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CeMePA>KI-1ee Xp. P5 - 12484 

Tp~-irOHOMeTpH4eCKI-1e annpoKci-1MaHT~ naAe 
H 3~eKT r1-166ca 

BBOARTCR annpOKCHMaHT~ naAe AnR ~YHK~H~, 3aAaHHbiX 
CBOHM PRAOM ~ypbe. npH6nH>KeHHe HUieTCR B BHAe OTHOWeHI-1R 
ABYX TpHroHoMeTpH4eCKHX nonHHOMoe. nocTpOeHbl TpHroHo
MeTpH4eCKI-1e AHaroHanbH~e annpOKCHMaHTbl naAe AnR ~YHK~HH
CKa4Ka B aHanHTH4eCKOM BHAe. noKa3aHO 4HCneHHO, 4TO 
3~eKT r1-166ca npH 3THX annpOKCHMaHTaX nOPRAKa 1%. 

Pa6oTa B~nonHeHa B na6opaTOpHH B~4HCnHTenbHO~ 
TeXHHKI-1 1-1 aeToMaTH3a~HI-1 OHRH. 

Coo6weKHe 06beliHKeKKoro HKCt'Ht'yTa SlllepKbJX HccneaoaaKHA. Lly6Ha 1979. 

Semerdzhiev Kh. P5 - 12484 
Trigonometric Pade Approximants and Gibbs 
Effect 

Pade approximants are introduced for functions 
specified by its Fourier series. The approximation ,is 
searched for as a relation of two trigonometric poly
noms. Trigonometric diagonal Pade approximants are 
constructed for a step function in analytical form. 
It was shown numerically that for the given approximants 
the Gibbs effect is about 1 per cent. 

The investigation has been performed at the 
Laboratory of Computing Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1979 
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B pa6oTe/1/6~nl-1 eeeAeH~ TpHroHoMeTpH4eCKI-1e annpoKCHMaHT~ 
naAe AnR ~YHK~I-1~, 3aAaHH~X CBOHM PRAOM ~ypbe. HMeHHO: nyCTb 

a oo 

f(x) = ~ + ~ (ak sin kx + fJk coskx). 
2 k= 1 

/1/ 

AnnpOKCHMaHTa P(N, M; x) 1-illleTcR e BHAe 
Po N u (x) --- + ~ (pkooskx + qksinkx) 

N 2 k= 1 
P(N,M; x) = ------- = -8-----M--------------------- • /2/ 

TM(x) _ _!)_ + ~ (skooskx+ tksinkx) 
2 k= 1 

rAe p 0 , Pk, qk, k= 1,2, .• _.::.N, 1-1 sk,tk, k=1.2 •... :.:M,- He-
l-13eecTH~e K03~~1-1~1-1eHT~. Ko3~H~I-1eHT s 0 MO>KHO C4HTaTb H3-
BeCTHbiM napaMeTpOM - Ka>KAOMY 3Ha4eHHIO SO COOTBeTCTByeT HeKO
TOpaR HOPMHpOBKa OCTanbH~X K03~~H~HeHTOB annpOKCHMaHTbl /2/. 
ApyrHe 2(M + N) + 1 K03~~H~HeHTOB HaXOAHM H3 yCITOBHR 

a oo [-l- + k: 
1 

(ak ooskx + fJk sinkx)] TM(x)- UN(x) 

131 
= ~ (a~ coskx + fJ~ sin kx) . 

k=M+N+ 1 

npHpaBHHBaR K HyniO K03~~1-1~HeHTbl nepeA oosex, Sin kX, 
f = 0, 1, 2, .. :; _, k = 1,2, .. :.:, nony4aeM /1/ CHCTeMy nHHe~HbiX 
anre6pal-14eCKHX ypaeHeHH~ 2(M + N)+ 1 -oro nopRAKa OTHOCH-
TenbHO HeH3eecTHblx p

0
, pk, qk, k= 1.2. .. ~. N; sk, tk, k=1,2, ... ,M. 

B 111 6biJlH pacc4HTaHbl pa3nH4Hble npHMepbl, KOTOpble noKa3anH, 
4TO annpOKC!-1MaHTbl naAe ny4We npH6nH>KaiOT paCCMOTpeHHble ~YHK
~HH, 4eM COOTBeTCTBYIOUIHe 4aCTI-14Hble CYMM~ PRAa ~ypbe. HanpH
Mep, AnR ~YHK~HH f(x) =e 5xl2 a6coniOTHaR norpewHOCTb if(x)-S 3k(x)l 
/4epe3 ~ (x) o6o3Ha4eHa e-aR 4aCTH4HaR CYMMa PRAa ~ypbe 
~YHK~HH f(x) I AnR k = 2, 4,6, 10 e npoMe>KyTKe x E [- t· ~-] 
MeHReTCR B npeAenax, yKa3aHHblX B Ta6n. 1. 

B cny4ae >Ke nepHOAH4eCKHX ~YHK~H~ sin 5x/2 1-1 cos5x/2 4ac
TH4H~>~e CYMMbl HX PR,QOB ¢lypbe Sf(X) ny4We annpOKCHMHPYIOT 
Hx no cpaeHeHHIO c ~YHK~He~ e5x/2. O,qHaKo H B 3TI-1X npHMepax 
annpoKCHMaHTbl naAe HaMHOro ny4we. HanpHMep, AnR 3THX ~YHK~I-1~ 
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k 

2 

4 

6 

10 

\f(x) -S 3k(x)\ 

3-15 
1-9 

0,5-5 
0,2-4 

Ta6mu~a 1 

\f(x)-P(k,k;x) \ 

-10-2 

-10-6 

-10-9 

- 10-12 

e npoMe>KyTKe [~;.-~] 11MeeM \ f(x)-S 2n l~ 1o- 3, a \ f(x)-P(S.S;x)\~ 10- 13. 
3T~-t pac4eTbl BbtnonHeHbl Ha 38M CDC-6200. · 

Ecn~-t ¢>YHKL111R f(x) HenpepbtBHa e npoMe>KyTKe [-77,77] eMecTe 
CO CB011MI1 r-1 nepBbiMI1 npOI-t3BOAHbiMI-1 f (m) (X) (m = 0,1, ... , r-1), 
YtMe~1J111MI1 orpaHI14eHH~e eapl1al.ll11-1, YA08IleTBOpReT Ha KOHI..laX 
npOMe>KyTKa BMeCTe C 3TI1MYt >Ke npOI13BOAH~MYt yCilOBYtRM 

(m) . (m) . 
f (-77 + 0) = f (" - 0), m = 0.1. .... r - 1. 

(r) 
a TaK>Ke YtMeeT npOYI3BOAHY~ f (~ C orpaHI14eHH~M 113MeHeHI-1eM, 
TO cnpaBeAilYtBa CileAY~IJlaR Ol.leHKa ~/. 

UN (x) V r 
\f(x)- --------1 < ------------ , 

TM(x) \TM(x) \r ·N2 

rAe Vr - nonHaR 8ap11a411R <I>YHKI..ll-1~-t [f(x) T M (x)] (r) 

>KYTKe [-77, 77). 

/4/ 

8 npoMe-

411cneHH~e pac4eT~ nlnoKa3~8a~T, 4TO caM~e xopow11e npl-1-
6nH>KeHI1R Aa~T AHa roHailbHbte annpoKCHMaHTbl, T. e. Te, AilR Ko
TOpbtX M=N . . no3TOMy 8 AailbHet:1weM 6yAeM YtCCileA08aTb TOilbKO 
3TOT CI1y4at:1. ni1Het:1HaR CYtCTeMa, 0 KOTOpO~ Wila pe4b 8~We, 3ani1-
C~8aeTCR CileAY~IJ111M o6pa30M: 

N 

..!.. I. [(a
1

. k\+a. k)sk+(f3. k -sign(j-k)f3
1

. I t]+ 
2k=1 J- J: J+ J-k 

+ -
1
-s

0
a . -p . = 0, j = 1,2, ... , 2N, · 

2 J J /51 

N 

~ k~1[({3j +k +Sign(j-k)f3\j-k\)Sk+(a\j-k\-aj+k)tk] + 

+ {- s0 {3j - q j = 0, j = 1.2 ... "2N, 

4 
N 1 
k~1(gksk +f3ktk)+2-soao-Po = 0 , 

"' 

,. 

rAe o6o3Ha41-1Ill-1 Pj = qj =0, ecn1-1 j > N 1-1 {3
0 

= 0, 

{ 

-1 , eCill-1 X < 0, 
sign(x)= 0, ecmt X=O, !6! 

1 , eCI111 X > 0 . . 

.Qanee, He TepRR o61J1HOCTI1 paccy>KAeHI1t:1, npi1HI-1MaeM s
0 

= 2. Ecn~-t 
BBeCTI1 0603Ha4eHYtR 

T 
a=(a

1
,a

2
, ... ,aN), 

T 
{3 = ({31'{32''"' {3N) ' 

T s = (s 1, s2 , .... sN) , 

T 
P=(p1,p2, ... ,~)' 

- T 
a= (a , a , ... ,a ) 

N + 1 N + 2 2N 

- T 
{3 = ({3N+ 1' {3 N+ 2 , ... ,f32N) ' 

t = (t1 • t2 • ... • t N) T • 

T 
q = ( q 1' q 2' "' ' q N ) ' 

rAe 3Ha40K T 03Ha4aeT TpaHcnOHI1P08aHYte, TO CI1CTeMy /5/ 
MO>KHO 3an~-tcaTb B MaTpi1~HOt:1 ¢>OpMe: 

B c -E ·o w s -a 

D F 0 -E ·W -{3 

G H 0 0 w p 

q 

- I . 171 -a 
-

K L 0 0 w -{3 

aT {3T wT wT -1 qo -ao 

MaTPI-1Lla CI1CTeM~ /7/ ~-tMeeT 6no4Hy~ CTPYKTypy. 4epe3 E o6o3-
Ha4eHa eAI1HI-14HaR MaTPI1Lla N -oro nopRAKa. MaTP11Llbl B, C, D, 
F. G , H , K 11 L 11Me~T TaK>Ke nopRAOK N. 11x 31leMeHT~ 8bl-
pa>Ka~TCR CileAY~IJlYIM o6pa30M: 

bij =-~(a \i-j\ +a i + j ), cij = ![f3i+j-sign(i-j)f3\i-j \ ], 

dij =~-[Bi+j+Sign(i-j)f3\i-j\], fij =t(a\i-j\ -ai+j ), 

g .. =-l(aN+ .. +a N+ .+. ), IJ 2 J- J I J 

1 
kij = 2-({3N+i+j + {3N+i-j), 

hij = t(f3N+i+j-{3N +i-j ); 

f ij =-}(aN+ i- j -aN+ i - j ). 
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4epe3 0 111 w o6o3Ha4eHbl Hy11esa.R MaTplll~a 111 Hy11esoi1 seKTop
CT0116e~ N-oro nOP.RAKa. 

YKa3aHHa.R 61104Ha.R c~pyKTypa MaTp~~~~~ 171 no3B011.ReT peWIIITb 
CIIICTeMy C11eAY~~~~~M o6pa30M. CHa4a11a p~waeM CII!CTeMy 

G ·H 

K L 

s -a 

181 -
-{3 

Ill HaXOAIIIM BeKTOp~ S Ill L noTOM 1113 OCTa11bH~X ypaBHeH~i1 CIIICTe-
Mbl 17 I HaXOA~M p

0 
,p ~ q: 

T T p
0

= a S+{3 t+a
0

, 

191 
p =BS+Ct+a, 

q =Ds+Ft+f3. 
,. 

O~eHKa 141 HecnpaBeA11111Ba, 
.. 

r(x) KOrAa <!JyHK~~.R pa3pbiBHa.R. 

Aa11bWe 6yAeM IIICC11eAOBaTb noseAeHII!e <!JyHK~I-1111 161: 

f(x) = sign(x), x E [-rr, rrl. 1101 

3Ta <!JyHK~III.R pa311araeTc.R B P.RA <llypbe !J I : 

4( . 1.3 1 . 5 ) ' - - sm x + - - sm x + -- Sln x + . 0 0 , 

" 3 5 
111 I 

KOTOp~i1 CXOAIIITC.R K <!JYHK~I-1111 1101~ B T04Ke X=0 <!JyHK~III.R 1101 
II!MeeT eAIIIHII14H~i1 CKa40K. 

Xopowo 1113BeCTHotJ/ noBeAeHIIIe P.RAa 111/ B oKpecTHOCT~ T04-
K~ X= Oo B 3TOi1 T04Ke Ha611~AaeTC.R TaK Ha3biBaeMbli1 3<!J<!JeKT r11166ca o 
11MeHHO A11.R TOrO, 4T06bl n011Y4111T b 11 npeAe11 bHbli1 reoMeTpll14eCKII!i1 
o6pa3 11 <llYHK~~~~~~~ Sn(x) l4aCTII14Ha.R cyMMa P.RAa 111'1 I np~ n __, oo, 
HeAOCTaT04HO K rpa<IJIIIKY <!JyHK~I-1111 1101 np~COeAIIIHII!Tb OTpe30K 
OT BepTII!Ka11bHOi1 np.RMOi1 X=O, COeA~H.R~~ei1 T04KIII C OPA~HaTaM~ 
f(-0) Ill f(Q), a HaAO 3TOT OTpe30K YA11~H~Tb Ha 18% BBepx 
Ill BH~3. 

Aa11bWe M~ nocTpO~M A~aroHa11bH~e annpoKC~MaHT~ naAe A11.R 
<!JyHK~~~~~ 1101, 111Cn011b3Y.R ee P.RA 1111, 111 6yAeM ~cc11eAoBaTb, 
cy~eCTByeT 11111 3<!J<!JeKT r11166ca np~ 3TIIIX annpOKCII!MaHTaX. 
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B MaTp~~e CIIICTeMbl /71 nO.RB11.R~T~.R HOBble Hy11eBble 6110KIII -
G , L, B, F , a , ;; 111 a 0 ,s pe3y11bTaTe 4ero CIIICTeMa 181 
pac~en11.ReTC.R Ha ABe CaMOCTO.RTe11bHble CIIICTeMbl: 

Ht = 0, 

Ks = -(3, 

/12/ 

1131 

rAe 311eMeHT~ MaTp~~ H ~ K B 3TOM c11y4ae Bblpa>Ka~TC.R c11eAy~

~~~~M o6pa30M: 

2 j[1-(-1'N+i-j] h . . = - -- ________ ';L _____ __ _ 

IJ " (N . ) 2 . 2 +1 - J 
k ij 

_ 2_ ~+i2_[1-(- 1'N+i-j ] - - - - - - ______ L ________ _ 

(N + i) 2_ j 2 " 
OnpeAe1111!Te11b MaTp~~~~~ H OT1111!4eH OT HY11.R. 3To c11eAyeT 1113 

Toro, 4TO onpeAe11~Te11b MaTp~~~~~ H c T04HOCTb~ AO 3HaKa paBeH 
np01113BeAeHIII~ ABYX onpeAe1111!Te11ei1 nop.RAKa Nl 2. es11~ N- 4eTHOe, 

~ N-1 N+1 
~11111 npOII13BeAeHIII~ ABYX onpeAe11111Te11elll nop.RAKa ----- ~ ---- - , 

2 2 
ec11~ N- He4eTHOe. 3TII! onpeAe11~Te11111 Tlllna Kow~ B~4111C11.R~TC.R 

no <!JopMy11e 

n [(xi-xk)(ak-ai)] 
1 ljli < k.$;n 

det(-- ------) = ---~---n------------------~-- . 1141 
xi-aj n (xi-ak) 

i. k= 1 

In - nop.RAOK MaTp~~bll, Ill BIIIAHO, 4TO OH~ OT111114Hbl OT HY11.R. 
0TC~Aa C11eAyeT, 4TO peweHII!e CIIICTeMbl 1121 Hy11eBoe: t = Oo 
AHa11orii14HO MO>KHO Bbi4111C11111Tb det(K)o 

rAe 

1. N- 4eTHoe. TorAa 

N
214 4N(2N)! det (K) = (-1) (--) ----- - - - t-1 t. 2 

" N! 

A d 1 ; ) · · u 1 = et ( ---- ------- ------- , 1, J 
(N + 2i-1)2 - (2j) 2 

t-
2 

= det( _______ !__ _________ ), i, 

(N + 2i) 2 -(2j-1) 2 

2. N- He4eTHoe. TorAa 

4 N (2N) ! det(K) = (- -) ------ - t. t. 
" N! 3 4 ' 

1.2. Oo ... 

N 
2 

1.2. o•oo -~ 2 0 

rAe 1_----------), 
t-s= det(-(N~-2i=--1)2 -(2j-1)2 

i,j=12 N+l ' ' ... '--2--

t. 4 = det((N-;2i?2-:-(-2J)2-), i, j = 1,2,.0 .• -~=-~ 
2 7 



np~MeH~~ ~OpMyny /14/, HaXOA~M 

!!.. = ---~--- - w 2 
_____ ili2"-~±l.:-_!){~2-J}i~.:-J1~----------------

1 (N- 1)N12 it~:1 (N + 2k - 2i- l)(N- 2k + 2i-1)(N + 2k.+ 2i-1) 2 

P N/2 (N+k+i)(k+i-l)(k-i) 2 
!!.. = --------- n ------------------------------------------

2 (N+l)N/2\·~:1 (N+2k-2i+l)(N-2k+2i+1XN+2k+2i-1) 2 

2 2 . 
(-1)(N ·1)Al2 (N ·l)Al (N+1)12 (N+k+i-l)(k+i-1Xk-i)2 

!!.. = ------------------- n ---------------------------------· , 3 
N(N+l)/2 (Nn1)(N+4k-2)i,i~1 (N +2k-2iXN + 2i- 2k)(N + 2k + 2i- 2) 2 

k=l 

(N·3)(N·1) (N·3)(N·1) 

!!.. __ (:-_Jj~==~===~-?_~~~!.~~~--<N ti)12 
__ c_~2-~±.n_~_tD_{l{_-:.!f ___________ _ 

4- (N·l)t2 . ' 
N(N·1)t2 li (N + 4k) l,k= 1 (N + 2k- 2i)(N + 2i- 2k)(N +2k+2i) 2 

rAe nono>KeHo 
N.CN.:2). 

8 
(-1) 

P=~ 

k= 1 I< k 

..l:UN-:2)_ 
2 

2 

~Il~ 

rr (N+4k-1) 
k= 1 

Pewa~ c~cTeMy /13/ no MeTOAY KpaMepa, nony4aeM 

N- 1 
s2k+ 1 = 0, k = 0,1, ... , [ - 2 -- ], 

i i 2k-1 (N;2] 2i 2 
s . = ~ -1) n < 1 - ---------l n [ 1 - < ----------------l J, 21 

k= 1 N k= 1 N 
[ --] + k lN + 2k- 2[--] - 1 

2 2 

(N!) 4 (2N+2i)!(2N-2i)! 

-<;=~),-c;:~),-c;=2_i_)~(~-;;~)~[(-;-)~]2 · 
s 2i = ~-1) i 

noACTaBil~~ noily4eHH~e 3Ha4eH~~ Ail~ s ~ t B /9/ ~ Y4~T~-
sa~, 4TO B HaweM CilY4ae 

"ij ,{ ~~ 
i-j 

_i_ll:.-::.~-::.!) ____ j_ 
. 2 . 2-
1 - J 

o. 

ecil~ i ~ j , 

ecil~ i = j. 

HaXOA~M 

8 

N 
pk =0, k=O,l, ... , N, q 2k = 0, k= 1.2 •... , [2-], 

4 1 (NJ2) 
q . = -- (2j + 1) '[ ------- + 2 

2;+1 1T (2j+1)2 i=1 

s2i 
---------------- ] 
(2j+1) 2 -(2i)2 ' 

~Il~ 

. j +[Nn] 
2 J s 2' 2' 

= -( 2 ;- I + 2 
17 i=O 2i+1 i=j+1 q2j + 1 

s2i- 2j 

2i+ 1 

(N ;2)-j 

2 
i= 0 

rAe . N_::-_~-l. 
i = o·.t ..... [ --2 TaK KaK SO = 2. 

TaKHM o6pa30M, OKOH4aTeilbHO noily4aeM: 

[(N-1)12] 
. 2 q 2.+ 1 sin(2j + l)x 

s 2j + 2i + 2 ], 
2i+ 1 

J = 0 J 
P(N,N; x) = ------(N_;;r----------------------- . /15/ 

1 + 2 s . cos(2jx) ' 
j= 1 2J 

HHTepeCHO OTMeTHTb, 4TO 

lim s 2 j = lim q 2j + 1 
N~oo N -+oo 

2(- 1) j • 

OTKYAa CileAyeT, 4TO 

sin x- sin 3x + sin 5x - sin 7X + .... 
P(oo, oo; x) = --~--------------------------------

--- COS2X + COS4X- COS6X+ .... 
2 

/16/ 

H3 /16/ B~AHO, 4TO npeAeilbHbiH nepexOA N-+oo /15/ np~BOA~T 
K OTHOWeH~IO ABYX paCXOA~~~XC~ P~AOB. 3TO noKa3biBaeT, 4TO 

CTaHAaPTHbiMH MeTOAaMH 04eHb TPYAHO nony4~Tb 3<1>¢eKT~BHYIO 

OL\eHKY pa3HHL\bl RN (x) = P (N,N; x) - f(x). ,l\eTailbHoe 4~cneHHOe 

HCCileAOBaH~e nOBeAeH~~ RN(X) npHBOA~TC~ B 141• 3AeCb OCTa
HOB~MC~ TOilbKO Ha 4~CileHHOM HCCileAOBaH~H 3~¢eKTa rH66ca. 
TaK KaK annpOKC~MaHTa /15/ - He4eTHa~ ¢YHKL\~~. ee AOCTaT04HO 
HCCileAOBaTb TOilbKO B npoMe>KyTKe (0, 21· 4epe3 il 0603Ha4~M 
AHCKpeTHOe MHO>KeCTBO 4~Ce1l 0, 0.01, 0.02, ... , 1.57 ~ Haxo
A~M 4~CileHHO Te 3IleMeHTbl x(N) 'E il H P(N,N; x), Ail~ KOTOpbiX 
max P (N,N; x) = P(N,N; i). noily4eHHble pe3yilbTaTbl x Eil np~so
xEil 
A~TC~ B Tafiil. 2 ~ noKa3~BaiOT, 4TO np~ Tp~rOHOMeTp~4eCK~X 
A~aroHailbH~x annpoKc~MaHTax, ecnH ecTb a¢~eKT r~66ca, TO 
OH COCTaBil~eT OKOilO 1%. 

8 3aKill04eH~e aBTOP B~pa>KaeT CBOIO 6IlarOAapHOCTb B.no
nosy 3a nOilO>K~TeilbHOe OTHOWeH~e K 3TOH pa60Te. 
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N 

2 
3 
4 
5 
6 
7 
8 
9 

10 

IliHEPATYPA 

x(N) 

0,68 
0,41 
0,28 
0' 31 
0' 16 
0' 13 
0' 11 
0,09 
0,08 

P(N, N; i) 

1 ,0736 
1,0419 
1 ,0301 
1,0242 
1 ,0208 
1,0185 
1,0166 
1 '0 152 
1 '0 138 
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