P o= a 1 • P1 = a 2, 

p2 = 3..3 • p3 = a 4 · 

Pac~ennReMOCTb cynepanre6pbl G Anfl AaHHoro cny4aR pasHo
c~nbHa paapeW~MOCT~ C~CTeMbl ypasHeH~H THna /3/ : 

6 

rAe 

10 4 4 
L a . . X - L y x - L y' x .. =f3 .. 

t= 1 IJL tq s=1 i s q j s s= 1 sjq lJ IJQ' 

i ,j ' 1,2, . . . ,10 , q " 1,2,3,4, 

[ b i • b j l 

[bi ,a s ] = 

[as,bj 1 

10 
L a ij t b t 
t =1 

4 

L y. at 
l ~ 1 1 s l 

4 
~ y ' . a 

t-, 1 SJ l 

4 

L f3 ijt at ' 
IF 1 

/one pa 4M~ P an r e6pe G Mbl o6o aHa4aeM KBaApaTHbiMH cKo6KaMH/. 
EcnM 6bl 3Ta CMC Te Ma 6blna paapewMMa, TO 6~na 6bl 

pa apewMMa M ee nOAC MC TeMa, onpeAenfteMafl ycnoBHfiMM 

i ~ 7 .8, j ~ 9. 1 0 , q ~ 1 .2 ,3,4 . 

TaK KaK 

[b 7 ,b 9 ] = 2a 1+ 2a4 • [b 7 , b 10 l = 2a 2 -2t a 3 • 

[ b 8 , b 9 ] = 2 a 2 ~ 2ia 3 • [ b8 • b 10 l = 2a 1 - 2 a 4 • 

TO (a ijq = 0) nOAC~CTeMa HeOAHOPOAHa M MMeeT B~A 

l 
'' ........ '. 
4 4 
L y. X . + L y' X . = - {3 . . • 

s= 1 ISQ JS S= 1 sjq IS IJQ 

i= 7 ,8 . j = 9 ,10 , q = 1,2,3 ,4. 

~3 COOTHOWeH~H 

[ b 1 , as l = [as, b 1 l = 0 , 7 ~ i s: 10 . 1 s: s ~ 4 

BbiTeKaeT, 4TO AnR 3TO.:i nOAC~CTeMbl BCe KOHCTaHTbl Yis q ~ Y~q 
paBH~ Hyn~. CneAOBaTenbHO, OHa He paapeWMMa, KaK HeOAHOPOA
Hafl n~HeHHafl CHCTeMa C Hynes~M~ K03$$H4MeHTaM~ np~ HeM3BeCT
HbiX. 
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ABTOP C4HTaeT CBOHM npHRTH~M AOnrOM B~pa3HTb 6narOAap
HOCTb B.r.KaA~WeBCKOMY aa HHH~HHpOBaHHe 3TOA pa60T~, 
B.H.OrHeBe~KOMY H A.A.neATecy aa BHHMaHHe K pa6oTe, E.A.Hsa
HOBy. A.C.CopHHY H A.B.MaTseeHKO aa ~eHHY~ noMO~b. 
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