
В.Ц.Банчев 

сооощения 
ооъединенного 

института 

ядерных 

исследовании 

дУона 

Р5 - 12174 

ОБ ОБОБЩЕННЫХ МЕТОДАХ ИНТЕГРИРОВАНИЯ 

ОБЫКНОВЕННЫХ ДИФФЕРЕНЦИАЛЬНЫХ 

УРАВНЕНИЙ 

1979 



. j 

r 
. J .. 

P5 - 12174 

B.U.BaH1rna 

OB OBOBIUEHHbIX METO.LJ,AX l1HTErPJ1POBAHl1H 

OBbIKHOBEHHbIX .LJ,l1<I><I>EPEHUl1AJibHhIX 

YPABHEHJ1l1 

OM >IM 
SHBJIHOT(KA 



Eatt'leB B.U. P5 - 12174 
06 o6o6meHHblX MeT0AaX IIHTerp11ponamts1 06bIKHOBeHHblX 

n111pcpepettu11anhHbIX ypantte1111ii 

Ha octtone o6o6merrnoro Merona Pynre-Kyrra a pa6ore rrpennaraeTcSI 

crroco6 rrony'leHIISI 0606meHHhlX A -yCT0ii'IIIBblX ( SIBHhlX II HeSIBHb!X) MeT0A0D 

HHTerpHp0B8HIISI o6bllCHOBeHHhlX 1wcpcpepeHUllanb1IblX ypanHeHIIll. Hx M0lKII0 

HCII0nb30B8Th npH peweHHH 38/!S'IH Kow11 nnsr >KeCTKHX CIICTeM II B cnyqae, 

K0I"/18 6onbWHe no MO.nymo co6crael!Hhle 3118'1eH·IISI MaTpHUbl HK0611 IIMe!OT 

ne T0nbKO 6onbWHe 0TpHuaTenbHhie aemecraeHHble '18CTH. Oco6eHHO YA8'1IILIM 

srnnsreTCSI 11cnonb30B8lllle o6o6weHHhlX MeT0/10B nnsr HaX0,KAeHHSI aCIIMIIT0Tll­

'leCKH ycT0ii'IIIB~X peweHHii. 

Pa6oTa BhrnonHeHa a na6opaTOPHII BLl'IHCnHTe/l!>H0i! TeXHHKII H 

anTOM8TH38UIIII O11.HH. 

Coo6meH11e O6be.llHHeHHOI"O HHCTHTyTa srnepHhlX HCCne.noaaHHi! • .ily6Ha 1979 

Banchev V. Ts. 

On Generalized Methods for Integration of 
Ordinary Differential Equations 

P5 - 12174 

A way obtaining generalized A -stable (explicit and implicit) 
methods "for integration of ordinary differential equations is presen­
ted. They can be used for solving the Cauchy problem ·for stiff 
system even in the case, when large eigenvalues of the Jacobian 
matrix may have not only large negative real parts. The use of 
generalized methods in finding asymptotically stable solutions is 
particularly effective. 

The investigation has been performed at the Laboratory of 
Computing Techniques and Automation, JINR. · 

Communication of the Joint Institute for Nuclear Research. Dubna 1979 
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B pa6oTe npeAJiaraeTc.11 cnoco6 nony'leHH.11 o6o6meHHblX A -
ycTOH'IHBblX / .IIBHblX H He.llBllbIX/ MeTOA0B HHTerpHpOBaHH.11 o6blKHO­

BellHblX AH<W>epeHUHaJihllblX ypaBHeHHH. Hx MO:lKII0 HCnOJih30BaTb 

npH peweHHH JaAa'IH KoWH AJI.11 :lKeCTKHX CHCTeM H B cnyqae, K0rAa 

6oJibWHe no M0AYJIIO co6CTBeHHble JHa'leHH.11 MaTpHUhl Jlxo6H HMelOT 

He T0JlhK0 60JihWHe 0TPHUaTeJibHble qacTH /APYrHe cnoco6bl 

noJiy'leHH.11 aHaJI0rH'IHblX MeTOA0B AaHbl, HanpHMep, B / 
4-6/ /. 

IlOAP06Hee paccMaTpHBaeTC.11 HOBblH BapHallT o6o6meHHOr0 MeTOAa 

PyHre - KyTTa, npeAJIO:lKeHHOr0 JioyCOHOM /1' 2/. B 3T0M BapHaHTe 

ycTpaHeH cymecTBeHHblH HeA0CTaT0K MeT0Aa JioycoHa, H n03TOMY 

o6JiaCTh ero "()<ii4>eKTHBHOrO npHMeHCHH.11 3Ha'IHTeJihHO WHpe. Oco6eu -

HO YAa'IHblM .IIBJI.lleTC.11 HCn0Jih30BaHHe o6o6meHHblX MeTOAOB AJI.11 

HaX0)l(AeHH.11 acHMnT0TH'leCKH YCTOH'IHBblX peweHHH no JI.11nyHOBY. 

K 3TOH JaAa'le CB0A.IITC.11 MH0rHe JaAa'IH uayKH H TeXHHKH, CB.113aH­

Hble C HCCJieAOBaHHeM nepeXOAHblX npouecC0B, JaAa'la MHHHMHJa­

UHH IPYHKUHii c noMomhID HenpepbIBHblX aHanoroB paJJIH'IHblx HTepa­

UHOHHblX npoueccoB, KaK H JaAa'la annpoKCHMaUHH HeK0TOpbIX 

ypaBHeHHH B 'laCTHblX np0H3B0AHblX o6blKH0BeHHbIMH AHqiqiepeH­

UHaJibHbIMH ypaBHeHH.IIMH. 

IlyCTh JaAaHa CHCTeMa 06blKHOBeHHblX AH<W>epeHuHaJihHblX ypaB­

HeHHH 

y' f ( t, y) • /1/ 

rAe y e f -N -MepHble BeKTOp-qiyHKUHH. B AaJibHeiiweM 6yAeM 

npeAnonaraTh, 'IT0 qiyHKUH.11 f ( t, y) onpeAeJieHa B o6JiaCTH 

0={t.;[t
0
,t

1
],y.;DI, rAe [t 0 ,t

1
] 
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HHTepBan HHTerpHpOBaHH.11, a D - OTKPbITOe MHO)KeCTBO ,lJ.eHCTBH­

TenLHOrO N -MepHoro npocTpaHCTBa RN , u Ja.IJ.aqa KowH .D.n.11 

CHCTeMbl /1/ HMeeT e,lJ.HHCTBeHHOe peweHHe B fl. IlyCTL, KpOMe 

Toro, <PYHKUH.11 f ( t, y) HMeeT HenpepbIBHYIO B fl npoHJBO.D.­

HYIO «l>pewe no y H ee MaTpHua JIK06H Y.D.OBneTBOp.lleT ycnOBHIO 
renL.IJ.epa 

Ii ac;ay(t, p) -ar;ay(t, q)II ~ cl\ p- qllv V p, q .; D, O<v < 1, c>O ./2/ - -
paBHOMepHO no t .; [ t O , t £ ] • Tor,lJ.a B HeKOTOpoii: OKpeCTHOCTH 

S(y, r) = I Y.; DI IIY - y II < r I, r > 0 , n106oii: TO'IKH y o6nacTH 

D npH t .; [ t0 , t r ] <PYHKUH.11 f ( t, y) .D.onycxaeT paJ -
no)KeHHe 

r.D.e 

f ( t, y) b(t,y) + B(t,y)y + p(t,y), /3/ 

11 P < t, Y ) 11 = o < 11 Y - Y II ) • y.; S(y,r), 

11a p/ a y ( t, y) II s. c II y - y 1( • 
/4/ 

y .; S ( y, r), 0 < v S 1, c > 0 . 

paBHOMepHO no t c;. [ t ' t ] H B ( t, y) = a f/ a y ( t, y) ' 
b ( t, y) = f ( t, y) - B ft. y) y. O6iuee peweHHe CHCTeMbl 

/1/ B qiopMe KowH y (t, to, Yo ). Yo .; D, B OKpeCTHOCTH 

s (yo • r) TO'IKH Yo Y.D.OBneTBOp.lleT HHTerpanLHOMY TO)K.IJ.eCT-
By 

t -1 
y(t,t0 ,y0 ) = W(t)ly

0 
+fW(s) [b(s,y

0
) +p(s,y(s,t

0
,y

0
))]dsl, /5/ 

to 
r.D.e y(t,t 0 ,y 0 ) -peweHHe/1/c y(t

0 
,t

0
,y

0
)=Y

0
,a NxN 

MaTpHua W ( t) Y.D.0BneTBop.11eT ypaBHeHHIO W'(t) = B(t, y 0) W(t), W(t
0

) =I. 

0 n p e .D. en e H He. CHcTeMy /1/ 6y,lJ.eM HaJblBaTL )KeCTKOii: 

B OKpeCTHOCTH s (y, r) TO'IKH y .; D npH t.; [to' tr], 

ecnH ee o6iuee peweHHe B qiopMe KowH y (t, t 0 , y0) npu y
0

.; S(y,r) 

HMeeT 6blCTPO MeHJIIOll(Hec.11 KOMnOHeHTbl Ha HHTepBane HHTerpHpoBa­

HHJI [ t O ; t I ]. 

4. 

' 
/1 

, 

'1 

KaK HJBeCTHO, ·)KeCTKOCTL CHCTeMbl /1/ CHnLHO JaTPY.D.HJieT, 

a qacTO ,lJ.enaeT II npaKTH'leCKH HeBOJMO)KHblM 'IHCneHHOe HHTerpH­

poBaHHe Ja,lJ.a'IH Kowu .D.n.11 JTOH CIICTeMbl KnacCH'leCKHMH JIBHblMH 

MeTO,lJ.aMH THIIa PyHre- KyTTa HnH A.D.aMca HJ- Ja CHnLHoro yMeHLwe­

HHJI eenH'IHHbl wara HHTerpHpOBaHHJI. Ecnu <PYHKUHJI f ( t, y) 

Y.D.OBneTBOplleT ycnOBHJIM /3/, / 4/, HJ /5/ cne,lJ.yeT, '{TO CHCTeMa 

/1/-)KeCTKan, xor.D.a MaTpuua Jlxo6u ac;ay uMeeT 6onLwHe 

co6CTBeHHble JHa'leHHJI no MO.D.YnlO. 3aMeTHM, '{TO B HaCTOJlll(ee 

BpeMJI o6bl'IHO paccMaTp1rna10T TOnLKO 3TOT cnyqaii: 12• 3• 6 / 

/HCKnIO'leHHe COCTaBn.lleT pa6oTa / 4/ /. Ilo.D.qepKHeM, 0,lJ.HaKo, 

'ITO CHCTeMa /1/ MOJKeT 6blTL )KeCTKOH ne TOnLKO B JTOM cnyqae. 

,l),eii:CTBHTenLHO, paCCMOTpHM CHCTeMy ypaBuenuii: y. = A exp.(A t) Yo, .,., 
r,lJ.e A - nocTOJIHHa.11 MaTpuua, TaKaH, 'ITO CHCTeMa y , = A y 

llBn.lleTCJI )KeCTKOH. 3a.D.aqa Kown .D.n.11 o60HX CHCTeM C naqanL­

HLIM ycm_?BHeM Y (0) • Yo HMeeT O.IJ.HO II TO JKe pewenue y=exp(At)y
0

• 

Cne,lJ.OBaTenLHO, nepeall CHCTeMa TO)Ke )KeCTKa.11, XOTJI ee MaTpuua 

Jlxo6u ne Y.D.OBneTBOp.lleT BblWerrpuBe,lJ.eHHOMY ycnOBHIO )KeCTKOCTH. 

IIycTL N x N MaTpuua T(t) Y.D.OBneTeop.11eTMaTpuq110-

MY .D.HqJqlepenuuanLnoMy ypaeueHHIO T' = - TA ( t), T ( t 
O 

) = I, 

H IIYCTL npoHJBOnLHble IIOKa N X N MaTpuua A (t) H N -

MepHbIH BeKTOp . a ( t) HHTerpnpyeMbl B CMblCne PuMaHa B HHTep-

eane HHTerpupoBaHHJI [ t 
O 

, t £ ] CHCTeMbl / 1/. KaK HJBeCTHO, 

MaTpuua T ( t) cyiuecTByeT, onpe.D.eneua e.D.HHCTBeHHblM o6paJoM 

u HMeeT o6p~THYIO r 1 ( t), KOTopa.11 Y.D.OBneTBOp.lleT ypaBneHHIO 

-1 -1 -1 
(T )'=A(t)T, T (t)=I. IlycTL U(r,s) 

= T-\r) T (s) - MaTpuua Kiwu / 7/ nocne.D.Hero ypaenenu.11. BBe­

.D.eM B /1/ HOBYIO neuJBeCTHYIO <PYHKUHIO 

t 
z (t) = T (t) y(t) - f T (s) a(s) dp 

to 
Tor.D.a /1/ npeepaiuaeTc.11 B 

z' = g ( t, z) T (t)[f(t, y) - A (t)y - a(t)J, 

r.D.e 

y 
-1 . t 

T (t)[ z + fT(s) a(s) ds]. 

to 

/6/ 

/7/ 
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I 
·I 
I 

U.enLro 3aMeHLI /6/ .11nn.11eTc.11 cne,neuee peweuu.11 3a_naqe Kowe 

.nn.11 :>KeCTKOB CHCTeMLI /1/ K HHTerpupoBaHHIO :>KeCTKOB OKpecTHOCTH 

S(y, r) nro6oii TO'IKH y ~ D, t ~ [ to·• tf] CHCTe­

MLI /7 / nyTeM IlO,II.XO,Il..llmero BLI6opa Ma TPHULI :A ( t) u BeKTopa 

a ( t) • IloKa:>KeM, KaK :no MO:>KHO c,nenaTL B cnyqae, Korona f ( t, y) 

y,nonnernop.11eT ycnoBH.IIM /3/, /4/ B S (y, r) npu t ~ [ t 0 , tf]. 

Ilo,nxo,n.11muM BLI6opoM ,nn.11 a ( t) u A ( t) B 3TOM cnyqae 

.IIBn.11eTC.II a(t)=b·(t,y), A(t) = B(t,y) /MaTpuuy A(t) 

MO:>KHO BLI6upaTL H ,npyrHM o6pa30M, nHWL 6LI MaTpuua JIK06E 

cecTeMLI /7 / HMena ManLie xapaKTepHCTH'leCKHe qucna no Mo,D.ynro 

B S (y, r), t ~ [ t
0

, t f ] /. 'AeiicTBHTenLHO, Tor,na, ecnu 

·sup II y ( t, t , y) - y II S:: o , 
0 

t ~ [t
0

, tf] 

/8/ 

r,ne o - ,nocTaTo'IHO Manoe nono:>KHTenLuoe qecno, B cuny ue-

npepLIBnoii: 3aBHCHMOCTH peweuu.11 y ( t, t • y ) CHCTeMLI / 1/ 
0 0 _ 

OT uaqanLHLIJ ,Il.aHHLIX Yo Haii,neTC.11 TaKa.11 OKpecTHOCTL s (y, r ) 

TO'IKH y , 'ITO npu YO .;_ S ( y, r) • npaBLie qaCTH g ( t, Z) 
= 'I ( t) p ( t, y( z)) H Mo,nynu s:o6CTBeHHLIX 3Ha'leHHH MaTpHULI 

JIK06H 

a g/a z 
-] 

'I(t)[ap/ay(t,y(z))]'I (t) 

CHCTeMLI /7 / ,II.OCT a TO'IHO ManLI npe t ~ [ t O , t 1 
] H, cne.no­

Ba TenLHO, CHCTeMa /7/ He:>KeCTKa.11 B 3TOH OKpecTHOCTH y .nn.11 

t~[t
0
,t

1
], z(t)=-const. Ecnuycnonue/8/HeBLI-

nonH.11eTc.11, TO, O'leBH,II.HO, Haii:,neTC.11 t l ~ [ to , t f ] , t l > to, 

TaKoe, 'ITO CHCTeMa /7 / 6y,neT He:>KeCTKOB B HeKOTOpoii: OKpeCTHOCTH 

S ( y, r) TO'IKH y npu t ~ [ t O , t l }. 

3aMeTHM, 'ITO ecnu b ( t, y) IO, MeTO.D. Jloycoua, ucnonL-

3y10meii: 3aMeHy z = exp (-At) .y (A = const), He npuno-

.D.HT K uene B cuny npene,neuuoro BLiwe npuMepa. 

HHTerpepy.11 /7 / C IlOMomi.10 KaKoro-Hu6y,nL H3 H3BeCTHLIX 

qucneHHLIX MeTo,noB u ucnon1,3y.11 /6/, nonyqaeM <l>opMynLI 0606-

meuHoro BapHaHTa 3TOro MeTO,Il.a ,nn.11 HHTerpupoBaHH.11 /1/. KOTO­

PLIB, O'leBH,II.HO, .IIBn.lleTC.11 A -ycTOH'IHBLIM/2/. 0603Ha'IHM qepe3 

y npu6nIDKeuu.11 K 3Ha'leHH.IIM y ( t ) , n = 0, 1, ... , m, 
n n 

6 

l 
1 
.' 

j 

\ 

f 
\ 
', 

/i 
fi 
/ 

i 
/, 
I 

;i 

1i 
\, 

1
1}, 

•,· 
: ,I 
,·, 

r 
I 
1: 

'·· 

r 
) 
1\ 

t O < t 1 < t 2· < •• • < t m = t f , nonyqeuuLie 

peweuuu /1/ 0606meHHLIM MeTO,II.OM. IlyCTL ua 

npu 'IHCneHHOM 

n -M wary no-
KanLua.11 owu6Ka yceqeuu.11 rn BLI6pauuoro HaMH MeTo,na ,nn.11 
HHTerpepoBaHH.11 /7 / Y.D.OBneTBOp.lleT uepaBeHCTBY 

tn+l 
· II r II < II J 'I (s) p (s, y( s)) ds II, 

n ' 
t 
n 

/9/ 

r,ne y (t) - peweuee /1/ c y (tn) = Yn /3aMeTHM, 'ITO 

3TO Tpe6onauue .11nn.11eTc.11 ecTeCTBeHHLIM npu ~ucneuuoM peweuuu 

/7/, ecnu a(t) H A (t) BLI6paHLI, KaK yKa3aHO BLIWe/. 

Tor,na, ecnu a(t) = b(t,y) u A(t) = B(t,y ) npu 
n n 

t ~ [ t • t + 1 ] , ,nn.11 noKanLuoii owe6Ke yceqeuu.11 e n n_ 0 n 
cooTBeTcTByromero o6o6meuuoro MeTo,na HHTerpuponauu.11 /1/ ua 

· TOM :>Ke wary uMeeM oueuKy 

lie II <<Klly 
. n n+l 

-1 t n+I 
- Y II II 'I ( t ) II J II 'I (s) II d s, 

n n+l 
to 

/10/ 

K > sup II Y ( t) - Y n II/ II Y n+I 
t ~ [ t n ' t n+ I ] 

- Y II n 

u < -+ 0 npe IIY 
1 

- Y II - 0. OueuKa /10/, KaK u 
n+ n 
O'leHL 3ti>4>eKTHBHLIM ucnonL3OBaHHe 0606-ycnonee /8/, ,nenaeT 

meHHLIX MeTO,II.OB .nn.11 HaXO:>K,Il.eHH.11 aCHMilTOTH'leCKH YCTOH'IHBLIX 

TO'leK IlOKO.11 / 1/. 
3,neCL MLI pacCMOTPHM no,npo6u~e o6o6meHHLIH napeaHT .IIBHLIX 

MeTO.D.OB PyHre - KyTTa. HMeeM 

k* 
I 

f(t ,y ) - A(t ) y - a(t ) , 
n n n n n 

C· h 
1 n 

p* = U(t +c.h ,t )[y + J U(t ,s+t) a(s+t )d·s] + 
"i n inn n 

O 
n n n 

i-1 
+ h l a .. U (t + c. h , t + c. h ) k! , 

nj = 1 IJ n . 1 n n J n J 

k:= f(t + c.h ,pn -.A(t + c.h) p~ - a(t + c.h ), 
1 Il 1 ll 1 Il Ill I '\ Il 1 Il 

2, 3, ... , V, 

/11/ 
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y 
n+l 

= U (t + h , t ) [ y 
n n n n 

V 

+hiw.U(t + h , t 
n i=l 1 n n n 

hn 
+ J U (t , s + t ) a (s + t ) d s] + 

0 . n n n 

+ c. h ) k~, 
l n I 

r,Ae h - war HHTerpHpOBaHH.11 ' a ..• C. • Vi .• V - napaMeTphl n lj I l 

HCil0Ilh3yeMoro .IIBHOro MeTO,Aa PyHre-KyTTa, a U (r, S) - MaT-

pHii;a KowH, onpe,AeneHHa.11 Bhlwe. Tax xax Bhl1rncneHHe HHTerpanoB 

H MaTpHUhl KOWH B /11/ C 3a,IJ;aHHOH TO'IHOCThlO JIBil.lleTC.11 ,AOBOilhHO 

3aTpy,ll;HHTenhHhlM B o61l{eM cny11ae, B ,11;anbHeiiweM paCCMOTpHM 

no,11;po6Hee HeCKOilhKO cneuHanhHhlX BH,IJ;OB Ma TPHU A ( t) H BeKTO­

poB a (t). KOTOphle npHB0,11;.IIT K anropHTMaM, 6onee y,11;06Hh1M 

,11;n.11 peanH3aUHH Ha 3BM. 

An r o p H T M 1. IlonO)KHM A ( t) = A n H a ( t) = An d n ,11;n.11 
t -; [ t t ] r ,11;e Ma TPHUhl A H nexTophl d - nocTo.11H -

n' n+l ' . n n 
Hble Ha Ka)K,IJ;OM wary HHTerpHpOBaUH.11 • Tor,11;a cpopMynhl /11/ 
MO)KHO nepenucaTb B BH,IJ;e 

~ = ru ,Y) = A Y 
1 n n n n 

- A d , 
n n 

i-1 

p: = exp ( c. h A ) ( y 
1 1 n n n 

+ d ) - d + h I a.. exp[(c. - c.) h A lk:, 
n n n j=l IJ 1 J n n J 

k* 
i 

f ( t + c . h , p~ ) - A p~ - .A d , 
n lill Ill nn 

= 2, 3, ... , V, 

yn+l 

V 

exp ( h A ) ( y + d ) - d + h I v.. exp [ (1 - c .) h .A ] k~ . 
n n n n n n i=l 1 1 n n 1 

/12/ 

B Ka11eCTBe MaTPHUhl A H BeKTopa d ecTeCTBeHHO 6paTb 
n n 

MaTpHii;y B (t • y ) H peweHHe ypaBHeHH.11 A d = h (t • y ) n n n n n, n 
/ecnH An BhlpO)K,AeHHa.11, HY)KHO 6paTb HOpManhHOe peweHHe / 

81 /' 

npH 3TOM An H dn MO)KHO He nepeC'IHThlBaTb HaKa)K,IJ;OMWary. 

AnropHTM 1 OKa3anc.11 BeCbMa y,IJ;a'IHhlM npH HaXO)K,IJ;eHHH acHMilTO­

TH'leCKH ycTOH'IHBhlX TO'leK IlOK0.11. 

AnropHTM 2. IlycTh npH t -; [ t n, t n + 1 l cnpaBe,IJ;nHBO 

npe,11;cTaBneHHe 

f(t,y) = 
m k 
I fk ( t - t ) 

k=O n 
+ o(!t-t Im), 

n 
/13/ 

8 

r,11;e fk - IlOCTOJIHHhle BeKTOpbl. Ilonara.11 B /11/ ,Ail.11 t -; [t , t +1 l 
m k n n 

A(t) =0 H a(t) = I fk(t-t ) , nony11aeM anropHTM 2. IlpH 
k=O n 

3TOM MaTpHua KowH B /11/ paBH.lleTC.11 e,IJ;HHH'IHOH MaTpHue, a 

T 

JU(t ,s+t )a(s+t )ds 
n n n 

0 

m k+l 
Ir, _r_ 

k=O k k + 1 • 

AnropHTM 2 TeCHO CB.113aH C MeTO,ll;OM pa3IlO)KeHH.11 B p.11,11; Teiinopa. 

3aMeTHM, 'ITO OH He Tpe6yeT BhlDOnHeHH.11 /3/ H /4/. 
Y,A06Hble ,IJ;Il.11 peanH3aUHH Ha 3BM anropHTMhl MO)KHO nony'IHTh 

() 
TaK)Ke B cny11a.11x 

m k 
B ( t, y ) = I B ( t - t ) 

n k n 
k=O 

m 
+ o(!t-t I ) • 

n 

b ( t, y ) = 0, 
n 

t-;[t ,t 
n n+l 

/14/ 

H 

m k 
b ( t, y ) + p ( t, y) ~ 2 pk ( t + t ) 

n k=O n 
+ o(!t-tn!m), 

B (t, y ) =. C 
n n 

t_;[t ,t 
1

], 
n n+ 

/15/ 

r,11;e Bk, Cn H pk - IlOCTOJIHHhle MaTpHUhl H BeKTOphl COOTBeT-

CTBeHHO. 

Bonpoc O IlO,IJ;X0,11;.llll{eM Bbl6ope Ma TPHUhl A ( t) H BeKTopa a ( t) 

B cny11ae npoH3BOilhHhlX acHMilTOTH'leCKH YCTOB'IHBhlX peweHHH 

/1/ 6y,11;eT paccMoTpeH B ,Apyroii pa6oTe. 

Anropi.TMhl 1 H 2 o6o6IUeHHoro MeTo,Aa PyHre-KyTTa peanH3o­

BaHhl B HOBOM BapHaHTe nporpaMMhl 'GERUN. nepBOHa'lanhHhlH 

BapHaHT KOTopoii, OCHOBaHHhlB Ha MeTo,IJ;e JloycoHa, ony6nHKOBaH 

B / 9 ,. Io/. B HOBhlii BapHaHT 'GERUN, xpoMe Toro, BHeceHhl 

HeKOTOphle yny11weHHJI no cpaBHeHHIO co CTaphlM. B qacTHOCTH, 

npe,11;yCMOTpeHh1 B03MOJKHOCTh pa3,AeneHHJI CHCTeMhl / 1/ Ha JKeCTKYIO 

H HeJKeCTKYIO 'laCTH H Bhl'IHCneHHe MaTpH'IHOH 3KCilOHeHThl CHM­

MeTpH'IHOH MaTPHUhl An C IlOMOll{hlO co6CTBeHHhlX 3Ha'leHHB H 

co6cTBeHHhlX BeKTOpOB A • Ilo,11;nporpaMMa o6pall{eHHJI MaTPHU n . 
3aMeHeHa ,Apyroii, 6onee IlO,AXO,IJ;Jlll{eii, a anropHTM aBTOMaTH'leCKO-

ro Bhl6opa Benu'IHHhl wara u nop11,11;xa na,11;3-annpoxcuMauHuMaTpu11-

9 
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HOH 3KCilOHCHThl c~enaH 6onee rH6KHM, qTo Il03BOnHeT coxpaTHTh 

Heo6xo~HMhle 3aTpaThl naMJITH H BpeMeHH 3BM. 
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