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On, Expansions Associated with Products of Solutions 
of Two Regular Sturm-Liouville Problems 

Using the contour integration method we obtain an expansion 
formulae for function f =(f(x) E- L

2
(0, ,), a E C) over products 

of solutions of two selfadjont problems 

y" + (A - q i (x))y = 0, 

y'(O)- hi y(O) • 0, 

(0:;:: x:;; 11l, 

y'(IT) + Hj Y(11) = 0 
( 1) 

with q.(x) E L 1(0,1T), h .,H.< ~, (j ·• 1,2). As examples of a.ppli-
cations J we give an elkmJntary proofs of two major theorems of 
uniqueness in inverse problem for regular Sturm-Liouville operator 
and suggest inversion method in perturbation theory for spectral 
data of problems ( 1). 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 
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81. p aCCMOTflll M {lBG C8MOCOI!fl5DKeHHhie 38Jl8'H1 ill TypMa

fl uyrmnnH, rropO)!\Jlae ~.tblc JlUqJ(jlepe nm1anb JU,J MH ypanne Hll HMll 

y", (,\- q .(x))y c 0, (0 · x rr), j 
J -

1,2, (' d 'dx) 

11 rpaHH'IHhiMll ycJIOI1liHMH 

y'(O) -h.iy(O) 0, y'(rr) +H. y(rr) o 0, 
J 

( 1.1 ) 

( 1.2) 

f'J(G 3iiCCb ll BC!OJlY 

qj(X)<-L 1(0,rr), a 
A (x.,\) a tlr. IX, ,\) , I . .I, 

B Jl8Jll.dleilll!CM BellleCTBei!Hhie cpyiiK!lHU 

l.JliCJJa h .i, H .i < ""· 06o3H8'IHM 'Iepe3 

fl01W'IH!51 YflLlDII81ll1Il ( 1,1), Jl.'Hl KOTOpLIX 

d) (0,,\) ·_ 1, <f> '(0,,\) c- h,, lj; (rr,A) 
.I .I J J 

1, 0 .'(rr,A) - H . 
.I 1 

( 1.3) 

Tor'tW cneKTJl a. o!q.(x),h.,H. I 3ll/lll'I ( 1.1 ) ' ( 1.2 ) 
J J J J " 

01Ip8/l8Jl5IGTC51 KaK MHO)!\CCTBO HyJiell ,\(~, u. O,l, ... HX xapaK-

Tepi1CTH'WCKI1X q1yHKUI1ii 

(!) . ( ,\) 

.I 
<f>'(rr.,\)' H.¢ (rr,,\) 

J J J 
h t/1 . (0, ,\) - 0 . (0, ,\). 

.I J J 

floJlO)!\l!M JJJ15! KpaTKOCTll 0603H8'I8HI18 

(j) . 
,\ n ,\ 2 n ' j ( n = 0' 1, ... , J ~ 1. 2) 

11 110 CIICKT!JCl'-1 u j IJOCTflOiil\1 MI!O)!\GCTBa 

a (Jl ' 0 2 (J ~ a
1
na

2
• a a\,a" 

' 
TaK haK rrpn n •"" CITflClB8/lJ1!1B8 8CI1MITTOT!1K8 

1T 

A
2 

. - n 2 
t a . , o(l), a. = _g_ (h . +H. -+ j_ f q . (x)dx), 

fl•J J J 1T J J 2 J 
0 

( 1.4) 

( 1 .5) 

( 1 .6) 

6yner-..·t C'!liTaTh, He orpaHH'IHBaH o6mHocTu, 'ITO ecnn a"= j2) , 

TO 113 ,\ A 
2n' 1 2m+2 

cneJlye T n = m. 
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TiycTh j( 1 = L 
2 

(0,17) e C - I'IWh6epToBo npocrpaHCTBO 

C 8JI8M8HT8Mlf r = (f(x),a) If CK8J15IpHbiM llpOH3Be.QeHH8M 
17 --- -

(f1,f2) = r f1(x)f2(x)dx + a1a2 • BBe.[leM B j( 1 tPYHKUHH 
1 0 

cil(A.) = (<l>(x, .\)- ~ , <1>(77,.\)- 1), W(.\) = (2'P'(x,.\),-1), (1.7) 

rne <l>(x,.\) = ¢ 1 (x,.\)¢ 2 (x, .\), 'P(x, .\) = .;, 1 (x, .\)ljl
2

(x, .\). 

0Tcrona, o6osHa'IRB 0(,\) = w
1 

(.\)co
2

(.\), onpenenHM 
- 00 

B j( 1 CHCTeMy IU n! n= 1 cnenyroruHM o6pasoM: npH 

' E ' /\n a nOJIO)KlfM 

- (0) . -1 - ' 
U 0 =(U0 (x),U 0 )=H (.\ 0)<1>(,\ 0), (. =cha.\), 

a npR A=A 2n+t=A 20 + 2 Ea" 

- ··-1 - - ··-1 -
U2n+1 = 2H (A.) <I>(.\), U2n+2= 20 (.\) <1>(.\). 

( 1 .8) 

( 1 .9) 

0TM8THM, 'ITO TBK KBK B ClfJIY C8MOCOnpSI)K8HHOCTH 38.[l8'1 

( 1.1) '. ( 1.2) HYJIH A 2n+ j (n=O,l,:··) ¢YBKUHH u> j npoCTbie, 

T.e. wj(.\ 2n+J)JO, TO B (1.8) fl(.\ 0) f0, a B (1.9) 

H(.\ 2n+j) f- 0. C noMOIUhiO BbiTeKaroruero H3 (1.1) H (1.4) 
T0)K.[l8CTBa 

- - -1 
(<1>(.\), 'l'(t-t)) 1 = (,\- p.) (Q(A.)- (Q(p.)), (,\, 11 ~ R ) ( 1.10) 

HeTpy.QHO no~'IHTh, 'ITO 6ROpTOI'OH8JlhHO conpSI)K8HHOll 

K CHCTeMe {U 0 !:= 1 SIBJ15I8TCSI CHCTeMa 

- (0) -
V n = (V n (x), V n ) = 'l' (An)' (An E- u ', ,\ 2n + 2 "" a")' ( 1.11 ) 

- :. ... .. -1 -
v2n+1 ='P(.\)-H(A.)(3H(A.)) '!'(.\), (A.=.\2n+F a"). (1.12) 

Ka)Knoli ¢YBKUHH f E J1 1 nocraBHM B cooTBeTCTBRe 'IaCTR'I-

Byro CyMMy 6ROpTOI'OH8J1hHOI'O p5Ill8 

- 2N - - -
SN(f)=~V(f,U) 1 , (1.13) 

n= 1 n n 

rne (f,U )
1

= ff(x)U (x)dX+aU(O), 
n n n 

0 
(n = 1,2, •••• ) - K08tPtPHUlf-

4 

- - 00 

eHThi paano)KeHRSI f no CRCTeMe !U n !n= 1 • OcHOBHhiM 

pe3yJ1hT8TOM H8CT05Illl8ll pa60Tbl 5IBJ15I8TC5I CJie.QyiOIU85I 

TeopeMa 1. lJ.ng nro6oll: ¢yBKUlflf f=(f(x),a} EJ11 

cyMMbl SN(f) (1.13) CXO.QSITCSI no HOpMe j( 1 H f, 
T.e. 

2N 
lim llf(x)- ~ Vn(x)(f,Un)111L2(0,77) =0 
N-->oo n=1 

(1.14) 

If 

2N (0)- -
lim I a - ~ V n (f ,U0 ) 1 1 = 0. 
N-->oo n= 1 

(1.15) 

K aTon TeopeMe npHMhiKaeT 

Teo p eM a 2. ll.nsr nro6oll: ¢yHKUHH f(x) E L 
1 
(0, rr) 

If 'IIfCJIO a E C paBHOMepao no x E- [0, 77] 

77 2N 
- [ f(y)dy-2a=lim ~ W (x)(f,U )

1
, (1.16) 

x N-->oon=1 n n 

rne Koa¢¢RuReHThi (f,U0 ) 1 
onpeaenSIIOTCSI KBK B (1.13), 

W
0

(X)= 2'P(x,,\
0

), (,\
0

Eu',..\ 
20

+
2
Ea"), (1.17) 

. ... .. -1 
W 

2
n+ 

1
(x) = 2 'I' (x,.\)- 20(.\)(3{}(,\)) 'I' (x,.\), (.\=.\

20
+1Eu "). ( 1.18) 

3aM8THM, 'ITO, nonaraSI B (1.16) X=77, HM88M (1.15), 
a paaeHCTBO ( 1.14) ¢opMaJihHO nony'Iaercsr, BBHllY V (x) == 

, n 
= W0 (x), no'IneBBhiM llR¢<PepeHUHpoaaaHeM no x paaeHCTBa 

(1.16). 
lJ.OK838T8J1hCTBO 3THX TeopeM, KOTOpoe H3J10)1(880 

B §2, llOJIY'IHM MeTOllOM KOHTypHOI'O RHT8I'pRpOBBHH SI CXOll

HhiMR /1,2/ nocrpoeBHSIMR. 3aech cnenyeT oco6o OTMeTRTh 

pa6oTy EapcenoHa 111, rne ¢opMyna o6parueBHSI nnsr pas-

no)KeHRSI no npOH3B8ll8HR5IM peweBRi!: 38.[l8'1 ( 1.1 ) , ( 1.2) 
ansr cnyqasr q 1 (x)"" q 2 (x) , h 1 = h 2 = "", H 1 = 0, H 2 = "" 

( eCJ!H B ( 1.2) hj (HJ )=oo COOTBeTCTBYIOWee rpaHH'IHOe ycno-

BHe 38M9HA9TCSI Ha Y i (0) = 0 (y i (17) = 0)) 6hiJia nony'leHa 

nocpeaCTBOM DOCTpOOHHSI cneKTpanhHOI'O pa3J10)1(8HHSI cne
llYJOWei!: H8C8MOCOnpSI)K8HHOll 38.[l8'IR 
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-Y"'+ 4q(x)Y'+ 2q'(x)Y= 4AY', Y(O)= Y'(O) =Y'(17)= 0. 

B §3 rrpHseaeao HeCKORbKO rrpHMepos rrpHMeHeHHg TeopeM 
H 2. 

Heo6xoaHMhle ang aToA pa6oThl cseaeHHg o KpaesoA 
3aaaqe ( 1.1), ( 1.2), KOTOpblMH B aanbHeArneM ITOnb3yeMCg 
6e3 CChinKH 1 HMeiOTCg s KHHre THT'iMaprna 131. HH)Ke 
coxpaHgJOTCg see sseaeHHhre 3aecb o6o3Ha'ieHHg. 

§2. lloKa3aTenbCTBO TeopeMbl 2. flOCTpOHM 
C ITOMOIUb!O perneHHA cp. (X)= cp.(X,,\) H 1/J. (X)=t/J. (X,,\) ypasHeHHA 

" J J J J (1.1) tPYHKUHH 

t/J 1 (X) t/J 2 (X)4> 1 (y) cp 2 (y), (0 _::: y _::: X) 

G ( x,y ,,\) = _ _g__ 
{}(,\) 

¢1 (x).p2(x)¢2(Y)t/J 1 (y) + ¢ 2(x)tjJ- 1 (x)¢ 1 (y)tjJ- 2(v) 

-¢1 (x) ¢2 (x) t/1 1 (y) t/J 2 (y), (x .:S Y .:S 17), 

1 
R(x, y, A) = G (x,y, ,\)- -- G(x,O, ..\), S(x, ,\) = R(x, 17 ,..\) - R (x, o. ,\). 

2 

<l>yHKUHH G,R H s rrpH ni06biX . X, y E [0, 17] gsngJOTCg 
UeRbiMH tPYHKUIIgMH OT ,\, 38 HCKniO'ieHHeM. TO'ieK ,\ n E a, 
s KOTOphiX rron10ca - He 6onee sToporo rropgaKa. IlycTb 
,\ = k 

2 
H C N - OKpy)KHOCTb B k -nnOCKOCTH C paaHyCOM 

N- -¥:! , a c N - ee o6pa3 s ,\ -rrnoCKOCTlf. PaccMoTpaM 
C f(:l{) E L 1 (0, 17) If a E ( KOHTypHhiA HHTerpan 

IN(x) 

6 

6 
277i eN 

1 17 

[ R(x,y,,\)f(y)dy+aS(x,,\)}d,\ 
0 

1 17 2 2 
=----: ~ I [ R(x,y,k )f(y)dy+aS(x,k )lkdk= 

2171 c 0 
N 

= IN, 1 (x) + a I N, 2 (x) , 

rae oKpy)KHOCTH eN H eN o6xoagTcg oaHH pa3 rrpoTHB 
qacosoA cTpenKH. Ilo TeopeMe o Bhi'ieTax

1 
s CHny paseacTs 

t/J j (x, ,\ 2n+j) = C 2n+j ¢ j (x, ,\ 2n + j ), (n =0,1, ••• ; j= 1,2), 

-1 
rae C 2n+j = t/J j (0, ,\ 2n+j) = ¢ j (17, ,\ 2n + j ), HaxoaHM

1 
'iTO 

llpH RI060M X E [0, 17) 

2N 
I N(x) =n:: 1 Wn (x)(f ,Un ) 1. (2.1) 

3aecb Mhi y'inH, 'iTO scneacTBHe ( 1.6) rrpH 6onbrnHx 
N an eN=~ H BHYTPH eN HMeiOTcg posao 2N ayneA 
(c y'ieTOM HX KpaTHOCTeA) tPYHKUHH {}(,\). floaC'iHTaeM 

Tenepb IN(x) HenocpeaCTBBHHO no KOHTypy eN rrpH N .... oo. 

flyCTb 

eos
2

k(77-X)eos 2ky, (O_Sy<x), 

2 eofi2k(u-x) 2 
r(x,y,k )=- - 2 --2--+-2-2~ ~ 2coskxcosk(77-X) cosky cosk(77-y), 

k sin k17 k sin k17 

- cos
2
Irxcos

2
k(77-Y). (X.:SY.:S17). 

0TMeTHM, 'iTO tPYHKUlfSI 1 nonyqaeTcg H3 tPYHKUHH R npH 
qj(x) =0 1 hj=H j =0 I j = 1.2. TaK KaK pasHoMepao no 
0 S X S 17 rrpH I k I-+ oo 1 k =a + i r, 

e lrl x 
¢. (x) = coskx + 0(----), 

J k 
lrl {17- X) 

e 
tPj(X)=OOSk(77-X)+0( ,_ ), 

npH'ieM 1 ecnH -k E CN 

-1 2 -1 -1 
w. (k )={-ksink17) (1 +O(k )), 

J 

(2.2) 

(2.3) 

To pasHoMepHo no 0 _::: x, y ~ 17 npH lk I .... oo H k E~ 
CllpaBeaRHBa 8CHMITTOTlfK8 

2 2 -3,. 2 -2 -3 R(x,y,k )=f'(x,y,k )+O(k J, S(x,k ) =-2k +O(k ). 
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/3 r· l 1"1 I' 'I 12 ' 0TCIOJW f!OJiy-qaeM, KaK 06bl'!HO ( CM, 1 Ha!IpHMep, '·'. •'' '' 1), 

LITO paBHOMepHO 110 X E- (0, 17] 

lim IN(x) =lim _1:.._~ ~I r f'(x,y, k2 )f(y)dy- _g; lkdk ~ 
N->00 N~oo217I c 0 k 

N 
17 

=- r f(x)dy-2a. 
X 

TeopeMa JlOKa3aHa. 

lloKa3aTenbCTBy TeopeMhl 1 npeanowneM JlBe scnoMora

TenbHbie 118MMbl, 11M810WI18 H H8KOTOpblH CaMOCT05IT81IhHbiH 

H:HTepec. 

fl eMMa 1 ( 0 p a B H 0 C X 0 A 11 M 0 C T H). llJIH 11106oi1 

tPYHKUH:H f(x) E L
1 

(0,17) paBHoMepHo no x E [0,17] 

2N 
lim laN(f;x)- ~ Vn(x)(f,Un)l = 0. 
N ->= n= 1 

(2 .4) 

3aecb 

rr 2N-2 
(f,Un) ( f(x)U (x)dx, a (f; x) c~ ~ v (x)(f, u ) , 

n N n=O n n 
0 

rae 

u 0(x)= 1. u 2n_ 1(x) =cos 2nx, u 2n(x) = x sin 2nx, (n= 1,2, ... ), ( 2.5) 

-2 ( -2( v0 (X)= 217 17-X), v
2
n_

1
(X)cc4rr rr--X)COS2nx, 

v
2

n(x) = 417-2 sin2nx. (2.6) 

ll 0 K a 3 aTe 1I b C T B 0 llOJiy'lHM C DOMOWblO KOHTypHOf'O 

»HTerpana 

I~ 1(x) = ~ cp I ( R~(x,y,.\)f(y)dy ld.\. 
• 2171 c 0 

N 2N 
TaK KaK no reopeMe o Bbi'leTax IN' 

1 
(X)= ~ V (x)(f, U n ), a 

• n= 1 n 

8 

JN(x)=-!_~ cp l {r;cx.y,.\)f(y)dyldA=aN(f;x), 
2171 eN 0 

TO OCTaeTCH AOKa3aTb 1 'ITO 

lim sup jJN(x)- I'N 
1
(x) i ~ 0. 

N-->00 o<x<11 ' 
(2.7) 

llnH aToro aocraTO'lHO OTMeTHTb, LITO np11 lkl • =. k ECN 
11 0::: y::: X cnpaB8Jl1111Ba OUeHKa 

R ~(x,y ,k 2 ) = [' ~ (x, y. k 2) + O(k -
2 

8 21 rl (Y - x) ) . (2 .8) 

a npn x -s_ y -s_ 11 

R~(x,y,k2) = r;cx,y,k2) + O(k -2e 2lrl (x-y) + 

k
-2 21 rl (\11- 2xl-11) 

+ e ). 

(2 .9) 

0TCIO)la paB8HCTBO (2.7) CJie)lyeT CTaHJlapTHbiM o6pa-

30M / 4 , rJI. 121 • OueHKa (2.8) nerKo BbiTeKaeT H:3 (2.2), 
( 2.3) H 

. lrlx . lrl(1r-x). ( ¢ ~ (x) = -k sm kX+ O(e ), •V(x)=k sm k(11-X)+O(e J. 2.10) 
J J 

llnH TOf'O 'lT06hl DOJIY'lHTh (2,9), He06XO)lHMO AODOJIHI1T81Ih

HO y'leCTh, LITO HapHJlY C (2.2), (2.3) 11 (2.10) 11M810T 

MeCTO aCI1MDTOTHKI1 

-1 -2 lrlx 
¢ . (x) = cos kx + k A . (x, k) + O(k e ) , 

J J 

-1 -1 lrlx 
¢ '. (x) = -k sin kx + k A '.(x,k) + O(k e ), 

J J 

rae 
X 

A.(x,k)=h.sinkX+ ( q.(y)sink(x-y)coskydy 
J J 0 J 

H aH8JIOr'H'1Hbl8 )l115I t/J j (X) H 1/Jj (X) • fleMMa )lOKa3aHa. 

PaccMoTpHM reneph cneayiOwyiO HecaMoconpH*eHHYIO 

KpaesyiO 3a)la-qy 

Y "+ 4AY = 0, (0 _s x _::; 17), y(17) = 0, y '(0) = Y '(rr). (2.11) 
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¢yHKUHSI r~(X,y, ,\) onpe.neJISieT !jlyHKUHIO fpHHa 3TOH 

aa.na':IH; ee co6CTBeHHhre ':IHCJia 11 n = k ~ ( = 4,\ n), r.ne k
0
= 0 , 

k 2n_ 1 = k 2n = 2n, (n = 1.2, .•. ), npH':IeM K8)!{.l:lOMy 11 n npH 

n 2 1 OTBe':laeT O.l:lHa C06CTBeHH8SI !jlyHKUHSI V
2

n (X) (2 .6) 
H O.l:lHa llpHCOe.l:lHHeHH851 V2n_ 1 (x) • SlCHO l'8K)!{e, ':11'0 

CHCl'eMa U n (X) (2.5) 51BJISieTCSI 6HOpTOI'OH8JlhHO COllpSI)!{eH-

HOH K Vn(X) H .naeT CHCTeMy C06CTBeHHhiX u
0

(x), u
2

n_
1

(x), 
(n = 1.2, ..• ) H llpHCOe.[lHHeHHhiX !jlyHKUHH u2n (X), COllpSI)!{eH"-

HOH K (2.11) Kpaeaoli aa.na':IH y"+ 4,\y=O, y'(O) =0, 
Y(O) = Y(77}. 

Xoporno H3BeCTHo, ':ITO JII06a51 CHCTeMa co6cTaeHHhiX 

H llpHCOe.[lHHeHHhiX ¢YHKUHH 38.[l8':1H (2.11) SIBJISieTCSI llOJIHOH 

B npocTpaHcTae L 1(0, 77). Ba)!{HhiM AJISI HalllHX ueneli 

CBOHCTBOM YK838HHOH CHCTBMhl (2.6) SIBJISIBTCSI ee 6a3HC

HOCTh a npocTpaHcTae L 2 (0,77), T.e. anSI JII06oli f(x) E 
E- L 2(0, TT) 

N 
lim [[f(x)- I. vn(x)(f,un)[[ L (o,77t 0. 
N->oo n=o 2 

(2.12) 

PaaeHCTao (2.12) BhlTeKaeT H3 nony':leHHoro B.A.l1nhH

HhiM ~/ aeo6xo.nHMoro H .nocTaTO':IHoro ycnoBHSI 6aaucHocrH 

B L 2 3a.[laHHOH llOJIHOH H MHHHMaJihHOH CHCTeMbi C06CTBeH

HhlX H npHCOB.l:lHHBHHhlX !jlyHKUHH 06hlKHOBeHHOI'O AH!jJ!jlepeH

UHaJibHOI'O onepaTopa; 3TO YCJIOBHe SIBJISieTCSI Jief'KO npoae-

.pSieMblM .[lJISI (2.5) H (2.6) HepaBeHCTBOM 

Hv II L [lu II L ~ const, (n = 0,1, ... ). 
n 2 n 2 

l1a (2.4) H (2.12) nonyqaeM 

Jl eM My 2. llnH JII06oli ¢YHKUHH f(x) E L
2

(0, 77) 

2N 

lim llf(x)- I. V (x}(f,U )IlL (O )= 0. 
N ->oo n = 1 n n 2 ,77 (2.13) 

3 aM e ':1 a H He. l1CXO.[lSI Henocpe.[lCTBBHHO H3 KOHKpeTHOI'O 

BH.[la r~(X, y, k
2

), C llOMOilihlO aHaJIOI'H':IHhiX OUeHOK, npH

Be.[leHHhiX B /3, f'Jl. 1/ , MO)!{HO llOK838Th, ':ITO eCJIH !jlyHKUHSI 

f(x) HMeeT orpaHH'leHHyiO BapH8UHIO B OKpeCTHOCTH TO':IKH 
X E- (0, 77), TO 

2N 1 
lim I. V (x)(f, U ) = -

2
- (f(x + 0) + f(x- 0)). 

N->oo n=1 n n 

13 

eQOK838TBJibCTBO TeopeMhl 1.113 (2.1) CJie.nyeT, 

'{TO 

-, 1 , 2N (0) 
i , (x) = ---:- qi S (x, ,\) d,\ = I. V (x) U . 
N ,2 2771 x n = 1 n n (2.14) 

eN 

~ apyroti CTOpOHbi, H3 (2,8) H (2.9) IIOJiyqaeM, 'ITO 

1PH \ki->oo, kE CN 

.~ '( k ~, O(k -2, -2frix -2lrf(77-x) -2lrf(77-f77-2xf) ]) 
"xx, 1= le +e +e . 

OTciO.na B CHJIY neMMhi )Kop.llaHa aMeeM 

lim _!.__ .r.. S' (X, k 2 )kdk = 0 .,_. ,. X. 
N ->00 "'"1 e 

N 
paBHOMepHo no x B mo6oM lfHT_epaane t\ E (0, 77 ), npH':IeM 

lim sup II~ 2(x)l < const. 
N->e>o 0~ X~77 ' 

Cne.noaaTeJihHO, 

2.N (0) 
lim II ~ Vn(x)Un II L (0,77) = 0, 
N->e>o n-1 2 

':ITO BMeCTe C (2.12} H (2.13) .[laeT paBeHCTBO (1.14)~ 
P aaeHCTBO (I .15) nonyqaeM, KaK y)!{e orMe':lanoch, nona rag 

a (1.16), X="· TeopeMa .uoKa3aHa. 

3 aM e q a H He. Onpe.neJIHM B npocTpaHCTBe n 1 CHCTeMy 

OpTOI'OHaJihHhiX IIpOeKTOpOB p n paaeHCTBaMH 

p nf= fn = v 2n-£.f. u 2n-t> 1+ v2n(f, u2n) 1' (n = 1,2, .••. ). 

Tor.na o':leBH.l:lHO TeopeMa 1 yTaep)!{.naeT, ':ITO nocne.noaa

TeJihHOCTh .[lByMepHblX llO.[lllpOCTpaHCTB n<:)~ p n (11 1 ), 

(n = 1,2, •.• ) SIBJISieTCSI 6a3HCOM B )11, T.e. JII06aSI 

iflyHKUHSI f En 1 paanaraeTCSI B.l:lHHCTBeHHhlM o6pa30M 

- "" - - (n) 
B PSI.l:l BH.na f = I. r n • r.ne rn E-n 1 . l1a nony':leHHhiX 

n= 1 
Hlf)!{B paBeHCTB (3.9)-(3.11) BH.l:lHO cpaay, ':ITO BBH.l:lY 

H3BeC,!HOH
00 

aCHMllTOTHKH {3 n = 2(11 + O(n- 1 ) CaMa CHCTe-

Ma l v n I n= 1 He SIBJISieTCSI 6a3HCOM B n t· 

11 



Ecn11: B KpaeBbiX 3anaqax (1.1 ), (1.2) rroMeHSITb MecTa-

Mii h j 11: Hj H 3aMeH!iTb x Ha rr- x, TO TeopeMbi I 11: 2 
norrycKaiOT cnenyiOmyiO, HHorna 6onee yno6HyiO B rrpHno:>Ke

HHSIX, <flopMy 3aii!iCH. 

TeopeMa 3. flycTb 

-+ - + 
ci> (,\) = (-2cl> '(x, .\),- 1), IJI (,\) = (IJI(x,,\)- 1h. IJI (0, ,\)- 1) 

H IIyCTb CHCT8Mbl 

-+"" -+"" -+ -+ 
I U n I n=1 K IV n I n=l ((U n • Vm) 1 = o n,m ) ... -

IIOCTpOeHbl COOTBeTCTB8HHO 38M8HOH B ( 1.8), ( 1.9) cl> Ha 
- + - -+ + "" 'i' H B (1.11), (1.12) IJI Ha ci> , a ClfCTeMa IWn(x)ln=l 
3aMeHoti B (1.17), (1.18) IJI(x,,\) Ha -cl>(x,,\). Torna JlJISI 

JII06oti <fJYHKUifli f(x) f:L 1 (O,rr) If a E ( paBHOMepHO ITO 
X E- [0, rr] 

X 2N + - -+ 
( f(y)dy+2a= lim ~ Wn(x)(f,Un)

1
• 

N ->oo n~ 1 0 

IIp!i'leM, ecmr f = (f(x), a) E 11
1

, To 

_ 2N -
lim llf- 2 Vn (f, Un) 111<h 
N-->oo n=l Jl1 

= o. 

GnenySI yKa3aHHoti Bbiiiie cxeMe nocTpoeH!iSI <flopMyJI 

o6pameHHSI, nerKo paccMoTpeTb H cnyqalf, Korna 

B (1.2) HeKoTopoe h. (H J. ) =oo, TaK, HanpHMep, HMeeT 
MeCTO 

J. 

TeopeMa 4. flyCTb B (1.2) H1= H2 = 00 H ej (x,,\) 

YJlOBJieTBOpSieT (1.1) li YCJIO~HSIM ej (rr,AY=O, Oj(rr, A)= 1. 
Toraa: a) CHCTeMa IUn(x)ln=t, onpeaenSieMaSI KaK 

paHbiiie H3 ( 1.8), ( 1.9) c O(A) = cl>(rr, A), 6uopToroHaJibHO 

conpSI:>KeHa B npocTpaHCTBe L 2 (0, 11) K CHCTeMe 

ITn(x)l~= 1, nonyqaeMoti 3aMeHoti B <PYHKUHSIX Vx(x) H3 
( 1.11 ) , ( 1.12) IJI (X,,\) Ha (1 l (X, A) (1 

2 
(X, A), 1i 6) AJISI 

JII06oti f(x) E L 2 (0, TT) HMeeM 

2N 
lim II f(x) - ~ Tn (x)(f, U n) II L (O,rr) 0. 
N->oo n~t 2 

12 

I 

' ~ 

flpH H 1 f oo, H 2 =oo yTBep:>KA8HHSI a) H 6) ocTaiOTCSI 
B CHJie c O(A) = (cp'1(rr,,\) + H 1¢ 1(rr,,\)) · cp 

2 
(rr, ,\) 11 tf

2
(X,A) = 

= e2 (x. A). 

§3. B CBSI3H c H3y'IeHHeM o6paTHoti 3aAa'IH nepBhle 

TeopeMbi o nonHoTe B rrpocTpaHCTBe L (0,77) rrpoH3BeAe-

HHti peiiieHHH JlBYX peryJISipHbiX 38Jla'I rtJTypMa-JlHyBHJIJISI 

6biJIH nony'IeHbi f.EoproM /6/. E.M.JleBRTaHoM 17 I 6biJIO 

rrpenno:>KeHo,Ha ocHoBe TeopHH onepaTopoa o6o6meHHoro 

CJlBHra, npocToe noKa3aTeJibCTBo pSina H3 3THx TeopeM. 

HerrocpencTBeHHo H3 TeopeMhl 2 BhlTeKaeT 
00 

Jl eMMa 3. CHcreMa 

L 1 (0, rr) $ C, T.e. eCJIH 
1Unln=1 IIOJIHa B IIpOCTpaHCTBe 

17 (0) 
( f(x)U (x)dx +aU = 0, 

n n 
0 

(n = 1;2, .. ;). • ( 3.1 ) 

TO a = _0 1i IIO'ITH BCIOAY f(X) = 0. 

C n en c r B He 1. EcnH f(x) E-L 
1
(0,77); a,f3 E C H 

1T • 

0 
( f(x)cl>(x,An)dX+acl>(rr,An) + {3 = 0, (An E a), (3.2) 

17 • • 

rf(x)cl>(x,A )dX+acl>(rr,A )=0, (,\ E- a"), (3.3) 
n· n n 

0 

TO a= {3 = 0 H IIO'ITH BCIOAY f(x) = 0. 

floKa3areJibCTBo. YcrpeMJISISI B (3.2) An-> oo, 

rronyqaeM, B CHJIY ( 1.6), (2.2) H neMMbi PHMaHa-Jle6era, 
1 1T 

'ITO - r f(x) dx +a+ f3 = o. Cne.noBaTeJibHO, (3.2) MO:>KHO 
2 0 

38IIHC8Tb B BHJle ( 3.1 ) ,, 'ITO BMeCTe C ( 3.3) 1i Jl8MMOH 3 
Jl88T f(x) = 0 1i a= 0, a OTCIOJla, BCJieJlCTBHe (3.2), 
li f3 = o. 

c JI e Jl c T B "e A2. B rHJib6epTOBOM npocrpaHCTBe n 2 
C 3JieMeHT8Mii f = (f(x) E L

2
(0, 77); a E- C , {3 E C) 

H CK8JISipHbiM I1p01i3B8Jl8Hii8M 
1T --- -

( f 1' f 2) 2 = r f1 (x)f2 (x)dx + a1a2 + f3 1(32. 
0 

(3.4) 
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CncTeMa 

,~ .. ~ ~(0) .~(1) 
.J, "(Un (x), U n , U n ), (n= 1,2, ... ), ( 3.5) 

~OJ1V"!8HH85i "38M8HOH B (1.8), (1.9) <i>(,\) Ha 

•P(,\) = (<l>(x,,\), <l>(rr,,\). 1), '3.6) 

HBJ198TCH ITOJ1HOll !i MHHHM8J1bHOIT. 

n 0 K a 3 a-Te n-bc T B o. ITepenncaB TO:tK,[leCTBO ( 1.1 0) 
B BHlle 

- - -1 
(Cit(.\), 'I'(JL)) a- = (A- p.) ({}(;\}- Q(~)}, 

r.ne &<'A.) onpe.neJHieTcsr f3.6), a l}i{,\) = t2lJI '{x, ;\}, -1. 'I'(O,A)), 

nony'iaeM, B CHny (fi n, V m >t = o n ,m, 'iT~ CHCTeMa_ l V nl ";;= h 
ITOCTpOeHHaH 3aMeHoif B (1.11). (1.12) \{1 Ha 'I', HBJ1H-

€!CSl 
00 

6HOpTOI'OH8J1bHO COITpH:tKeHHOH B n 
2 

K CHCTeMe 

{Un J n= 1 · 3To BMeCTe C BhiT8K8lOIUeH H3 CJ1€llCTBifSl 1 
ITOJ1HOTbl IU n l ';= 1 B n2 aasepruaeT ,[lOKaaaTenb~TBO. 

<PopMyna o_6pa~eHifH .UJ1H paano:tKeHHH lPYHKUHH f E 1{ 
2 

ITO CHCTeMe fUnfn=1 CBO.UHTCSI K lflopMynaM (1.14), 
( 1.15), TBK KBK, 8CJ1H B :Jl 2 BBe.UeM ITO.UITpOCTp8HCTBO 

TO 

- 1 17 
"'= (f E 1t 2: -- ( f(x)dx +a + (:3 = 0), 

2. 0 

(f,u )2 j_ =(f,Un) 
1

, (f =(f(x),a)). 
n f E :lJl (3. 7) 

l1ano:tKeHHhre Bhrrue YTBep:tK.neHHH noasonHlOT nonyttHTb 

8J18M8HTapHoe .UOK838T8J1bCTBO .UBYX OCHOBHbiX TeopeM 

e.nHHCTBeHHOCTH B o6paTHoif aa.natte .nnsr perynsrpaoro onepa

Topa llJTypMa-JIHyBHJ1J1SI, ( 0 MeTO.UBX H HCTOpHH .UOK838Tenb
CTB8 aTHX TeopeM CM., HarrpHMep, rn. IV, B 171) • 
.Unsr .9TOI'O 0603H8'1HM 

17 
2 -1 .. 

(:3 2 + · = l ( 1/J .(X, A2 +. )dxl , (n = 0,1, ••• , J = 1,2) n J J n J 
0 

14 

~-

1 

HOpMbl C06CTB8HHb!X !flyHKUHH aa,naq (1.1), (1.2); TaK KBK 

. -1 
(:32n+j =-¢/17 ',\2nt-j)wj (,\ 2n+j), 

TO C llOMO!UblO BhiTeKalOIU8I'O H3 ( 1.1), ( 1.3) TO:tK,[l8CTBa 

¢ 2 &! , ,\)¢ ~(17, ,\)- ¢~(17, A)¢
1 

(rr,,\) = 

17 
=h1-h2+ r (q1(x)-q2(x))<l>(x,,\)dx 

0 

(3.8) 

HaXO.UHM, 'ITO ,[lJ1H Koa!fllfJHUHeHTOB p83J10:tK€HHH !flyHKUHH 

~q=(q (x)-q (x),H -H ,h -h) 
1 2 1 2 1 2 

rro CHCTeMe l U n I:= 1 (3.5) cnpase.nnHBhl npe.ncTasne-
HHH 

- - j- 1 , 
(~q. u2n+j)2= (- 1) (:3 2n+j' (A2n+jE-a) 

(~q.U2n+1)2 =O, <~cl. u2n+~ 2 = f3 2n+C f3 2n+2' 

(A2n+1= A2n+2E a"). 

113 (3.10) H cne.nCTBHH 1 neMMhi 3 nonyttaeM cpa3y 

(3.9) 

( 3.10) 

Teo p eM y e .n H H c T s e H Hoc T H Map 'i e H K o !81 • E cmr 

,[lJ1H KpaeBbiX 3a,naq (1.1), (1.2) A
2

n+
1
=A

2
n+

2
H (:3

2
n+

1
= 

= (:3 2n + 2 , (n =0,1, ••• ), TO ITO'ITH BClO.UY q
1
(x) = q

2
(x) 

H h1=h2, Hl=H2. 
0TM€THM, 'ITO TeopeMa 2 BCJ1€.UCTBH8 paBeHCTB ( 3.9), 

(3.10) H (3.7) .naeT, 'ITO .UJ1H J1l06h!X .UBYX 3a,naq BH.UB 
( 1 .1 ) ' ( 1.2 ) c 

1 17 1 17 
h 1 +H 1 +- ( q 1(x)dx = h 2 +H 2 +-- (q

2
(x)dx 

2 0 2 0 

HMeeT M€CTO TO:tK,[l8CTBO 

77 

((q2(y)-q/y))dy+ 2(H2-H1) = 
X 

~ ((:3 2n+l- f32n+ 2 )W 2n+ 2(x) + 
An Ea" 

j- 1 
+ ~ ~ (-1) f32n+jW2n+/x). 

A Ea' j=1,2 
n 

( 3.11 ) 
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AHanonPIHO (3.11) JlOKa3biBaeTcH cneJlyiOmaH 

Te opeMa XoxwTaJlTa ,'g; (civl, raK)!\8 JlomiTaH/lOI). 

DycTb 

·-
,\ 2n + 1 ~ ,\n ( q 1 ( x)' h 1 'H 1) = ,\n ( q2( x), h 2 ' H 2)' (II~ 0, 1, ... )' ( 3.12 ) 1 

,\ (q
1
(x),h

1
,H

1
)c,\ (q

2
(x),h

2
,H

2
)=A ,(nN,I\Jd, ... ;N>O), 

n n 2n + 2 -' 

(3.12 )2 

rrpiPieM H
2

;iH
2

• Tor)la ITpH n106oM XE[O, 77] 

77 -f (q2(y)- q1(y))dy + H 2-H1 = 
X N-1 _ . -l ( 3.13) 
= n~O W2n+2(x)[(H1-Hll>(77 ,,\2n+ 2)!1 (A2n +2)-f32n+t' 

il 0 K a 3 aTe JIb C T B o. 3aM8THM CHa':laJia, ':ITO BCJ18JlCTBH8 

(1.6) H3 (3,12)1' (3.12) 2 BbiTeKSIOT paBeHCTBa: 

1 77 - -
h

1
-h

2
+H

1
-H

2
+-2! (qlx)-q

2
(x))dx=O,H

1
-H2=HcH 2• (3.14) 

DycTb TeiTepb ITO KpaeBbJM 3aJla':laM ( 1.1), ( 1.2) ITOCTpOeHa 

CHCTeMa lun 1;=1 ;H3 H2,.-;ii2 CJieJlyeT, ':ITO a"=~. 
TaK KaK ycnoBHH (3.12) 1, (3.12) 2 aKBHBaJieHTHLJ paBeHCTBaM 

¢~( 77,A2n+ 1) = -H1¢ 1(77,A 2n+ 1), 

¢;(77,,\ 2n+ f =- H2 ¢2(77,A 2n+ 1), (n = 0,1, ... ), 

¢~b,A2n+1) =- H1 ¢ 1(rr, A2n+ 2), (n=N, ... ), 

¢'(77,A ) =- H ¢ (77, A ), 
2 2n+l 2 2 2n+2 

(n = 0,1, ... ), 

TO H3 TO)I(Jl8CTB8 (3.8), C y':leTOM (3,14) H (3.7) ITonyqaeM 

(~q.U2n+1) 1 = o, (n= 0,1, ... ), (~q. u2n+2) 1=0, (n= N,N+l, ... ), 

16 

- -
r11e ;'\q==(q

1
(x)-q

2
(x),H

1
-H

2 
), I1p 11 3TOM eCJIH 

¢; (rr,,\2n+2) -f -H 1¢1 ( 77 , ,\ 2n+2) (n = 0,1, ... , N-1), 

TO 

- - - . -1 
(i\q, U 2n-~2)1 = -/3 2n+2 +(Hl-H 1)<1>( 77 , ,\ 2n+ 2)!1 (,\2n+2) tO. 

0TCIO)la paBeHCTBO (3.13) CJ18JlY8T HeiTOCp8JlCTB8HHO H3 

TeopeMLI 2. TeopeMa JlOKa3aHa. DpHMbiM cneJlCTBHeM pa

BeHCTB (3.13) H (3,14) 5IBJ15'18TC5'1 

Teo p eM a e Jl H H c T Be H Hoc T H Eo p r a 161. !13 paBeHCTB 

(3.12) 1 u (3.12)
2 

c N=O, (H 2 J=H2 l_. c~eJlyeT, ':ITO rro':ITR 

BCIOJlY q
1

(x)= q2(x) H h
1

= h
2

, H
1

=1-i
2

, H
1
=H 

2
• 

Ha ocHose TeopeMbi I MO)KHO nerKo CTpORTb MeTOJlbi 

o6pameHR5I B reopaa B03MymeHR5I crreKTpanbHbiX xapaKTe-

p lfCTYIK 3aJla ':I If ill TypMa-Jl lfYBRJ1J15I, 3JleCb ITpolfnmoc TpapyeM 

3TO Ha ITpliMepe 0JlHOITapaMeTpR':18CKOrO ITO t E (0, oo) 
C8M8llCTB8 KpaeBblX 38Jla':l, OIIp8Jl8J15'18Mb!X ypaBH8HR8M 

y" +(A- q(x,t))y = 0, (O_s x s; 77) (3.15) 

If rpaHR':IHb!Mif ycnOBHHMii 

y '(0) - h(t)y(O) = 0, y '(rr) + H j (t)y(rr} = 0, j = 1,2, ( 3.16) 

r)le Q(X, t) = q( ·, t) KaK B8KTOp-!fJyHKUI15I OT t E (0, oo) 

co 3Ha':leHifHMif '3 LJ(O, rr) HeiTpepb!BHO Jllf¢¢epeHU!ipyeMa 
If h(t), H j(t) E C 1 [0, =. 

JleMMa 4. DycTb ¢yHKUifR q(x, t) , h(t) , Hj(t) B (3.15), 
(3.16) YllOBJ18TBOp5IIOT C H8KOTOpb!Mif IIOCT05IHHb!Mif a j , 

a 1 f a 2 ycnoBifHM 

If 

h(t) + Hj (t) + -} r q(x,5)dx = rra/2, (j = 1,2;0s;ts_oo) (3.17) 
0 

lA .2n+ /t)! := 0 = alq(x, t), h(t), H /t)!. 
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Tor)la npH mo6oM t 2: 0 

2 oo 2 j dA2n+j (t) 
q'(x t)=--- ~ ~ (-1) -----V rx t) 

t ' 17 (~-a 1) n=Oj=l dt 2n+j' ' ' (3.18) 

2 00 2 j 
HJ.(t)-Hj(O)=-( -- ~ -~ (-1) (A 2n+j (t)-A2n+j (0)), (3.19) 

17 a
2
-at n-o J-1 

(j = 1,2), 
f'Jle 

dA 2n+j (t) j - - -
--dt-=(-1) (H2-H1)(qt,U 2n+j) 1'qt=(q[(x,t),H~(=Hj,t )) •. (3.20) 

-
3JleCb cpyHKUHH U 2n+ j 11 V2n+j (X, t) onpeJlenSIJOTCSI no 
3a)laqaM (3.15), (3.16) ¢opMynaMH (1.8) H (1.11). 

lloKa3aTenbcTao. TaK KaK paaeHCTBa (3.18), 
(3.19) SIBnSIIOTCSI, B CHny (3.20), npSIMhiM cne)lCTBHeM 
TeopeMhi 1, TO OCTaeTCSI JlOK838Tb (3.~0), flng 3TOf'O 
yJlo6Ho paccMaTpHBaTb Ha6op BenHqHH q = (q(x), H, h), 
onpeJlenSIJOIUHX 38Jlaqy lllrypMa-J1HyBHnng KaK aneMeHT 
npocTpaHCTBa n 2 ( 3.4) ( 3Jl8Cb n 2 npAe)lnonaraeTCSI 
BeiUeCTB8HHhiM), 8 COOTBeTCTBYIOIUHe q -co6CTB8HHhie 
qHcna An ( (}) KaK tPYHKUHOH8nhi H3 n 2 B R. 3aMeqag, 
qro at/f(x, A)/ah = 0, aq:.cx. A)/ aH=O, HaXOJlHM, JlHcpcpepeH-
UHPYSI no h H H cooTBeTCTBeHHo paBeHCTBa 

0 = h t/1 (0, A (h))- t/1 '(0, A (h))= w (A (h)), n n n 

0 = ¢ '(17, A n(H)) + H¢ (17, A n(H)) = w(A n(H)), 

qro qacTHhle npoH3BOJlHhle 

f'Jle 

aA /aH=a ¢ 2(17,A ), n n n 
aA /ah 

n (3.21) an' 

-1 
a = 

n 

17 

r ¢ 2
(x, A )dx=- t/J -\o. A )w(A ) =- ¢C11, A )w(A ). 

n n n n n 
0 

nanee HanOMHHM, qro )lng nJ06oH: tPYHKUHH f (x) EL 2(0, 17) 

HMeeM H3BeCTHyJO H3 TeopHH B03MyiUeHHSI cpOpMyny 

18 

d &n 17 
--A (q(x)+tf(x))lt=o =(--,f)=an [f(x)¢ 2(x,A )dx. (3.22) 
dt n - oq 0 n 

06'beJlHHSISI (3.21),(3.22), nonyqaeM 

a An defn. DAn a An a A H A 

-A- = (--(x), --,--)=a <I>(A ), 
aq oq aH ah n n 

A 2 
rJle <I>(An) onpeJlenSI~TCSI H3 (3.6) c <l>(x, A)=¢ (x, A). 
CneJlOBaTenbHo, c q. t =(q't(x, t), H:t(t), h't (t)) 

J' J' 
d A A 

dt- A 2n+j (q(x, t), H j (t), h(t)) = a2n+j (q j,t , <I>(A2n+ j )) 2' 

qTo BMeCTe c(3,17) H BbiT8K810lU~M H3 q 1(X)=q
2
(x), h

1
= h

2
, 

. ( J • -1 
H 1 =/ H2 paBeHCTBOM a2n+j= -1) (H2-Hl) n (A2n+j) 
Jl88T, yqHThiB8SI (3.7), cpOpMyny (3.20). J1eMM8 JlOK838Ha. 

OycTb renepb 38Jl8Hbi JlBe nepeMe)!{aJOruHecSI nocneJlOBa-

TenLHOCTH lA 2n + j!; = O , j = 1,2, JlnSI KOTOphiX nocne)lO-
BaTenbHOCTb !u !oo onpeJlenSieMaSI paBeHCTB8MH 

,.. n n=1' 

11 2n+l =A2n+l -n
2 

-al ' 11 2n+2=ll[A2n+2-A2n+1-a2+al], alpa2, 
ex> 

TaKOBa, qro ~ J1 ~ <"" ( 6e3 orpaHHqeHMSI 06IUHOCTH 
n=l 

npeJlnonaraeM a 1<a 2, rorJla A 2n+ 1 <A 2n + 2 , (n = 0,1, .•• )). 
PaccMoTpHM ceMefiCTBO cpyHKUHH 

(0) -t -t . . .. 
A .(t)=A .e +A .(1-e ),(O<t<oo,n=O,l, ... ,J=l,2),(

323
) 

2n+ J 2n+J 2n+J -- • 

f'Jle c HeKoTophiMH q
0

(x) E- L
2

(0,rr), h
0

, H j,O, JlnSI KOTOphrx 

1 17 • 
h 0 +H. 

0 
+- [ q

0
(x)dx = rra ./2, (J = 1,2), (3.24) 

J' 2 0 J 

I (o) ! oo I ! . nocne)loBarenbHOCTH A 2n+j n=o=aq
0

(x),h0 ,Hj,O ,(J=1.2). 
0TM8THM, qro CHCTeMa cpyHKUHH ( 3.23) SIBnSieTCSI pellleHHeM 
3aJlaqH KoiiiH: 

dA 2 +.(t)/dt=A 2 +.-A
2 

+.(t),(O<t<oo),A
2 

+.(0)=A(
2
D)+. nJ nj nj - nj nJ 
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Ha ocaoee pesynhraroe H3BeCTHhlX pa6or E.M.fleBHTaHa 
H M.r.racHMOea /l1, 121 H c yqeroM neMMbi 4 MO)I{HO no
ny'IHTh cxonHbiMH 1131 paccy)l{neHHSIMH cnenyromee 

TIp e ~ .ri ~)I{ e a He: ilnSI nro6biX q 0(x) E L 2 (0,77) h 0 , H j,O 

ynoeneTBOpSIIOIIlHX (3.24), CHCTeMa cpyHKUHH (3.23), onpe

JlenSieT 0JlH03Ha'IHO CeMeil:CTBO KpaeBbiX sanaq (3.15),(3.16), 

B KOTOpOM Hj (t) , (j = 1,2) HaXOilSITCSI H3 ( 3.19) ( C A2n+/t) H3 
( 3.23)), a q(X,t) H h(t) SIBHSIIOTCSI pellleHHSIMH CHCTeMbl ypaBHeHHR 

2 
-t 00 

, e ~ 
q (X,t) = ---- .:.. 

t 11(a -a ) n=O 

2 j (0) 
~ (-1) (A

2 
+.-A

2 
+. )V

2 
. (x,t),(3.25) 

j=1 nJ nJ n+J 
2 1 

(0 < X< 7T; 0 ~ t < oo), 

"a j 1 " 
h(t) ~ - 2 -- Hj (t)- 2 b q(x,t)dx, (0 S t < oo); (3.26) 

npH aToM cywecreyror npenenhl 

lim jjq(x,t)-q(x)\\ =0, lim h(t)(H .(t)) =h(H .) , 
t·•oo · L2(0,7T) t-+oo J J 

anSI KoropbiX sa~aHHbie nocnenoearenhHOCTH lA 2n+j I;= 0 
= o I q(x), h, H j I, J = 1.2. 

3 aM e q a H He. Xopowo H3Becrea. Meron acpcpeKTHBHOil: 
KOHcrpyKUHH perynSipHoro oneparopa WrypMa-flHyBHnnSI no 
llBYM cneKTpaM ( CM. o6sop /11/), OCHOBaHHbiR Ha KHaCCH
'IeCKOM B o6paTHbiX sana'IaX ypaBH8HHH fenbcpaHaa-fleBHT8H8e 
DpellHO)I{eHH8SI Bhlllle CHCTeMa SBOHIOUHOHHhlX ypaeHeHHR 
(3.19), (3.25), (3.26) llHSI pellleHHSI STOR )1{8 381l8'IH C no
MOIIlbiO ypaeHeHHSI .u.nSI aenpepbiBHoro aHanora MeTana 
HbroToHa /14/ npHMbiKaer K urepaUHOHHbiM MeronaM 111 H anSI 
o6paraoA sana'IH pacceSIHHSI nonpo6ao Hsno)l{eHa ens;. 
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