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6att'leB B.U. P5 - 12167 
0 MHHIIMH38UIIII cpyHKUllii C IlOMOIUblO o6o6meHHhlX MeTOllOB 

HHTerp11pOB8HIISI o6blKHOBeHHblX llH<pcpepeHU118RbHblX ypaBHeHHii 

noK838HO, 'ITO HCUORb30B8Hlle 06061UeHHblX MeTOllOB IIHTerp11pOBBHIISI 

06blKIIOBeHHhlX llH<pcpepeHUH8RbHhlX ypaBHeHllii Il03BORSleT nony'IHTb HOBble 

MeTOllbl MIIHIIMll38UIIII 6ea orpaHH'ieHHii co CBepxn11HeHHOH CKOpOCTblO 

CX0/111MOCTH, KOTOpble He HCUORb3ylOT npouenyphl OllHOMepHoro IlOHCKa, 

MHHIIMll3HPYIOT KBallpBTH'IHhie 'PYHKUIIII aa 01111H mar H Yl18'1HO 06be/1HHSIIOT 

npeHMyllleCTBa MeTOll8 H811CKOpelhuero cnycKa II MeTOllB HblOTOHa, 

BenH'IHHa mara KOHTponupyeTCSI nyTeM oueHKH noKanbHOH OIUH6KH yceqeHHSI, 

Pa6oTa BbmonHe11a B Jla6oparop1rn Bbl'IHCilHTenbHOH TeXHIIKH 

II 8BTOM8Tll38Ullll Q(1.fl(1, 

Coo6me11110 O6bell11HeHHoro 11HCT11TyTa sinepHhlX 11ccne110BaH11ii. lly6Ha 1979 

Banchev V. Ts. P5 - 12167 

On Function Minimization by Means of Generalized 
Methods for Integration of Ordinary Differential Equations 

It is shown that the use_ of generalized methods for the 
integration of ordinary differential equations allows one to formulate 
new methods for unconstrained minimization with superlinear rate 
of convergence, which do not perform a unidimensional search, 
minimize quadratic functions in one step and successfully combine 
the merits of Newton's method and that of ·steepest descent. A step 
size is controlled by estimating the local truncation error. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 

Communicotion of the Joint Institute for Nuclear Research. Dubna 1979 
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3aaatia MHHHMII3aunn 5ea orpaHntieHnii: qiyHKUHH N nepeMeHHhIX 

f(x), f: D c RN-+ R 1 , B pa5oTe cfiopMym1pyercsr KaK aaaatia 

HaXO)KlleHHSI aCHMilTOTH'IeCKH yCTO~'IIIBOI'O no flgnyHOBY pemeHIISI 

cucTeMhI N o5bIKHOBeHHhIX ancfiqiepeHunanbHhIX ypaBHeHnii: 

x'(t) = -Q-1(x) g(x), x(O) = "L' , (1) 

I'lle g T ( X) = (af/ax l , ••• , a f/ a X N), a Q ( X) - nonO)KHTenbHO onpe-

aeneHHaSI CHMMeTpII'IeCKaSI MaTpuua. CucTeMa ( 1) HBnHeTCSI Herrpe

pb!BHblM aHanoroM MeToaa HancKopeii:mero crrycKa /l/ . KaK rroKa-

aaHo B /l-4
/ , TaKaSI cfiopMynIIpOBKa aaaa'III MIIHIIMII3aUIIII 5ea OI'-

paHH'IeHHll II03BOnHeT: 1 ) orrpeaenHTb KPHBYJO HaHCKopeii:mero crryc

Ka; 2) Haii:TII ecTeCTBeHHOe o5o5meHIIe MeTOlla HbJOTOHa Ha 5onee 

mnpOKIIii: Knacc MIIHHMII3IIpyeMbIX IPYHKUIIii:, llnH KoTophIX y)Ke He 

o5sr3aHbl BhIIIOnHSITbCH orpaHH'IeHHSI Ha 3HaKOOIIpeaeneHHOCTb MaT

PIIllbl BTOpb!X IIpOII3BOllHbIX H ( x) ( MaTplillbl fecce); 3) Herrocpea

CTBeHHO CBH3aTb co5CTBeHHhle 'IIICna Ii co5CTBeHHbie BeKTOpbl MaT

pIIllbl fecce H ( x) C rrpoueccoM MIIHHMII38UIIli, KpoMe TOI'O, B / 4/ 

OTMetiaercg, 'ITO o5mIIM HellOCTaTKOM 5onblliliHCTBa HbJHe IICIIOnb

ayeMhIX anropIITMOB HBnsreTCH pe3KOe yxyameHne IIX CBOllCTB rrpn 

MHHHMII3aUHII "0Bp8)KHbIX" IPYHKUIIii, T,e. TaKHX, y KOTOpb!X MaTpuua 

fecce H ( x) IIMeeT 5onbmoe crreKrpanbHoe 'IIICno o5ycnoBneHHOCTH 

k = IM I/ I ml , rae M , m - HaII50nbmee II HaIIMeHbmee rro MO

aynJO HeHyneBhie co5cTBeHHhie 'IIICna H (x) • CIICTeMa (1) ansr 
TaKIIX cfiyHKUHii: SIBnsrercg )KeCTKoii (B cnytiae Q (x) = H (x) aaaatia 

pemeHIIR (1) HeKoppeKTHa /
4

/ ) , II, cneaoBaTenbHo, ansr scficfieKTIIB

HOI'O HaXO)KJleHHH ee pemeHHSI HY)KHO rrpuMeHSIT,7'4feTOllbl liHTerpn-

poBaHIISI )KeCTKIIX CIICTeM, 8 CBSI3H C 9THM B rrpeanaraercg 

ucrronb30B8Tb IIpIIHUIIII KB83HCT8llIIOHapHOCTH IIpOII3BOllHbIX COBMeCT-

HO C MeTOllOM, paapa5oraHHbIM He38BHCIIMO B / 2 , 3, 5, fi/ , a B/3/ 

IIOll'IepKHBaercg Heo5XOllHMOCTb MOllII!pIIK8llIIII cymeCTBYIOlliIIX 'IIIC

neHHblX MeTOllOB ang scficfieKTHBHOI'O IIHTeI'pIIpOB8HHSI ( 1.), 
Uenb HecTosrmeii: pa50Tb1 - rroKaaaTb uenecoo5paaHOCTb rrpIIMe

HeHHSI o5o5meHHbIX MeTO~OB HHTeI'pIIpOB8HHSI o5bIKHOBeHHbIX llIIq>cfie-

peHUIIanbHbIX ypaBHeHIIll 9 / ang HaXO)KlleHIISI aCHMIITOTII'leCKU 
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ycT0ii:'IIIBb!X -T0'IeK II0K0SI CIICTeMhl ( 1)' 'ITO, 110 Ha111eMy MHeHIIIO, 

SIBnSieTCSI ll8nbHeii:1111IM pa3BIITIIeM MeT0ll0B II3 12- 4/ , a TaKllie 

yKa3aTb Ha B03M0lliH0CTb 6onee rronH0I'0 IICII0nb30BaHIISI rrpelIMy

iueCTB Bbil1le1Ip1IBelleHHOii: ¢opMyn1IpOBKII 3a!la'III MIIHIIMII3aUIIII 6e3 

orpaH1I'IeH1Iii:, 8 'IaCTH0CTII, B pa6oTe II0Ka3aHo, 'ITO 9T0 II03B0nSieT 

rrony'IIITb MeT0llbl MIIHIIMII3aUHII co CBepxnlIHeii:Hoii CK0p0CTb!O cxo

lllIM0CTII, K0T0pble He IICII0nb3YIOT rrpoueaypbl 0llH0MepHoro II0IICKa, 

MIIHIIMII31IPYIOT KBaapaTII'IHhie ¢yHKUIIII 38 0lllIH 11181' II yaa'IH0 06be

llHHSIIOT rrpeuMyUieCTB8 MeT0ll8 Ha1ICK0peii:111ero CIIYCK8 II MeT0lla 

Hb!OTOH8, TTplI 9T0M BenlI'IIIHa 111ara K0HTp0nHpyeTCSI rryTeM oueHKII 

nOK8nbHOll 01111I6K1I yceqeHIISI, 

1½CTb f ( x) ~ c 2 (x ~ D) II IIyCTb x* -noKanbHblll MIIHIIMII3a-

T0p 7/ anSI f(x) ·, T.e. g {x*) = 0 II 

g ( X) = H ( x*)( X - x*) + t/; ( X) ' 

(2) 
II t/; ( x) II = o ( II x - x*II) ( x-. x*, x .; D ) . 

B ll8nbHeii:111eM 6yaeM 11pearron8r8Tb, 'ITO H ( x*) - 11onolli1ITenbH0 

orrpeaeneHHaSI M8Tp1Iua II Q ( x) = I , T.e. 0I'p8HII'IIIMCSI paCCM0T-

peHIIeM ypaBHeHIISI 

x'(t) = -g(x), x(0) = x0
• (3) 

JJycTb, Kp0Me T0I'0 

S(x*, r) CD
0 

CD 
paBH0BeCIISI x* 
'IeCKII ycT0ll'IIIB0ii: 

- N 
x0 ~ S ( x"; r) = l x ~ R I II x - x* II ::; r l , r > 0 , 
, rae Do - o6naCTb IIplITSI)KeHIISI rronollieHIISI 

an SI (3). Toraa /Bl x* SIBnSieTCSI aCIIMIIT0TII-

TO'IKOii: II0K0SI CIICTeMbl ( 3) II 

II x ( t) - x* II :S L II x" - x* II exp ( -y t) , t 2: 0, (4) 

rae L II y - HeK0T0pbie rron0llilITenbHbie II0CT0SIHHhie, He 3aBII-

CSIUIIIe OT BhI60p8 x
0 

• 

.UnSI 0=t0 <t
1
<t

2
< ... <+oo ·o6o3Ha'IIIM qepe3 xk(x0 ~S(x*,r)) 

Ilp1I6n1IllieH1ISI K 3Ha'IeHIISIM X ( tk)' k = 0, 1, ... , X (to) = x0
, pe111eH1ISI 

3alla'III K 01111I ( 3)' rronyqeHHbie C II0M0Ulb!O K8KOI'O-HII6y llb 'l'IICneH

H0I'0 MeT0!la. TTycTb ek- n0K8nbH8SI 01111I6Ka yceqeHIISI 9T0I'0 Me

T0lla Ha k -M 1118I'Y IIHTerp1IpoaaH1ISI (3) II h = tk - t {k=0,1, .•• ). 
-le +I k 

Toraa, ecn1I 

4 

II e II ::; f3 II x k+ I - xk II k k , 0 < f3 < 1/2, 
- k 

8 max ok = max [ L exp ( -y \ ) + f3 k J / (1 - f3 k ) < 1 , 
k k 

(5) 

(6) 

I,( 

i' 

/~ 1,I 

\1 . I ,, 
:·:, ,., 

•' 

IICII0nb3YSI (4), rrony~aeM 

II xk+I - x*JI :S t\ II xk - x*II, k = 0, 1, ... , (7) 

H lim xk = x* • L , y II {3k 
k ➔ oo 

, O'!eBIIllHO, rrp II 38llaHHbIX 

BCeraa M0)KHQ Haii:TII TaKoe h > 0 , 'ITO IlplI hk > h (6) 
BbIII0nHSieTCSI, CKOpOCTb CX0lllIM0CTII xk K x* TeopeT1I'IeCKII 

MQ)KH0 caen8Tb n106oii:, ecn1I 0llH0BpeMeHH0 hk - 00 II f3 k -- 0 , 
H8IIplIMep, ecn1I {3k = O(exp(-yhk)). 

.UaauM Terrepb 6onee s¢¢eKT1IBHy10 oueHKY oum6KII II xk+ 1 - x*II, 
TTycTb h<hk <h (k=0,1, ... ),hk=h IIplI ·k > m • Orrpeaen1IM - max N · · N max -
oro6pallieHIIe 'G : D0 C R -. R cneay10ur1IM o6pa3oM 

'Gu0 = u(h ) , 
max 

uo .; D e 
0 ' 

u'(t) = -H (x*) (u- x*), u(0) = u0
• 

(8) 

(9) 

O'IeBIIllHO, 'G cyurecrayeT, orrpeaeneHo elllIHCTBeHHblM o6pa30M II 

II 
ll'Gp-'Gqll.::;: aJlp-qll Vp,q ~Do, 

( 10) 
a = Rexp(-µhmax ) , 

rae R II µ - HeK0T0pbie rron0llilITenbHbie II0CT0SIHHhie. TTpH 

sToM . min \ ( H ( x *)) > µ II x* - ac1IMIITOT1I'IecK1I ycroii'IIIBaSI 

T0'IKa rr6KOSI (9). B aanbHeii:111eM 6yaeM rrpearronaraTb 3H8'IeHHe 

hmax TaKHM,. 'ITO a < 1 • Tora8 'G SIBnSieTCSI ClliaTHeM Ha D
0 

II 'GS(x*, r) C S(x*, r). TTonOlliHM uk+I ='Guk, u 0 ~S(x*, r), 
fk = II xk+I - 'G xkJI, k = 0, 1, ... • Corn8CHO Te ope Me 06 aII!!P0KCII

MaTIIBHhIX ClliaTHSIX /7, c.379/ IIMeeM (a C1Iny (7) xk~ S(x*, r)) 

llxk+I_x*ll<[l/(1-a)][allxk+I -xkll+ck]' k=0,1, ... , (11) 

llxk+I_x*Jl<Jluk+I_x*II+ ~ ak-j f,+ak+l llu0 -x"II, k=0,1, ... , (12) 
. j=O J 

rae 
hk 

fk.$II\ll+IIJ exp[-(hk-s)H{x*)]t/;(x(s))dsll, k 2:: m, (13) 
. 0 

X(t) - pe111eH1Ie (3) c x{0) =Xk II lim fk, = 0 B CIIny (2)-(7). 
k ➔ oo . 

OcraHOBIIMCSI Terrepb Ha Ilp1IMeHeH1III o6o6ureHHbIX MeT0ll0B IIH-

rerpupoaaHIISI o6bIKHOBeHHbIX lllI¢¢epeHUII8nbHbIX yp8BHeH1Iii /
9

/ 

anSI pe111eH1ISI 3all8'III Ko1111I (3). l1crronh3YSI rrpeo6p830BaH1Ie 

t 
z ( t) = 'I ( t) - f 'I ( s) a (s) d s 

0 
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c MaTpn:ueii: T (t) , yAoBneTBopmomeii: ypaBHeHn:10 T' =-TA (t) , 
T ( 0) = I ' CBeAeM perueHn:e 3aAa'lH ( 3) K HHTerpupOBaHHIO CUCTe
Mhl 

z' = f(t, x(z)) = T(t)[-g(x(z)) -A(t)x(z) - a(t)], z (0) = x0
, (14) 

o5hI'lHhlMH qn:cneHHhlMH MeTOAaMH (HanpuMep, MeTOAaMn: PyHre
KyTTa unn: AAaMca). Tipu aToM npon:3BOnbHhie noKa N x N - MaT-
pn:ua A ( t) H N -MepHblll BeKTOp a ( t) UHTerpupyeMbl B CMhIC-

ne PuMaHa B n1060M KOHe'!HOM HHTepBane O ::: t::: t f < +oo. 3aMeTHM, 
'ITO B (14) 

-1 l 
x = T (t)[ z+f T(s) a (s) ds], 

0 

rAe ('C1)'=A(t)T-
1

, T-1 (0) = I, srnnsieTCSI perueHueM (3). 

KaK II Bhlllle, 'lepea zk (k = 0, 1, ••• ) o503Ha'IIIM np1I6nm1<eHHSI 
K 3Ha'leHIISIM Z ( tk), nony'leHHhie nplI 'llICneHHOM IIHTerpupoBa-
HUII (14), 0=t

0
<t <t < ••• < +oo. TiyCTb zk COOTBeTCTBYIOT 
k l 2 k npu5nU)l<eHIISI X K 3Ha'leHIISIM X ( tk ) • Bb15epeM A (t) = -H ( X ) 

II a(t)=-g(xk) +H(xk)xk IlplI t E [tk,tk+l](k=0,1, ... ). 
KpoMe Toro, 5yAeM npeAnonaraTb, 'ITO MaTpuua recce H ( x) 
YAOBneTBOpSieT ycnOBIIIO renbAepa 

l!H(p)-H(q)II< c\\p-q\\vVp,qE D 0 , 

0 < V :$; 1, C > 0. TorAa 

f (t, x) = T (t) p(x), p (x) =-g(x) + g(xk) + H(xk )(x- xk), (15) 

\\p(x)\\ = o(\\x-xk\\), !lap/ax\\~ cllx-xk \( '(16) 

An SI t E [ tk, tk+ 1 ], x ( t) - perueHn:e ypaBHeHIISI (3) 
c x(tk) = xk. C_IICTeMa (14) He)l{eCTKaSI B HHTepBane 

[ tk , t k+l ] , ecn1I \\ x - xk II :,; . o · Ansi t E [ tk, tk 1 J, 
rAe o :C: 0 - AOCTaTO'lHO Manoe 'IIICno / 9/ • TI ye Tb i E S(x*, r) 

u nyCTb xk YAOBneTBOpS!IOT ycnOBIISIM (5) - (7). TaK KaK 
B cuny (4) 

II x - x k II < ( L + 1) II x k - x* II , 
To Benu'luHa hk = tk+l - tk B IIHTepBane [ tk , tk+l l , B 
KOTOpOM z ( t)::: canst II co5CTBeHHhie 3Ha'leHUSI MaTpUUhl f!Ko5u 
CUCTeMhl (14) af/az= T (t)[ap/ax] 'r1(t) ManhI, 3aBIICIIT 
OT 5nuaocTu xk K x* . OTCIOAa, cornacno (7), cneAyeT, 
'ITO o5o5meHHhie MeTOAhl Il03BOnSIIOT cymecTBeHHO yBenu'lHTb 
mar 1IHTerp1IpOB8HHSI B AOCT8TO'IHO Manoii: OKpeCTHOCTU x* , T.e. 
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npu AOCTaT0'lHO 5onbmOM t • Eonee Toro, noKa)l{eM, 'ITO OAHO-
BpeMeHHO C yBenlI'leHueM ruara hk OHH Il03BOnSIIOT yMeHbmUTb 
3Ha'leHIIe {3k B ( 5)' ecnu BhIIlOnHeHO ecTeCTBeHHOe Tpe50BaH1Ie, 
'lT05bI Ha k -M ruary noKanbHaSI om1I5Ka yceqeHUSI rk BbI5paH
HOro HaMII MeTOAa AnSI IIHTerplipOBaHIISI (14) YAOBneTBOpsina He-
paBeHCTBY 

tk+l 
II r k II < II f f (s, x (s )) d s II, 

tk k 
rAe x (t) - pemenue ypaBHeHUSI (3) c x (tk) = x • B CaMOM 
Aene, TOrAa B cuny (16) Ansi noKanbHOii: oruu5Ku yce'leHIISI ek 
COOTBeTCTBy10mero o5o5meHHOro MeTOAa IIHTerp1IpOB8HIISI (3) Ha 
TOM )Ke ruary IIMeeM OUeHKy / 9/ 

l () tk+l 
\\ek\\<EK\\xk+l_xkll \\T-(tk+l)II f \\T(s)llds, ( 17) 

tk 
rAe KOHCTaHTa k > 0 TaKaSI, 'ITO 

sup \\x(t) - xk\l/ llxk+l - xk II::; K, 
t E [ t ,t l 

k k+l 
x(t) - perueH1Ie ypaBHeHIISI (3) c x(tk)=Xk II,f ➔ 0 npn 

II xk+l - xk II -+ 0. 
HaKOHeu, 3aMeTuM, 'ITO C IlOMOmbIO o5o5meHHhIX MeTOAOB IIH

Terp1Ip0B8HHSI o5bIKHOBeHHhIX AIIcpcpepemrnanbHhIX ypaBHeHIIii:, B C1Iny 
( 14), TO'IKY MUHIIMyMa CTporo BhIIlyKnhIX KBaApaTII'lHhIX cpyHKUIIH 
MO)l{HO H8HTII aa OAIIH mar ( CM, T8K)l{e / 2 - 4 / ) , 

TipoBeAe';?Ie qucneHHble 3KCilep1IMeHThl C i'IOMOmbIO nporpaM-
Mhl 'CERON 9 J. ,- B KoTopoii: pean1IaoBaH OAIIH us o5o5meHHhIX 
MeTOAOB Pyttre-KyTTa, IlOATBepAIInlI nony'!eHHbie Bhlllle peaynbTa
Thl, TiplI 3T0M BbI5op {3k = 0 ( exp (- y hk ) ) B (6) OKa3ancsi 
He TOnbKO B03M0)1{Hh!M, HO II He05XOAIIMhIM AnSI Toro, 'lT05hI n:s5e-' 

)l{aTb HeHy)l{HOro yBenu'leHIISI mara 1IHTerp1IpOB8H1IS1, IlplI KOTOpOM 
CT8HOBIITCSI cymeCTBeHHhlM Bn1ISIH1Ie orun5oK OKpyrneHHSI, 
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