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0 noArpynnax PR - rpynn 

B pa6oTe H3y4a~TCR noArpynn~ PR-rpynn, T.e. CBR3H~X 11 OAHOCBR3-
H~x Hea6eneB~X rpynn flH, anre6p~ flH KOTOP~X 3aAa~TCR KOMMyTa4HOH
~MH COOTHOWeHHRMH THna (Hi.Hj)~rijHi(i<j, rij E R). noKa3aHO, 
4TO BCRKaR aHanHTH4ecKaR noArpynna PR-rpynn~ HnH a6eneea, 11n11 
RBnReTcR PR -rpynnol1. OnHcaH~ aHanHTH4eCKHe HopManbH~e AenHTenH PR- 1 
rpynn. Ha11AeHa 04eHKa paaMepHOCTH a6enee~x noArpynn PR- rpynn~. j 
OnHcaH~ 4eHTP~ PR-rpynn. noKaaaHo, 4TO AflR BCRKoro co6cTBeHHOro aHanH 
TH4ecKoro HOpMaflbHoro AenHTenR G 1 PR-rpynn~ G ecTb TaKaR AOnonHH- _ 
TenbHaR noArpynna G2 , 4TO rpynna G paanaraeTCR B nonynpRMoe npoHaee
AeHHe G ~ G1 x G2 . 

Pa6oTa e~nonHeHa B fla6opaTOPHH TeopeTH4eCKol1 ~H3HKH OH~H. 

Coo6l!leHHe 06beJlHHeHHoro HHCTHTyl'a !UlepHbiX HCCnBJlOBBHHA. ny6aa 1979 

Lebedenko V.M. P5 - 12337 

On the Subgroups of PR -Groups 

The subgroups of PR -groups are being studied, i . e. , the sub
groups of connected and simply connected nonabelian Lie groups, their 
Lie algebras being defined by the commuting relations of the type 
[H;. Hi I ~ r ij H; (i < j, r ii E R). It has been shown that every analy
tical subgroup of PR-group is either abelian or PR-group. The analy
tical normal divisors of PR-group are described. Dimension of the 
abel ian subgroups of PR-group is estimated, and the centres of PR -
groups are described. lt has been shown that for every proper analy
tical normal divisor G1 of PR-group G there exists such complementary 
subgroup G2 and that group G is expanded in semidirect product 
G~G 1 xG2' 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubno 1979 

e 1979 06•fiii.BB9BIIIJ# BBC'I'fiJ'TT IIJlepBIJJC BCCRfiJI.OBIIU# /1y6BII 

B pa6oTax·'3·5/HaMH BJyqaJIHCL CBOHCTBa PR-rpynn H COOTBeT

CTBYIOU(BX HM PR -anre6p. Anre6py JIB L MLI HaJLIBaeM PR -anre6-

poii, CCJIB y Hee CCTL Taxoii 6a3BC [J-I 1, ... ,Hp,Hp
1
l'""'Hn], PR-6a3BC, 

3JieMCHTLI l<OTOporo Y.II.OBJieTBOpJIIOT COOTHOWCHBJIM TBDa 

[Hi, Hi l .o 0 npB Bcex i, j ::: p (1 SP < n) B npB Bcex i,j - p, 

[Hi,Hj]=rijHi npBBcex i :S p, j > p 

(rij E- R; DpH $BXCBpOBaHHOM r ij -! 0). 
/1/ 

CBJIJHYIO H O.D.HOCBJIJHYIO rpynny JIB G MLI HaJLIBaeM PR-rpyn

noii, ecJIB ee anre6pa JIB JIBJIJieTcJI PR -anre6poii. 

B pa6oTe -'3 1noxaJaHo, 'ITO Bo BcJixoii PR- rpynne MO)I(HO BBeCTB 

rno6aJILHLie l<OOP.D.BHa TLI (g.., g (t 1 .... ,t 0 ), [g(O, ... ,0, t i ,O, ... ,Q)]t- E R_, Hi ). 

B 3TBX xoop.nuHaTax rpynnoBaJI onepauuJI YMHO)I(eHBJI Ja.naetcJI Tax: 

g(t1 , ... ,t )g(t, , ... , t,) = 
n 1 n 

-(r = g( t + e 1. P + ltp+ 1 + ... +r t ) 1 ln n t, 
1 , ••• ' /2/ 

-(rp p+1tp+l+ ... +rpntn\, t +t' t + t') 
t P + e p • p+ 1 p+ 1 , ... , n n 

/g(O, ... , 0) - e.nBHBUa rpynm.t/. 

MLI C'IBTaeM, 'ITO B J<a)I(,II.OH Taxoii rpynne BBe,ll.eHa ecTeCTBeHHaJI 
TODOJIOrBJI eBXJIB,II.OBa DpOCTpaHCTBa. 
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B pa6oTax/4,5/Beene,llYJOTe.ll no,llanre6pb1 PR·anre6p. B HaeToJI· 

IQeM eoo6meHBB Mbl DpBMeHJieM peJyllbTaTbl 3TBX pa60T ,llll.ll BJyqe· 

HB.II no,llrpynn PR - rpynn. 

1. HEKOTOPME IIPHMEPM IIO,l(FPYIIII PR-FPYIIII 

EenB yMHO)KeHBe B PR -rpynne G Ja,llaeTe.ll e noMOIQbiO eooTHo

weHBii TBDa /2/, TO DO,IlrpynnaMB B HeR 6y,llyT, HanpBMep, DO,IlMHO • 

)KeeTBa 

A = [!At 1 , ••• , t P, 0, ... , 0)] t 
1

, ... , t P E- R ' 

B = [g(O, ... ,O,tp+ 1 , .... , tn)]tp+
1

, ... ,tn ER' 

A . = [g(O, ... , 0, t 
1
· , 0, ... ,0)] t . E- R • 

1 1 

3To a6eneBbl no,llrpynnbl rpynnbl G /eM. /2//. IlpB'IeM rpynna 

G paJnaraeTe.ll B nonynp.IIMoe npoB3Be,lleHBe HopMan~oHoro ,llenBTe

n.11 A B no,llrpynnbl B. Ilo,llrpynna A~, [G, G] /xoMMyTaHT G I. <l»ax

Top-rpynna G/ A::; B, Tax xax AnB- e,llBHB'IHa.ll no,llrpynna. KpoMe 

Toro, rpynna G pa3naraeTeJI B npoB3Be,lleHBe O,llHOnapaMeTpB'Iee

KBx DO,Ilrpynn Ai : 

G = A1 , ... , An. 

IlpBBe,lleM npBMepbl Hea6eneBbiX DO,Ilrpynn. TaKBMB DO,Ilrpyn· 

naMB JIBll.IIIOTe.ll lll06ble DO,IlMHO)KeeTBa BB,Ila 

[g(O, ... , 0, t k' 0, ... , 0)· g(O, ... ,O, t £, 0, ... , O)] 
tk, t£ E R 

npB r kr o/ o. k::; p, P 2 p + 1. 

2. HEAEEJIEBM IIO,l(FPYIIIIM PR· FPYIIII 

B pa6oTe'~lnoxa3aHo, 'ITO aeJIKaJI Hea6eneaa no,llanre6pa PR

anre6pbl eaMa JIBn.lleTe.ll PR-anre6poii. 
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IIoxa)KeM, 'ITO aeJIKa.ll Hea6eneaa aHanBTB'IeexaJI /eaJIJHa.ll/ 

no,llrpynna PR-rpynnbl eaMa JIBnJieTeJI PR-rpynnoii. IIyeTb G -PR

rpynna H G '- ee Hea6eneaa aHanBTB'Ieexa.ll no,llrpynna, L - anre6pa 

JIH rpynn~o~ G, L'- no,llanre6pa L. eooTBeTeTBYIOIQa.ll G '.113 Bbtwe

exaJaHHoro ene,llyeT, 'ITO L '-PR- anre6pa. IIyeTb A - eBJI3HaJI 

B O,llHOeBJI3HaJI rpynna JIH, anre6poii JIB KOTOpOH JIBll.lleTeJI L ', 

Tor,lla /eM.'131 I rpynna A -PR-rpynna /onepauBIO B Heii MO)KHO 

Ja,llaTb e DOMOIQbiO eOOTHOWeHBH TBDa /2//. rpynna G, KaK eB.II3Ha.ll 

rpynna, H30MOpcllHa A/B, r,lle 13 • HeKOTopa.ll ,llBexpeTHa.ll DO,Ilrpynna 

A, eo,llep)KaiQa.lle.ll B ee UeHTpe. Tax KaK ueHTp rpynnbl HllH TpHBHa • 

neH, HllB H30MOp$eH eBKllB,IlOBY npoeTpaHeTBY DO ellO)KeHHIO /eM. 

nyHKT 4/, TO nH6o no,llrpynna B e,llHHB'IHli.ll, nB6o A/B eo,llep)KHT 

3lleMeHTbl KOHe'IHOrO nop.ll,llKa /eM./2/ /. BTopa.ll B03MO)KHOeTb 

oTna,llaeT, Tax xax nerxo 3aMeTBTb, 'ITO rpynna G He eo,llep)KHT 

JneMeHTOB xoHe'IHoro nop.ll,llKa /eM. /2//. Tenepb Mbl 3aKniO'IaeM, 

'ITO G ',.lleiieTBBTenbHO, JIBnJieTeJI P R-rpynnoii. 

3. DE AEEJIEBbiX IIO,l(FPYIIIIAX PR-FPYIIII 

B nyHxTe 1 npHBe,lleHbl npBMepbl a6eneBbiX no,llrpynn PR-rpynn. 

MO)KHO npHBeeTH H MHOrO ,llpyrHX npHMepOB /eM. 'S/ /. JlerKO 

BH,IleTb, 'ITO MaKeHMYM pa3MepHOeTB aHallHTH'IeeKBX a6eneBbiX 

no,llrpynn PR-rpynnbl G e anre6poii JIH L paBeH A(L)·MaxeHMYMY 

paJMepHoeTB a6eneBbiX no,llanre6p PR -anre6pbl L. B pa6oTe /5 / 

noxaJaHo, 'ITO 

A(L) = dirn([L, L]) ~ dirn(Z(L)) 

/J.Ilee~o Z(L)- ueHTP L /. 

4. l..(EHTPbl PR- FPYIIII 

HJaeeTHO, 'ITO ueHTP eBJI3Hoii rpynnbl JIB G - 3TO aHanHTH'Iee

xaJI DO,Ilrpynna G, eOOTBeTeTBYIOIQaJI UeHTpy ee anre6pbl JIB. B pa· 

6oTe /4/onBeaHbl ueHTpbl PR·anre6p. EenB [H 1 , ... , H n] - PR-

6aJBe anre6pbl JIH L, , eooTBeTeTBYIOIQBii PR ·rpynne G 

/[g(O, .... 0, t i ,0, ... , O)] t. E- R _, H i ; Mbl e'IBTaeM, 'ITO onepauBJI 
1 
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YMHO)f(eHHJI B KOOp.I{BHaTaX (t l' ... , t 2) 3a.l{aeTCJI C ITOMOIUbiO COOT-

HOWeHBH TBna /2// ,B (H p 1 17 + 1, ... ,H n] - 6a3BC ~eHTpa, TO ~eHTp 
G paoeH MHO)f(eCTBY 

[g (0, ...• o. t p + 77 + 1 ..... t )] 
n t P t- 77 ; 1 • · · · , tn E R 

/eM. /2/ B 
181/. 

3aMeTBM, 'ITO a 3TOM cnyqae ~eHTp rpynnbl G B30MopclleH a,I{
.I{BTBBHoii rpynne E n _ P _ 

77 
• 

5. HOPMAJihHh/E ,4EJIHTEJIH PR- FPYIIII 

liJBeCTHa CBJI3b Me)f(,l{y CBJI3HbiMB /aHanBTB'IeCKBMB/ HOpManb

HbiMH ,l{enBTenJIMB rpynn JIB H B.l{eanaMH ux anre6p JIB. B pa6o

Te 
14

1onucaHbi H,l{eanbl PR -anre6p*. Y Ka)f(.I{Oro Tax oro B.l{eana eCTb 

6a3Hc, cocTOJIIUHii H3 3neMeHTOB, npHHa.l{ne)f(amHx nB6o lH 
1 

•..• ,H PI' 
JiH6o l~, 1 1 .... ,Hn I fqepe3 IM! Mbl o6o3HaqaeM no,l{npocTpaHcToo, 

HaTJIHYTOe Ha MHO)f(eCTBO M /. 3aMeTBM, 'ITO BCe 3neMeHTbl nepoo-

ro THna HMeiOT BB.I{ t~l aitHt, r.l{e npH a it ;., 0 r
1
i k ij 

/eM. /1/ I. Ilo.I{MHO)f(eCTBa B cooTBeTCTBYIOIUBX PR- rpynnax BH.I{a 

[ai(s)] sER ' [aj(s)lsER' 
r.l{e 

ai(s)=g(ai 1' s, •.• ,aip s, 0 •.•. , 0), 

a/s) = g(O, ... ,O, a i p+ 1 s, ••. , a jn s) 

/eM. /1/ H /2//, JIBnJIIOTCJI O.I{HonapaMeTpH'IeCKHMH no,l{rpynnaMH 
p n 

c xacaTenbHbiMH BeKTopaMB l a.t Ht H l a 
3
.t H t. Jierxo 

t=1 I t=p+l 

npooepHTb, 'ITO llpH n106biX .l{eHCTBHTenbHbiX S H S' 

, 
m .. s 

aj (s ')ai (s) ~ ai (e IJ s )a .i (s '), 

r.l{e mi i - HeKOTOpble nocTOJIHHble /eM. /2/ I. 0TCIO.I{a BbiTexaeT 

* B 3Toii pa6oTe He yxa3aHbl B.l{eanbl BH.I{a lH
1 

, •.• , HP, ... b i , .... I, 
r,!l.e bi E- lHp+l' ... , Hn !. 

6 

/eM. '3/j, 'ITO COOTBeTCTBYIOIUHe ITO.I{rpynnbl, JIBnJIIOIUHeCJI npOH3Be

.l{eHHJIMH TaKHX no.I{MHO)f(eCTB, - rpynnbl JIB. Hx pa3MepHOCTB 

COBITa,l{aiOT C MOIUHOCTJIMH yKa3aHHbiX 6a3HCOB. 3TO aHanHTH'IeCKBe 

ITO.I{rpynnbl, COOTBeTCTBYIOIUHe B,l{eanaM, OITHCaHHbiM B pa6oTe /4< 

Ka)f(.l{blii Taxoii HOpManbHblii ,l{enuTenb 3aMKHYT B cooeii rpynne JIB 

/KaK ITO.I{llpOCTpaHCTBO eBKnH,I{OBa npOCTpaHCTBa/. 

6. 0 tPAKTOP- FPYIIIIAX H FOMOMOPtPHh/X 

OliPA3aAX PR- FPYIIII 

IIycTb cBJI3HaJI rpynna G 'c anre6poii JIB L' JIBnlleTcll aHanu

TH'IeCKHM roMoMopcllHbiM o6pa3oM PR-rpynnbl G c anre6poii JIB 

L.Tor,l{a anre6pa L' H30MopcllHa HeKoTopoii cllaxTop-anre6pe anre6-

pb1 L /cM.n 1;. To ecTb L~PR-anre6pa unH a6eneoa anre6pa Jiu 

I eM. n. 7 I. Ilo3TOMY G ', xax CBli3Hall rpynna c Taxoii anre6poii 

JIB, - HnH PR-rpynna, unu a6eneoa rpynna, unu npliMOe npoH3Be,l{e

HHe Topa HaPR-rpynny. 

7. 0 PACIIJEIIJIEHHH PR- AJIFE/iP H PR- FPYIIII 

II p e .1{ no )I( e H He 1. IIycTb A- co6cTBeHHaJI no.l{anre6pa PR-anre6-

pbl L c PR - 6a3HCOM lH 1 , ... ,Hn ] H M - MaKCHManLHoe cpe.I{H no.!{

MHO)f(eCTB N c [H
1 

, .... ,Hn], Mll KOTOpblx lNI ·"A = 0. Tor,l{a anre6-

pa L pa3naraeTcll a cne.I{YIOIUYIO npliMYIO cyMMY no.n.npocTpaHCTB: 

L = A t- l MI. MHo)f(eCTBO lMI liBnJieTcll no,l{anre6poii L. 

,[J;oxa3aTenLcToo. Tax xax cpe.I{H 3neMeHTOB [H
1

, ... ,Hnl ecTL 

XOTb O,I{HH, He npHHa,l{ne)f(aiUHH A, TO Mf 0. Tpe6yeMOe pa3nO)f(eHHe 

nonyqaeTcll a cuny MaKCHManLHOCTB M. 

MHO)f(eCTBO lMI liBnlleTCll ITO.I{anre6poii L B cuny COOTHOWeHHH 

/1/. Jierxo 3aMeTHTb, 'ITO IMI - PR - anre6pa HnH a6eneoa 

anre6pa Jiu. 
Ilpe.l{no)f(eHHe 2. BcliKall cllaxTop-anre6pa PR-anre6pbl liB-

nlleTCll nu6o a6eneooii anre6poii Jiu, nu6o PR -anre6poii. To'IHee, 

nycTL A - co6cTBeHHblii H.l{ean PR -anre6pbl L H oblnonHliiOTCll 

ycnoBHll npe.l{no)f(eHHll 1. Tor.l{a L/ A :; _l MI. 
,noxa 3 aT e n b c T B o . 3To yToep)f(.l{eHHe BbiTexaeT H3 npe.l{no

)f(eHHll 1 B TeopeMbl o6 H30MONH3MaX, TaK KaK A r' lMI- 0. 
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IT p e .z. no lK e H Be 3. llycTL G- PR - rpynna c anre6poii JIB 

L; [H 1 , •.• , H 11 ] PR - 6a3BC L; (t 
1 

, ••• ,t 
11

) - rno6aJILHLie 

xoop.QBHaTLI rpynnLI G ([g(O, ... , 0, t i , o .... , O)l t . E'- R _, Hi), B xoTo-
I, 

PLIX YMHOlKeHBe 3a.QaeTCJI C llOMOIULIO COOTHOWeHBH TBna /2/; A -

co6cTBeHHLiii B.Qean L B M LH i , .... ,H . ] - .z.ononHBTeJILHoe 
1 I q 

JIO.QMHOlKeCTBO B3 (l-1 1 , •••• , H 
11 

], COOTBeTCTBYIOIUee A B CBJIY ycno-

BBJI npe.z.nolKeHBJI 1. llycTL, xpoMe Toro, G 1 - HOpMaJILHLiii .z.enBTeJIL 

rpynnLI G, COOTBeTCTBYIOIUBH B.Qeany A /B CBJIY llOCTpOeHBH nyHI<Ta 5/, 
a G2 - no.z.rpynna G, pa3naraiOIUaJJ.cJI B npoB3Be.QeHBe 

Tor.z.a rpynna G paJnaraeTCJI B nonynpJIMoe npoB3Be.QeHBe- G ~G 1 xG 2. 

YTaeplK.QeHBe BLITexaeT B3 TeopeMLI, .z.oxa3aHHoii B rnaae XI 
pa6oTLI /6.'. 

ABTOp C'IBTaeT CBOBM npBJJ.THLIM .QOJirOM BLipa3BTL rny6oxy10 

6naro.z.apHOCTL B.r .Ka.QLIWeBCKOMY 3a BHBUBBpOBaHBe :noii pa6o

TLI, r .H.KonepoBy B A.B.MaTBeeHKO 3a JIOJie3HLie o6cylK.QeHBJI. 
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