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1. BBE,4EHHB 

,l);aci<peTH:we no,llrpynn:w rpynn:w spa~euaA y>Ke MHoro neT 

HaXO,Il.KT DpBMeHeHBe B I!IB3BI<e TBep,llOrO Tena, a Tai<>Ke B Jl,llepHOH 

I!IB3BI<e B B I!IB3BI<e 3DeMeHTapHLlX 'laCTB~. C DOMO~biO TeopBB 

,llBCI<peTHLlX rpynn 6:WDB DODy'leHLl HeTpBBBaDbHLle pe3yDbTaT:w 

B pa3DB'IHLlX o6naCTJIX I!IB3BI<B, Tai<BX I<ai< TeOpBJI I<pBCTaDDB'IeCI<O-
I ll 12 1 / 3 / ~ 

ro DODJI lieTe , B CTapoH B HOBOH I<pBCTaDDB'IeCI<OB a -

'laCTB'IHOH MO,IleDB aTOMHOrO Jl,llpa B DpB I<DaCCBI!IBI<a~BB 3DeMeH

TapHLlX qacTa~ 14
-

6 1
• Cne,llyeT O>KB.IlaTb, 'ITO B B 6y,lly~eM np&Meue

uae ,llBCI<peTHLlX rpynn MO>KeT DPBBeCTB I< HOBLlM B Ba>KHLlM 

pe3yDbTaTaM. IJ03TOMy, XOTJI TeOpBJI ,llBCI<peTHLlX DO,Ilrpynn rpyDDLl 

spa~euaA xopowo pa3pa6oTaHa a B3no>Keua, uanpaMep, B I<HB

rax' 
1

• 
7 

· 
11 1

, npe,llcTasnJieTCJI ~enecoo6pa3HLlM npe,llnO>KBTb uos:wii Me

TO,Il DOCTpOeHBJI Dpe,llCTaBDeHBH 3TBX rpynn. 3TOT MeTO,IlBCDODb3y

eT DBWb MBHBMYM DOHJITBH B3 a6cTpai<THOH TeOpBB rpynn B ODBpa

eTCJI Ha 6oJiee DPBBLl'IHLle ,llDJI I!IB3BI<OB CBe,lleHHJI 0 Dpe,llCTaBDeHBJIX 

rpynn:w spa~euai"l2;' HapR.IlY c MaTeMaTB'Ieci<oii 3neraHTHOCTbJ0,3TOT 

MeTO,Il 06Da,llaeT DpOCTOTOH B HarDJI,IlHOCTbiO, 'ITO D03BODJieT ,llaTb 

JICHYIO reoMeTpB'IeCI<YIO BHTepnpeTa~BIO BCeM onepa~BJIM rpyDDLl 

CBMMeTpBB. Kai< 6y,lleT BB,IlHO HB>Ke, HOBLlH MeTO,Il, DO cy~eCTBy, 

OCHOBaH Ha B03MO>KHOCTB B3BDe'leHBJI I<OpHJI n -oA CTeDeHB B3 

e,llBHB'IHOH MaTpB~Ll, B "onpe,lleDeHHOM HanpasneHBB". 

2. TPBXMBPHMB BPAIIJBHH..R H OTPA)l(BHHJ/ 

B HaCTOJI~eM naparpal!le npase,lleH:w Hei<oTop:we l!lopMyn:w, ona

c:wsaro~ae TpexMepH:We Bpa~eHBJI B OTpa>KeHBJI, ,llOCTaTO'IHLle ,llDJI 

DOCTpOeHBJI npe,llCTaBneHBH BCeX ,llBCI<peTHLlX DO,Ilrpynn rpynn:w 

spa~euaA. 
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lJuc•~>re BpaiJieHUJI. Cornacao HJBeCTHOH TeopeMe 3iinepa /eM., 
/ 12/ 

HanpHMep, /, IlpOH3BOJILHOe Bpa~eHHe C ~HXCHpOBaHH~M Haqa-

JIOM XOOp,D.HHaT MO)I(eT 6~TL OilHCaHO C IlOMO~LJO O.D.HOrO IIOBOPOTa 

Ha yroJI w BOXpyr onpe,D.eJieHHOH ~HXCHPOBaHHOH OCH n =I nx,ny 'nz l. 
npoxo,D.s~eii qepe3 aaqano oTcqeTa . PaccMoTpHM npoHJBOJibH~H 

BeXTOp r. IlpH IlOBOpOTe CHCTeM~ XOOp,D.HHa T Ha yroJI W BOXpyr 

e,D.HHHqaoro BeXTOpa ll BeXTOp r, IlO Teope.Me 3iinepa , npeo6pa-

3yeTCR B r' COrJiaCHO: 

r'=fCOSW+ (1-cosw)n(nr)+[U X rJ sinw 
/1/ 

EcJIH npe,D.CTaBHTL BeXTOp~ r H r' ' B BH,D.e CTOJI6UOB 

'. (:) ,, . (::.] 
TO JierKO BH,D.eTb, qTo MaTpHqH~e 3JieMeHT~ 3x3 MaTpHU~ IlOBOpOTa 

B /1/ MO)I(HO 3ailHCaTL B BH,D.e: 

coswoik+(1-cosw)n1 nk -sin wEikf nf (i,k,f zX,y,z). /2/ 

Ilpeo6pa3oBaHHe 38nepa /1/ MO)I(eT 6~Tb npe,D.cTaBneao Tax)l(e 

.D.BYMI pa3JIHqH~MH CUOC06aMH C IlOMO~LJO KBaHTOBOMexaaHqeCKHX 

onepaTOpOB CUHHa 1 B 1/2 . .D;eBCTBHTeJILHO, C IlOMO~LJO,D.eKapTOB~X 
XOMUOHeHT OUepaTopa CUHHa 1 

s=ls ,s ,s 
X y Z ~[ 0 0 o·J [0 0 iJ r~ -i OJ~ 0 0 -1 0 0 0 1 0 0 

0 i 0 -i 0 0 0 0 0 , , 

/3/ 

MaTpBua noBopoTa /2/ .MO)I(eT 6~TL Janucaua B cne,D.yJO~eA 3xcno

HeHUBaJILHOH 4lop.we, eCJIB yqecTL, qTo (sn) 3 = sn: 
........ 

- iw s n 1 (1 ) (-+ ::>-.2 . · -+ -+ e = - - cos w s n 1 - 1 sm w s n . /4/ 

4 

~ 

BocrronbJOBaBWHCb cne,D.yJ01UHMH paBeHCTBaMH 

0 - ·n n y n 2 -1 n n n n z X X y X z 

-s-n = i I n 0 -n (Sii)2=- n y n x ~ -1 lly n z z X y 

-n nx 0 n n n n n2 -1 y z X z y z 

/5/ 
MO)I(HO nepeiiHCaTL COOTHOWeHHe /4/ B BH,D.e, COBIIa,D.aJO~eM C ~op

.MYJIOH /2/: 

~] + (I-eos") 
. ........ [1 0 -1w sn 

e =cos w 0 1 
0 0 

+ sin w 

[

0 -nz n y ] 
n 0 - ·n 

Z X 

-n n 0 
y X 

( 

n2 

ny~x 
n n 

Z X 

1\ n y 
n 2 y 

n n z y 

nx n z] 
nynz + 
n2 

z 

/6/ 

C ,D.pyroH CTOpOH~, npeo6pa30BaHHe /1/ .MO)I(eT 6~TL IIOJiyqeao 

TaK)I(e C IIOMO~LJO MaTpHU IlayJIH - orrepaTOpOB CIIHHa 1/2: 

.... 0 1 ( ? - i) ( 1 a=lax,ay,azl= !(
1 0

) , 0 ' 0 1 

.D;ns 3TOrO aeo6XO.D.HMO BeKTOpaM r H 1 ' 
CTBHe MaTpHU~ 

[' HJ ( ,, ->-> ~r, ar = 
X+ iy - Z x'+iy' 

H UO,D.eHCTBOBaTL orrepaTOpOM IIOBOpOTa 

e 
-1~a-n 

2 • w . . w -J>-+ 
= cos- - 1 sm -- a n "' 

2 2 

"' cos !&. - i sin .!!L 
2 2 [ 

n z 

nx +in Y 

nx-iny] 

-nz 

0 
-1) l . /7/ 

UOCTaBHTL B COOTBeT-

x' -:y] 
-z 

/8/ 
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cne.nyroiQHM o6pa30M: 

...... -i w ~ ... 
ar'=e 2an 

• (.(.) _,. -+ 

(al')e J2an 
191 

Hcnonb3Y.II TO)I()leCTBO ,lJ;Hpaxa (~a) (a b) z a b + i ~ ( a x b ] , 
MO)I(HO noKa3aTb, 'ITO npeo6pa30BaHHe 191 TaJ<)I(e npHBO)lHT J< 4Jop· 
Myne 3Knepa 111: 

"(;t'., J(f"coSw+ (1-COS W )n (nt) +Sin C<l ( 0 X r]). IIOI 

O'leBB.IlHO, 'ITO apameHH.II Ha yrnbl w H w + 2 rr 4JH3H'IeCKH 3J<BH • 
w - }' ~,. 

- -i 2 an BaneHTHbl, O)lHaKO COOTBeTCTBYIOT pa3nH'IHbiM MaTpHUaM ±e . 

Tal< 'ITO onepaTOp BpaiQeHH.II 181, B OTnH'IHe OT 161, COOTBeTCTByeT 

.llBYX3Ha'IHOMY I cnHHOpHoMy I HenpHBOJlHMOMY npe.ncTaaneHHIO rpyn·
nbl BpaiQeHHK. 

cl>opMynbl 161 H 181 n03BOn.IIIOT H3BneJ<aTb KOpeHb n ·OK CTene • 

HH COOTBeTCTBeHHO H3 TpexMepHOll H .llBYXMepHOK e)lBHH'IHOK MaT· 

PHUbl, 'ITO 6y)leT HCnOnb30BaHO HH)I(e npH nocTpOeHHH HenpHBO.IlH" 

MbiX npe)lCTaBneHHK )lHCKpeTHbiX no)lrpynn rpynnbl BpaiQeHHK. 

3epKQ/IbHble OlllpaJICeHUJI. 3epxanbHOe OTpa)l(eHHe B npOH3BOnbHOK 

nnOCKOCTH, npOXOJl.IIIQeK 'lepe3 Ha'lano KOOp)lHHaT H xapaKTepH3ye· 

MOe HOpManbiO n = l n X • n y • nz I . MO)I(eT 6b1Tb npe)lCTaBneHo 

xax pe3ynbTaT JlBYX onepauxK: apameHH.II Ha yron " aoxpyr ocx 

ii H HHBepcHH ; ... - t II pH 3TOM, xaJ< BB.IlHO H3 I 1 I, aexTop 
r nepeXO)lHT B r " no 3aKOHy: 

-;" ,. ; - 2 ii ( n rj . 
Ill I 

0TCIO)la BH)lHO, 'ITO MaTpH'IHble 3neMeHTbl COOTBeTCTBYIOIQeK MaT· 
PHUbl npeo6pa30BaHH.II HMeiOT BH)l: 

o ik -2ni nk 
1121 

B TO'IHOCTH Ta )l(e CaMa.ll MaTpHua npeo6pa30BaHH.II MO)I(eT 6b1Tb 

nony'teHa H3 161, ecnx nono)I(HTb TaM w """ H npHMeHHTb onepa
UHIO HHBepcHH 

6 

; 

[

-1 0 0 J ....... -J7T s n 
0 -1 0 e 

0 0 -1 [

1 -2ni 

-2 n fx 

-2n~:..nx 

-2Dxny 
2 1-2n y 

-2 n zny 

-2nxnz] 
-2n n y z 

1-2n2 
z 

1131 
H3e/le'leHue KopHJI n- oil cmeneHu U3 eouHU'IHOii MaiiiPUilbl. Kax 6y

.neT noKa3aHO HH)I(e, C nOMO!QbiO 4JopMyn 161, 181 H 1131 np.IIMbiM 

H )lOBOnbHO H3.111QHbiM MeTO)lOM MOryT 6b1Tb nOCTpOeHbl MaTpH'IHble 

npe.ncTaaneHH.II acex 6e3 xcxnro'leHH.II .llHCKpeTHbiX no.nrpynn rpynnbl 

TpexMepHbiX apameHHK. OcHOBHa.ll MaTeMaTH'Iecxa.ll onepanx.11 npH 

n ·oK 3TOM, no cymeCTBy; 3aKniO'taeTC.II B H3Bne'leHHH KOpH.II 

CTeneHH H3 e)lHHH'IHOK MaTpHUbl B onpe.neneHHOM HanpaaneHHH 

j n x , ny , nz l, COOTBeTCTBYIOIQeM J<OHKpeTHOMY npeo6pa30Ba· 

HHIO CHMMeTpHH. 

B cny'lae e)lHHH'IHOK 3x3 MaTpHUbl o6ma.11 4JopMyna, Bb1Texaroma.11 

H3 151, HMeeT BB.Il (n:1,2, ... ; k = 0,1,2, ... ,n-1): 

JmJ 2 k rr i ...... ) 
exp(- ---- sn n 

2k7T 
=cos -

n [
1 0 OJ 0 1 0 + (1- cos . 2k 7T) 
0 0 1 n 

+ sin _!k" 
n 

(

0 -n n J n z O z _ :x 

-n n 0 
y X 

,D;n.11 JlBYXMepHoro cny'la.ll H3 181 cne.nyeT 

~
n2 

X 

ny nx 
n n 

Z X 

n n 
~2 y 

y 
n n z y 

n n] X Z 

ny n 2 
n2 

z 

+ 

1141 

n /(--;-~ ) 
'J ( 0 1 

2k7Ti -+... 2k7T 1 0 
exp(- -n-- a n)= c os -n- ( 0 1 ) - i sin 2k rr -n- [ 

n z_ n x -iny] 

nx+llly -nz 

1151 
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R 

}c-1 0 
)= exp[- _(:?k+lJ~!. c7n)t 

0 -1 n J 
=cos ~k+1) ~( 1 0) 

n 0 1 
i sin 

(2k+1)rr 
n [ 

nz 

n x + iny 

nx-in1 

-n z 

1161 

cJ>pMyDbl 1141, 1151 R 1161 .IIBDRIOTCR CCTCCTBCHHbiM o6o6meHRCM 

06bl'IHOH cilopMyDbl R3BDC'ICHR.II KOpHR CTCDeHR n R3 e~RHRUbl: 

2k 1T i 

~l =e-n-= cos 2krr + i sin 2krr. 
n n 1171 

KaK R3BCCTHO, 3Ha'leHRR KOpHeii R3 e~RHRUbl, onpe~enxeMble 

paBeHCTBOM I 17 I, cooTBeTCTBYJOT HenpRBO~RMblM lo~HoMepHbiMI 

npe~CTaBDCHRRM a6eneBOB URKDR'ICCKOH rpynnbl C n. 

3. FPYllllA PABHOCTOPOHHEFO TPEYFpJibHHKA 

D3 H ,llBOJlHAJI FPYllllA 03 

B Ka'leCTBe npOCTOH RDDJOCTpaURR paCCMOTpRM rpynny CRM

weTpRR paBHOCTopoHHero TpeyronbHRKa. H3 ·puc. 1 BR~Ho, 'ITO 

y 
A 

~l:.c:: '< • X 

C // '\B 
, ' / 

/'' ' ' 
Puc.l. OnepaflUU CUMMe•puu paeHoc•opoHHezo •peyzoAI>HUKa. Oc1> 
Z HanpaeAeHa nepneHOUKYAJipHO nAOCKoc•u t~ep•eJICCl. 

8 

.. 

MO~HO ~06RTbC.II CaMOCOBMemeHRR paBHOCTOpOHHero TpeyrODbHR

Ka DpR DOMOmR CDC~YJOmHX WCCTR onepaURH 'IRCTblX BpameHRH. 

E: TO~~ecTBeHHoe npeo6pa3oBaHRe IHyneaoe BpameHRel; 2 Y: Bpa

meHRe Ha yron 1T BOKpyr OCR OA • n = I 0 • 1 • 0 I ; 2 OB : 

apameHRe Ha yron 1T BOKpyr OCR OB • n =I • .)312. -112 • 01 ; 2oc: 

BpameHRe Ha yron 1T BOKpyr OCR oc . n = l-v3/2. -112 ,0 I ; 3 ~+): 
apameHRe Ha yron 2rr/ 3 BOKpyr OCR Z B DODO~RTCDbHOM HanpaB

DCHRR lnpOTRB 'laCOBOB CTpeDKR/; 3(;): BpameHRe Ha yron 4rr/3 

IRnR -2rr/3 I BOKpyr ocR z B nono~RTCDbHOM HanpaBneHRR. 

MaTpRUbl, COOTBCTCTBYJOmRe nepe'IRCDCHHbiM onepaURRM, MOryT 

6blTb nerKo nony'leHbl R3 cllopMynbl 114/, c y'leTOM yKa3aHHblx 

HanpaBDCHRH R3BDC'ICHR.II KOpHR R DpRHRMa.ll n=2 ~DR Tpex OCeH 

2-ro nopx~Ka 2y , 2oB• 2 0 cR n=3- ~nx ~Byx oceii TpeTbero 

nopx~Ka 3~ ±): 

[' 0 0 J E = 0 1 0 

0 0 1 

l-1 0 0 J ~- -f 0 
_! y3 0 

2 y = 0 1 0 
2 2 

.,j'J 1 J1. - _!_ 0 o o -1 2 0 s= -- -- 0 2ac= 
2 2 2 2 

0 0 -1 0 0 -1 

-1 /2 /3 0 -112 y'3 0 - -2- 2 
(+) If (-) v3 3 = -112 0 3 = -1 /2 0 z z -y 

0 0 1 0 0 1 
) 

/18/ 

Ba~Ho, 'ITO 3TO TpexMepHoe npe~cTaBneHRe .IIBD.IICTC.II npRBO~RMblM 

R pacna~aeTCR Ha CyMMY O~HOMCpHoro (A 2 ) R ~BYXMCpHOrO (E) 
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HenpHBO,D;HMhiX npe,D;CTaBJieHHH. 0KOH'ia TeJILHO DOJIY'iHM CJie,D;ylOillYJO 

XOpOWO H3BeCTHYJO Ta6JIHUY HenpHBO,D;HMbiX npe,D;CTaBJieHHH rpynnbl 

D3: 

Al 

A2 

E 

E 

1 

1 

( 1 0 ) 
0 1 

Ta6AU11a 1 

HenpHBO,D;HMhle npe,D;cTaaneHHJI rpynnbl 0
3 

2 y 

1 

-1 

20B 

1 

-1 

2 oc 3 (+) 
z 

1 

-1 1 

3(-) 
z 

1 

1 

C)2 2 22 2 2 22 1 0 

[ 

_L - -L~ ] fl_ vi_ ] [- -~ - .YiJ f __1_ ~ J 
o 1 -~~ _ ! v; _ ~ 'li- _ ~ v; _-} 

Hai!:,D;eM TenepL JIBHLIH BH,D; 12 MaTpHU CDHHOpHoro npe,D;CTaBJie

HHJI ,D;BOHHOH TO'ie'iHOH rpynDLI Ds , JIBJIJIJOilleii:c.R ,D;HCKpeTHOH DO)];

rpynnoii: rpynnhl SU (2) H HaKphiBaJOilleii: rpynny D 3 . 3TH Ma TPHULI 

MOryT 6blTL JierKO BhiDHCaHbl C DOMOillLIO I!JopMyJI H3BJie'ieHHJI 

KOpHJI H3 e,D;HHH'iHOH 2x2 MaTpHUhl /15/ H /16/ H CJie,D;ylOillHM o6pa-

30M pacnpe,D;eJIJIIOTCJI DO 6 KJiaCCaM COUp.ll)l(eHHbiX JJieMeHTOB 
cornacHo ma6A. 2. 

4. TBTPA3~PHf/BCKHB TPYllllbl T u T d 

H ~BOJ1HAJI TBTPA3~PHf/BCKAJI TPYllllA T ' 

Tpynna T. rpynna TeTpa :n~;pa T BKJIJO'iaeT a ce6.11 12 onepauuii: 

'iHCTbiX DOBOpOTOB, IipHBO,li;JIIllHX K CaMOCOBMeiUeHHIO npaBHJILHOrO 

TeTpa3,D;pa. BpallleHHJI xnaccui!JuuupyJOTCJI no cJie,D;yJOillHM 4 xnac

caM /eM. puc. 2/: E: TO)I(.IJ;ecTBeHHoe npeo6paJoBaHHe /Hyneaoe 

apallleHue/; 3 C 2 : apallleHHJI Ha yron " aoxpyr Tpex oceii:; 4 C 
3 

: 

apallleHHJI Ha yron 2" /3 aoxpyr cne,D;yJOillHX 'ieThlpex oceii: [111], [ l 11]; 

(1l1), Cil1) C COOT:!IeTCTBYIOillHMH HanpaBJIJIIOillHMH KOCHHyCaMH 

11 1 1 1 1 1 1 1 1 l 1 1 1 I· 
v'3 · ~· V31.1-vs ·vs 'vf 1• 1 V3 .- J3 · J3 1' -;;r ·-vs ·vs · 

10 

i 

,., 
0 

«< 
:0: 
Ill = ..Q 
I'; 
0 

'"' >. 
Q) 

~ 
!-< 
0 

'"' Q) 

= = 0 
~ 
0 
!-< 
(.) 

0 

~ 
«< 

~ ~ 
a :J 
::t = 
::s = 
~ ~ 
a '"' (..;. >Ill 

0 = >Ill 
0 
Ill 
~ 

"" ' w-
v 
Ill = Q) 
I'; 
Ill 
«< 
!-< 
(.) 

~ 
Q) 

~ 
t:: 

I I , 
I w"" 
I;; 

1::: 
I 

"" 0 I 1::: 
c-.> 

w ., 
0 
~ 

., 
0 
~ 

w 

w 

!IC':> 

I 

!IC':> 

~IC':> 

~IC':> 

c; 
0 .., 
L U -+ 
>.0 

""""" 0 .... 
I 

,..;0 
I 

0 .... 

..... 0 

,...o 

..... 
O l 

...r
iO 

0 ..... 

>. 

,....... 

* 0 «:) 

GO 0 

,....... 
0 «:) 

* «:)0 

0 *..., 

"' 0 

0 "' 
*..., 0 

N 

«:)o 

0 "' 

*..., 0 

* 0 «:) 

~ 
0 

,....... 

* «:) 0 

0 * "' 

.... o 

0 «:) 

g 

I I 
I 0 l 
I I 

0 

..... 
I 

..... 

~ 

I 

~~ 

>< 

~~~~ 
~ 

+ 
-I~ 

~I 
""I"" 

Q.) 

Ill 
«:) 

':;1~ 
+ 

-I~ 

·~r 
Q.) 

Ill 

"' 

11 



c 2 2 [ 0 1 0 J (0 0 -1 J (0 0 1 J zL~. C3,C3 4 c 2 : 3< - > = o o 1, 3<= > = -1 o o 3[<~]= -1 o o. 
3 [111] [111] 111 

1 0 0 0 1 0 0 -1 0 

Puc.2. Onepa11uu cuMMempuu npaauAbHozo mempa3opa. Ocu mpembezo 
nop.11oKa C3 u C ~ coeouHJIKJIII aepwuHbl mempa3opa c cepe¢uHaMu 
npo•uaonoAOXHbiX zpaHeil u npoxoo.11111 no ouazoHaAJIM onucaHHozo 
Ky6a. 

4C3
2 : spameHB.II ua yroJI ¥ /BJIH - ?.;- I soxpyr Tex )Ke 'leTbipex 

oceii TpeTbero DOP.II.D.Ka. H3BJieKa.ll C DOMOll{biO /141 COOTBeTCTBYIO" 

ll{BB KOpeHb /KBa.D.paTHbiB BJIB Ky6B'IeCKHHI B COOTBeTCTBYIOll{eM 

HanpaBJieHHB, yKa3aHHOM BbiWe, DOJIY'IBM .IIBHbiB BB.ll. MaTpBU rpynnbl 

T B TpexMepuoM npe.D.CTaBJieHBB T: 

[ 
1 0 OJ E = 0 1 0 
0 0 1 

ac, 2,~ n 0 0) -1 0 
0 -1 

2y 

4C 3 : 

12 

3(+) 
[ 111] 

(+) 
3 [-- ] 111 

[
0 0 1] 
1 0 6 . 
0 1 0 

3(+) 
[Ill] 

( 
0 0 --1) 
1 0 0 

0 -1 0 

t1 0 OJ 0 1 0 
0 0 -1 

2z [
-1 0 OJ 0 -1 0 ' 

0 0 1 

(

0 -1 0 l 
0 0 1. 

-1 0 0 

gC+) 
[ 1l 1] ( 

0 -1 OJ 0 0 -1 

1 0 0 

., 

(- ) 
3

Li11l 
0 0 -1 ( 
0 1 01 

/19/ 
-1 0 0 

Fpynna T '. AuaJiorH'IHO, c noMOll{biO 115/ H /161 MO)KHO noJiy· 

'IBTb .IIBHbiH BH.ll. 24 MaTpHU CDHHOpHOrO npe.IJ.CTaBJieHB.II .ll.BOBHOB 

TeTpa3.D.PH1.feCKOH rpynnbl T ', npBBe.D.eHHbiX B ma6A. 3. 
Fpynna T d . Haxoueu, paccMoTpBM rpynny T ct• cocTo.11myw H3 

scex B03MO)I{HbJX onepauuii: CBMMeTpHB npaBBJibHoro TeTpa:>.D.pa, 

BKJ1101.fa.ll OTpa)KeHB.II . COOTBeTCTBYIOmBe 24 npeo6pa30BaHB.II KJiaC • 

CHij!HUHPYIOTC.II no D.IITB KJiaccaM: 

E : TO)K.D.eCTBeuuoe npeo6pa3osauue; 

8C3 : spameHB.II ua 2rr / 3 B 4rr / 3 /BJIB -2rr / 3 I soxpyr l.feTbl~ex o~~ii, 
C KpHCTaJIJIOrpalj!B'IeCKBMB HanpaBJieHB.IIMH [111] , [l11] , [111] , [ 111]; 

3C2: spameHB.II ua " soxpyr Tpex oceii x, y • z; 

6S 4 : spameHB.II Ha rr/2 B 3rr/2 /BJIB -77/ 2 I soxpyr oceii x , Y , z 

B OTpa)KeHB.II B COOTBeTCTBYIOll{BX HOpMaJibHbiX DJIOCKOCT.IIX C HanpaB· 

JIJIIOll{BMB XOCBHyCaMB !1 , 0 , 0 l, l 0, 1 , 0 l , l 0 , 0, 1 l ; 

6ad: OTpa)KeHBJI B WeCTB DJIOCKOCTJIX, npOXO.IJ..IIll{BX 1.fepe3 UeHTp B 

O.ll.HY B3 WeCTB rpaHeB. COOTBeTCTBYIOmBe HOpMaJIB ]< 3TBM DJIOC • 

xocTliM &MeiOT cJie.D.ywmue xpacTaJIJiorpaljlal.fecxae o6oJHa1.feHBll 

a uanpaBJIJIIOmBe xocauycw: 

[110]_..! 1 , ;_,Ol, [1lO]_.!-L.-i.,.ol.[101]_.j,i. ,0, ic,.l. 
-./2 . v2 -./2 v2 v2 v2 

- 1 0- 1 !. [ 101] -+ l -./2. . -./2 [ ] 1 1 [ -] 1 1 011 -+ l 0, _-,=r= , -:-n- I , 011 -+ l 0 , -=,- -==!. 
v 2 v 2 -./2 -./2 

12 MaTpBU, COOTBeTCTBYIOll{BX nepBblM TpeM XJiaccaM E , 8C 3 , 

3C 2 , COBDa.D.aiOT C MaTpBUaMB rpynnw T, BblDBCaHHblMB BblWe 

/eM. ljlopwyJiw /19//. OcTaJibHwe 12 MaTpau MoryT 6WTb Jierxo 

BblDBCaHbl C DOMOll{biO ljlopMyJI /13/ B /14/. 0KOH1.faTeJibHblB pe· 

3YJibTaT, COOTBeTCTBYIOmHB TpexwepHOMy HenpBBO.ll.BMOMy npe.11.· 

CTaBJieHBJO T
2

, npBBe.D.eH B •a6A. 4. 

13 



-c.n 

Ta6AUfla 3 

IIpe~cTaBJJeHHe E V2 ~BoiiHoii TeTpa3~PH'Iecxoii rpynnw T '. 

E E' 4C 3 

yron ... 2rr 
3 

1 [ y* w 1 
..;2 y* y J 

[
y* w l )2- y y 

i.rr.. 4rr 2 rr 

Jt [:: :·] v~ [: :.) ~ [ ~ ~.] 
1 [w* w) [w y*l [y y*l 

...;2 y w fi w* w*J ) 2 w*y* 

OCb 

J. 

[111] 

[ill] 

1T 

0 -1 
y ( 1 0) 

-17 

( 0 1 ) 
-1 0 

[lfl] 1 

,;2 [
y* y*) 
w* y 

1 

y2 (w* y*]l [ w w 11 [y w ) 
w* w If y w* .,;2 Y y* J 

-i 0 
z ( 0 i) < i o_ ) 

0 -1 

)( 2 -2 

E 

yron ... 

[ 1 0 0) OCb 

0 1 0 J. 

0 0 1 [111] 

[lil] 

-
[ 111] 

[lfl] 

)( 3 

[Ill] 1 

/ 2 [~·: l 
1 

3i7 i 

w "' e 4 

1 

v12 [ 
w*y l 
w w \~-

-1 

1 i =-- + --
v2 .. ..;-z-

Ta6AUfla 4 

[
w w*J [y w*] 
y*w* ~- y*y* 

-1 1 

IIpe~cTaBneHHe T2: (x . y , z) rpynma~ T d 

8C 3 3C2 68 4 

2rr 4rr 7T 377 

[0~1~ [ 0 1\J 
7T 

(-1 0 ~ l [-1 ~ 0) [1 0 0 J 1 0 0 0 0 1 X 0-1 0 0 0-1 0 (I 1 
0 1 0 1 0 0 0 0-1 0 1 0 0 -1 0 

[ 0 _ 1 0 H 0 0 -1 J l1 0 0 l [ 0 0 1] [00-1] 0 0 1 -1 0 0 y 0 1 0 0-10 0-1 0 
-1 0 0 0 1 0 0 0-1 -1 0 0 1 0 0 

[ -1 0 0) ( 0 1 0 1 [ 0 -1 0 l [ 0 -1 0) [ 0 0 1] 0 0 -1 -1 0 0 z 0-1 0 J ll 0 0 1 0 0 
1 0 0 0 -1 0 0 0 1 0 0 -1 0 0 - 1 

( 0 0 -1 ](" 1 0 l 1 0 0 0 0 -1 
0 -1 0 -1 0 0 

0 -1 -1 

0 

• 

6ad 

[0-10] [110] -1 0 0 
0 0 1 

[; 1 0] [ llO] 0 0 
0 1 

( 0 0 -1 l [101 ] 0 1 0 
-1 0 0 

( 0 0 1] [101 ] 0 1 0 
1 0 0 

[ 1 0 0) [ 011 ] 0 0 -1 
0 -1 0 

lOll] [1 oi_ 0 0 1 
0 1 0 -

1 



5. OKTA3):fPHlJECKAJI TPYHIIA 0 

0xTa3,np HMeeT 6 aepwHH , 8 Tpey ronbHhiX rpaueii H 12 pe6ep. 

OcH CHMMeTpHH npoxo,nJIT qepe3 11 napy npoTuaononoJKHbiX aep

WHH 13 OCH/: 21 Cepe,nHHhl npOTHBOJieJKaiUBX rpaHeii 1 4 OCHI H 

31 cepe,nBHbl npoTHBoneJKaiUHX pe6ep 16 oceiil , I CM. puc. 31 . 

0KTa3,np MOJKeT 6h!Tb CaMOCOBMeil(eH npH nOMOIUH 24 'IHCThiX 

nOBOpOTOB, KOTOpble pacnpe,neJIJIIOTCJI no 5 KnaccaM : 

E: TOJK,necTaeuuoe npeo6pa3oBaHHe ; 

8C3 : apameHHJI ua b H izL I BJIH- h I aoxpyr 'leThlpex oceii 
[ 111l,[i11 1,[ 1l1] , 

3
[111] ;3 3 

3C 2: BpameHHJI Ha TT BOKpyr Tpex oceii X, y , Z ; 

6C 4 : apameHHJI Ha ;- H ~rr IHnH - ; I aoxpyr Tpex oceii x, y , z ; 

6 C ~: BpameHHJI Ha TT BOKpy r WeCTH oceii : 

1 1 0 l . [110]-+ {y2 '{2 . - 1 1 1 1 
[ 11 0 ] -+ { --= . - -= . 0 l. [ 1 01 ] -+ { - . 0. --=.! . 

y2 ..[2 .,fE y2 

[ 1 o1 J _. 1 1 • o . - 1_ l . [ 011 J _. 1 o . 1 . 1 1. 
y2 y2 y2 y2 

- 0 1 - 1 l [ 011] -+ { . y2 . y2 

C1 .C4 

z 
1·oo11 I c 

111!1. 3 

/ 

Puc.3. llpaeUAI>HI>Iii oK•a31?Jp. OI?JHa U3 t~e•r.1pex oceii Cs. noKa3aH
HaJI Ha pucyHKe, npoxoi?Ju• t~epe3 cepeOUHI>I npo•ueoAeJttaUIUX zpaHeii 
U UMeeJI HanpaeAJIIOUIUe KOCUHYCI>I {lly3 , 1/ /.f. 11 y3 l. 01?JHa U3 
wec•u oceii C2 , noKa3aHHa.R Ha pucyHKe, npoxoi?Ju• t~epe3 cepei?Ju
HY npo•ueonOAOJttHI>IX pe6ep U UMee• Hanpae/IJIIOUIUe KOCUHYCI>I 
1 u..f2. 11 v2 . o 1. 

16 

C nOMOIUbiO o6meii cjlopMyJibl 1141 nerKO MOryT 6b1Tb BhlnHCaHbl 

24 MaTpHUbl , COOTBeTCTBYJOIUHe nepe'IHCJieHHbiM onepal{HJIM CHM

MeTpHH . 3TH MaTpHUbl COOTBeTCTBYJOT TpexMepHOMY HenpHBO,nHMOMY 

npe,ncTaaneHHJO T 1 rpynnhl 0 H npuae.neHhl B 111a6A. 5. MaTpHUhl 

TpexMepuoro npe,ncTaaneHHJI T 2 rpynnhl 0 coana.naJOT c MaTpuuaMH 

npe,ncTaBJieHHJI T 2 TeTpa3,npuqecxoii rpynnhl T d , npuae.neHHhiM 

a •a6A. 4, 3a ucxnJOqeuueM xnaccucjluxauuu no xnaccaM . 
• 

6. TPYlliiA HKOCA3):fPA Y 

Hxoca3,np HMeeT 12 aepwHH, 20 TpeyronbHbiX rpaueiiu 30 pe6ep. 

Ocu CHMMeTpHH npoxo,nJIT qepe3: 11 napy npoTHBonoJioJKHhiX aepWHH 

16 oceii n.11Toro nop.11,nxal , 21 cepe,nHHbl npoTHBoneJKamux rpaHeii 

110 oceii TpeTbero nop.11,nxal H 31 cepe,nHHhl npoTHBoneJKamux 

pe6ep I 15 oceii BToporo nopJI,nxal I eM. puc. 41. 

2 
Cs ,Cs z 

c2 
• .. y 

Puc.4. llpaeUAI>HI>Iii uKoca31?Jp. Ocr. z HanpaeAeHa no ooHoii u3 
oceii u•ozo nopJII?JKa. Ocr. y. npoxoi?JJIUIQJI t~epe3 cepeOUHI>I I?Jeyx 
npo•ueonoAOJttHI>IX pe6ep, JIBAJie•cJI oi?JHoii U3 oceii e•opozo nopJII?JKa. 
Ocr. x HanpaeAeHa nepneHI?JUKYAJipHo K nAocKoc•u t~ep•eJICO u 
JIBAJie•cJI oi?JHoii u3 oceii •pe•r.ezo nopJII?JKa. 

17 



-CID 

... 
<0 

E 

[
1 0 OJ 0 1 0 

0 0 1 

X 3 

yron .... 
OCb 

[111] 

[lll] 

-
[111] 

[111] 

Ta611u11a 5 
llpe,n;cTaaneuue T 1 : ( x • Y . z ) rpynnbl OKTa3,n;pa 0 

277 477 17 377 

[110] [ ~ ,~ : 1 l ~ ~ ~ J X [ : ·-~ ~ l [ : ~-~ l [: r ~ 1 
0 1 0 1 0 0 0 0 -1 0 1 0 0 -1 0 

[1l0] 

[ 101] 
[ ~ -~ ~ 1 r- 10 ~ -~1 y r -~ ~ ~ J r ~ ~ ~ J r~ ~ -~ J 

-1 0 0 0 1 0 0 0 -1 -1 0 0 1 0 0 

(~ -~ -~] [-~ ~ ~] z [ -~ -~ ~] [ ~ -~ ~ l (-~ ~ ~) 
1 0 0 0 -1 0 0 0 1 0 0 1 J 0 0 1 • [10l] 

(~o n] ( _:" H] [011] 

[011] 

0 -1 1 

Ta611u11a 6 

llpe,n;cTaaneuue T1: (x ,y . z) rpynnbl uxoca3,n;pa Y. llpuae,n;eHbl 
no o,n;Hoii MaTpuue B3 Ka)I(,IJ;oro xnacca. 

E c5 c2 
5 c3 

E (.E.!:..) 
477 

\~ ) (-- ) 
5 5 5 5 3 3 

z z X 

277 -sin~ 0 cos~ -sin ...iE: 0 1 0 0 cos-
5 5 5 5 

sin ~ cos~ 0 sin~ cos~ 0 0 cos~ -sin~ 5 5 5 5 3 3 
[ ~ ~ ~] 

0 0 1 

0 0 1 0 0 1 0 sin 2 77 277 
3 

COST 

-
..1. (1- v 5) 1.. (1 + y' 5) 0 

2 2 
X 3 

277i 
--o-1 r;;- ·( -

e = -(y5-1)+ .Ly10 +2v'5, 
4 4 

[h ~,) 
[-~ -~ ~] 

0 0 -1 

[ ~ ~1 1] 
1 0 0 

[ 
0 0 -1] 0 -1 0 

-1 0 0 

[
-o

1 ~ f) 
0 1 0 

(
-1 0 OJ 0 0 - 1 

0 -1 0 

-1 

-1 



Hxoca3,1lp MoJKeT 6LITb caMocosMemeH npH noMomu 60 onepal.lHH 

'IHCTbiX nOBOpOTOB, KOTOpble pacnpe,lleJJ.IUOTCJI no 5 KJJaccaM: 

E: TO)I(,IlecTseuuoe npeo6pa3osauue: 

12C 5 : spameHHJI ua '!:.
5

17 H 8
5

17 lanH- ; 17 I soxpyr wecTH oceii: 

nJIToro nopJI,IlKa; 

12C; : spameHHJI ua 4
5

77 H 6
5

17 lanH- ~ 17 I soxpyr wecTH oceii: 

nJIToro nopJI,IlKa; 

20C 3 : BpameHHJI Ha ~ H 4
3
17 IHJJH- '!:..!!_I BOKpyr 10 OCeii: TpeTbe-

3 . 3 
ro nopJI,IlKa; 

15C2 : spameuue ua 17 soxpyr 15 oceii: BToporo nopJI,IlKa. 

HenpHBO.IlHMble npe,llcTasneHHJI rpynnbl uxoca3,1lpa 6onee no,llpo6uo 

6y,llyT paCCMOTpeHbl B ,llpyrOM MeCTe. 3,1leCb JKe Mbl npHBe,lleM 

JIBHbiH BH,Il MaTpHI.l TpexMepHOrO npe,llCTaBJJeHHJI, npH'IeM JJHWb 

no O,llHOH MaTpHI.le H3 xaJK,Iloro xnacca. Bb16pas uanpasneuue oceii: 

KOOp,llHHaT COrJJaCHO pUC. 4 H BOCnOJJb30BaBWHCb o6meii: 4JopMyJJOH 

1141, nOJJY'IHM MaTpHI.lbl, BblnHCaHHble B llfU6A. 6. 

7. 3AKJIIOtJEHHE 

PaocMoTpeHHble BbiWe npaMepbl noxa3LIBaJOT, 'ITO c noMoll{blO 

np.IIMOrO H e,llHHOrO MeTO,Ila MOryT 6b1Tb nOCTpOeHbl MaTpHI.lbl 

uenpHBO.IlHMbiX npe,llcTasneHHii: scex .llHCKpeTHbiX no,llrpynn rpynnbl 

TpexMepHbiX spameuuii. B qacTHOCTH, 3TOT o6muii MeTo.ll MOJKHO 

npHMeHHTb K JJI060B H3 32 KpHCTaJJJJOrpallJH'IeCKHX rpynn. 

BblpaJKaJO 6naro,llapHOCTb axa,lleMHKy H.H . .6oron106osy H npo4Jec

copy B.A.MaTseesy 3a o6cyJK,Ileuue. 
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