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Kac4Hee M., Kac4Heea B. P5 - 12382 
4HcneHHOe peweHHe 3aAa4H mTypMa-flHyBHnnR AnR OAHOH 
CHCTeM~ 06~KHOBeHHWX ~H~epeH~HanbH~X ypaBHeH~H BTOpOrO 
nopR~Ka 

B pa6oTe paccMOTpeH ~HcneHH~H MeTOA e~~~cneHHR co6cTBeHHWX 
3Ha4eHHH H Co6CTBeHHWX ~YHK~H~ CHCTeMW AH~epeH4HanbH~X ypaBHeHHH 
BTOporo nopRAKa. noKaaaHo, ~To peweHHe cy~ecTeyeT npH onpeAeneHH~x 
OrpaHH~eHHAX Ha K03¢$H~HeHT~ ypaeHeHHH. nocTpOeHHWe pa3~0CTH~e CXeMW 
HCnonb30BaHW AflR BW~HCneHHR ypoBHeH 3HeprHH ~ BOnHOBWX ~YHK~HH 
Me30MOneKyn BOAOPOAa pp~ , dd~ H tt~ B aAHa6aTH4eCKOM npeACTaeneHHH 
3aAa4H Tpex Ten /AByxypoBHeBOe npH6nH*eHHe/- 4HcneHH~H MeTOA 
onpeAeneHHR YPOBHeH 3HeprHH e6nH3H Henpepwe~oro cneKTpa ycToH~HB. 

Pa6oTa ewnonHeHa B fla6opaTOPHH s~~HcnHTenbHoH TeXHHKH 
H aeTOMaTH3a~HH OH~H-

Coo6weHHe 06bellHHeuuoro HHCl'Hryra !lllepHbtx accneaoeaaaA. lly6Ha 1979 

Kaschiev M_, Kaschieva V_ P5- 12382 
Numerical Solution of the Sturm-Liouville Problem 
for a System of Ordinary Differential Equations of 
the Second Order 

A numerical method for calculating the eigenvalues and eigen­
functions of a system of differential equations of the second order 
is obtained_ It is shown that the solution exists under the condi­
tions that there are some constraints for equation coefficients- The 
difference schemes constructed are used for calculating the binding 
energies and corresponding wave functions of pp~, dd~ and tt~ 
mesic molecules in the adiabatic representation of the three 
body problem (a two-level approximation)_ The numerical method 
of calculating binding energies near the continuous spectrum is 
stable_ 

The investigation has been performed at the Laboratory 
of Comput ing Techniques and Automation, JINR-

Communication of the Joint Institute for Nuclear Research. Dubno 1979 
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B:BBJ!BHHB 

B pa60T8X /I,2/ llOCTpOBH 3~KTH:BH~ YBTO~ qHCHBHHOrO pewe­
HHH 3~8qM lliTypua-nHy:BHHHH ~HH O~HOrO ypaBHBHHH. 

B aacTOH~e« pa6oTe paccuaTpH:aaeTcH qHcneaaoe pemeHHe a~a­
qH lliTypua-nHyBHHHH ~nH CHCTBY~: 

Lu = -E u" + Vii + (Qu) '+Qu' n 

ii< o > =ii< R >=o • 

.. 
Eu, (I) 

(2) 

3~eC» U(x)=(u1 (x), •••• ,u (x)), E - B~HHHqHaH YaTpH~a n -ro 
n n 

nop~Ka, V(x) H Q(x} - KB~paTH~~e uaTpl4~1:l nop~Ka n. 

llOK83aHO, qTQ 3~aqa (I)-(2), np14 HBKOTOpl:lX npe~nonoaeHHHX OTHO­
CHTBH»HO YaTpH~ V(x) H Q(x} , HYBBT pemeHHB,H llOCTpOBH8 
paaHOCTHaH cxeua ~cneHHoro pemeHHH. 

llOCTaHOBKa aagaqH 

PaccuoTpHu npocTpaHCTBO L2 
u(x)=(u

1
(x), ... ,un(x)), TaKHX, 

CKanHpHoe npoHa:ae~eHHe ~YHK~Ha 

cne~~ o6paaoM: 

[O,R] BBKTOP~YHK~« "s· 2 qToL: u.(x)dx <oo . 
- l.::o1 0 1 

ii, v E. t 2 co, R J onpe,l.{enHeTCH 

... .. f"J~ (u,v)= t-. u. (x}v. (x}dx. (3) 
o,..:1 0 1 1 

06oaaa~u qepea A c 12 [o,R] YHOJtecT:ao 

A=[ii<xl; ui(x}E:C 2 (o,R], ui(O}=ui(R}=O, i=l,2, ... ,nJ 

OnepaTop L B ne:aoa qaCTH ypaBHBHHH (I) onpe~eneH Ha YHOXBCTBB 
A • By~eu npe~nonaraT», qTo aneueHT~ uaTpH~ V(x}=(Vij(x}}, 
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Q(x)w(Q .. (x)) 
l.J y~OBne~BOpHDT ycnOBHHY 

Vi}x)=Vji(x), Vi}x)EC [O,R], 

Qij(x)=-Qji(x), Qij(x)E c1 [o,R], i,j=1,2, ••• ,n, 

min{min[V . . (x),Q .. (x)]} ~ £" = const. 
i..,j X l. ,) l. J 

ITyCTl> :sanonHeH!l YCJIOBHR(4)-(6). noKa&eY cne~yD~He T60p6Y!l. 

Teopeua I. OnepaTop L - CHYY6Tp!4qea. 

ITycn i!, v E A • Tor~a 
R " "- ~ .. .. " s " .,... "'f (Lu ,v)=- L u . v. dx + L /.., V .. u . v j dx + 

i.. •10 1 1 i'='"-f j ll'-f0 1 J 1 ' 

n n. R n ~ t; f;ll(Qijui)'v .i + Qi j <v j ] dx =- £;Ju j vjdx + 

n n II. n "JR 
L.Ijvi j u i v jdx+ LL [<Qi jv j ) ' ui+Qijv ~ui] dx=(it,L~) 
j=1 L~~ o j~< t~• o 

( 4) 

(5) 

( 6) 

3~6Cl> HCnOnb30BaHHCl> YC1IOBHH (4) H (5). TaK KaK IIHOll6C~BO A 
nnoTBO :s I.

2
[o, R] f3 I, ~eopeua .liOKaaaaa. 

Teopeua 2. OnepaTop L nonyorpaaHqea caaay. 

ITycu i! E A • Tor.z~a 

n.R ""II. nnll 
(Lu u)= ~ 5u~dx+ L"fv .. u. u .dx+2"'<:;"""i Q • • (u. u '. -O. !uj )dx >_,. 

' ~ l. . L.. l.J l. J L..L,.j l. J l. J l. 
L==-t o ..,::::: .. J•• o i=--t j~ o 

n. ~ 2 n " It n nJII. 
L.Ju• 1dx+SL,L:Ju.u .dx+20LL (u . u'. - uiu.)dx 
i.~~ o i.=-!j=< o 1. ,1 t•ij · l o l.J J 

Paccwo!piM .I~Ba cnyqaa. 

I) ~ > o. 
" " ll L L J u i u j dx 
<.~ij• lo 

S
it, 

= <'Lu . )2dx -q 0 
i.•i 1 

0 
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It ~ ~ R 

S (uiuj-ui_u · )dx=-2 J u!u .dx~ -2(t;_ 5 u!
2

dx .. 4~ . J u~dx) 
o .1 ol.,1 ol. <oJ 

ITpH ,ItoRSaaTeJibCTBe Hcnon:r.ao:saHo £ -aepa:seacTBO 121. 11 
BH6epeu gL = -a H KO :sceu 'IJ16H8JI, co~eEll8JilHY ( 1-4S£i.) S u! 

2 
dx , 

np14Y6HHY H6paB6HCTBO ~pH~pHXCa / 2/: Jly' (x )dx ~tc sa y
2

(x 1dx 
0 0 

r,Jte y(x) - nll6aa .It~peHUHpyeMWI rpyHKUHR, y~o:snenopHDIIiaH 

y(O)=y(R)=O • B peayni>TaTe nony'IHM 

<Lii,U) ~ M< s > <i:i,i:i>. 

2) t < 0 • Hcnon:r.ayeu cao:sa e -aepa:seac~:so 

II. II. It Jl! 
S' S (u!u .-u.u'. )dx=2&J u.u'.dx~ ?.b (~jJ u'.

2
dx+ /f. u~dx), 

0 ]. .1 ]. ,1 0 l. .1 0 .1 j 0 ]. 

5 ~~ sR 2 1 sl 2 0 ui u .dx ~ 0 (E. ui + rr u .dx) 
0 J 0 0 •

1 

ITycn t .i = -.rhT 14 E =1 • lila aepa:seHCTBa ~PH~pmc:ca cne.z~yeT, ~o 

(L\t,u) ~ M( 0) (u,u) • 

CnyqaJt o =0 O'leBH.I16H. 
3aMe'lB.Illie. Y CJIOBHe ( 6) , KoTopoMY .ItOJI.lltHH Y.ItOBJieTBOps!Tb @'HKUHK 

V
13

(x),MOXHO ~CJia6HTl>: llOTp660B8Tb, 'IT06!l 

min l m~n L Vi j (xl] ~ o . 
X l. J=< 

B aTOM cnyqae teopeua 2 ona~:r. :sepaa H ~oKaaa~eni>CTBO npo:so,liHTCH 
TaR &e,RSR i4~ 
CornaCHO npHHUKny MIHBMyMa/5/ 38A8qa (1)-(2) 3KBBB8116HTB8 
H8X0~6HHD M14HKMyMa rpyHKUHOBana PaneH-PHTUa R(~) , r,Jte 

R<v> = <Lv,v)!<:t,v> • 

lila TeopeM!l 2 cne~yer, qTo min R (v) 
KOTOpO! • .liOCTHraeTCH 3!0~ MHHHM]Y, 
rpyHKUH6l 3a,llaql (I)-(2), a 3Ha'leHH6 
Bllll aaaqeaBew. Cne,Itym~e co6c~:seaH!le 

R(~ Ha MHOll6C~Be, OpTOrOHa11l>HOM K 

5 

cy~eC~ByeT H ~yHKUI4Hu1 .~ 
HB1IH6TCH nepBOl Co6CTB6HHOI 

R(ut) - nepB!lM Co6CTB6H­
~YHKUI4H peanzaym~ MBHHMyM 
nepB!lM Co6C!B6HH!lll rpyHKUJKM. 



PaaHOCTHaH cxeua 

Ha OTpeaKe (O,R) nOC'l'pOi!Y pa.BHOY6PHYil C6TKY: 
w= txi=ih, i=0,1, ••• ,N, h=R/N}. 

Ilycn r (x) - ceTO'IHaH i{lyHKUKH Ha w • B:se;l{eY o6oaHalleHHli /2f: 

ri = (r(x)=r(x-h))/h, rx: (r(x+h)-r(x) )/h 

rx =: (r(x+h)-r(x-h))/2h, x:t hEW. 

Cne;l{yH pa6o'l'e 121, paccuoTpHY paaHOC'l'HHi onepa'l'op t~·"' , annpo­
KCHMilPYil~A onepa'l'op L • IlyC'l'» y(x}=<y1 (x), •••• ,yn(x) - ce'l'Oil­
HaH :B6KTOp-1JyHKUHH 1 onpe;l{61I6HHaH Ha u.> H y(O):y(R):O, O~V., c5fH, 

a:;,cr, - .. ... ... .. .. ( ) .. Lh Y=-E Y- +Vy+o:;(Qy) +(1-0,)(QY)-+O.Qy + 1-62 Qy_ - nxx X X' X X 

Ilo'l'pe6yeu, llTo6~ onepaTop t~·u• 6~ cmuue'l'pH'IH~ H q'f()6~ no-
rpemHOC'l'» annpoKCHYauHK 6~a :senHililHoA O(h2 ) • Tor~a no;nyqaeu, 
ll'l'O 6""1 : 02 = 0,5 H 

- t,t- .. .. ( .. , .. Lhy: Lh Y :: -Enyix+Vy+ Qy x+Qyx ( 7) 

3~aqe (I)-(2) COnOC'l'aBHM paaHOCTHYJl a~aqy 

.. h+ ... ) -.() -( ) -oN Lhy = E y , y ( 0 = y =0 , y R = y = 0 (8) 

Cxeuy (8) npeo6paayeu K :BH;l{y 

KY = E~ • (9) 

S~eC» Y n(N-1)-MepHHA :B6K'l'Op C KOMnOH6H'l'aMH Yk=yi(x.) , 
,1 

ko: (j-1)N+i,j=1,2, ••• ,N-1, i=1,2, ••• ,n , a K - K:B~8'1'HaH Ma'l'-
PHUa nopa~Ka n(N-1) • 0Ha ciluueTpHilHa H Huee'l' neH'l'OilHYil CTPYK­
'l'YPY C MaKCHYali»HOA ,'l{nHHOA "nony;neH'l'~" 2n (mHpHHa neH'l'~ no C'l'po­
Ke 4n-1 ). M- 8;l{HHHilH8H M&TpHUa 'fOrO ae nop~Ka. 

PaccMO'l'pBY Tenep» c;nyqaA aepaBHouepaoA ceTKH 

.1> = { 0 "xo < x1 < x2 ••• < xN = R } • B:se;l{eM o6oaHalleHHH/2/: 
- + "h ( - ., hi = xi-xi-1' hi = xi+1-xi ' i = 0 •5 hi + hi 

i=1,2, ••• ,N-1 • 
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EcnH r - C6'1'0'1HaH i{lyHKUHli Ha W , '1'0 

ri ~(r(x)-r(x-h-))/h- ' rx = (r(x+h·)-r(x))/h+, 

r-x= (r(x+h+)-r(x-h-) )/2'ti • 

ITo aHanorHB c (7) paccuo'l'pHY paaHOC'l'H~A onepaTop 
A • + • ., + 
LhY= -EnYxx +Vy + (Qy x + Qyt 

H paaHOCTHYil a~aqy Ha Co6CT:B6HH~e 8H81l6HHli 

A - h- ... ) ~ - ) +N Lhy = E y , y(O : y = O, y(R : y = 0. 

Cxeuy (IO) aanHmeu :s :s~e 

KY=E~. 

(IO) 

(II) 

X H X - uaTpHu~ O,~tHHaKo:soA CTPYKTYPH • .MaTpJ.iWi M - ,'l{HaroHa;n»­
HaH c sneueHTaMI4111ck=11,;, k=(,i-1)N+i, ,i=1,2, ••• ,N-1, i=l,2, ••• ,n. 
B o6oi4X cnyqaax us npHXO;l{HM K pemeHHil aa;l{ai(H aa co6cT:seaa~e aaa­
lleHHll : 

AX = ). BX. (!2) 

Ma'l'pHUa A - CHMMe'l'pHqsa H HM66'1' ll6H'l'OilHYil C'l'pyKTypy, a B - 6;l{H­
HHilHa HnH ~HaroHanhHa. By;l{eu npe,'l{nonaraT~, ll'l'O o6e ua'l'pHUH nono­
KHTe~HH. nns O~HO:Bp6M6HHOrO HaxO~eHHli nepBHX p Co6CT:B6HHHX 
SHaqeHBA K :B6KTfPO:B (!2) npHM6HHM M6TO;l{ o6paTHOA H'1'6PSUHH :B no;l{­
DPOC'l'paHCT:Be / 6 ( Subspace Inverse Iteration Method-SIIM). 
S~aqa (!2) no SIIM pemaeTCH cne,'l{yll~M cnoco6ou. ITyc'l'» xk -
Y8'1'PBU8 ( Nxp ). Haxo~HM Y8TPBuY Xk+l(Nxp) no i{lopuy;ne 

AXk+1 = BXk • 

ITonyqaeM K:B~paTHHe M8TPHUH Ak+l H Bk+1 cne;l{yll~KY cnoco60Y: 

A = i A X -T -
k+l k+l k+l, Bk+1•Xk+1 BXk+1 • 

Pemaeu nonHyll npo6neuy Ha co6cT:seHH~e aHalleHHH: 

Ak+1ck+1 = Bk+lck+1 .11~+1 • · (!3) 

ITycu ck+ 1 ( pxp) H 1\.1 = U\~ 1 , ••• ,1\k+ 1 ) - co6cneHHHe :seno-

P~ • co6c'l':BeHHHe aHaqea!4H a~aqa (!3). Haxo,'l{HY k+1 npH-

7 



6nzseHZe K nepB~ p co6cTB6HHHM BeKropaM aaAat!H (12) no ~opMyne 

xk+l 

Ecnz qepea 
poll aaAat!H 

= xk+lck+l 

x o6 osHa t!HM 
( 12) , a 11epea 

C06CTll6HHH6 aHat!6HHH, TO 

MaTpzuy za nepl!HX p co6crBeHHHX BeKTO­
" =( 1\ l, ••• , AP) - COOTll6TCTBYXlll{Ke 

lim Xk+l = X, lim Ak+l =A • 
k-oo k-oo 

CXO~HWOCTH H6T TOH~KO ll cnyqae, KOr~a XTBX 
0 0 

Hl!nH6'fCH Hyne-

:Boa Ma'fpzue~. 
EcnH Ma'fpHUH K H K ll (8) H-(10) He Hl!HHD!CH nonOSHTen~HO 

onpe~eneHHHMH, o6e cxewH npHl!O~Kw K l!KAJ 
AY =/\BY , (14) 

r~e A=K+"' M ~nH cxeMY (8) H A=K+<>< U ~nll cxewY (10), B=ll 
KHZ B=U • 1JHCHO ol > 0 l!H6Hpae'fCH TaR, 11T06Y Ma'fpKUa A 6Yna 
nonoSHoren~Ho~. Co6cor:BeHHYe :BeKTOPH a~at!H (14) H cooor:Be'fCT:BeHHO 
(8) K (10) O~HHaKOBY, a E~ = ActX., i=l,2, •• ,p ~nH 006HX CX6M. 

llzcneHHHe peayn~oraTY 

PaccwoorpeHHYe anropH'fWH zcnon~ao:BanKc~ ~ns l!YlllcneHHH ypo:B­
HeK aHeprz~ H BOHHOBI>IX ~YHKUH~ W630MOH6Kyn ll ~Ha6aTHt!6CKOM npe~­
CTaBH6HHH a~at!H 'fpex Ten. Sora aaAat~a pemanac~ B pa6oore /?/ c no­
wo~D HenpepuBHoro aaanora we'fo~a H~X>TOHa. Paapa6o'faHHaH HaMH l!Y­
liKCHHTenbHaH cxewa noa:BonseT pemHTb aTy K ~pyrze aaAat!H ~HaHKH 
HeaaBHCHWYW weTo~ow. B Ta6nzue npzBe~eHH nonyt~eHHYe HaMH aaep­
rzz ~ByxypOBH6BOrO npH6HHZ6HKH ( n=2 ) ~HH M630MOH6Kyn ttp ,ddf , 

PPp C YT0t!H6HH~H 8~6KTHllH~H noTeHUK&naMH, a TaKZ6 COOTB8TCT­
BYX>~e peaynbTaTY, nonyqeHHHe B /?/. qzc~eHHHI Me'fo~ onpe~eneHHH 
ypo:BHel aHeprKI B6nHal aenpepHBHoro cneKTpa ycoroiQBB. HallanAHoe 
npH6nZ&6HH6 l!O l!C6X cnyllaHX l!H6Hp&n0Cb no M6TO~y, npe~n0&6HHOMY 
ll /6/. 

B 3aKXXl116HH6 al!TOPH 6naro~apHT ~.B.llysHHHHa, n.~.llOHOMapeBa, 
a 'faK&e C.~.BHHHUKOrO H n.H.COMO:Ba sa U6HHH6 COB6TY H BHHMaT6XD­
H06 OTHOm6HH6 K pa60T6. 
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