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0 no.aanre6pax PR - anre6p 

B pa6oTe paccMaTpHBSJOTCSI PR -anre6pbl, TO ecTb Hea6eneBbl anre6pbl 
nu C KOMMyTaUHOHHLIMII COOTHOWeHHSIMH THna( Hi ,Hj) = f lj Hi (i < j) . 
Om!Cb!BSIOTCSI nonanre6pb1 PR -anre6p, B 'ISCTHOCTH nx ueaTpbl, a6eneBbl 
IIO.Ilanre6pbl H HJleSitbl, 00K83biBBeTCSI 0 'ITO BCSIK8SI Hea6eneBa no,aanre6pa 
PR -anre6pbl caMa ssnSieTcSI PR -anre6poA, 

Pa6oT8 BblltOnHeHa B na6opaTopnn TeopeTH'IeCKOA ¢H3HKH OH.HH. 

Coo6WeHHe 06bellHHeHHOI'O HHCTHTyTa SlllepHblX HCCneaOB8HHH, lly6Ha 1978 

Lebedenko V, '\1, P5 • 11708 
On Subalgebra of PR-Algebras 

PR -algebras that is nonabelian Lie algebras with commuta
tion relations of the [Hi ,H il~riill i (i<j) type are considered, Sub
algebras of the PR-algebras are described, in particular, their 
centres, Abelian subalgebras and ideals, It is shown that any 
nonabelian subalgebra of the PR -algebra is the PR -algebra 
itself. 
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1. BBEllEHHE 

B pa6oTax /~/ H3y'lamicb PR -rpynnbi H cooT-

BeTCTByiOIIIHe HM PR -anre6pbr. Hea6eneBy anre6py flH 
L Mbi Ha3biBaeM PR -anre6poti:, ecnH oaa HMeeT 6aaHc 

[H
1

, •• .,H ,H-
1

, ... ,H 1 
I' p+ n 

( PR-6aaHc, n ~ 2), 

sneMeHTbl KOTOporo yJlDBneTBOpSIIOT COOTHOIIIeHHHM: 

[Hi,Hj)=O 

[Hi,Hj) =riiH i 

npH Bcex i,j ~ p H Bcex i, j > p, 
(1) 

npH ecex i, j, i ~ p, j > p 

( r ij_ ~ R ; npH nro6oM if:lHKCHpoBaHHOM i , r ij ~ 0 ) • 
H aacTostweti: pa6oTe Mbi onHIIIeM nonanre6pbi 

PR-anre6p, B 'laCTHOCTH HX ueHTpbi, a6eneBbi nonanre6pbi 
H Hneanbi. Mbi noKa:>KeM, 'lTD npoHaBonhHbie aea6eneBbi 
nonanre6pbi PR-anre6p SIBnSIIOTCSI PR -anre6paMH. 

2. TIPHMEPbi nonAflfEBP PR -AflfEBP 

TiycTb L = I H 1, ... , HP, H p+l , ... , H n 1- PR -anre6pa, 
rne MeMeHTbl Hi YJlOBneTBOpSUOT COOTHOIIIeHHSIM ( 1} 
( qepea !Ml a.decb H HH:>Ke Mbi o6oaaa'laeM nonnpocTpaH-
cTeo, HaTSIHyToe aa MHO:>KeCTBo M). Tor.aa, B cHny 
COOTHoiiieHHH ( l) 1 )lnSI mo6oro HO)lMHO:>KeCTBB !AC( Hf'"'H ), 
I!A l -nonanre6pa L • 3aMeTHM, 'ITO nnst mo6biX HaTy-n 

.3 



4 

panhHbiX 'IlfCen q lf e ' q .::; p ' e.::; n - p ' B L cymecTBy

eT TaKaSI rronanre6pa L' , 'ITO dim([ L ', L ']) < q, 
a dim(L'/[L', L']) =E. B Ka'IeCTBe L' MO)!{HO ""83SITh 

rronanre6py IH r ... , H q' H P. +1 ' ••• , H p + e ! ( 3)leCb 
rrpoH3BOJlHaSI anre6pa [ L ', L ']C IH •.• ,H l).O'IeBHJlHO, 'ITO - r q 
ace lf3 yKa3aHHhiX rronanre6p SIBnSIIOTCSI PR -anre6paMH, 

Anre6pa L conep)!{HT a6eneBhl rronanre6phl. TaKHMH 

rronanre6paMlf SIBnSIIOTCSI MHO)!{eCTBa IB! n !Cl anSI 

n106biX 

BC [ H , .•• , H ], 
- 1 p 

C c [H , •.• ,H ] . 
·- p+ 1 n 

3. UEHTPbl PR-AflfEEP 

B pa6oTe/ 4/ Ka*noit PR -anre6pe (eM. ( 1) ) corrocTaB

nSieTcSI KaHOHH'IeCKaSI MaTpHU8 

c (·:~·.": : .. : 
pp+1 

: ···) 
pn 

C IIOMOIUhiO KOM6HHaUHA aneMeHTapHhlX CTon6UOBhlX 

rrpeo6pa30BaHHll lf rrepeCT8HOBOK CTpOK K8)!{)l8SI TaKaS! 

MaTpHU8 IIpHBOJlBTCSI K OJlHOMy H3 BHJlOB 

/ E 77 J 0 ). I - ··-- ' ( E I 0) 
\ X 0 77 

HnH OJlHOc y lf3 BIIJlOB 

( 2) 

( E;)' (E rr ) , ( 3) 

rAe rr = r(C) , E 77 -enHHH'IBaSI rr x rr - MaTpHua. 

TaKHe clJopMhl KaHoHH'IeCKHX MaTpHU Mhl H83hlBaeM rrpH

aeneHHhiMII. 3THM rrpeo6pa30BaHHSIM CTpOK lf CTon6UOB 

cooTBeTCTBYIOT seBhiPO*JleH&hre rrpeo6pa3oBaBMSI PR -6a-

3HCoB. flepeCT8HOBKe CTpOK 1 8CTeCTB8HH0 1 COOTB8TCTByeT 

rrepeHyMepaUHSI aneMeHTOB Hi (i ~p), a BCSIKoMy rrpeo6-

pa3oBaHHIO cTon6uoa a , ••. ,a .... a' , ••• , a' , rne 
p+ 1 n p+ 1 n 

n 
a~= I. k .. a. 

l j=p+l lJ 

CT8BlfTCSI B COOTBeTCTBlfe rrepeXOJl 

n 
H ..... W = I. k .. H . (i = p + 1, ••. , n). 

l 1 j = p+l 1J J 

TaK KaK rrplf aTOM 

n 
[He, H'.] = I. k .. [Hr,H.] = 

1 j = p+ 1 1J J 

n 
= ( . I. k iJ. r fJ· ) He = rd. H o (f :S p) , 

j=p+l u {. 

TO IIpHBe)leHHaSI clJopMa MaTplfUbl C SIBnSieTCSI K8HOHlf

qeCKOll MaTpHueH: anSI rrpeo6pa3oBaHHoro 6a3Hca. H3 

coo6pa)!{eHMH nMHeitHOH 38BlfCHMOCTM Bb!TeKaeT, 'ITO 

anre6pa flH L - 6e3 ueHTpa, ecnH npnsenenuaSI clJopMa 

ee KaHOHM'IeCKOll MaTpHUbl HMeeT .OJllfH lf3 BlfJlOB ( 3), 
Ecnlf *e oaa HMeeT OJllfH H3 BlfJlOB ( 2), To ueHTp 

anre6pbi L paBeH I H' + 77 + L' ... , H~ I . 
floSICHHM 3TO nonpo~uee, llycTh B rrepBOM cnyqae 

n 
3neMeHT X = :£ k. H: KOMMyTHpyeT CO BCeMlf aneMeH-

1 J J 
TaM II L. CneAoBaTenhHo, { H '., x] =0 AnSI acex i < p. 

l -

fl03TOMY 

n n 
I. 

j=p+ 1 
k j { H'i , H'j ] = ( . I. kj r 'ij ) H' i = 0 ( i = 1, ... , p) . 

j=p+l 

B cuny 
MaTpHUbl 1 

X= I k.H' .. 
j= 1 J J 

nHH8llHOH He3aBHCHMOCTH 

k p+ 1 = ••• = k n = 0. 

Ho 

p p 

cTon6uoa aarneA 

CnenoBaTenhHO , 

[ x, H~] = I k. {W, H~] = I. k. r'.11 W =0, f=p+1, ••• ,n. 
(. j= 1 J J (. j= 1 J 1,{. J 

0TCIOJl8 

H 1, ... ,HP, 

k 
1 

= ••• =k p = 0, BBHJlY nHH8HHOM He3aBHCHMOCTll 

H X = 0. 
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n 
PaeeMoTpllM BTopoti enyqati. nyeTb X =. ~ k jH'j 

J= 1 
npnHaaneMnT ueHTpy anre6pbi L. Toraa ToqHo TaK 
Me, KaK ll B nepBOM enyqae, MOMHO TIOK838Tb 1 qTo 

k 1 = ••• =k p+rr = 0. 0TeJOA8 1 B qaeTHOCTll 1 eneayeT, qTo 
lH 1, ••• , H p+ 17 l -noaanre6pa 6e3 ueHTpa • .Uanee nony
qaeM, qTo ueaTp L eoaepMnTeSI B anre6pe lHi>+

17
, ... ,H~ t. 

nerKo BnaeTb, qTo Bee aneMeHThl aToti anre6phl npn

HaaneMaT ueHTpy. CneaoBaTenhHo, ueHTp anre6phl L 

paBeH !H~+rr + 1 , •.• , H'
0 

l. 

4. AEEnEBbl no.nAnfEEPbl PR-AnrEEP 

He Bee a6eneBbi noaanre6pbi PR -anre6p nMeJOT Bna, 
yKa3aHHwi1 B nyHKTe 2. HanpnMep, noanpoeTpaHeTBo 
PR -anre6pbi L , aaTSIHyToe aa npon3BOnbHbii1 aneMeHT 

ll3 L\0, SIBnSieTeSI ee oaHoMepaoti a6eneBoi1 noaanre6poi1. 

CyrueeTBYJOT a6eneBhl noaanre6phl 6onbwnx pa3MepaoeTei1 

n ae eoaepMaruneeSI an B lH 1 , .•• , H P l , an B 

!Hp+l , ••• , H n I. npnBeaeM npnMep. nyeTb n = 4 t p = 2 I 

L=lH1,H2,Hs,H 4 l, rij =1 npn Beex i,j,i:s;p< j, 
a =Hr-H3, b=H 1+H4 • Toraa [ a,b]= 0, dim{a,bl = 2 
n l a, bl -a6eneBa noaanre6pa L. PaeeMoTpnM o6mnil: 

enyqati. nyeTb L '=l a1, ... , a ml -a6eneBa noaanre6pa 

ll 

L = l H 1 , ••• , H P' H p+l' ... , H n l 

n 
ai = ~ a it H t (i = 1, .... m) . 

t= 1 
TaK KaK [ a .,a .]=0 anSI Beex i, j < m, To 

1 J -

n . n 
~ a .t H t , ~ a . H ] 

t= 1 1 s= 1 JS 8 

p n n 

= ~ (a it ( ~ a js r ts ) -a jt ( ~ a isr ts ))H t = 0 
t= 1 s=p+ 1 s=p+ 1 

·6 

I 

ll 
n n 

ait( ~ aJ·srts)-aJ.t( ~ aisrts)=O, 
s=p+ 1 s=p+1 

t= 1, •.• , p; i,j= 1, ••• , m. 
(4) 

Eenn [ a 1 , ••• ,am] -6a3ne anre6pbi L ', To anSI nJ06biX 

ero aneMeHTOB a. ll a. BbiiTOnHSIJOTeSI eoOTHOWeHllSI ( 4) • 
1 J 

EeTeeTBeHao, enpaaeannBo n o6paTaoe: eenn aeKoTopoe 
nnaetiao ae3aBnenMoe MHOMeeTBO [a r ... ,a j 
pSieT eOOTHOl'IeHllSIM ( 4), TO •Ja 1 , ••• , a m r -a6eneBa 
noaanre6pa L. 

yaoBneTBo-

0TMeTnM, qTo pa3MepaoeTb a6eneBoti noaanre6pbi 

ll3 L MOMeT aoeTnqb dimL -1. HanpnMep, L=lH 
1
, ... ,H

0
}, 

[Hi, H n] = Hi , is n - 1 , L' = l H 1, •••• , H n _ 1 I . 

5. Y!.UEAnbi PR-AnrEEP 

nyeTbPR-anre6pa L=l H1, .... ,Hp,Hp+1'' ... ,Hn I 
n:A-naean B L. MaTpllUbi onepaTopoB adH/j> p) 
Ha L anaroaanbHbi ( B 6a3nee [Hi]~), a noanpoeTpaaeTBO 
:A llHBapnaHTHO OTHoeryTenhHO Beex 9TllX onepaTopoB.!.... 
CneaoBaTenbHO ( eM/71 ) , y anre6pbi A eeTb TBKoti 

6a3nc [ a 1, ... , Pam], qTo n [ ai, H j] = kij a i ( i=1, ... ,m; j=P+1, ... ,n). 

nyeTb a.= ~ a.t Ht + ~ a. H (i= 1, ... , m). 
1 t= 1 1 t=p+l It t p 

Toraa anSI nJ06biX i_::: m n j ~ p + 1 [ a.,H .]= ~ a 't rt. Ht . 
n 1 J t= 1 1 J 

Eenn anSI aeKoToporo i ~ a. H ;60, To k .. = 0 
t = p + 1 It t lJ 

n ait rtj =O.(t= 1, •.• ,p; j = p + 1, ... , n). TaK KaK rtj _, 0 
(j = p + 1, ... ,n) Tipll K8M{(OM ¢nKellpOB8HHOM t 1 TO 

E. n p 
2: aitHt=O. Eenn ~ aitHt=O, TO ai =~ aitHt 

t=1 t=p+l t=1 
n AnSI seex t, ami KOTOpbiX a i ;6 0 , r t. = k ij ( npn 
KBMAOM ¢nKellpOB8HHOM j ~ p + 1~. ) • nnflo yKa38HHb!H 
6a3lle A eoCTOllT ll3 aneMeHTOB TOnbKO nepBoro TllTia 1 

nn6o TOnbKO BToporo ~nna, nn6o ll3 Tex n apyrnx. 
n 

B nepBOM enyqae aneMeHTbi a i nMeJOT BllA ai = ~ ait H t. 
t=p+l 

TaK KaK [H 
8

, ai] ~A anSI n106oro s:::; p, , To 
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n 
l: r a. =0 (s=1, ••• ,p;i=l, ••• ,m). 

t=p+ 1 st lt 
HHbiMH cnoBaMH, 

ace ai npnaaane*aT ueHTpy L. PaccMoTpnM TpeTnli 
n 

cnyqaft. D.mr BCSIKoro aneMeHTa a. = l: a. H G.A 
l t=p+l It t 

H moooro aneMeaTa H 
8 

, s :;:: p , noaanreopa A aon*Ha 
n 

coaep*aTh aneMeHT (H ,a.]=( l: a.tr t) H , KOTOpbiH, 
s 1 t=p + 1 1 s s 

B 1{8CTHOCTH1 MO*eT paBH5IThCSI ll HyniD. Ecnn anH KBKoro-
n 

To H (s<p) n aeKoToporo i I a. r .;, 0, , TO 
s - t=p+l It st 

H8 G A • Ecnu npn aToM H
8 

ae coaep*HTCSI B oaance 
( a 1. ]ml, TO MHO*eCTBO THIIa (H ] U (a. -a . H) km-

1
1 

s 1 k 1 ks s = 
SIBnSieTcSI oaancoM anSI A. AHanorHl{Hbie onepaunu MO*HO 
npoaecTn H anSI apyrnx aneMeHToB H , , s '<p. ecnn 

n s -
I a .t r 't f, 0 npn HeKoTopoM i < m. 

t=p + 1 1 s -
TaKHM oopaaoM, B TpeTbeM cnyqae naean A MO*eT 

HMeTb 083HC OJlHOrO ll3 THIIOB! 
m 

I) [ ai 1 i=l ,rae a 1, ... , a ml -aneMeHThi BToporo 
Tnna, a am

1 
+ 1 , ... , am -aneMeHTbi nepaoro Tnna, 

npnHaane*aume ueHTpy L ; 
m2 rna 

2) ([Hsklk=l) u ([aik]k=1),15sk :SP. m2+ma=m, 

rae ai -aneMeHThi nepaoro Tnna, nepecTaHoBOl{HbJe 
k 

co BceMH H8 , H8 f.H 8 k; 
m4 m5 

3) ([Hsk]k=l) u ([a ik ]k=l ), l::;sk'S_p, m4+m5=m, 

m
4
, ,m 

5
.? 1, aik npn 1_s k:::; m

6 
(m

6 
<m 

5
) -aneMeHThi BTo

poro Tnna, HMeiDmne ayneBbie KoMnoaeaThi no H 
8 
J 1..$:k9n4), 

a rrpn m
6 

< k < m -aneMeHThi nepaoro Tnna, nepecTaao-
- 5 

BOl{Hbie co aceMH H
8

,H f,H (1<k <m 4, s<p). 
S Sk - - -

flerKO npoaepHTh 1 l{TO BCSIKHH 083HC OJlHOrO R3 
yKaaaHHhiX IISITH Tnnos nopo*aaeT naean L. TaKnM 
oopaaoM, Mhi onncann ace naeanhi PR -anreop. 

6. 0 ITPOJ.13BOflbHbiX ITOLIAflfEEPAX 

ITycTb A -aea5eneaa rroaanreopa PR-anreopbi 

L=IH1 .... ,Hp,Hp+ 1 , ... , Hn I. Tor.n.a 
0.;, [A, A] s; [ L, L]. TaK KaK MaTprrua niDooro 

n 
aneMeaTa I (3 H1 na [ L,L] anaroaanbaa, To y :A ecTh 

t = 1 t 

:aKotl: oaanc [ a 1 , ... : ant ~ 1, ·.-~· .b~ ~, rae .~a 1' ••• ,alP!= 
- (A,A], qTo [a 1 ,bJ]-k 1Ja 1(1-1, ••. ,m, J-l, ••• ,f) 

m (t) 
ll [ b j 'b r ] = I c jra t. 3To 3H8l{HT, l{TO rrpn 

n t= 1 P 
bJ.= I f3J·tHt 0=1, .•• , f) , ai = I ais H

8 
(i=1, .•• ,m) 

t= 1 s = 1 
CITpaBe)lJlHBhl COOTHOWeHHH! 

n 
a. (I {3. r )=k .. 

IS t = p+ 1 J t S t IJ 

rrprr scex i :::; m , j::; E , s:::; p. HaooopoT, BCSIKoe 
JlHHeHHO He38BHCHMOe MHO*eCTBO ( a1 , ••• , am, b 1, .... ,bf) 
TaKoro Tnrra rropo*aaeT rroaanreopy L. IToKa~eM Terreph, 
l{TO BCHK8H rro;:ranreopa ·A B L pacwennHeTCH B IIpHMYID 
cyMMy [A, A] rr csoetl: aoeneaotl: rroaanreophl, ToqHee :A 
HBnHeTcSI PR -anreopoH:. 

n eM M a. ITycTb B -cooCTBeHH8SI noaanreopa [ L,L] 
(a aawrrx ooo3HaqeHnHx). Toraa cywecTsyeT TaKotl: 
naean C C L , qTo [ L,L] = B + C ( B 11 C = 0) . 

Ll o K a 3 a T en h c T B o. TaK KaK B f, [ L,L], To ecTb 
aneMeHThi Hi (i .:5 p), He npnnaane*amne B. ITycTh 
C -MaKcrrManhHaSI noaanreopa cpean noaanreop, HaTSI

HyThiX Ha .TaKne aneMeHThi rr HMeiDrunx ayneaoe nepece
qeHne c B. 

Ecnu HeKoTophiH aneMeHT Hi (i.s;p) He nprrHaane*HT B 
n C, To I C ,Hi In B .;, 0 n Hi G B + C. TaK KaK 
C 11 B = 0. CneaoaaTenbHO, [ L , L] = B + C. C -naean 
B L B cuny IIOCTpoeHHSio neMMa Jl0K838Ha, 

Ecnu anSI paccMoTpeHHotl: BhiWe noaanreopbi :A MHo-
*ecTBo LA, A]=[ L,L], A= la 1 •••• ,am,bl., ••• ,bf> I , rae 

n 
b: = I f3 . t H t (j = 1, ••• , E) n [ a 

1 
, ... , a • b' , ••• , b 'e ] 

J t=p+l J m 1 
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PR -6a3MC JlnH A. E c.nn [ A~A] f. [ L, L }, TO, B cn.ny 
neMMbr, [ L. U = [·A, A} + C , rile C MJlea.n B L. Ka)KJlbrfi 
9JleMeHT b. {j < f ) MO)I{HO Tenep.b npeJlCTBBHTb B BHJl8! 

J -
n 

b. =a'.+ c'. + I f3.tHt, 
J J J t=p+lJ 

rJle aj (:; [ A,A],c}(; C. 
TaK KaK KOMMyTaTophr 

n n 
[b.,br}=[a~, I f3rtHt1+[c'., I f3rtHt]-

J J t=p+l J t=p+l 

n n 
-[a; , I f3.tHt ]-[c;, I f:J.t Ht] (:; [~A.·A}, 

t=p+l J p=l J 

n n 
[a'. , I f3 H J, [a' , I f3. H ] (:; [A, A], 

J t=p+l rt t r t=p+l Jt t 

a n n 
[c:, I f3 H ], [ c' , I f3. H J (:; C, 

J t=p+l rt t r p+l Jt t 
n n 

To [cj, I f3rt HtJ-[c;, I f3.tHt}= 0. 
t=p+ 1 t=p+l J 

n 
DycTb b'J~ = CJ~ + I f3.t H t (j = 1, ••• , e 'b'~ (:_:: A) 

t=p+l J J 

TorJlB [a 1, ••• ,am, bl , ... , bf} - PR -6a3nc A. 
HTaK, BCHKaR no]la.nre6pa PR-a.nre6pbr HB.nHeTCH 
PR.anre6potf. H3 HalliHX nocTpoeantf BhiTeKaeT 
n p e Jl li 0 )!{ e H.H e. fi.ng BCHKDH PR-a.nre6pbl L aea6e.ne
Bbl ll0Jl~lllre6pbl HC'IepllbiB8IOTC5l llOilllpOCTp8HCTBaMH 1 

HBTHHYTbiMH HB liHHeHHO He3BBHCHMbl8 MHO:lKeCTBa THna 
[a 1., •••• ,am, b l , .... b f], rJle I a 

1 , •••• , am l 
n l b'; , •.. , b'i l -a6e.neBbi nonanre6pbr, 

la 1, ••• , amt !,";; [ L,L}, [ai ,b'j 1 =kij lit 

(i=l, ••• ,m; j=l, ••• , f},la
1

, ••• ,amlr'llb';, ••• ,b'il=0. 

ABTOp C'IHT88T CBOHM llpHHTHblM · JlOJirOM Bblp83HTb 
rny6oKyiO 6.naroJlapaocTb B.r.KanhrllleBcKoMy 3a HHHUHHpo-
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