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MenhHHKOB B.K. P5 - 12060 

0 aaKOHax coxpaHeHHH nnn oaHoro Knacca CHCTeM He.'IHHeiiHWX 

SBO.'IIOUHOHHb!X ypaBHeHHii 

nycTb L - niiHCl!Hblii llH<j><pepeHUHB.'IbHLIR onepnop (k 0 + 1) -ro 

nop SlaKa c Ma Tp!!'IHbiMH Koa<jl¢Huue HTBMH u k , k = 0.1 •...• k 0 • H ailaeHbi 

nee napbi onepaTopon ff H :B, TBKHe, 'ITO onepaTopnoe cooTHowenae 

aL ~ @ l at- + [ u , L ) = ~) (L - Tf 

3KBHB8.'1CHTHO He.'IHHCHHOH CHCTeMe ypaBHCHI!ii BUI18 

. • (n) 
u = r (u. u , ... , u ). 

noKB3aHO, 'ITO HO.'Iy'!eHHBSI 3BO.'IIOUHOHHBH CfiCTeMB o6naaaeT HeCKO.'IbKUMH 

6ecKoue'!HWMH cepunMu aaKOHOB coxpaHeHu~ Meron nonycKaer o6o6meHue 

HB Cnyqaii HpOU3BO.'IbHOrO '!fiC.'Ia npoCTpBHCTBCHHWX nepeMeHHWX, 

Pa6ora BbmonHeHa B J1a6oparopHfl reopeT!I'IecKorr qmauK!I 0!15!11. 

npenpi!HT 06belli!HeHHOrO HHCTI!TyTa smepllb!X I!CC.'IeaOBBH!Iil. lly6na 1978 

Melnikov V.K. P5 - 12060 

On the Conservation Laws for a Class of Systems 
of Nonlinear Evolution Equations 

Let L be the linear differential operator of (k 0 + 1) ord~r 
with matrix coefficients u k, k = 0, 1. ... , k 0 . All pairs 
of the operators lt and ~j are found such that the operator rela-

tion 
aL ~ @ 

-- + [ u , L) = !f.i (L - Tf) 
at 

is equivalent to the nonlinear system of equations of the form 

. • (n) 
u = f(u. u , ... , u ). 

It is shown that the evolution system thus obtained has several 
infinite series of conservation laws. The method admits genera
lization for an arbitrary number of spatial variables. 

The investigation has been performed at th? Laboratory 

of Theoretical Physics, JINR. 

Preprint of the Joint lnsti tute for Nuclear Research. Dubna 1978 

B 1967 ro.ny rpynna aMepHKaHCKHX y'leHbiX /K.rap,nHep, ,lJ,.rpHH, 

M.Kpycxan H P .MHypa/ o6HapylKHJia Y.U.HBHTeJibHYlO CBJI3b, cy

mecTBYIDI.UYlO MClK,!l,Y peweHHJIMH ypaBHCHHJI K,nB 

Ut-6UUX+UXXX =0 /1/ 

H peWeHHJIMH ypaBHCHHJI lllpe,!l,HHrepa 

-¢ + u¢ oo £; 2¢ 
XX 

/21 

c noTeHI.{HanoM u =u(x,t), y.nosneTBOPJllOI.UHM ypasHeHHlO 111. B oc

Hose HX HCCJIC,!l,OBaHHJI /l/ JIClKHT 06HapylKCHHbiB HMH ciJaKT, 'ITO 

onepaTop 

3 
Q = _ij_ + -~--- 3(u + £; 2)_L 

at ax 3 ax 131 

nepeso,nHT n106oe peweHHe ypasHeHHJI 121 B HeKoTopoe lsoo6me 

roBOpJI, ,npyroel peWCHHC 3TOrO lKC ypaBHCHHJI, CCJIH BXO,!l,JII.UaJI B pa

BCHCTBa 121./31 ciJyHKI.{HJI u y,nosneTBOpJleT ypaBHeHHlO I 11. ,[l,eii

CTBHTCJibHO, llOCKOJibKY KOMMyTaTOp onepaTopa Q C onepaTOpOM 

lllpe.u.HHrepa L HMeeT BH.U. 

[Q.L] oUt -6uux+lixxx +3lix(L-(
2
), 

To B CHJIY paBeHCTB I 11, 121 nonyqaeM 

2 
(L- £; ) Q¢ = 0. 14/ [Q, L] ¢ = 0, T.e. 

PaseHCTBO 141 oxaJanoch O'leHb nno.u.oTsopHbiM. 0Ho noJBOnH

no HaJsaHHbiM Bblwe asTopaM npHMeHHTb K peweHHlO Ja,na'IH KowH 

,!l,JIJI ypaBHCHHJI Ki!B MCTO,!l, o6paTHOB 3a,!l,a'IH TCOpHH pacceJIHHJI 

,!l,JIJI ypasHeHHJI lllpe,!l,HHrepa. Cne.u.cTBHeM :noro JIBHJIOCb o6Hapy

lKCHHe pJI,!l,a 3aMe'laTeJibHbiX CBOBCTB, KOTOpbiMH o6Jia,!l,alOT peweHHJI 

ypaBHeHHJI Ki!B I conHTOHbl, JaKoHbl coxpaHeHHJI H .np.l. 
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llOJ)I(e ll.Jlaxc JaMeTHJI '2 

onepaTop 

. 'ITO TeCHO CBH3aHHhiH C L H Q 

a3 a a 
4---- -- 3(u--- .,_ _ _, u) 

ax3 ax ax 
A 

B CHJIY ypaBHeHHJI Ku B YJI.OBJieTBOplleT COOTHOWeHHIO 

-~~-·~[A, L] , O. 
at 

/5/ 

COOTHOWeHHe /5/, y)l(e BCTpelfaBWeeCJI paHee B KBaHTOBOH Mexa

HHKe, npOJIHJIO HeKOTOphiH CBeT Ha oco6y10 npHpOJJ.Y peweHHH ypaB

HeHHJI K a B. KpoMe Toro, oHo noJBOJIHno HaJJ.eJIThCH, 'iTo H JJ.py

rHe ypaBHeHHH, 06Jia,ll.aiOII.{He npe,II.CTaBJieHHeM BH,II.a /5/, 6y,ll.yT 

o6na~a Th aHanorHlfHhiMH CBOHCTBaMH. 3Ta HaJJ.e)I(JJ.a 6necT Jlll.{e 

OCyll.{eCTBHJiaCh B pJI~e npHMepOB, ~JIJI KOTOphiX y,ll.aJIOCh no,ll.o6-

paTh naphl onepaTopoB L H A. llo,11.po6HhiH o63op nony'ieHHhiX Ha 

3TOM nyTH pe3yJihTaTOB CO~ep)I(HTCJI B MOHOrpa4JHH B.E.3axapo

aa-'3·', )J,anee, B cepHH HeJJ.aBHHx pa6oT B.A.Map'ieHxo .'4 ·,11.M.renh-

4JaH~a H JI.A.)J,HKOrO .'5-S/ H IJ.Jlaxca ,1g; fihiJia H3ylfeHa CBJI3h Me)l(

~y npe,II.CTaBJieHHeM /5/ H K034>4JHUHeHTaMH aCHMnTOTHlfeCKOrO 

pa3JIO)I(eHHJI Jl~pa pe JOJihBeHThi on epa Topa L 

TaKHM o6pa3oM, cnylfHJIOCh, 'iTO nporpecc, JJ.OCTHrHyThiH c no

MOII.{hiO npe~CTaBJieHHH Jlaxca, 3aTMHJI nepBOHalfaJihHYIO H,ll.eiO aB

TOpOB pa60Thl ,'li H OHa OKa3aJiaCh He,II.OCTaTOlfHO HCCJie,II.OBaHHOH * . 
0~HaKO B03MO)I(H0CTH no~XO~a, OCHOBh!BaiOII.{erocJI Ha 3TOH H~ee, 

~OBOJlhHO WHpOKH. fio-BH~HMOMy, OHH WHpe, lfeM B03MO)I(HOCTH 

MeTO~a, OCHOBh!BaiOII.{erOCJI Ha npe,II.CTaBJieHHH Jlaxca. B KalfeCTBe 

HnmocTpauHH paccMoTpHM cnyqaB: c onepaTopoM L BH~a 

~(k0 +-1) k 
0 

' 1 ko k 

L - A 0 <a 'L uk a ), k
0 

_ o. /6/ 
k 0 

r~e a - onepaTop ~H4>4JepeHuHpoBaHHH no npocTpaHcTBeHHOH nepe

MeHHOH X , A0 - ~HaroHaJihHaJI MaTpHua C OTJIHlfHhiMH OT HYJIJI 

JJ.HaroHaJihHhiMH JJieMeHTaMH A r :;,. C , r 1, ... r 
0

• YJJ.OBJieTBOPJIIO

li.{HMH HepaBeHCTBY 

k 0 ~ 

Ar 
k 0 +1 ·' 

A r' npH r r r , /7/ 

" 3.L(eCh Heo6XO,II.HMO YTIOMJIHYTh BeChMa CTHMYJIHpOBaBWYIO Ha

CTOJIII.{YIO pa6oTy CTaThiO M.A6JIOBHTUa H ~p. '10.' /CM. TaK)I(e 11 /. 

4 

a uk = u k(x, t) - KBa~paTHhle MaTpHUhl nopx~xa r 
0 

:::_1. llpH 

3TOM Mhl 6y~eM npe~nonaraTh, 'ITO y MaTpHUhl Uk
0 

Ha rJiaBHOH 

JJ.HaroHaJIH CTOJIT HYJIH. BhiJICHHM Teneph, npH xaxHx ycnoBHJIX 

cyll.{eCTByeT onepaTop 

. m k 
(1 - l a a 

k-' 0 k 

TaKOH, 'ITO paBeHCTBO 

(L - 'IHo 
1 

- (icf>) - 0 

HMeeT MeCTO ,II.JIJI JII06oro peWeHHJI ypaBHeHHJI 

(L -· YJ)¢ -.•. 0. 

/8/ 

/9/ 

/10/ 

)J,H4J4JepeHUHPYll paBeHCTBa /10/ not H CpaBHHBaH noJiylfeHHhiH pe-

3YJihTaT c /9/, HMeeM (Lt-L(l+rJ(f)o~O. T.e. onepaTop L 1 "[Cf,L l 
nepeBOJJ.HT B HYJih JII06oe peweHHe ypaBHeHHJI /10/. Cne~oBaTeJihHO, 

cnpaBe,II.JIHBO paBeHCTBO 

L 1 '"' [ CL L] - ~~ (L - r1l. /11/ 

r,11.e 

,, - ~ - k 
.h - ._. f3k rl • 

k•: 0 
/12/ 

TaxHM o6pa30M, H3 cyll.{eCTBOBaHHJI onepaTopa d, YJJ.OBJieTBOPJIIO· 

ll.{ero ycnoBHIO /9/, cne,11.yeT cyll.{eCTBOBaHHe onepaTopa :b, YJJ.OBJieT

aopJIIOII.{ero BMeCTe C (i COOTHOWeHHIO /11/. CnpaBe,II.JIHBO H o6-

paTHOe, T.e. eCJIH napa onepaTOpOB (i H T, Y~OBJieTBOplleT COOTHO" 

WeHHIO /11/, TO onepaTOp Cf YJI.OBJieTBOpJieT YCJIOBHIO /9/. 

fiOJIO)I(HM Teneph 

L=(f*(L~TJ) .c!'. :b-[li*,L)+:b', /13/ 

r,11.e d * H (i' - JJ.H4>4JepeHUHaJihHhle onepaTOphl, npHlfeM nopJIJJ.OK 

onepaTopa l1' He npeBOCXOJJ.HT k 0' Tor,11.a HeTPYJJ.HO y6eJJ.HThCJI, 

'ITO eCJIH napa onepaTOpOB (t H ~& y~OBJieTBOpJieT COOTHOWeHHIO 

/11/, TO napa on epa TopoB li' H :!) ' TaK)I(e YJJ.OBJieTBOpJieT 3TOMY 

COOTHOWeHHIO. fipH 3TOM nopJI,II.OK on epa TOpa 'J)' OlfeBH,II.HO He npe-
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Boexo.IJ,HT k
0 

Aanee, eenH onepaTopbl (1 H ;J~ JaBHeHT nonH-

HOMHanLHO oT napaMeTpa rJ. To nony'leHHble eornaeHo paBeH-

eTBaM 1131 onepaTOpbl Cf' H :b' TaK)I(e 6y.IJ,yT nonHHOMaMH no 

eTeneHJIM q. TaKHM o6pa30M, 'IT06bi HaRTH Bee JaBHeJIIliHe no

nHHOMHanbHO OT napaMeTpa r1 napbl onepaTopoB Cf H ~,~. Y.IJ.OBneT

BopHIOiliHX eooTHoweHHIO I 111, .IJ,oeTa TO'IHO paeeMoTpeTb eny'laii, 

KOr.IJ,a nopH.IJ,KH 3THX onepaTOpOB He npeBOeXO.IJ,JIT k O 11eXO.IJ,H H3 

3TOrO B HaeTOJIIlleB pa6oTe HaB.IJ,eHbl Bee JaBHeJIIliHe nonHHOMHanb

HO OT napaMeTpa 'I H Y.ll.OBneTBOpHIOiliHe eOOTHOWeHHIOI11I napbl 

on epa TopoB Cf H 'J', BH.IJ.a IBI H I 121 e m n k 0 IlpH JTOM .D.nH 

Ka)I(.IJ.Oii napbl onepaTopos (t H 'J~ eooTHoweHHe 1111 npespawaeT

eH B eHeTeMy ypaBHeHHB 

' (11) 
u ~ f(u, u , ... , u ), 1141 

r.IJ,e u 11:0 ,11 1, u 1 ) , f (10 , 11 , . fk ),WTpHxaMH o6o3Ha'le-
{o o 

HO .IJ.H4J4JepeHUHPOBaHHe no X a JneMeHTbl MaTpHU I k , k - 0,1, ,k 0. 

JIBnJIIOTeJI nonHHOMaMH OT JneMeHTOB Ma TpHU U O, \1 l . , U ko H HX 

npOHJBO.IJ,HbiX no X eoOTBeTeTBYIOillero nopH.IJ,Ka. B pa6oTe noKa

JaHo, 'ITO nony'leHHaJI TaKHM o6paJOM eHeTeMa ypaBHeHHB 1141 
o6na.IJ,aeT npe.IJ.eTaBneHHeM JlaKea H HMeeT (k 0 · l)r0 6eeKoHe'IHbiX 

eepHii JaKoHoB eoxpaHeHHH, Y.IJ.OBneTBopHIOiliHX O.IJ.HOMY nHHeBHOMY 

eooTHoweHHIO. Aanee, OKaJbiBaeTeH, 'ITO paJBHTbiB B HaeTOHilleii 

pa60Te MeTO.IJ, npHMeHHM H B enyqae, KOr .IJ,a Ma TpHUbl Uk. BXO.IJ,JI

IliHe B paBeHeTBO lol, JaBHeJIT paUHOHaHbHO OT eneKTpanbHOrO 

napaMeTpa, a onepaTop a B JTOM paBeHeTBe JaMeHeH Ha onepa

Top 
"o 

D ~ ul11 d 11 • 
fl ~ 1 

r.IJ,e d
11 

- on epa Top .IJ.H4J4JepeHUHpoBaHHJI no npoeTpaHeTBeHHoii nepe-

MeHHOH X
11 

, a w
11 

- paUHOHanbHble filyHKUHH eneKTpanbHOro napa-

MeTpa, a ' 1. ,. .. a
0

• B 3TOM enyqae nopO)I(.IJ,aeMaJI eOOTHoWeHHeM 

/111 eHeTeMa ypaBHeHHH TaK)I(e HMeeT (k 0 , l)r 0 6eeKoHe'IHbiX 

eepu:H JaKOHOB eoxpaHeHHH. O.IJ,HaKo npe.IJ,eTaBneHHeM JlaKea nony

'leHHaH eHeTeMa ypaBHeHHH, no-BH.IJ,HMOMy, He o6na.IJ,aeT. Ilo.IJ,po6-

HOMY paeeMOTpeHHIO 3TOrO eny'laJI 6y.IJ,eT noeBHIUeHa OT.IJ,eHbHaH 

pa6oTa. 

6 

§1. OIIBPATOPbl 

11TaK, nyeTb <I> ~t¢ ~)~ , 11 ,tJ = 0, 1, ... , k O , - filyH.IJ,aMeHTanbHaH 

MaTpHUa peWeHHH ypaBHeHHH 

k
0 

+ 1 
(L - t; )¢ ~ 0 11.11 

e onepaTopoM L BH.IJ.a 161. IlonO)I(HM 

F = <I>C<I> - 1 11.21 

r.IJ,e MaTpHUa C He JaBHeHT OT X. B eHny 161 enpaBe.IJ,nHBO paBeH-

eTBO 

aF 
a-Y.- + [U, FJ = [r, F], 11.3/ 

r.IJ,e 

u I 0 o u, .. ~ 0 J 0 . E~~: " .. I. f' "-

(t;Ao)ko+1 

11.41 

IlyeTb Tenepb Iftv - Ma Tpuua nopH.IJ,Ka r 0 • o6pa3oBaHHaH 

JneMeHTaMH MaTpHUbl F. eTOHiliHMH Ha nepeee'leHHH eTpOK e HO

MepaMH 
11 

r 
0 

+ 1 .... , (11 + l)r 
0 

H eTon6uoB e HOMepaMH v r 0+ l, ... ,(v~ l)r 0 , 

11•1' 'O,l, ... ,k0 . IlyeTb .IJ,anee, 

ko 

A , ~ F Ok J k 
k=O 

/1.5/ 

C noMOillblO I 1.21 HeTPY.IJ.HO y6e.IJ.HTbeH, 'ITO onepaTop A nepe

BO.IJ,HT n1060e peweHHe ypaBHeHHJI ll.ll B HeKOTOpoe peWeHHe 3TOrO 

)l(e ypaBHeHHJl. Cne.IJ.oBaTenLHO, eyweeTByeT onepaTop A*, TaKoii:, 

'ITO HMeeT MeeTO paBeHeTBO 

k " 1 k r 

(L- t; 0 )A~ A*(L- ' 
0 

). 
11.61 

Haii:.IJ,eM HBHOe Bblpa)l(eHHe .IJ,nH on epa Topa A"'. C JTOB uenbiO 

paeeMoTpHM onepaTOpbl 
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D 
J1 

ko 
~ F k 

k=o JLk a JL = 0,1, ..• , k
0

• 

Cornacuo paaeHcTay 11.31 rrpB Jl- 0,1, .. ,k
0
-1 HMeeM 

k 0 • 1 k 0 " 1 
aDJL -~ DJL ~ 1 , FJLkoA 0 (L- <; ), 

a rrpB Jl = k 0 

ko k 0 ' 1 k 0 ' 1 k 
0 

1 
aok '"- k ukDk + Fk k A 0 (L- <; ) · \<;A

0
) DD 

o k=O o o 

0TCIO.L\a cne.nyeT, 'ITO rrpu k 1 ..... k 0 cnpase.nnBso paseHCTBo 

k k- 1 k - "- 1 ko ' 1 k 0 · 1 
a A = o k , K ~ o a F K k o A o (L - <: l. 

a rrpH k •· k {l + 1 - paBeHCTBO 

k 0 + 1 ko ko k 0 - k k 
0 

+ 1 k 
0 

+ 1 
a A-=- ~ uk Dk + ~ a F kk A 

0 
(L- <; ) ,. 

k=O k=O o 

k
0 

+ 1 
+ (<;A0 ) D

0 
• 

C y'leToM 3TBX paseucTB nonyqaeM, 'ITO Y.llOBneTBOPHIOUUfH ycnoBBIO 

/1.61 onepaTop A* BMeeT su.n 

-(ko+l) ko ko-k ko k-1 k-K-1 kot 1 

A*= A 0 ( ~ a Fkk + ~ uk ~ a F K k )A 0 /1.7/ 
k=O 0 k=1 K=O 0 

H3 paaeHCTBa /1.6/ cne,llyeT, 'ITO orrepaTophi Au B 

Y.L\OBJieTBOpHIOT COOTHOWeHBIO 

[A, L] = B(L-<;ko+ 1 ), 

A -A* 

T.e. HBJIHIOTCH peweHHeM cTauuoHapHoro ypasHeHHH /111. Bo3HH-

KaeT ecTeCTBeHHaH. MbiCJib IIOCTPOBTb aCHMIITOTH'IeCKOe paJnO)I(eHHe 

MaTpBUbl F IIO OTpuuaTeJibHbiM CTerreHJIM rrapaMeTpa t; H C rro

MOll(biO K034MlJuuueBTOB 3Toro pa3JIO)I(eHHH onpe.nenBTb on epa TOphi 

(! H :J) BH).\a 18/ H /121 IIOCpe}.\CTBOM paBeHCTB TBIIa /1.51 B 11.7/. 
3TOT IIYTb IIpBBO).\BT K ycrrexy B CJiyqae k0 =0, KaK 3TO 6biJIO rro

Ka3aHO a pa6oTe /12/. O,nuaxo npu k 0 > 0 nony'IHTb acuMrrTOTB

qecxoe pa3JIO)I(eHHe .1.\JIJI MaTpBUbl F He y.naeTCJI. il03TOMy Mbl 

IIOCTpOHM C IIOMOll(biO MaTpHUbl F HeKOTOpbiH pH,n IIO OTPBUaTeJib

HbiM CTerreHJJ.M rrapaMeTpa <;. Cl»opManbHO 3TOT PJJ.Jl 6y.neT YJlOB

JieTaopHTb paaeHCTBY 11.31. Ko34MlJBUBeHTbl 3Toro pJJ.)la 6y,nyT 

YJlOBJieTBOpJITb HCKOTOpbiM COOTHOWCHHJIM, BblTeKaiOll(BM H3 pa-

8 

seucTBa I 1. 31. Orrpe.neneHHble c rroMOll(biO 3THX K034MlJuuueHTOB 

OIIepaTOpbl (f H T, .na.nyT cornaCHO COOTHOWeHHIO 1111 HHTepeCyiO

ll(He HaC ypaBHeHHJI 1141. ,l].OCTHraeTCJI 3TO cneJ.\YIOll(HM o6pa30M. 

§2. (])OPMAJibHblE P.RAbl 
H PEKYPPEHTHblE COOTHOliiEHH.R 

llycTb 

E E E 

() 
<: ·"'o <: ,\ 1 (A ko 

12.11 

ko 
(( ,\0 ) 

ko 
(<;A 1) 

ko 
((A kJ 

r.ne 

2k 
Ak .\oexp(i-k~~--1 ). k 

Tor.na MaTpuua G g- 1 FO 

1. .. k 0 

B cuny I 1.31 y.noaneTaopHeT ypas-

HeHHIO 

JG 
[V, G]·· ([A. G\. 12.21 

(Jx 

r.ne v .· o- 1ue. a 

Ao 0 

A 
Al 

I 
12.31 

0 0 l\. k 
0 

llpu 3TOM cornacuo uepaseHCTBY 17 I ,nuaroHanbHble JneMeHTbl 

MaTpHUbl \ see pa3Hble. ,l].anee, B cuny paseHCTB 11.41 u 12.11 
HMeeM 

ko 
k 

V ~ ~ Vk( 
k"O 

ko 12.41 
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r~e 

vk - 1 -k - -A ou k 
ko + 1 k A /2.5/ 

a 

uk uk ... u k 

uk 
uk uk uk 

/2.6/ 

uk u k . . . uk 

fipe,IJ,TIOJIOlKHM Tenepb Ha BpCMJl, 'ITO B ypaBHeHHH /2.2/ MaTpH

ua V He JaBHCHT OT napaMeTpa (;, a A - ,IJ,BaroHaJibHaJI MaTpuua 

c pa3JIH'IHblMH 'IHCTO MHHMbiMH ,IJ,HaroHaJibHblMH JneMeHTaMH >..f.l , 

fl = 1. ... • (k 0 -t 1)r O · fipe,IJ,nOJIOlKHM ,IJ,anee, 'ITO 3JieMeHTbl MaTpBUbl 

V o6na,IJ,aJOT HenpepbiBHblMH npoH3BO,IJ,HbiMH no x n106oro nopJl,IJ,Ka, 

a llpH X •- "'- 3JieMCHTbl MaTpHUbl V CTpeMJITCJI K HYJIIO HaCTOJlbKO 

6blCTpO, 'ITO CXO,!I,HTCJI HHTerpaJI OT HOpMbl V Ha TIOJIYOCH (-oc, Qj , 
T.e. 

0 
{ iiV(x)lldx<oo. /2.7/ 

fiyCTb,HaKOHel(, 

ypaBHeHHJI 

t/1- t/J(x.(;)- «PYH,IJ,aMeHTaJibHaJl MaTpuua pewenuii: 

tPx t Vtfr~(ll.t/J, 
y,IJ,oaneTBOPJIJOll.laJl ycnoBHJO 

lim t/J(X, (;) exp (-(;A X) ~ E, 
X-"'~>-X 

a 0 0 - npoH3BOJibHaJl ,IJ,HaroHaJibHaJl MaTpHua c pa3JIH'IHblMH ,IJ,Haro

HaJibHblMH 3JieMeHTaMH, He 3aBHCJlll.IHMH OT X H (;. Tor,IJ,a H3 pe3yJib

TaTOB pa60Tbl '12 'CJie,IJ,yeT, 'ITO peWeHHe 

6 = tfJG0 t/f -- 1 /2.8/ 

ypaBHeHHJI /2.2/ ,!J,OTIYCKaeT aCHMTITOTH'IeCKOe llpH ( •±= pa3JIO· 

lKeHHe BH~a 

a - ~ 6 (; -m 
m=O 10 /2.9/ 

10 

r~e 0
0 

= 0
0

• a npu m,O MaTpHUhl G m y,IJ,oaneTBOPJIJOT pexyppeHT-

HOMY COOTHOWeHHIO 

ft ft aom-1 
[A G 1 - l V, G ] - ---- ------ '" 0. 

• m m- 1 ax /2.10/ 

fipH 3TOM 3JieMeHTbl MaTpHU Om JIH60 6y,IJ,yT paBHbl HyJIIO, JIH60 

6y,IJ,yT KBa3HO,!J,HOpO,!I,HblMH nOJIHHOMaMH paHra ID OT 3JieMeHTOB MaT

pHUbl V H ee npOH3BO,IJ,HblX no x ,IJ,O (m- 1)- ro nopJl,IJ,Ka. KoJqxpH

UHeHTbl 3THX noJIHHOMOB, B CBOIO O'lepe,!l,b, 3aBHCJIT noJIHHOMHaJib" 

HftO OT BeJIH'IHH A
111

; '= (Af.l- \)- 1
c f.1 =f v. 3TO 3Ha'IHT, 'ITO MaTpHUbl 

Om onpe,IJ,eJieHbl B ,IJ,eHCTBHTeJibHOCTH npH JIJ06b1X KOMnJieKCHblX 

3Ha'leHHJIX BeJIH'IHH Af.lV , f.11' v, H y,IJ,OBJieTBOpJIIOT npH 3TOM COOT" 

HOWeHHIO /2.10/. TaKHM o6pa30M, COOTHOWeHHe /2.10/ HMeeT 

peWeHHe, JIBJIJIJOll.leeCJI nOJIHHOMOM OT 3JieMeHTOB MaTpHUbl V H ee 

npOH3BO,!I,HblX no X H B CJiyqae, KOr,IJ,a MaTpHUa /\. HMeeT BH,!I, 

/2.3/, T.e. B HHTepeCyJOll.leM HaC CJiyqae. fipH 3TOM JICHO, 'ITO yc

JIOBHe /2.7 I ylKe He JIBJIJleTCJI Heo6xo,IJ,HMblM ,IJ,JIJI pa3pewHMOCTH 

COOTHOWeHHJI /2.10/, TIOCKOJlbKY 3TO COOTHOWeHHe JIOKaJibHOe. 

llpe,IJ,TIOJIOlKHM Tenepb, 'ITO BXO,IJ,Jill.laJl B COO,!HOWeHBe /2.10/ 
MaTpHUa V HMeeT BH,!I, /2.4/. Tor,IJ,a MaTpHUbl 0 111 TaKlKe 6y,IJ,yT 

3aBHCeTb TIOJIHHOMHaJibHO OT napaMeTpa (; - 1 , T. e. cnpaBe,IJ,JIHBO 

paBeHCTBO 

mko k- mk 0 

G = 2 Gmk (; 
m k= 0 

/2.11/ 

llpH JTOM MaTpHUhl G 
1

k npH k = Q,l, ... ,k 0 y,IJ,oBJieTaopJIIOT cooT-

HoweHHJO 

lA. G 1 k j - [V k , G 0 ] ~ 0. 

a npH nJ > 1 MaTpHUbl 0 mk y,IJ,OBJieTBOpJIIOT COOTHOWeHHIO 

k 

[A,Gmk]- }.; [Vr• 0 m-1 k-KJ=O, 
K= 0 ' ' 

eCJIH Q .::_ k < "o , H COOTHOWeHHIO 

ko a 
[A, Gmkl- 2 [V K • Gm-1 k-Kl- -a-- 0 m-1 k-k =O, 

K=O ' X ' o 

ecnu k < k < mk . C TIOMOll.lbiO 3THX ypaBHeHHB HeTpy,!I,HO y6e-
o- - o 

,!I,BTbCJl, 'ITO MaTpHUbl 

G m 

m + k0 
rn - [-----] 
2 of.l,(k +1)f.1- rn. flm- ko+1 

fl=f.lrn ° 
/2.12/ 

11 



llpH 1.::: !II.::: k O y~osneTBOp.IIJOT paseHCTBy 

ko l!G m- 1 
[A G j - ~ [V , G J- ------ --_ 0, 

' m k 1 11 m- k ,," fl- 1 ,, x f1 -. 0 -- tTl - J 

/2.13/ 

a rrpH m k 0 - paseHCTBy 

ko IG 
[A. G ] - ~ [V , G j - _c __ n~-::. 1 . o. 

m f1 _, O 11 rn - k 0 - fL- 1 (I X /2.13 1
; 

OTero¥ cne~yeT, 'ITO nony'leHHbiH Ta:KHM o6paJoM $opManbHbJH pJl~ 
·-m 

G - ~ G ( y~osneTsopJleT ypasHeHHJO /2.2/. m=u m 
IlonmKHM Tenepb 

F 
Ill 

OG 8- 1 
Ill 

B CHny paseHcTsa /2.11 HMeeM 

ko 

Fm 
k 

~ Frnk( • 
k=-k

0 

r~e F mk OT ( He JaBHCJlT . .LJ.anee, rronO)I(HM 

m ~ k 0 

~ 
l F e cnH m > k , 

J1 =m- k 0 Jl, 1'- - m ' 0 

F m = m+ k
0 

l F _ , ecnH - k0 < m < k
0

. 
11 ~ 0 fl-• 11 m - -

/2.14/ 

/2.15/ 

/2.161 

1 
C rroMOIUbJO paseHCTB /2.13/ H 12.13 I HeTpy~Ho y6e~HTbC.II, 'ITo 

onpe~eneHHble Ta:KHM o6pa30M MaTPHUbl F m rrpH -k
0

:.,; m :=: 0 y~os-

neTBOpJlJOT COOTHOWeHHIO 

[r 1 • F m J -~ 0, 12.17/ 

a llpH !II.· 0 -- COOTHOWeHHIO 

[r1.Fm],[f'O,Fm-k -1]-[U,Fm-k -1]--aa_-Fm-k --1=0, /2.18/ 
o o X o 

r~e MaTpHua r 0 pasHa 3Ha'leHHIO TIPH '=0 MaTpHUbl f'. onpe~e
neHHOH C TIOMOIUblO paseHCTBa 11.41, a f' 1=<f'-f'0 )(-(ko+l). 0T

CJO~a cne~yeT, 'ITO nony'leHHblii Ta:KHM o6pa30M $opManbHblii pJl~ 
" m 

F - l Fm(. y~osneTsopJleT ypasHeHHJO /1.3/. 
m ·-k 0 

12 

§3. Bh/BOA YPABHEHHH /14/ 

IlycTb F m,
11

v H G m,fll/ - MaTpHUbl rropJl~:Ka r 0 • o6paJosaH-

Hble COOTBeTCTBeHHO 3neMeHTaMH MaTpHU F m H G m, CTOJliUHMH 

Ha nepeCe'leHHH CTpO:K C HOMepaMH f1 r0 ,. 1,. · ·, (Jl + l)r O H CTOn6-

UOB c HoMepaMH ,.r 0 .. 1, ... ,\vcl)r 0 , 11.v-·O,l, ... ,k 0 . Crro

MOIUbJO ypasHeHHH /2.14/-/2.16/ HeTpy~HO y6e~HTbCJl, 'ITO llpH 

m • 1'- ,, ..:: 0 Cllpase~nHBO paBeHCTBO 

k o J1 -v 
F m,pL' = a.l- 0 Aa GmTI1-ll,a{:3 A {:3' /3.1/ 

a npH m + J1 - tJ < 0 -paseHCTBO 

F m.fl' -0. 
13.21 

IlyCTb, ~anee, "l · .... c(ko+ l)r 0 

MaTpHUbiG
0

, IlonO)I(HM 

- ~HaroHanbHble JneMeHTbl 

Ck -diag(ckro+l , ... , c(k+1Jro ),k=O,l, .... ko. 13.31 

Ilo aHanorHH c I 1. 51 H I 1. 7 I onpe~enHM on epa TOphi 

ko k 

Am l Fm Ok a 
k = 0 • 

k k -(k
0

+1) o k
0
-k o k-1 k-K-1 k 0 +1 

A* = A ( l a F + l u l a F )A 
m 0 k= 

0 
m,kk0 k= 1 k K=O m,Kk 0 0 

13.41 

C llOMOIUblO 13.11-13.31 HeTpy~HO y6e~HTbCJl, 'ITO TipH -k0 ::_m::_-1 

cnpase~nHBO paseHCTBO 

Am= A*m= 0, 

a npH m~o HMeeM 

ko 

A0 =A~ = l ck 
k= 0 

13.51 

13.61 

13 



IloKa)!(eM Terrepb, 'ITO rrpu m · 0 

A -A* -LA -A* L. 
m m m- k

0
- 1 m- k 

0
- 1 /3.7/ 

C 3TOH l{CJibiO paCCMOTpHM orrepaTOpbl 
ko 

D ,. F - k -- 0 1 k 
m " ~ - m uk d ' ll - ' ' •·• ' 0 • •r k~O •r 

B CHJIY COOTHOUICHHH /2.18/ IIpH J1 = 0,1, .. , k
0
-1 HMCCM 

aom,Jl Dmo/1+ 1 
• F ko+ 1 

m,llkn i\ 0 L - F Ill T k 0-+ 1 ·ll k 0 

a rrpu J1 - k 0 

ko k
0

i 

rJD --l.uD ·F i\ 
m,k 0 k 

0 
k m,k m,k 0~ 0 

L -

k 0 + 1 ko" 
-- F A 

m•k
0
H,k

0
k

0 
0 /1. 0 Dm+k

0
-+ 1,0 

k 0 + 1 

A o 

0TCIO.D.a CJIC.II.YCT, 'ITO IIpH k 1. .. , k
0 CIIpaBC.II.JlHBO paBCHCTBO 

() kA 
Ill Dm,k 

k-- 1 k- K- 1 F 
, ~ rJ lll,Kko 
" 0 

k () t 

,\ 0 

k 1 k 0. ~ k-~.;-1 \ _ ~ a F m -+ k o , 1 ·" k o - o 
"' () 

L -

a rrpu It -,- k 0+ 1-- paaeHcTBO 

k
0 

+ 1 ko ko k
0

- k k
0

' 

a A -- }; u D + 1 r! F A 
m k-o k m,k k=O m,kk 0 o 

ko k - k k ' 1 k • 

L -

k= 0 

._.o., \o ,o 
""'a rm+k +l,kk 1 0 +ao 

() 0 om+ ko-+ 1,0 

113 3THX paBeHCTB CJIC.II.YCT, 'ITO IIpH m -k 
0 

LA -A - A"' L - A* m m+k
0

-11 m m+k
0

T1' 

T.e. COOTHOUICHHe /3.7/ crrpaBC.D.JIHBO IIpH J11060M m :· 0. 

B CHJIY /3.5/ H3 COOTHOUieHHH/3.7/ CJIC.II.YCT, 'lTOIIpH 

HMeeM Am ~ Ai;1 • 

14 

1" m < k - - 0 

) 

l 

0TCIO.D.a B CHJIY /3.1/-/3.4/ IIOJiy'laCM, 'ITO IIpH 1 _:: m _:: k
0 

ko 
-m Ill 

}; Ck A k iJ ' am. 
k 0 

Am A'm /3.8/ 

r.11.e orrepaTop "m HMeeT IIOPH.D.OK m- 1. HaKoHel{, cornacuo 

pe3yJibTaTaM §2 c y'leToM paaeHCTB /3.1/ u /3.4/ rronyqaeM, 'ITO 

II pH U O U 1 ... -- U ko -:0 HMCIOT MCCTO paBeHCTBa 

! 
ko -m Ill 

~ CkAk a CCJIH o:.::rn_::k 0 , 

A '"A* 
k- 0 

Ill Ill 

0, CCJIH m / k
0

. 

/3.9/ 

IlOJIO)!(HM Terrepb 

" (f -- ('f '\' A n-m 
ll,K - - K + (k 1 1 )m 'I 

Ill c 0 0 -

n 
n-m 'J~ 'J~ 2. (A A" )'7 

' n,A 
Ill 0 K+-(k

0
•1)rn K" (k 0 ' 1) m 

/3.10/ 

I'.II.C 0 ~.; _;_ k O H II _ 0 llO.D.CTaBHM Terrepb 3TH paBeHCTBa B COOT-

HOUICHHC I II/. C y'leToM /3.6/-/3.8/ rronyqaeM 

aL 
rlt 

A -A" 
A"(k 0 1)(n+1) K'(k0 •-1)(ni1)' /3.11/ 

B JICBOH H rrpaBOH 'laCTHX paBeHCTBa /3.11/ CTOHT OIIepaTOpbi O.II.HOro 

H TOro )!(C IIOpH.D.Ka k () · IlpupaBHHBaH MC)!(.II.Y C060H K03dxiJHJ..{HCHTbl 

3THX orreparopoB, Mbl IIOJIY'IHM B pe3yJibTaTe CHCTCMy ypaBHCHHH 

BH.D.a I 14/. Ilo rroBO.II.Y rronyqeuuoii cucTeMbl ueo6xo.D.HMO 3aMeTHTb 

CJIC.II.YIOIJ..{ee. B CHJIY paBeHCTB /3.4/ OIIepaTOpbl A H A* HMCIOT 
nt n1 

BH.II. 

ko 
A=F ka ·A m rn ,0 0 m 

-(k 0 •1) k 0 +1 k 0 
A% - .\ 

0 
F Ok A 

0 
a -+ A* m m, · 0 m 

r.11.e Am u A~ - orrepaTopbi rropH.D.Ka k 0 -1 Cne.D.oBaTeJibHO, O.D.Ho 

H3 ypaBHCHHH CHCTCMbl /14/ HMCCT BH.II. 
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k 0 +1 

uko [A 0 'FK+(k
0
+1)(n+l),Ok

0
], 

'ITO HaXO,li.HTCJI B IIOJIHOM COOTBeTCTBHH CO C,lleJiaHHbiM paHee npe,ll

llOJIO:lKeHHeM o paaeHCTBe HYJIIO ,llHaroHaJibHbiX JneMeHTOB MaTpHUbl 

U ko. ,lJ;anee, HeTpy,llHO ,li.OKaJaTb HH.llYKUHeH no n. 'ITO 

A*K i (k
0 

"l)(n+ 1)-AK t (k 
0

+ 1)(n • 1) ·~ [P n,K' L). /3.12/ 

r.11.e 

p 
n,K 

n 
= l A L n-m 

m=O K +(k0 t 1\m 
/3.13/ 

HJ paaeHCTBa /3.12/ cne,ll.yeT, 'ITO ypaaHeHHe /3.11/ o6na,llaeT 

npe,llcTaaneHHeM Jlaxca, npH'IeM cornacHo paaeHCTBaM /3.10/ 

H /3.13/ onepaTop Pn,K O.IJ.HOJHa'IHO onpe,ll.en.ReTcJI. onepaTopoM 

(:f n, K H Hao6opoT. K JTOMY aonpocy Mbl elUe BepHeMc.R B §6 JTOH 

CTaTbH. 

§4. COOTHOHIEHH.R C BAPHA.l.{HOHHOH IIPOH3BO~HOH 

06paTHMCJI CHOBa K llO!_IY'IeHHOMY~ paHee peweHHIO Ci Ill COOTHO-

WeHHJI /2.10/ H nonO:lKHM H m Sp (A G m) Tor,lla cor nacHo peJynb-

TaTaM pa60Tbl/12/ cnpaBe,llJIHBO paBeHCTBO 

oHm+ 
----z--- · - m G m ~ 0. 

av /4.1/ 

112 I 

B pa6oTe' · JTO paaeHCTBO ,llOKaJaHo B npe,ll.nono:lKeHHH, 'ITO Jne-

MeHTbl MaTpHUbl V He JaBHCJIT OT napaMeTpa ( H Y.llOBJieTBOp.RIOT 

ycnoBHIO /2.7/, a .IJ.HaroHaJibHble JJieMeHTbl i\.
11 

MaTpHUbl A paJHble 

H Jie:lKaT B KOMIIJieKCHOH llJIOCKOCTH i1. Ha O,llHOH np.RMOH. 0,llHaKO 

JICHO, 'ITO ,llJIJI cnpaBe,llJIHBOCTH paaeHCTBa /4.1/ ycnoaHe /2.7/ 

He JIBJI.ReTCJI He06XO,llHMbiM. ,lJ;anee, JICHO, 'ITO H3 cnpaBe,llJIHBOCTH 

/4.1/ B CJiy'lae, KOr,lla il./1 Jie:lKaT Ha O,li.HOH np.RMOH, CJie,llyeT 

cnpaBe,llJIHBOCTb 3TOrO paBeHCTBa llpH JII06biX 1\.ll t- i\. 1/ llpH f1 (, v • 

IlOCMOTpHM Tenepb, 'ITO ,llaeT /4.1/ B CJiyqae, KOr,lla MaTpHUa 

V HMeeT BH,ll /2.4/. HeTpy,llHO BH,lleTb, 'ITO HJ/4.1/ CJie,llyeT pa

BeHCTBO 

16 

J 
\ 

oHm· 

svk 

k -· k 0 
m ( G m - 0. 

CornacHo /2.11/ rrono:lKHM 

mk 0 k~ mko 

l H mk( 
k 0 

H 
Ill r,lle Hmk·Rp(\Gmk). 

OTCIO,lla cor nacHo /4.2/ cne,!l,yeT, 'ITO 

8H·~~~-l_,f< ___ ~ ~ mGm,K-k, ecnH 0::0K-k_:;mk 0, 

8 V k ~ Q, eCJIH K < k HJIH K > mk O f- k. 

IloJIO:lKHM Terrepb ,!I,JIJI m k 0 

__ 1___ m t k 0 

11
_ 1 H11,(k 

0
+1)/1- m' 11m~ [-k---~-1-]. 

0 

m 
l 

f1 = /Lm 
m 

C y'leTOM paBeHCTB /2.12/ H /4.4/ OTCIO.IJ.a CJie,!l,yeT, 'ITO 

arm 
-...,.,-
b v k 

Gm-•k-ko-1 

/4.2/ 

/4.3/ 

/4.4/ 

/4.5/ 

/4.6/ 

IlyCTb Tenepb V k,IH - MaTpHUa IIOp.R,!I,Ka l' O, o6pa30BaHHa.R 

JJieMeHTaMH MaTpHUbl Vk, CTOJIIUHMH Ha nepece'leHHH CTpOK C HO

MepaMH f1 r O - 1, ... . (f1, l)r O H CTOJI6UOB C HOMepaMH r•r o' 1. .. ,(, 'l)r O • 

B cHny paaeHCTBa /4.6/ HMeeM 

arm 
·- G •· ,.... mtk-h 0 --l,jH' 

0 v k, l'fl 

.D;anee, cornacHo /2.5/ H /2.6/ rronyqaeM 

1 -ku k 
V k, f1V k--~--1- A i1 uk ,\ ,, 

0 
0TCIO,!I,a Ha OCHOBaHHH paBeHCTBa /4.7/ CJie,ll.yeT, 'ITO 

81 Ill ko 

"' k k ~ A G . -·k 
0 i- 1 f1,V = 0 f1 m -r k- k _ 1 \ o 0 'jll/ 

1 v 
8u k 

T.e. cornacHo /3.1/ HMeeM 

olm 

auk 
1 

F 
k

0
f-1 m-l,kk0 

/4.7/ 

/4.8/ 
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fiOJIO)KHM Tenepb ~JIB m ·· 2, ... , k O ' 1 

m 1 
Im 1 ------ H"·<k + 1)"- m 1 Sp(GoVk -m+ 1 ). 

11 ,. 2 11 - 1 r 0 r 0 
/4.9/ 

CornaCHO paBeHCTBY /4.4/ OTCIO~a CJie~yeT cnpaBe~JIHBOCTb COOT

HOWeHHB /4.6/ npH m ' k - k 
0 

- 1 _ 0. B npoTHBHOM cnyqae, T.e. 

npH m 1 k - k 0 - 1 <0. HMeeM 
oi 
__ [fl_ ~ o. 
.svk 

0TCIO~a Ha OCHOBaHHH paBeHCTB /3.1/ H /3.2/ ITOJiyqaeM, 'ITO pa-

BeHCTBO /4.8/ cnpaBe~JIHBO H ITpH nl ~ 2, ... • k0 + 1. 

lloJIO)KHM Tenepb 

dim 
T • r - 1, ... , (k 

0 
t 1) r 

0 
• 

mr (Jcr 
/4.10/ 

r~e c r - ~HaroHaJibHble JJieMeHTbi MaTpHI.(bi G 0 · B cuny /4.8/ 

npH JII06blx m 1 , r ~ 1. ... , (k 0 + 1)r 0 u k ~0.1. .... k 0 cnpaBe~-

JIHBO paBeHCTBO 

oTmr 1 

ou k k 0 + 1 

dF m- 1, kk
0 -- /4.11/ 

r)Cr 

B cuny Toro, 'ITO JJieMeHTbl MaTpHUbi G m npH m _.,o JaBHCBT 

JIHHeHHO OT ~HaroHaJibHbiX JJieMCHTOB MaTpHI.(bl G0 , npaBaB H JieBaB 

'laCTH paBeHCTBa /4.11/ OT Cr He JaBHCliT. 

§5. 3AKOHbl COXPAHEHH.R 

llOCMOTpHM Tenepb, KaK MeHBIOTCll CO BpeMeHeM BeJIH'IHHbl 

Tmr. ecnH JJieMeHTbl MaTpHI.( u k , k ~ 0,1, ... , ko, MeHBIOTCll 

CO BpeMeHeM COrJiaCHO ypaBHeHHIO /3.11/. llpH 3TOM pa~H y~o6-

CTBa B 3TOM naparpa4le 6y~eM C'IHTaTb, 'ITO HHJ{eKCbl K H n 

B /3.11/ TaKOBbl, 'ITO 1:;:K.:;k 0 + 1. a 112,-l. CornacHo/14/ 

HMeeM 

ko aT a8
fk 

---- ---) 
aii~l ax s ' 

aTmr =Sp( 1 ~ 
--- k= o s-o at 

s 
(S) a Uk 

r~e u k = ------,a cyMMHpoBaHHe no s pacrrpocTpaHBeTcB B ~eii-
ax8 

18 

CTBHTeJibHOCTH ~0 HeKOTOporo JaBHCBll(ero OT K H n 

npe~ena. lloJIO)KHM Tenepb 
KOHe'IH-oro 

nmr 
ko oT 

= Sp( 1 ---~ fk ). 
k=o ou k 

ko 
<X 

s-a-1 
S·- 1 z mr ~Sp( 1 

a f a 
1 1 (-1{ ________ __!{_ -~--

k=o s=1 a=o ax s-a-1 ax a 

/5.1/ 
aT mr 

------ ) . 
au-<s) 

k 

Tor~a CIIpaBe~JIHBO COOTHOWeHHe 

aTm, azmr 
nnn 

rJt ax 
)J.anee, HJ cpaBHeHHB paBeHCTB /14/ H /3.11/ cornacHo /3.4/ 
HMeeM 

k 0 + 1 

f k =A o F 
K -• ( k 

0 
' 1 )( n 4 1), 0 k 

ko-k /' k 
::S Ca __ _c ___ F A ot 1 

a= o k•a rlxa K" (k 0 + l)(n+ 1), k
0

- k-a, k
0 

0 

ko u-k-1 

::s ::s a aa ko+1 
C u -----F A 

acckt 1 a cO kta U()lif K+(k
0
+1)(n+1),a-k-a-t,k

0 
0 

/5.2/ 
npH'IeM npH k k 0 nocne~Hee cnaraeMoe B npaBoif qacTH JToro 

paBeHCTBa O'leBH~HO OTCYTCTByeT. CorJiaCHO /4.11/, /5.1/ H /5.2/ 
HMeeM 

n 
mr 

k i 1 k o a F m .::::..h..!<_l<_o. ) -
=-J.---Sp(Ao" 2 FK+(ko+1)(n+l),Ok ____ acr 

k 0 +1 k=o 

1 ko + 1 ~ 1 k o + 1 
- ----Sp(A n ) - ----Sp(A n * ) 

k o + 1 0 mr k o+ 1 0 mr ' 

/5.3/ 

r~e 

nmr 

ko ko-k aF 
1 2 c a -- m - 1 • k ko aa 

k +a -------- --- F 
k=O a=O acr axa K+(k 0 +l)(n+1),k 0 -k-a,k 0 
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nw 
mr 

k 0 -1 k 0 a-k-1 'l aF m-t,kk0 aa 
~ ~ ~ C . ------------u ---- F . · 

k=O a=k+l a=O k-ra acr a axa K+(ko~l)(n+l),a-k-a-t,ko 

)J,anee H3 COOTHOWeHHJI /2.18/ cne.nyeT, '"ITO IIpH k c0.1, ··· ,k 0 -l 
H a o· 1, ... , k 0 cnpaBe,llfiHBO paBeHCTBO 

aF aF aF m-l,k+l,a m-1,k,a-1 m-1,kk0 
---------- + ------- ua 

ac r acr ac r 

C y'"leTOM 3TOrO paBeHCTBa HMeeM 

k -1 aF m-l,Oa 
~ -- -----

a 
ax 

aFm-1,ka 

acr 

U* =-~-Y 
mr ax mr + ":' 0 ac r a--

F 
K-r(k

0
• 1)(n • l),ak

0 

ko aF m- 1, ~~~ 
~ --
k~1 acr 

k
0

- 1 k
0
-k-1 

F K-+(k
0

+ 1)(n+1),k0 -k,k 0 -

aF a • 1 

0. 

~ ~ 
a+ 1 m- l,kko (} 

C ----------- ------- F , 
k+a•1 " 0 a•1 Kt(k 0 ,1)(n-'-1),k0 -k--a-l,k 0 k=O a=O oCr uX 

r.ne 

k
0
-1 k 0 a-k-1 aF a 

y = ~ ~ ~ Ca ---~=1-'-~- _f}__ __ F 
mr k~OcFkq a~O kta acr a'R- Kl-(k0-1)(n~1),a-k-a-·1,k 0 

C ,llpyroii: CTOpOHhl, cnpaBe,llnHBO COOTHOilleHHe 

{i mr + ko aFm-l.kk~-F ~k +1)(nt1).~·k,ko ~ ------- K · ( o 
k ~ 0 ac r 

k 0- 1 

~ 
k= 0 

ku -k- 1 a+ 1 aFm l,kko 
~ C k + a + 1 -·--------

a ·c 0 acr 

a at 1 

-------F ~-t 1 K+(k l-t)(n+1) k -k-'U-1 k · ax« 0 • 0 ' 0 

Cne.noaaTenbHO, crrpaae.nnHao cooTHOWeHHe 

0 ,O* -(~-Y 
mr ·"mr ax mr 

ko 

~ F K- (k tl)(nrl),ak · 
0 0 

aF m-t.Oa 

a-c. 0 acr 

0TCIO,lla cornaCHO paBeHCTBY /5.3/ H!OleeM 
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r.ne 

nmr 

W mnr 

ko 

~ 
k~ 0 

__ _:: ___ w 
k

0
•1 mnr 

1 a ko+ 1 
---- --Sp(A y 
k 0 -r 1 ax 0 mr ). 

k 0 aFm-t,kk
0 k "1 ---------- -

=SplA o ~ FK+(k +1)(n+1),0k Jc 0 k o· 0 0 r 

F 
K + (k

0
-,-l)(n, l),kk 

0 

aFm-1,0k 

acr 

k 0 + 1 

Ao I. 

B03bMeM Terrepb COOTHOWeHHe /2.18/ B BH,lle 

[r, F ]+[r ,F I-
1 K+(k

0
i1)(n+1) 0 Kt(k

0
-+1)n 

[ J--LF =0 - U, FK-t-(ko-rt)n ax K+(ko+1)n 

aF m-· J 
H YMHO)KHM ero Ha------- ---. a pe3y.nbTaT CfiO)KHM C COOTHOWeHHeM 

aer 
aFm+ko aFm-1 JFm-1 a aFm-1 . rr1 ,------1 + rr o. -----1- ru. -----1---- -------- = o. 

acr acr acr ax acr 

YMHO)KeHHbiM Ha F K i (k 0 1 1 )II' B HTore nony'IHM, 'ITO 

aF~!-) + 
Sp({f' 1 ,F K + (k o+l)(n .,.t} -- ac r 

aFm+k 0 __ ?__ ~_:n- ~). 
+ Sp({f'1 '--a----1 Fl( +(k +l)n )-ax Sp(F K ~ (ko~ 1)n ac 

cr o r 

0TCIO,lla B CHny paBeHCTB 

l !_F m_-::_L). 
W =Sp([f'1,FK-r(k+l)(n+l) acr mnr o 

aFm+k 
wm+ ko+ l,n-1, r =-Sp([f'1' ---;;~--~-] F K+(ko+ 1)n) 

r 

Cne.nyeT peKyppeHTHOe COOTHOWeHHe 

w 
mnr -w - m+k

0
+l,n-1,r 

a F ~-=--!__). 
+ _E_ Sp(F K + (k ol-1)n --ac r ax 
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Pewa.ll 3TO pei<yppeHTHOe COOTHOWeHBe, llOJiyqaeM 

W =W + 
mnr m+ (k

0 
+ l)(n+l),-t,r 

a n aF ~ --Sp( l F m+(k +l)s-1 ax s=O K+(k
0
+1)(n-s) ____ Q _____ ), 

acr 

r.ne 

a 
W = Sp([f' F 1--- F ) 

m+(k
0
+1)(n+l),-l,r 1' K acl m+ (k 0+1)(n+l)-1' 

C yqeToM 12.171 HeTpy.nHo y6e.nHTbC.II B cnpaoe.nJIBBOCTH pa

oeHCTBa 

w a aF m~(k +1)(n+ 1)-1 r =---Sp(F ___ m+(ko+1)(n+1)-1 0 ' • ax K - k
0 
-1 ---------------- ). 

acr 

0TCIO,lla CJie,llyeT, 'ITO 

wmnr 

_a n+1 aFm+(k
0
+1)s-1 

--- Sp ( l F ---------------- ) ax s=O K+(ko+l)(n-s} acr .. 

Tai<HM o6pa30M, nonara.11 

1 n+l aF m+ <ko+ l)s- 1 

k-~-lSp( s;:o FK+(ko + 1)(n-&) ---;;~-
0 r 

xmr = 

1 k 0 + 1 
- ---- Sp (A Y ) + Z 

ko + 1 o mr mr 

Mbl 6e3 Tpy,lla y6e:lK,llaeMC.II B CnpaBe,llJIHBOCTH paBeHCTBa 

a 
-----T a< mr 

a 
----X ax mr 

) -

15.41 

r.ne T lllf H X mr - noJIHHOMbl OT JJieMeHTOB MaTpHU u k , 

k co 0,1, ... , k O , H HX npOH3BO,llHbiX no X. IlpH JTOM BeJIH'IHHbl 

X mr JaBHC.IIT .IIBHO eme H OT HH,llei<COB K H II ypaBHeHH.II 13.111, 

B TO BpeM.II I<ai< BeJIH'IHHbl 'I'mr OT HHX .IIBHO He 3aBHC.IIT. 3Ta Ja

BHCHMOCTb llO.IIBJI.IIeTC.II TOJlbi<O llOCJie llO,llCTaHOBI<H B T mr peWeHH.II 

ypaBHeHB.II 13.111. 3aMeTHM Tenepb, 'ITO eCJIH B 12.81 llOJIO:lKHTb 
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G 
0 

K TO nony'IHM G E Cne.nooaTeJibHO, cor nacHo 12.91 HMeeM 

om 0 npH m 0. 0TCIO,lla corJiaCHO paBeHCTBY 12.111 Gmk- 0 ' 

T.e. COrJiaCHO paBeHCTBaM 14.3/ H 14.51 HMeeM lrn -0 llpH m- k
0 

• 1. 

Iloci<OJlbi<Y B CHJIY 14.101 

(k 0 • 1 )r 0 

Irn 2 c r T rnr 
!' - 1 

15.51 

TO OTCIO,lla CJie,llyeT, 'ITO llpH m 
(k

0 
1)r0 

k O • 1 cnpaBe,llJIHBO paBeHCTBO 

2 Tmr 0. 
r 1 

)J,anee, cornacHo paoeHCTBaM 14.31 H 14.91 HMeeM Irn 

npH m 2 ... , k 0 1- 0TCIO,lla cor nacHo 15.51 npH m 

HMeeM paBeHCTBO 
(k 0 • 1)r0 

~ T mr - Sp V k - m · 1 
r- 1 o 

Sp V k 
0

- m. 1 
'> k ; 1 '" . () 

B CHJIY 12.51 H 12.61 npaoa.ll 'laCTb JTOrO COOTHOWeHH.II paBHa HYJIIO. 

§6. 0Ii]4EE PElllEHHE COOTHOlllEHH.Jl /11/ 

OnepaTopbi Cf
11

_K H 'gn". onpe.IJ.eneHHbie c noMOIUbiO paoeHCTB 

13.101, He .IIBJiliiOTCll caMbiM o6IUHM peweHHeM cooTHOWeHHll I 111. 
0.IJ.Hai<o c noMOIUhiO on epa Topos Am H A (;1, onpe.IJ.eJieHHbiX nocpe.IJ.

CTBOM paoeHCTB 13.4/, neri<o MO:lKeT 6bJTb HaH)l.eHO CaMoe 06IUee 

peweHHe cooTHoweHH.II I 111. l1MeHHo, Mhi noxa:lKeM, 'ITO HCI<OMbie 

OnepaTOpbi HMeiOT BH)l. 

II rn k 0 (k 0 ' 1)t 0 

u- (f l l l l y (11 ) _"_:__-~~-1_"_'!__:__'_1"_'~--~-'-- TJ 11- rn 
n 

Ill •0 fl· 0 KO r•c1 I acr 

n Ill k o (ko+ l)r o ( d dA K +- (k o+ ~-~_t:J _ __:-:___'.1)_ 
l l l l Y / ( ---------- -

m 0(1-0K=O r- 1 dCr 
16.11 :J) -- •g 

II 

dcr 

(fl) 
r)l.e y r - npoHJBOJihHble cPYHI<UHH t · IIonyqaeMoe c noMOIUhiO 

JTHX onepaTOpOB cornaCHO 1111 ypaBHeHHe HMeeT BH,ll 
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aL 
at 

n ko (ko+1)ro aA 
lli-0 K~O r~ 1 y~ll) (L _____ K_~~~_o_t_~~~~~) 

(Jcr 

a A *K + ~~-UQ_l_-::J~L L > - ------

acr 

16.21 

H JIBJIJleTCJI CaMbiM 06II.(HM 3BOJUO~HOHHbiM ypaBHeHHeM, ITOJiyqae

MhlM C ITOMOII.(biO COOTHOllleHHJI 1111. 
)J,eHCTBHTeJibHO, ITyCTb onepaTophl 

n ~, n-m 
(1 ' l Am 11 

lO -· 0 
H $ 

n ...... n -~ m 
l Brnr/ 

m -o 16.31 

Y.ll.OBneTBOplliOT 1111. llonmKHM Bm Am -A~n· Tor.D.a HJ cooTHO-

llleHHJI I 111 cne.D.yeT, T.JTO 

L' A 0 - A0 . 
21 llpH Ill 0.1. ... ,ll-1 CIIpaBe.D.JIHBO paBeHCTBO 

A
10

.,_ 1 -A~1 ,_ 1 -LAm A'rnL 0 16.41 

31 BhlTeKaiOmee HJ cooTHOllleHHJI I 111 3BOJIIO~HOHHoe ypasHeuue 

HMeeT BH.ll. 

aL ~ ~ 
----=LA -A* L at n n 

H, CJie.D.OBaTeJibHO, CIIpaBe.D.JIHBO paBeHCTBO 

LA 11 -A*11 L 

ko 

1 f3 a k 
k-- 0 k 

16.51 

IIpHT.JeM y MaTpH~hl {3k
0 

paBHhl HYJIIO 3JieMeHTbl, CTOJIII.(He Ha rnas

HOH .D.Harouanu. )J,oKaJaTeJibCTBO paseHCTB 16.11 npose.D.eM HH.D.yK

~ueii IIO n_ fipH 3TOM Mhl BOCIIOJibJyeMCJI CJie.D.YIOIUHM OT.JeBH.lJ.HbiM 

YTBep)l(.lJ.eHHeM, Bhl.D.eJieHHhlM pa.D.H Y.D.06CTBa B OT.D.eJibHYIO JieMMy. 

m rn+k 0 k 
JleMMa. EcJIH onepaTop A~ l a a11 

TaKOB, l.JTO[A.LJ= l {J...d' 
llpHT.JeM y MaTpH~hl flm cko paBH~t~/JIIO )J.HaroHaJibHble 3.TI~~0eHTbl, 
TO am- .lJ.HaroHaJibHall MaTpH~a C He JaBHCJIII.(HMH OT X .D.HaroHaJib" 

Hb!MH 3JieMeHTaMH. 

B CJiyT.Jae ll=O C ITOMOII.(biO 3TOH JieMMhl Mhl MO)I(eM COrJiaCHO 

paBeHCTBaM 13.61 H 13.81 IIO.D.06paTb BeJIHl.JHHbl y~O) TaK, l.JT06bi 

HMeJIO MeCTO paBeHCTBO 
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A ~A* 
0 0 

ko (kurlJro 

l 2. 
K ~ 0 r-- 1 

(0) [)AK 

y r -J~-r--

fipH 3TOM Mbi,KOHel.JHO ,BOCITOJibJOBaJIHCb paBeHCTBOM 16.51 npH Il ~ 0 

H cooTHOllleHHeM 13.7 I. 0TCIO.ll.a B cuny 16.31 cne.D.yeT cnpaBe.D.

JIHBOCTb 16.11 ITpH 11 0. 

llpe.D.ITOJIO)I(HM Tenepb, T.JTO paseHCTBO 16.11 cnpase.D.JIHBO npu 

acex 0.:._ n_:: n 0 . n0 _· 0 lloKa)l(eM, 'iTO Tor.D.a ouo cnpase.D.JIHBO 

H npH n- n 0 - 1 )J,eHCTBHTeJibHO, B CHny neMMhl HaH.D.YTCJI BeJIHl.JH· 

Hbl y (rO) TaKHe, l.JTO 

Ao A* 
0 

kuCko·1)ro 

l 2. 
K 0 r~ 1 (Jcr 

col aA y K 
r - a o . 

r.D.e a 0 - .D.HaroHanbHaJI MaTpu~a c .D.HaroHaJibHhlMH JneMeHTaMH, 

paBHbiMH HYJIIO B HeKOTOpOH TOT.JKe X ~ x
0 

fiOJIO)I(HM Tenepb .ll.JIJI 
I!lcl, ... ,n

0
,1 

A 
m 

~ 

A* 
m 

ko (ko- l)ro (JAK t·(k + l)m 
l "' y (O) ________ !! ______ + A 

..... r m- 1' 
K-0 r=1 dCr 

'b (k0 + 1)r0 

l l 
K=O r--1 

riA*K+(k
0

+ l)m 
y~O) --------------

dCr 

v* 
tAm- 1 ' 

16.6/ 

Tor.D.a HJ paseHCTBa 16.41 npH Ill~ 0 B CHJIY COOTHOllleHHJI 13.7/ ,, ,, 
ITOJiyT.JaeM, 'iTO A 0 A*0 • a MaTpH~a a 0 He JaBHCHT OT X H, Cne-

.ll.OBaTeJibHO, a 0 0. )J,anee, HJ paseHCTBa 16.41 cornacuo 13.71 
ITOJiyqaeM, l.JTO II pH Ill -_ 0. 1, .... nO - 1 cnpaBe.D.JIHBO COOTHOllleHHe 

v " v v 
A 

m+1 
- A* 

m tl 
-LA + A*L 

m m 
·- o. 

a HJ 16.51 COrJiaCH!> 13.71 CJie.D.yeT paBeHCTBO 

ko 

LA -A* L 
no no 

l k k~o(Jka , 

IIpHT.JeM Y MaTpH~hl f3ko paBHhl HYJIIO 3JieMeHThl, CTOJIII.(He Ha 

rnaBHOH .D.HaroHaJIH. TaKHM o6paJoM, c IIOMOIUbiO 3TOH pe.D.yK~HH 
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Mbl cnenu cnyqaii n=n
0

T 1 K cnyqaro c n -11
6 Cornacuo npe~-

llOJlO*eHHIO HH~YKUHH npH m=O,l, ... ,n0 
cnpase~JIHBbl paseHCTBa 

ko (k 0 + 1)r
0 aAK+ (k 

0 
+1)(m-l-!) m 

A = ~ ~ ~ 
(1-1 + 1) 

y r ------------
m r=O K=O r= 1 

acr 

v m ko (k 0 +1)r
0 aA* · 

A* = ~ ~ ~ 
(1-1 + 1) K+(k0 + 1)(m-r) 

Yr -------------------
m i-~=OK=O r= 1 

acr 

Pa~H y~o6CTBa B 3THX paBeHCTBaX BepXHHH HH~eKC y BeJIH'IHHbl 

y (1-1 C~BHHYT Ha e~HHHUy. 0TCIO~a COrJiaCHO /6.3/ H /6.6/ CJie· 
r 

~yeT cnpase~JIHBOCTh paneHCTB /6.1/ npu n-.n
0
d. TaJCHM o6-

paJoM, paBeHCTBa /6.1/ ~OKaJaHbl llOJIHOCTbiO. 

CucTeMa ypasueuuii /6.2/ o6na~aeT TeMu *e csoiicTnaMH, 

'ITO H CHCTeMa /3.11/. B 'laCTHOCTH, OHa 06Jia~aeT npe~cTaBJie

HHeM JlaJCCa H HMeeT (k O ! l)l' O 6eCKOHe'IHbiX cepHH JaKOHOB 

COXpaHeHHJI BH~a /5.4/. Jlpu 3TOM BeJIH'IHHbl 'I'mr ~JIJI CHCTeMbl 

/6.2/ onpe~eJIJIIOTCJI TaK *e, KaK H ~JIJI CHCTeMbl /3.11/, T.e. 

C llOMOll{hiO paBeHCTB /4.5/, /4.9/ H /4.10/. 

B JaKJIIO'IeHue OTMeTHM, 'ITO npu 1 - 1 cornacuo paseucTBaM 
0 

/3.9/ H /3.7/ npH m > 0 cnpaBe~JIHBO COOTHOUieHHe 

A (k 
0 

+ 1)m A~ko+ t)m 
= o. 
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