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XpHCTOB E.X. P5 - 11754 
0 paano*eHHHX no npOH3BeAeHHHM peweHBli ABYX 38Aaq 
lllrypMa-naysanns Ha nonyoca 

MeTOAOM KOHTypHO~O HHTe~pHpOB8HBH nonyqeaa ~OpMyna o6pameHHH 
AIIH paano*eHaA no npoaaseAeHBHM y 1{x,k)y 2{x,k) peweaaA Kpaes~x 
3aAaq 

y" + (k 2 - v (J:)) y = 0, y' (0) -a y (0) s 0 (0 < X < oo) , 
D D D D DD 

(1 + x) v n (x) ~L 1 (O,oo), lm vn = Ima n = 0 (n = 1,2). 

Pa6ora BbinOnHeHa B na6oparopHH Bb[qacnarenbHOA TeXHHKH 
B 8BTOM8TH38UHB OH.RH. 

flpenpaHT 06'loeliHHeHHo~o HHCTHTyTa MepHblX accneAosaaali. Dy6aa 1978 

Khristov E,Kh. P5 - 11754 

On Expansions over Products of Solutions of Two 
Sturme-Liouville Problems on Semi-Axis 

There are obtained inversion formulae for the expansion 
over products y 1(x,k) y 2 (x,k) of the solution of two eigenvalue 
problems 

y ·~ +(k
2

- v0 (x))y 0 =0, y~(O),- a0 y
0

(0) = 0, (0 <X <oo) 

with (1+x)Vn(x) ~L 1 (0,oo), lmv
0

=1ma
0

=0 (n •1,2). 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR, 

Preprint of the Joint lnsti tute for Nuclear Research. Dubna 1978 

© 1978 06'69/JJIB9HHblit BBCTilf'YT JIJl9pHbiJC llCCI19JlOBBHillt /ly6HB 
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B HaCTOJIII~eii pa6oTe MCTO,ZJ;OM I<OHTypuoro HHTerpH
poBaHHJI nonyqeua 4JopMyna o6pall.(eHHJI ,n;nJI pa3nolKeHHH no 
npoH3Be,n;eHHJIM y (x, k) y (x, k) peweuHii :Kpaeablx 3a-
,n;aq 1 2 

y" +(k 2-v (x))y =0 (O<X<oo), (n=1,2), n n n /1/ 

Y~ (O,k) -anyn(O,k) = 0 (' = d/dx), /2/ 

r,n;e 3,ZJ;CCL H B ,n;anLHCHWCM an - I<OHC'IHble, ,ZJ;CHCTBHTenL-
Hble 'IHcna /npH a n =oo I<paeaoe ycnoaHe /2/ 3aMeHJieT-
CJI Ha Yn(O,k) = 0 /, Vn (x) - ,ZJ;CHCTBHTenLHLie, H3MepH-
Mble 4JyHK~HH, y,n;oaneTBOpJIIOIJ.(He HepaBeHCTBY 

00 

f (1 + x) I v (x) I dx < oo , 
0 n 

/3/ 

YKa3aHHbiH MCTO,ZJ; B cnyqae V 1(x) ;;; ViX) npHMCHJinCJI 
I< auanorH'IHOii 3a,n;aqe ua KOHC'IHOM HHTepaane B pa6oTe 
liapcenoua/1/ ,a ua nonyocH - a /2/, Cne.n;yeT OTMCTHTL 
Tai<lKe, 'ITO aonpoc o nonuoTe npoH3Be.n;eHHii .ABYX 3a,n;aq 
illTypMa-JIHyBHnnJI Ha KOHC'IHOM HHTepaane B 061J.(eM cny
'lae V 1 iv 2 BnepBble 6bln paCCMOTpeH B I<naCCH'ICCKOH pa-
6oTe liepra /3/ 0 C,ZJ;HHCTBCHHOCTH COOTBCTCTBYIOIJ.(CH o6-
paTHOH 3a,ZJ;a'IH. rcqepnbiBaiOIJ.(HH OTBCT 3,1J;CCL nony'leH 
JleBHTaHOM / 4•5 /rn. 4/ Ha OCHOBe pa3BHTOH HM TCOpHH 
onepaTopoa o6o61J.(euuoro c,n;aHra. Ha nonyocH npH v1 = v2, 
a 1 =a 2 = oo ueKOTOpble 4JopMynw o6pall.(eHHJI ,n;nJI p~3JIOlKe
HHH no y2(x, k) 6blnH uaii,AeHbl Hoc ToM H KoHoM 641 
P.HLIOTOHOM/?/ /rn. 20/ C nOMOIJ.(LIO H3BeCTHOrO ypaBHe
HHJI renL4Jau,Aa-JieaHTaua a o6paTuoii 3a,n;aqe cne:KTpanL
uoro auanH3a. Huoii no.n;xo.n; K 3TOMY cny'laiO npe.n;nolKeH 
B /2/, 
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0CHOBHbiM pe3yllbTaTOM 3TOH pa60Tbl JIBITJieTCJI ~OKa· 
3aHHaJI B §2 TeopeMa 1. §1 HMeeT BCDOMOraTellbHbiH xa
paKTep. B §3 npuue~eHbl ueKOTOpble npuno)KeHHJI Teope~ 
Mbl 1 B o6paTuoB: 3a~aqe pacceJIHHJI ( o,a,p.) ~nJI KpaeuoB: 
Ja~aqu /1/, /2/. 

§1. 0603Ha'IHM qepe 3 tjJ 
0 

(x, k) H f 
0 

(x, k) (n = 1,2) 
peweuHJI ypauueuuB: I 1/, onpe~enJieMble cooTBeTcTueuuo 
YCITOBHJIMH: 

tjJ (O,k)=1, t/J'(O,k)=a , 
n n n 

/1.1/ 

lim f (x,k) exp (-ikx) = 1 (Im k > 0) , 
n - /1.2/ 

X -+<X> 

H nyCTb 

e 0 (k) =f~(O,k) -a 0 fn(O,k) =W(t/Jn,fn) =t/Jnf'n-t/J~fn-/1.3/ 

xapaKTepHCTH'IecKaJI llJyuK~HJI KpaeuoB: Ja~atllf I 1/, /2/. 
Xopowo H3BecTuo *, 'ITO npH mo6oM x > 0 tjJ (x,k) H 

- n 
tjJ ~ (x, k) eCTb ~enble 'leTHbie llJyuK~HH oT k, a f n (x,k) , 
f' n(x,k) H en (k) - perynJipHble npu Imk > 0 uenpe

pbiBHble BDITOTb ~0 Bell\eCTBeHHOH OCH llJyHK~HH. C HeKOTO· 
poD: nocToJiuuoB: C /ue JaBHCJill\eH OT x H k I cnpaue~nu
Bbi O~eHKH 

If (x,k) I < C exp (-r x) , k = K + i r, r > 0 , 
n -

/1.4/ 

lt/J (x,k)l < C(1+X) exp(rx), lkt/J (x,k)I<C(1+Ikl)exp(rx) 
n - n -

/1.5/ 

H pauuoMepuo no 0 ;s. x < oo npu I k I ... oo (Im k ~ 0) 
Cyll\eCTBYJOT aCHMDTOTHKH 

* ,l].oKa3a TellbCTBO nepe'IHCITeHHbiX 3~eCb llJaKTOB 
BMecTe C HCDOllb3yeMbiMH ~anee 6e3

1 
CfbinOK CBOHCTBaMH 

llJyHK~HH t/J, f H e HMeeTCJI B t8 /rn. 3/. 
n n n 

4 

... 

ikx 1 -rx ) , . ikx -rx f(x,k)=e +0(-e ,f (x,k)=Ike +O(e ), 
n k n 

/1.6/ 

1 rx , rx 
tjJ (x,k) = coskx+O(-e ) , tjJ (x,k) =-k coskx +O(e ). 

n k n 

/1.7/ 

<l»yHK~HJI e 0 (k) HMeeT npH lmk>O KOHe'IHOe 'IHCITO 
u • k (n) . (n) ( (n) 0) . 1 N npoCTbiXuyneu. j =IT j , r j > , J = , ••• , 

0
, 

npH'IeM H3 /1.3/ cne~yeT, 'ITO 

(n) (n) (n) 
f 0 (x,k j ) =f

0
(0,k j )t/1

0 
(x,k j ). 

llpu ue~eCTBeHHbiX k * 0 e (k) I 0 H 
n 

/1.8/ 

-1 
tjJ (x,k)=-(2ik) [f (x,k)e (-k)-f(x,-k)e (k)]./1.9/ n n n n n 

llpu k=O B03MO)KeH cnyqaii: en (0) = 0. 
uyeT 

Tor~a cy~ecT-

lim k -
1 

e (k} = e ( 0) I= 0 (k ... 0 , Im k > 0) 
n n -

/1.10/ 

H 

f (x, O) = f (0 ,0} tjJ (x,O) . 
n n n 

/1.11/ 

§2. llycTb Tenepb E (k) = e
1 

(k) e 
2 

(k) , 

'l'(x,k) =t/1 1 (x,k)tjJ 2 (x,k), .F(x,k) =f
1
(x,k)f

2
(x,k). 

0603Ha'IHM qepe3 f'PJ CHCTeMy llJyHK~Hi 

• a 
'P(x,k) ,(k~(O,oo)ua), 'I' .(X)=--'I'(x,k)l 

J ak k=k. 
J 

. N 

(k .~'), 
J 

/2.1/ 

r~e a_=a1 v u 2 , an 
pe3 ('I'J CHCTeMy 

= lk (?)! n 
J j = 1 ' a'= a 1 n a 2 , a qe-
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'P(x, k) - 1/2, (k t;;; (0, oo) u a), 'I'. (x) (k . t;;; a'). 
J J 

/2.2/ 

,lJ;anee nOCTpOHM I}JyHKUHH {cflj CJieJJ.YIOIUBM o6pa30M: 
npH aemecTBeHHLIX k t;;; (0, oo) nonmKHM 

-1 
cfl(x,k) = -(4/") k Imi.F(x,k)E (k) I; 

k 
(n) r , , 

npH . ._. a = a \ a nOJIO)I(HM 
J 

¢(~\x) =a <_n) F(x, k (~) ) , a(~)= 4k <.n>£ - 1 (k ~n)) 
J J J J J J 

H Ka)I()].OMY k .J;.a' conocTaBHM napy I}JyHKUHH 
J . 

/2.3/ 

/2.4/ 

ell. 
1
(x) = b. (F(x, k . ) + d . F(x ,k.)) , ell . 

2 
(x) =b. F(x ,k j) , 

J, J J J J J, J 

/2.5/ 

rJJ.e 
•• 1 1 • •• •• 

b j = 8kj E- (k j) , d j = k j - E ( k j )(3E(k j)) -
1 

B cnyqae e
1 

(0) =e
2
(0) = 0 BBeJJ.eM eJ:Ue 

.. 
ell 

0 
(x) = a

0
.F(x, 0) , a 

0 
= lim 2k2E -1 (k) . 

k-+0 
/2.3/ 

3 aM e q a H He. llCXO)].JI H3 TO)I(J].eCTBa 

W(y
1
y

2
,z

1 
z

2
) =(k~-k~)- 1 :x(W(y1,z 1)W(y2 ,z2)), /2.6/ 

r)].e y n = y n (x, k~, z n = z 0 (x,k ~ - peweHHJI ypaBHeHHH 
/1/ npH k = k 

1
,k 2 , HeTpy)].HO npoaepHTb C nOMOJ:UbiO 

CXO)].HOH c_npHBe)].eHHOH B /9/ BbiKJia)].KH, qTO CHCTeMLI 
l}lyHKUBB 1'1' I H lei> I 6uopToroHaJJbHbi OTHOCHTeJJbHO 
OTBeqaJOJ:Uero 6HJIHHeBHOB I}JopMe [ lp , ¢] = f W (x) ~ ¢ (x) dx 

0 dx 

HHJJ.ei}JHHBTHoro CKanBpHoro npoHJBeJJ.eHHJI. B qacTHOCTH, 
npu k<.n> ,k<W>~;;; a "(n,m=1,2) HMeeM [iii<.n> '\;<:p>]=o. oo r)].e 

J L J ' L J ,L fi, ID ' 

- (n) - (n) , -'I'. ='P(x,k. ),npH k.,kot;;;a -['1'. ,¢e ]=o.eo (p,q=1,2), 
J • J J L j,p ,q J, p,q 

- - - . () 
r)].e '1'. 

1 
='I' (x,k.) , '1'. 2 = 'P(x,k .) , H npH k ~ t;;; a", 'knt;;;a'-

J, J J, J J "'t 

[ - (n) ] [ - (n) ] 'I' e , ell . = 'I' . , ell e = o (q = 1,2) . 
'q J J ,q 

6 

~ 

JI eMMa 1. ,lJ;mi mo6o:ii I}JyHKUHB h( X)~ L
1 

(O,oo) HH
TerpanLI 

""' 00 

'P(h;k) = J h(x) 'P(x,k)dx, 'P(h;kJ) = J h(x) 'I' J(x)dx /2.7/ 
0 g 

npH k t;;; (0, oo)ua H k j t;;; a' BMeCTe C HHTerpanoM 'P(h;O) 
npH a 0 ~ 0 CXO)].JITCJI a6COJIIOTHO.ilpH 3TOM I}JyHKUHJI 'P(h; k) 
HenpepLIBHa npH k > 0, a ecnH e

1 
( 0) = e

2
(0) = 0, - npH k ~ 0. 

A o K a 3 aT e n b c T B o. ,lJ;nB o6ocHoBaHHJI nepaoro yT
Bep)I(J].eHHJI J].OCTaToqHo OTMeTHTb, qTo OUeHKH /1.4/, /1.5/ 
C yqeTOM /1.8/ npH k (_n) t;; a J].aiOT orpaHHqeHHOCTb no 
0 ~X_:soo )].1111 I}JyHKUH~ 'P(x,k) /2.1/, a B CHJIY aCHMnTo-
THKH 

. -1 • 
t/1 (x,k.) =(2ik .) e (k .)exp(r.x)[1+o(1)] (x-ooo) /2.8/ 

n J J n J J . 
H JJ.~JI 'I' j (x) . BTopoe yTaep)I(JJ.eHHe oqeBHJJ.HO, ecnH k > 0, 
a ecnH k ... 0, ero nonyquM, JaMeTHB, qTo npH en (0) =0 
B cuny /1.4/, /1.9/,/1.10/ HMeeM lt/Jn (x,k)ls const 
npH 0.$;X,k.$;oo H paBHOMepHO no 0.$; X . .$;N (<oo) npHk-oO 
cymecTByeT limt/J

0
(x,k) =-ie

0
(0) f

0
(x,O). JleMMa JJ.o-

KaJaHa. 

T e o p e M a 1. IlycTb JaJJ.aHLI JJ.Be Kpaeswe Ja)].aqH 
/1/, /2/ c v n (x) , y,JJ;osneTsopBIOIUHMB HepaaeHCTBY 
/3/, H nyCTb h(x) - npOH3BOJibHaJI BeiUeCTBeHHaJI I}JyHK· 
UHJI, ,gnBKOTOpq:ii (1+X)h(x).<;L 1(0, oo). 0603HaquMqe-
pe3 'P(h; k) , 'P(hik . ) ee K03I}li}JBUBeHTLI pa3JIO)I(eHHJI 
/onpeJJ.enBeMLie aHanbruqHo /2.7 I I no CHCTeMe !iii I /2.2/. 
Tor)].a: 

A. Ilpu mo6oM x ~ 0 cnpaBeJJ.nHBa l}lopMyna o6pameHHJI 
oo R.. ~ 

- J h(t) dt = lim J iii (h; k) cfl(x, k) dk +'ell 
0 

(x) 'P(h; 0) + 
x R ... oo, £-+0 c 

+ I ·ciJ(~)(x) 'f(h;k (_n)) + 
k<?><;:a" J J • • 

J 

+ I I ell. 
1 

(x) \li (h;k .) +'cllj 
2

(x) W(h;k .) J, 
k <;a' J • J • J 

j 

/2.9/ 
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r,IJ;e <ll(x,k)-<ll. 2 (x) ,IJ;aiOTC.H /2.3/-/2.7/. MuTerpan B 
npaBOH CTOpouk' /2.9/ CXO.IJ;HTC.H paBHOMepHO no X B Ka)K-
.IJ;OM KOHe'IHOM HHTepaane nonyocu 0 .$ x < oo, npu'leM, 
ecnu a 0 =0, cxo,IJ;HMOCTL a6coJIIOTHa /no k I npu ( .... 0 , 
a ecnu h .c;; L 1 n ~, - npu R .... oo. B o6ll.{eM cnyqae npe.IJ;eJI 
.HBJI.HeTC.H Heco6CTBeHHLIM HHTerpaJIOM H ero 3Ha'leHHe no
HHMaeTC.H KaK rnaauoe /a CMLicne Kowu/. 

li. Ecnu qepe3 H R(x) o6o3Ha'IHTL npaayro CTopouy 
f, 

paaeucTaa /2.9/ npu KOHe'IHLIX f> 0 , R < oo u 
R_ 

h (x)=lim .!H (x)=lim J 'P(h;k).!¢(x,k)dk+· .. , 
R f-+0 dx f,R f-+0 f dx /2.10/ 

TO npu X > 0 pa3JIO)KeHHe h (x) paBHOMepHO paBHOCXO-
- R 

.IJ;HTC.H C KOCHHYC- pa3JIO)KeHHeM <l>ypLe liJYHKUHH h (x), T. e. 
R oo 

lim sup I hR (x) _.!_ f I J h(y) cos 2kydyl cos 2kx dkl :0. 
R-+00 0_5x<Po 

17 0 0 /2. 11 j 
,lJ; 0 K a 3 aTe JI L C T B 0. IlOCTpOHM liJYHKUHIO 

G(x,y;k) =- - r.j; 1 (x) rj; 2 (x) r1 (y) f 2(y) (x < y < oo ) , 

1 ~ f1 (x) r.f; 2(x) f2(y) r.f; 1 (y) + r.f; 1 (x) f2 (x) r./;2 (y)f 1 (y) 

E(k) -

f (x) f (x) r.j; (y) r.j; (y) (0 < y < x ) , 
1 2 1 2 - -

/2.12/ 

r,IJ;e r.f; (x) = tf; (x, k) , f (x) = f (x, k) , n n n n H nyCTL 

00 

Q(x,k) = f G
1 

( x, Y; k) h(y) dy 
0 

(h .c;; L 
1 

, Im k ~ 0) , 

r,IJ;e G1 (x, y; k) = 4k G(x, y; k)- 2kF (x, k) E-\k~M3 oueuoK 
/1.4/, /1.5/ H H3JIO)KeHHLIX B §1 auaJIHTH'IeCKHX CBOHCTB 
liJyHKUHH r.j; . , f H e BLITeKaeT, 'ITO npu JII060M X> 0 

1 n n -
Q (x,k) .HBJIHeTCH perynHpuoB: 4JyuKuueii OT k npu Imk>O, 
3a HCKJIJO'IeHHeM KOHe'IHOrO 'IHCJia noJIIOCOB k(?) (; a, 
uenpepLIBHOH npu Imk;;: 0, k ~ 0. J 

H 

PaCCMOTpHM HHTerpaJI IR ( (x) = r Q(x' k) dk no KOu-
' y 

Typy y, KOTOpLIH npOXO.IJ;HT B.IJ;OJIL ,IJ;eHCTBHTeJILHOH OCH 

8 

I 

' 

} 
} 

OT -R .IJ;O +R. o6xo,IJ;.H TO'IKH k = 0 a aepxueB: nonynnoc
KOCTH no nonyoKpy)KHOCTH y ( c pa,IJ;uycoM ( <min I k <.n> I , 
u 3aMLIKaeTc.H nonyoKp~)KHOCTLIO yR : k = R exp(i¢) J , 

(O_s¢ .:S 17)' R > maxlk r> I· 113 TeopeMLI 0 BLI'IeTax B 
cuny paaeHCTB I 1.8/ u neMMLI 1 cne,IJ;yeT, 'ITO 3uaqeuue 
I R (x) paauo cnaraeMLIM a npaaoB: cTopoue /2.9/, oT-
ae<i~IOJ..QHM YCJIOBHIO k ~n) .<; a • 

IlycTL TenepL J x n (x ,k) - peweHHH ypaaueuuB: I 1/, 
onpe,IJ;eJIHeMLie Ha'laJILHLIMH yCJIOBH.HMH 

X (O,k) =-a (1+a 2 )-1 .x'(O,k) =(1+a 2 )-l. /2.13/ 
n n n n n 

Tor,IJ;a H3 /1.3/ u W(rj;n, x n) = 1 BLITeKaeT, 'ITO npu 
x :;;.y < oo lilYHKUHH G 1(x,y;k) paaua: 

-4k TI (rj; (x,k) X (y;k) -r.f; (y,k) X (x,k)) + 
n= 1, 2 n n n n 

-1 -
+ 4kE {k) .F (x ,k) IJI (y, k) . 

TaK KaK nepaoe cnaraeMoe 3,IJ;ecL - uenaH ueqeTHaH 4JyuK
UH.H OT k H npu BeJ..QeCTBeHHLIX k f. 0 f(X, k) = f(X, - k) , 
TO 

1 --€ R 4 R - -1 
--- I [ + [ I Q (x ,k) dk = - [ kiP (h ;k) Im IF(x,k) E (k) ldk. 
217i -R f 17 f 

/2.14/ 

11MeH B BH.IJ;y /1.10/, /1.11/ npu en (0) = 0, nony-
qaeM, 'ITO ecnu (l+x)h(x) ~L 1(0,oo), TO npe,IJ;eJI 

-
lim { Q(x,k)dk =-a0 F(x,O) 'P(h;O). /2.15/ 
f-+0 y( 

I ,lJ.nH 3Toro .IJ;OCTa To quo aocnoJIL30Ba TLCH oueuKaMH I 1.4/, 
/1.~/ u yqecTL, 'ITO npu k .... o (Imk,?O) limkf,n(x,k) = 
= 11m k 0n (x,k) = 0 paauoMepuo no 0 _s x :S N ~ <oo) /. 

)J.anee H3 aCHMnTOTHK /1.6/, /1.7/ H BLITeKaJOJ..QeH OT
Ty,IJ;a acuMnTOTHKH e (k) = ik(1 + O(k - 1)) cne,IJ;yeT, 'ITO 
npu I k I -+ oo n 

9 



Q(x, k) = - ~ r h(y) dy- 2i sin2kx t'h(y) e2iky dy-
k i k X 

2e 2ikx X 1 oo r h(y) cos 2ky dy + oc- I !h<Y> 1 dy) . 
0 k 2 0 k 

Ou;eHHBax 3,nec1. BTopoe H TpeTLe cnaraeMble, KaK 
06bl'IHO /CM., Hanp.,/10/; /cTp. 331/, Ha OCHOBe neMMbl 
)Kop,naHaH paBHOMepHOH HenpepbiBHOCTH npH X_? 0 ll!YHK-

IJ;HH J h(y) dy Haxo,nHM, 'ITO paBHOMepHO no 0 <X < oo 

X 

lim (2 17 i)-r I "" Q(x,k) dk =-I h(y) dy .1 CpaBHHBax Ta-
R-- YR X 

KHM 06pa30M Bbl'IHCneHHblH Henocpe,nCTBeHHO no KOHTypy 
lim IR (x) (f -o 0, R -o oo) CO 3Ha'leHHeM I R (X) , Haii,neH-

,f ' ( 
HblM B Haqane, no TeopeMe o Bbl'leTax nonyqaeM !llopMyny 
o6pall\eHHH /2.9 I. 

YKa3aHHhle B TeopeMe ycnoBHJI a6comoTHoii cxo,nHMO
CTH HHTerpana /2.14/ JIBnJIIOTCJI npJIMbiM cne,nCTBHeM npH
Be,neHHblX B § 1 OIJ;eHOK H aCHMnTOTHK. 

<l>opMynhl pa3nO)KeHHJI /2.10/, /2.11/ nonyqaroTcJI, 
KaK BblWe, C nOMOil\biO KOHTypHOrO HHTerpana 

-1 d 
(217i) I -Q(x,k) 'tik 

y dx 
BBH,ny TOrO, 'ITO H3 /1.6/ H /1.7/ 

HMeeM npH \kl -o oo paBeHCTBa 

1 d 2 2ikx x -- f -Q(x, k) dk =-- f I e ( h( y) cos ~y + 
l?ni YR dx 17 YR o 

+ cos 2kx '[ li (y) e 2iky dy l dk + o(l) 
X 

4 R "" 
= - J I J h (y) cos 2ky dy l cos 2kx dk + o(l) . 

17 0 0 

TeopeMa ,noKa3aHa. 
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C n e .n c T B He 1. Ecnu B /2.9/ 3aMeHHM K03~Hu;HeH
Tbl pa3nO)KeHHH 'fl (h; k) , (k~ (0, oo) U a) Ha lp (h; k) (2. 7) , 
To nony'leHHaH !llopMyna o6pall\eHHJI ocTaeTCH cnpase.nnu
soii npu x > 0. 

,lJ; o K a 3 aT e n b c T B o cne,nyeT H3 onpe,neneHHJI ll' (x, k) 
/2.2/, ecnH npH X> 0 BOCnOnb30BaTbCJI paBeHCTBOM 

R 

lim J ell(x,k) dk +ell 
0 

(x) + 
R-ooo,f-oO f 

.l 
k (n) ~a" 

j 

ell(~) (x) + 
J 

+ .l ell . (x) = 
k. ~a ' J, 1 

~ 0, (x > 0) , 

~ 2, (x = 0) , 
/2.16/ 

J 

KOTOpoe nonyqaeTCH Bbl'IHCneHHeM KOHTypHoro HHTerpana 
(2rri)- 1 J kF(x,k)E-1 (k)dk no cnoco6y, yKa3aHHOMY 

y 
B ,noKa3a TenLCTBe TeopeMbl 1. 

C n e ,n C T B He 2. IJyCTb ll!YHKIJ;HJI h(x) y,nosneTBO
pxeT HepaBeHCTBY /3/. Tor.na ycnoBHH 

ll'(h;k) =COnst(k~(O,oo) ua), ll'(h;k
1
.), (k. ~a') J . 

HBnHIOTCH He06XO,nHMblMH H ,nOCTaTO'IHblMH ,nnH TOrO, 
'IT06bi h(x) =0 nO'ITH BCIO,ny. /0TCIO,na BH,nHO, 'ITO CHC-
TeMbl Ill'! /2.1/ H Iii'! /2.2/ nonHbl B Knacce ll!YHKIJ;Hii 
h(x) ,,nnH KOTOpbiX (1 + x)h(x) ~L 1 (0, oo)/, 

,lJ; o K a 3 aT e n b c T B o npu a0 = 0 nonyqaeTCH cpa-
3y H3 /2.9/ H /2.16/, a npH a 0 ;i 0 cne,nyeT .nononHH-
TenLHO y'leCTb yKa3aHHYIO B neMMe 1 HenpepbiBHOCTb 
ll' (h; k) npu k ... 0 . 

3aMe'laHHe. TaK KaK ycnosue (l+x) h(x) .(;L 1(0,oo) 
HCnOnb30Banocb nHWb B ,noKa3aTenbCTBe Cyll\eCTBOBaHHH 
rrpe,nena /2.15/ npu a0 ;fO, TO, ecnu a 0 =0, yTsep)K,neHHJI 
TeopeMbl 1 H cne,nCTBHH 1, 2 HMeiOT MeCTO ,nnH mo6oii 
$yHKIJ;HH h(x) ~ L 

1 
(0, =). 
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OcTaHOBHMCJI B 3ai<JII01.feHue 3Toro naparpaclla I<opoT
I<o Ha I<OHCTpyi<~HH OCHOBHOB B HaWHX DOCTpOeHHJIX cilYHI<-
~HH 'G /2.12/ H B03MO)I(Hb1X o6o6~eHHJIX H3JIO)KeHHOB 
BbiWe cxeMbi o6pa~eHHJI. 01.feBH.IJ.HO, ecnu B /2/ an = oo H 
¢ (x, k) - peweHue ypaaHeHHJI /1/, onpe.nenJieMoe n 
ycnoBHJIMH ¢ n (0, k) = 0, ¢~ (0, k) = 1, TO ponh G ur-
paeT cilYHI<~HJI, nonyl.feHHaJI H3 /2.12/ nyTeM 3aMeHbl co
OTBeTCTBYJO~Hx 1/J n Ha ¢ 0 H e 0 /1.3/ Ha f 0 (0,k). JiB
HbiB BH.IJ, BbiTei<aiO~ero OTCIO.IJ,a pa3JIO)KeH'JI/BDOJIHe aHano
rH"'eH /2.9 I /u .IJ,JIJI v 1 = v 2 HMeeTCJI B 2 I. 3.necb He
Tpy.IJ,HO Tai<)Ke BhlBeCTH C DOMO~biO TO)K.IJ,eCTBa /2.6/ 
cooTBeTCTBYJO~He aHanoru npeo6pa3oBaHHB KpaMa- Kpeii
Ha/5/ /cTp. 96/ .IJ,JIJI npOH3Be.IJ,eHHB peweHHB .IJ.BYX ypaBHe
HHB BH.IJ,a /1/. Ha HX OCHOBe MO)KHO nony"'HTb cilopMynbl o6-
pa~eHHJI npu a ... oo Henocpe.IJ.CTBeHHO H3 /2.9/ H .nanee n 
pacnpocTpaHHTb ux Ha cnyqaii, I<or.na v

0 
(x) HMeiOT 

cnaraeMoe BH.IJ,a e( e + 1) X -2 ( e = 1,2, ••• ) • 
06o3Ha"'HM Tenepb qepe3 1/; (x, ,\) H x (x, ,\) BBe.IJ,eH-

n n 
Hble paHee nocpe.IJ.CTBOM /1.1/ u /2.13/ peweHHJI ypaa-
HeHHJI /1/ c k 2= ,\. Onpe.nenHM cilYHI<~HIO BeiinJI m (,\) H3 

n 
ycnOBHJI 

x (X,.\) + m (.\) 1/; (x, .\) = () (x, ,\) ~ L ( 0, oo) 
n n n n 2 /2.17/ 

npu Im .\ -/. 0. Tai< I<ai< npu ycnoauu /3/ .IJ.JIJI onepaTopa 
/1/,/2/ HMeeM cnyqaii npe.nenbHOB TO"'I<H, TO /2.17 I on-
pe.nenJ~eM cilYHI<~HIO ID n e.IJ,HHCTBeHHbiM o6pa30M: 

m (.\)=(f (O,k) +a f' (O,k))((1+a 2)e (k))-1,(k 2=.\,lmk>O) n n nn n n · · 

3TO BMecTe C /1.2/ H /1.3/ .IJ,aeT .IJ,JIJI cilYHI<~HB G(x,y;k 2) 
/2.12/ cne.IJ,yJO~YIO 3aDHCb: 

~ 
() t<x ,.\)!/; 2 (x,X)() 2 ( Y ,.\)t/J l(y ,.\}+()2 (x,.\)1/; 1 (x,.\)() 1(y ,.\)t/J 2(y ,.\) 

G (x,y;.\) = -o/ 
1 
(x, ,\)If; 

2 
(x, ,\) () 

1 
(y, .\) 8 

2 
(y, .\) (x.::; y < oo) , 

/2.18/ 
() 1(x,.\)() 2(x,.\)t/J 1(y,.>-)lf; 2(y,>.) (0:;; y:;; K). 

BBH.IJ.Y Toro, 'ITO cilYHI<~HJI BeiinJI cy~ecTByeT /Bo3-
MO)KHO, OHa He JIBJIJieTCJI ~.IJ,HHCTBeHHOB/ .IJ,JIJI BCJII<OrO 

12 

U 0 ~Lloc /eM., Hanp.,/ 101 /rn. 9//, TO Bhlpa)KeHHe /2.18/ 
c mn H3 /2.17/ HMeeT CMbiCJI .IJ,JIJI JII06blx .IJ.BYX I<paeBbiX 
3a.IJ,a1.f /1/, /2/ H B CHJIY xapai<TepHCTH"'eCI<HX CBOBCTB 
m n (,\) /cllopManhHo/ nopo)K.IJ,aeT cllopMyny o6pa~eHHJI .IJ,JIJI 
pa3JIO)KeHHH no 1/; 1(x,A) 1/J 2(x, .\) • 0TMeTHM e~e, 'ITO ecnu 
V 1: v2 = V(X) ~ C 1 H XOTJI 6bl O.IJ,HO H3 "'HCen an= oo, TOG 
onpe.IJ,enJieT cilYHI<~HIO rpuHa .IJ,JIJI I<paeBOH 3a.IJ,a"'H /1.2/ 

AY =-Y"' +4vY' + 2v'Y = 4.\Y', Y'(O) -2aY( 0) =0 (O<x<oo) 

/conpJI)KeHHOH I< :ta.IJ,al.fe AY = 4.\Y', Y(O) = Y"(0)-2aY'(0)=0/. 
cf>yHI<UHJO /2.18/ MO)KHO paccMaTpHBaTb I<ai< ee ecTeCTBeH-
HOe o6o6~eHue Ha cnyqau v 

1 
i v 

2
, an ~ oo (n = 1, 2) . 

§3. ConocTaBHM I<a)K.IJ,OH I<paeaoii 3a.IJ,a1.fe 

y"+(k
2
-v(x))y=0, y'(O)-ay (0) =0 (O<x<oo) /3.1/ 

ee .IJ,aHHhie pacceJIHHJI /S/: 

7J(V,a;k),(O<k<oo); A.(v,a),m.(v,a), (j=1, .•• ,N), /3.2/ 
J J 

r.ne 7J(k) "'arg e(k) /e (k) = e(v, a; k) onp~.nenJieTCJI cllop
MYJIOH /1.3//- clla3a pacc

1
JJIHHJI, .\j "'-K} (e(iKj )=0)-

C06CTBeHHble "'HCJia, m-:- 2 
- HOpMbl C06CTBeHHbiX cilYHI<-

U.HH /1.8/ B L
2

(0 ,oo): J 
00 

2 -1 . -1 
mj = lj f (x,k i) dx! "'2k/f(O,kj) e(kj)) /3.3/ 

3.necb npuae.n;eM 3neMeHTapuoe .IJ.OI<a3aTenbCTBo cne.nyJO
~eil H3BecTHOH TeopeMbi Mapqeui<o o e.IJ,HHCTBeHHOCTH pe
weHHJI o6paTHOH Ja.IJ,a"'H pacceJIHHJI: 

TeopeMa 2 /cM./81/cTp. 184//. Ha6op BeJIH"'HH 
/3.2/ onpe,n;enJieT O.IJ,H03Ha"'HO cilYHI<U.HIO V( X) H "'HCJIO a 
B /3.1/. 

)l.JIJI .IJ,OI<a3aTeJibCTBa 3TOH TeopeMbl HaM llOHa.IJ,06HTCJI 
JieMMa 2. IlyCTb ry 0 (k)=7J(V 0 ,a n ;k)- clla3bl pac

ceJIHHJI I<paeBbiX Ja.IJ,al.f /1/, /2/. Tor.na: npu k>O cnpaae.n
JIHBO paBeHCTBO 
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k-1
1 e (k) e (k)l sin(77 (k) 77 (k))- !<.a ... '1'(!-.v; k) ,/3.41 

1 2 2 1 

r~e !<.a= a 
2

- a 
1

, t<.v( x) =V (x) -v (x), u ecnu lim k(77 (k)-
(k)) 0 2 1 k-+oo 2 -77 1 = • TO 

1 00 1 00 

a + - r v (x) dx =a +- I v c x) dx. 13.51 
1 2(> 1 2 2 0 2 

Ilpu k .. k.,r~e e
1
(k.)=e

2
(k.)=0, uMeeM 

J J J 

!<.a=-'P(t<.v;kj), m<f>-m~l) =(1/2)bj ,P(!t.v;k j), 13.61 
(n) (n) 

a ecnu en (k j ) = 0, e m (k j ) f. 0 (m f. n, m,n = 1,2) , 
TO 

2m ~n) = L 1) n a ~n) (!<.a+ '1'(!-.v; k (?) ) ) • 
J J J 13.71 

,lJ; o K a 3 aTe n L c Tao. PaaeucTBO 13.41 nony'luM, 
npouHTerpupoaaa no x oT 0 ~o oo TmK~ecTBO 

d 
-W(y 

1 
( x,k), y

2
(x,k)) =(v

2
( x) -v 

1 
(x)) y 

1
(x,k)y 

2
( x,k) 

dx 
13.81 

C Y Jl (X,k) = t/J n ( X,k) , Y'IUTLIBa.ll npu X...OO BLITeKaiOmyiO 
u3 11.61 u 11.91 acuMnToTuKy 

-1 
t/1 (x,k) =- k le (k)lsin(kx- TJ (k)) + o(l). n n n 

To'IHO TaK )l(e BLIBo~uTc.B 13.7 I u nepaoe U3 paaeHCTB 
13.61, ecnu y'leCTL /1.81 U 13.31. ,LJ;ucW>epeHU.Upy.B 13.81 
no k(yn =t/Jn(x,k)) u 3aTeM nonara.11 k=k. ,nonyqaeM, 

. J 
KaK BLIWe, BTopoe paaeHCTBO a 13.61, ecnu aocnonL30-
aaTLC.II 12.81. PaaeHCTBO 13.51 .IIBn.lleTc.ll np.IIMLIM cne~
CTBUeM U3BeCTHOH aCUMnTOTUKU 77 (k) =- 1L + _!_(a + 

1 00 1 2 k 
+- I v Cx) dx) + o <-) (k ... oo). 

2 0 n k 
,lJ; 0 K a 3 aTe n L C T B 0 T e 0 p eM Ll 2. IlyCTL 3a~aHLI 

~Be KpaeBLie 3a~aqu 11/, 121, ~n.ll KOTOpLIX 77(v 1 , a 1 ; k) = 

=77(v2 ,a 2 ;k) (O<k<oo), Aj(v1 ,a
1

) = Aj(v
2

, a
2

), 

tn j ( v 1 , a 1) = m j ( v 2 , a 2 ) (j = 1, ••• , N) . 
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Tor~a U3 neMMLI 2 UMeeM 
- - . 
'P(!t.v; k) = 0, (0 <k <oo), '1'(!-.v; k .) = '1'(6. v; k.) = 0, 

J J 
(j = 1, ••• , N) , 'ITO B cuny cne~CTBU.II 2 TeopeMLI 1 ~ae't 
!t.v(x) = 0 nO'ITU BCIO~y. 0TCIO~a B cuny 13.51 cne~yeT 
!<.a = 0. TeopeMa ~oKa3aHa. 

B Ka'leCTBe eme o~Horo npocToro npuno)l(eHU.II pe3ynL
TaTOB §1 U neMMLI 2 OTMeTUM cne~yiOmyiO neMMy. 

JleMMa 3. IlycTL l77n(k) ,A~n), m ~n)l (n=1,2)
~aHHLie pacce.IIHU.II 13.21 KpaeaLix 3a~aq /1/, 121, S (k) = 

--- n 
= exp(-2i17n(k)), (S n(-k) =S nCkHTor~a npu x>O uMeeM 

...!. {cv 1 (y)- v2 (y)) dy = - 1- f I s
1 

(k) - s lk) IF(x,k) dk + 
2x ~-

+ l n (n) (n) (2) ( 1) 
(-1) m. F(x,k. ) + l (m. -m. )F(x,k, ). 

J J k.~a' J J 
J k(n)~a" 

j 
/3.9/ 

PaaeHCTBO 13. 9 I npu ycnoauu 13.51 ocTaeTc.ll cnpa
ae~nHBLIM H B TO'IKe X =0, npH'IeM,eCnH V (x) - a6COniOT

n 
HO HenpepLIBHLie 4>YHKU.UH,I3. 9 I ~onycKaeT ~ucW>epeHu.u-
poaaHHe no x B CMhlcne 12.101, 12.111. 

,ll;oKa3aTenLcTBO B cuny npe~cTaaneHHii 13.41-13.71 
~n.11 K034>$HU.HeHTOB pa3no)l(eHH.II 12.7 I 4>YHKU.Hii h = !<. v 
nonyqaeM cpa3y H3 4JopMyn o6pameHU.II 12.91, 12.111 H 
TO)I(~eCTBa 12.161, Y'IHTbiBa.ll, 'ITO npu a

0
f. 0 H3 13.41 

cne~yeT !<.a =-'P(t<.v;O). 

3 aM e q a H He. B CB.II3H c ycTOH'IHBOCTLIO o.a.p. pa
aefsCTBO 13. 9/ ~n.11 cny'la.ll an = oo (n= 1,2) 6Lino nony'leHo 
B llcTp. 1991 KaK cne~cTBHe ypaaHeHU.II MapqeHKO 
B o.a.p. 
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