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AMupxaHOB 11.8., lKHUKOB E.n •• MaKapeHKO r.H. P5 - 11705 I 
nocTaToqnoe ycnoaue cymeCTBOB8HHH nono*HTenbHOr'O 
qacruuenono6aoro peweaua ypaanenua CKangpnoro nong 

npoaeneao uccnenoaaane HenHaeAaoro ypasaeuua 

d2'1'(r) [f(f+11 2]'1'() A'l'k(r) 
~- -r-2--+~ r •- --;t=r (I) 

npu rpaauqnhrx ycnoau rot 

'1'(0)- 'I'(+-)- 0. (2) 

Ypasueuue (I) npu 3HB'IBHHHX napaMeTpa f =0 pauee uccnenoeanocb MIIOI'H
MH 8BTOp8MH. 

B aacrosnueit pa6ore paccMaTpuaarorca mo6hte HarypaJlbHhie 3HaGeHHH 
napaMeTpa f, C fiOMOIIIblO B8pH81lHOHHOf'O llOAXO.Qa AOK838H8 cneJly10lll8H 
OCHOBHBH TeopeMa: 

npu mo6biX aaaqeHn SIX napaMerpoa 
A>O, ~ 2 > 0, f-1,2,3, ... 

ycnoaue 1 < k < 5 HBnsreTCSI JlOCTBTOttHhiM AnSI CyWeCTBOB8HHSI fWnOMHTellbHOr 

'IBCTHUBITOUOOHOI'O peweHHH ~paeBOH 3BJlB'IH (1)-(2), 
Pa15ora BbinOnHeHa B na5oparopuu Bbiqucnu:TeJibHOit TeXHHKH 

H BBTOMBTH38UHH 011.Hl1, 

Coo6weHHB 06bBJlHHBHHOI'O HHCTHTyTa l!JlepHb!X HCcnauosaHHH, Lly6Ha 1978 

Amirkhanov I. V., Zhidkov E.P,, Makarenko G,L P5 - ll705 
Sufficient Condition for the Existence of a Positive 
Particle-Like Solution to a Scalar-Field Nonlinear 
Equation 

An investigation of nonlinear equation 
2 k 

.!_'l'(r)_[ f(f+l) +~2]IJI(r)--A~ (I) 
dr 2 r2 ,t-1 

for boundary conditions 

'1'(0). '1'(+~)-0. 
(2) is performed, 

Equation (1) for zero value of parameter f was investigated 
by many authors before, In the present paper arbitrary integer 

!value of f is considered, By means of variational approach the 
following main theorem is proved, 

For any values of parameters 
A> 0, ~ 2 > 0, .1,2,3 .... 

the condition 1 < k < 5 is enough for the existence of a positive 
particle-like solution to the boundary value problan (1)-(2), 

The investigation has been performed at the l.e.boratory of 
Computing Techniques and Automation, JINR, 

Communication of the Joint Institute for Nuclear Research. Dubna 1978 

© /978 06r.eJlHH8HHlJit HHCTHT)'7' SlllepHb!X HCCJl8JlOBBH/Iit J1y6Ha 

BBe;n;eHll:e 

Pa3~HHe ~R3~9CKHe MO;n;e~, RCllO~b3Y9MUe B TeopRR 8~eMeH
TapHHX ~aCTRU, ITPRBO;n;HT K paCCMOTpeHED He.LHHe~X ;n;R~epeKUR~b
HHX ypaBHeHR! /I-3/. HanpRMe~, He~eftHoe ypaBH9HRe CKanHpHoro 
KO~eKCHOrO ITOnR RM99T BR;n;/ / 

.1 "f- ~)f - M 2 
{ i t F ( '\f* lf)] lf ~ 0 , (I) 

r;n;e L1 - onepaTop .IIaru.!aca, 
~eil:HBJI ~. Xo = ct 

IIpe;n;cTaBJilifi qJyHKrnm ¥ 

F(s)=: dFrsJ 
u2 dS ' 
1•1 >O 

F rs J- HeKoTopM He-

B BR;n;e 

-i.E::ro lf :;; '#' ~r ) . Yem ( e I !f) . e ~ (2) 

r;n;e YemfB,..PJ- c~p~ecKBJI ~YH~, f=o,t,z, ... ,R m=O,:!.f,tZ, ... ,tt, 
~ ;n;eftCTBRTe~bHOft ~ ~{r) ITOnyqmM ypaBHeHRe 

\P (r)- ( er~ : 1
' .,. '{') l((rJ = M

2
1f' frJ .Jve: (e, 'f)'fe,JB, 'f}F (/7: Yt.m /JsrnOdtxitf, 

r;n;e 

TO 

r;n;e 

rz2 = Mz- E2. • 

Eo~ He~eihlyD WH~ F(s) BN6pau B BR;n;e 
Ffs) =- :>.. S 4 

R3 ypaBHeHll:.H ( 3 ) ITOnyqHM 1 

-· ~ \f' (:x)- Qe(x)'f(x) =-A ~~ 
X 

f_ cC.H} 
n (x) = --2 - + 1 x = n r '2 >0 '-'e. X ' ( ' > 

k=A·B, B=N2.2l:-3 ·f£~:(B,If'J.YenJtl,lf')}4t Sin()dtld<f, 

3 

(3) 

(4) 



.A - rrpoHsBOJil>HM rrocTommM, l: >O H l # i (rrpz £ ~ 1. rro.ny
qaeM JIHHeHHoe ypaBHeHRe). 
~ H8JIHH8HHOH IIOJI8BOH TeOpRR BJI8M8HTapHHX qaCTKU rrpe~cTaB

JIH8T RHTepec RCCJie~OBaHHe qaCTKU8IIO~OdHHX pemeHJiH ypaBH8HHR (4), 
a TaKXe ypaBHeHRil, rro~IDmRXCH B ~pyrzx WR3Jiq8CKHX Mo~eJIRX. 

B padoT~4 • 5lrrpHBO~TCR Heodxo~e ycJIOBHR cymecTBOBaHHR 
qacTRU8IIO~OOHHX pemeHHH ~ H8KOTOPHX H8JIHH8HHHX ypaBH8HHH TeOpliR 
IIOJIH. 

B pa6oTax/6/ rrpHBe~eHH ~ocTaTo~He ycJIOBHR cymecTBOBaHHR 
IIOJIO~HT8Jil>HHX qacTRU8II0~00HHX pemeHRfi ~ ypaBH8HHH o6mero B~a 
H B c~ae MO~eJIR ~p~oepra-AH-CRpJIHHa 31. 

B padoTax/?,S/rrpHBO~TCR ~ocTaTo~e ycnoBHR cymecTBOBaHHR 
qacTKUerro~o6HHX pemeHRil ~ HeJIRHeHHOro ypaBHeHHR 

'Jlf(X) 
~{x)- !..fl{.xJ .X,._ -1 (5) 

rrpR rpaHHqHHX ycJIOBHRX 

\f/(0) = l.f'{ oco) = 0
1 

(6) 

r~e \f'(cx') ~x4._n;_ <f'(X) 1 IIpJiq8M ITO~ CHMBOJIOM oo MH 3~eCl> H BCIO~ 
B ~aJil>H8Hm8M IIOHH:U:aeJl + oo . 

0TM8TRM, qTo ypaBH8HR8 (5) IIO~aeTCH R3 ypaBH8HRR (4) IIpH 
e = o. 

B ~aHHoH pa6oTe RCCJie~eTcR cymecTBOBaHHe pemeHRR ypaBHeHHR 
(4) rrpH rpaHJiqHHX yCJIOBHRX (6) ~ JII06Hx HaTypaJil>HHX 3Ha'!eHHtt rra
paMeTpa e. 

B §I rroroasaHo, 'ITO Heo6xo~ yCJioBHeM cymecTBOBaHHR rroJio
IHTeJII>Horo 'IaCTKUerro~o6HoropemeHHR HeJIHHeiHoro ypaBHeHHR (4) rrpH 
rpaHH~HX yCJioBHRX ( 6) s:BJIHeTCR rroJIOXHTeJII>Hocu BeJIHqRHH A. 

B §2 WOPMYJIHpyeTCR TeopeMa, co~ePEamM ~ocTaTO'IHoe yCJIOBRe 
cymeCTBOBaHRR IIOJIOXHT8Jil>HOrO '!aCTKU8II0~00HOrO pemeHRR s~a'!R (I.3) 
-(I.4). 3~ecL ze rrpHBO~TCR TeopeMa 3 o cymecTBOBaHHR pemeHRR He
KoTopoH BapR~OHHOH 3~a'!H. 

3Ta TeopeMa B ~LH8Hm8M HCIIOJI1>3Y8TCR ~ ~OKa3aTeJILCTBa 
TeopeMH 2. 

B §§3-6 rrpHBe~eHH ~oroasaTeJibCTBa YTBe~eHHtt, ~PMYJIHpoBaH
HHX B §2. 
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§ I. B BTOM napar~e ~PMYJIHPY8TCH H ~OKa3HBa8TCH He06XO
~oe ycJIOBHe cymecTBOBaHHR rroJIOXHTeJil>Horo qacTHqeno~o6Horo peme
HHR ypaBHeHHR ( 4) rrpH rpam!'IHHX yCJIOBHRX ( 6) • 

ITo~ qacTHqBITo~o6HHM pemeHHeM rroHRMaeTCR JIDdoe HeTpRBHaJil>HOe 
pemeHRe ¥" (X) YPaBHeHHR ( 4) • rnoBJieTBO pRDI~ee rpaHli'IHW YCJIOBIDIM 
(6). lloJIOEHTeJibHOe 'IacTRUerro~o6Hoe pemeHHe- aTo '!aCTKUerro~o6Hoe 
pemeHHe , He od pamaxxneecR B HYJil> HH B o~ott To~e, RPOMe .x - o H 
X= ex> R IJ'(X) ;>O ITpR X > 0. 

TeopeMa I. ~ cymecTBOBaHHH rroJIOXHTeJil>Horo qacTRUeno~o6Ho
ro pemeHHR ypaBHeHHR (4) rrpR rpaHJiqHHX ycJioBJli:RX (6) Heo6xo~o. 
'ITOOH BHITOJIHRJIOCl> YCJIOBRe 

A >0. 

noKaSaTeJil>CTBO. llpe~OJIOZHM OOpaTHOe. ilyCTl> cymeCTByeT IIOJIOSRTeJil>
HOe qacnmeno~o6Hoe pemeHHe 'l't.z) ypaBHeHHR (4) 

rrpR A< o. Tor~, ne perrRcaB ypaBHeHHe ( 4) B ~e 
~-~ .• 'P ( ) 

lJ) (.X} =: lj! (X) [ 0 f (X) - A X ;_ ~ J (I. I) 

3aMe'!aeM, 'ITO IIpH O<x<ao IIpaBM qaCTl> (l.I) IIOJIOSRT8Jil>Ha, a 3Ha
'IHT ,rrpH 0 < x < oo R .:j; ( x);>O. 

ilyCTl> TO'!Ka Xo IIPHH~8SRT c - OKpeCTHOCTH TO'IRH x • o 
;ro > o . Tor~a no TeopeMe JlarpaHZa RMeeM 

\f(x.o)-"lfJ(o)=tf(JJ(.X.,-o), JE(O,xo), 

0Tc!l.lla CJie~eT, 'ITO If' ( 5) >O. TaR RB.R npH o < x< oo \fr.:xJ >O, To 
lj; (X)- B03paCTaDIIM IIOJIOXHT8Jil>HM ~ IIpR X > j 1 a 

sHa'!HT, H 'f'(:x:)- oospacTaDIIM IIOJIOOTeJILHM WYHKUHJI npR x > :J, 
TaR 'ITO r~oe YCJIOBHe \f'(oo)=O He MOlteT OHTb BHIIOJIHeHO. 3TO 
rrpOTRBOpe'!RT HaiDeMY rrpe~OJIOlt8Hml 0 TOM, 'ITO l{J( :x) 8CT:b IIOJIOd
T8JIDHOe "O;J:aCTJIIUerro~o6Hoe pemeHHe. 3Ha'!HT, npe~oJiollteime , 'ITO A < o 
HeBepHO, H ~ cymeCTBOBalmR IIOJIOJtHTeJibHOro '!aCTRUeii0~06HOro pe
WeHRR ypaBHeHRR (4) rrpH rpaim'IHHX ycJIOBJli:RX (6) Heo6xo~o 
BiliiOnHeHHe ycnOBHR A > 0 t'ITO H T peOOBaJIOC:b ~OKa3aT:b. 

3aMe'!aHHe. neJiaR JIHHeibiylo 3aMeHy ~ 
lf(:r) 

lf' (X) = ...J.__ ? A "> 0 (!.2) A J:-' • 

ypaBHeime (4) H rp~e yCJioBRR (6) nepeiTHmeM B ~e 
<fie.( X) 

tf (x)- Ge. (X) <f(.x) = -~ 1 (!.3) 

H 
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'-(' (O) "'Lf (oo) = 0 . (I.4) 

Bcll,lzy B ;ztMbHefimeM 6y;neM paccMaTPRBaTb aa,n;a~ (I.3)-(I.4) 
npn JIKJ6HX HaTypMbHHX aHa~eHRRX rrapaMeTpa .e. 

§ 2. B STOM naparprupe iPoPMYJmpyeTCR ;ItOCTaTo~HOe ycROBRe cy

mecTBOBaHRR no~oxnTeRbHoro ~acT~eno~o6Horo pemeHRR aa,n;aqa (1.3) 
-(1.4) (TeopeMa 2). KpoMe Toro, npRBo;ItRTCR TeopeMa 3 o c~ecTBO
BaHRR pemeHHR HeROTOpo! BapRauHOHHOM aa;naqa. 8Ta TeopeMa B ;ItMb

HefimeM HCIIORb3yeTCR ;ItRH ;ItOKa3aTeRbCTBa TeopeMH 2, HO ORa HMeeT H 

CaMOCTOST9RbH06 3HaqeHH6. 

TeopeMa 2. II pH BHIIo~eHRR yc~oBRR 

d.<i:.<S (2.1) 
c~ecTByeT IIORODITeRbHoe ~acT~erro;no6Hoe pemeHHe lf ( x J sa;naqa 

(1.3)-(1.4). 3To pemeHHe 06Ra;naeT CRe~ CBOMCTBaMH: 

f.i-m tf( :x.) tP (x) =0 , &:-177 lf(.:x) ~(.x) = o. (2.2) 
x~o x-~ 

~OKa3aTeRbCTBO TeopeMH 2 IlpoBe;zteHO B §§3-6 C IIOMOmb~ BapHa

~OHHOrO rro;nxo;na. 

~PMYJmpyeM COOTBeTCTBYJOOIYIO BapHauHOHHyD 3a;Ita~. lfuteTCR 

MHHHMYM ~yHRiniOHMa 00 

J('JJ == J [ y:t(t) +- Ge (tJ ':J"-(t:_J] dt (2.3) 
0 

rrpn rpa~HX ycROBHRX 

Y Co)== Hoo) = 0 (2.4) 

H HOpMHpoBO~HOM YCROBHH 
00 ~ 1'<+1 ( t) 

I< ( ';j) =: J --,--.,--.,. dt = 1 . (2.5) 
0 

BapHauHOHH~ 38,ll;a~ (2,3)-(2.5) 6y;zteM paCCMaTpHBaTb Ha MaC

ce ~jt Y ( ~~ oo) , orrpe;zteJIIIeMOM Me.zcyi<IIIID.lH YCROBRRMH: 

a) ~ ( t) - HenpepHBHH Ha [ o, cP) H HMem eyco~o-HerrpepHBHHe rrep-

BHe IlpOH3BO;ztHHe ~ (t) Ha ( 0
1 

oo) ; 
6 ) l;j (t )- IIOR9J!HTeRbHH II pH 0 < t < eo ; 

B) lJ(o)-= ';j(oo)=O; 

r) :l('d) <. oo; 
;n) Kl'AJ = i . 

IlO;zt pemeHHeM BapHauHOHHOft 3a;ztaqa (2.3)-(2.5) 6y;zteM IIOHHMaTb 

~~ ~ (t) E Y (o,<><>), ;nocTaBJifiDIIYXl MHHHMYM ~oHa.ny (2.3). 
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TeopeMa 3. ~ c~ecTBOBaHRR pemeHHR BaPRauHOHHoM aanaqa 

(2.3)-(2.5), paccMaTpRBaeMOM Ha RJiacce ~ Y {o, oo), ;ItOCTa

TO~HO, ~T06H BHTIO~OCb yCROBRe 

{ <lc <b-. 

~OKa3aTeRbCTBO TeopeMH 3 RBnReTCR CRe;ztCTBReM YTBe~eliRM, 

;ItORa3aHHHX B ORe~ Tpex ReMMaX (§§3-5). 

§ 3. B STOM rraparprupe ycTaHOBHM HeROTOpHe CBO!CTBa ~YHKUHM 
~(t) H3 Macca y { o, oo). 

JleMMa I. IlpR BHTIORHeHRR YCROBRR 1<f::<S B Macce ~ 
Y(o,oo) c~ecTeyeT rrocRe;ztoBaTeRbHOCTb { ljn (t;J J , MHHHMH3HPYIOOIM 

~yHRinlOHM ( 2. 3) H TaRM ~TO: 

I. l!irn !J (';fn) =). 
1 ;.. > 0. (3.1) 

n-oo 

2. ~ JI106oro ROHe~HOro T > 0 R3 IIOCRe;ztOBaTeRbHOCTH { ~ 11 (t.) J MOX

HO BH6paTb paBHOMepHO CXOWDJ1YIOCR Ha OTpeaRe 0 ~ t ~ T IIO;niiO

CRe;ztOBaTeRbHOCTb { 'ifnm (t}} , TaRYlJ, ~TO C~eCTByeT 

fim 'ifn,., (tJ = ':J (t) (3.2) 
m-oo J 

r;ne lj(-t)- HerrpepHBHM ~ Ha [O,T). 

~ORaaaTeRbCTBO paao6~eM Ha HeCRORbRO 9TaiiOB. 

1°. YcTaHOBHM HeROTOpHe OUeHRH ;ItRH ~ ~ (t) H3 MaC-

ca y (o, oo). 
BBe;neM o6oaHa~eHRR 

/[Y""(t) +Ge(t)Y.t-(tJ)dt == Jr(Y), (3.3) 

OJT yk·~ (t) cit - K ( Y) 
t k-1 - 'I' • 

0 
(3.4) 

l1CIIORb3YR (3.3) H TO, ~TO 'J(O)=O, IIPR 0~ t ~ T 6y;zteM HMeTb: 

H 

l- st ,.. J:t ~ li) = ( ~ Cs)ds) ~t ~.z.(s) cls :!' t :; (\f) 
o 0 T 

(3.5) 

y.t(t)::.tSt~(s)~CsJdS~ f"(~:t(s).-~.2.(s))fs~~r(~). (3.6) 
0 0 

l13 ( 3. 5) n ( 3. 6) ;ItRH Kr ( ~) IlOJIY'IaeM <:JUeHey 

K ( < tt'4!- ) £(fH)+f 
T 'J)- cr- JT (~ ' r;ne o:: £CtH) • (3.7) 

TaR RaR 

lim :'JT ('<f)= J(';j) < CY , (3.8) 
T- oc 
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TO R3 (3.5), (3.6) R (3.8) no~ 
~2- (6) ~ t; J('j), 

if~(t)~ :ff'j). 

2°. ~oRBSeM nepBoe yTBe~eHRe ~eMMH I. 

(3.9) 

(3.IO) 

IlepeXOWl K npe.n;e~ B (3.?) npR T _.oo R yt!RTHBM (2.5) H 

(3.8), no~ _ _L_ 

() k~1 ~ ::J ('J) 

0TCD.D;a C~e.n;yeT, ~TO TO~aH HBXHRR rpaHb ~KUHOHana 

HBnReTCR nO~OXRTe~bHOI: 

(3.II) 

(2. 3) 

in.f :J( 'J) = ). > 0. 
'JEY(o,oo) 

Tor.n;a cymeCTByeT TaKaH noc~e.n;oBaTe~l>HOCTb ~~ r~l'l Je y (O,ot>) 

- MKHHMH3RPYD~ noc~e.n;oBaTe~l>HOCTb, ~TO 

lim 'J ( L/11. ) = >. ). > 0 . n ___.co a~ , 
3To R .n;oKa3HBaeT nepBoe YTBe~eHHe ~eMMH I. 

3°. ~oKaXeM BTopoe yTBe~eRHe ~eMMH I. 
Hs (3.I) c~e.n;yeT, ~To ~cnoBM noc~e.n;oooTe~bHOCTb f ~(~n>} 

orp~eHa, T.e, cymeCTByeT nonOZRTe~bHaH llOCTOHHHaH C, He 3aBH

CJllllaH OT 11.. , TaKaH, ~TO 

~f(~.,_) ~ C
2 

, n =1,1., ... , 

Tor.n;a R3 (3.I0) H (3.I2) RMeeM 

(3.12) 

~n(t)f:C, no:-t,:t, ... , 
T.e. llOMe.n;OBaTe~bHOCTb { ~n (t) J paBHOMepHO orpamrqeHa. 

(3.13) 

KpoMe Toro, .n;Jlll o ~ t 1 < t .t < oo RMeeM 

,2 ftL' 1, lt:L • ,t. 
l';f,JL.t)-lJ.,.(-t.)/ ==( ljn (s)ols) ~{t1.-t1 ) 'ifn (s}dS ~ 

t:, t, (3.14) 
~ (t:t-t1)'Jqfn) ~ c'(tz-t1). 

3TO YCTaH~BaeT paBHOCTeiTeHHJD HenpepHBHOCTb noMe.D;OBaTe~bHOC-

TR l!J11.). 
Tor.n:a R3 noc~e.n;oBaTe~HOCTR t~n(t)j, paccMBTPHBaeMo! Ha ~ 

6oM KOHelffiOM oTpesKe 0~ t ~ T, corMcHo reopeKe ApUeM MOllHO 

BH6paTb paBHOMepHO CXO.n:mcyDCSI nO.n;ITOM9.D;OBaT9~HOCTb [ IJn.,., (t)} , 
KOTOpaH CXO~TCR K HenpepHBHOI {fJymtmm ~ (t) Ha ( 0, T J , 'ITO H 

.n;oKaaHBaeT BTopoe YTBeps,IJ;eHHe JleMMH I. 
B CJie.n;yDIIHX nyx naparpaiflax HcCJie.n;yeTca BOIIpoc o HenpepJiiB

HOCTH npe.n;e~HOI {fJymtmm · ~ (t) H ee IIpOH3BO.n;HOI Ha OeCKOH9lffi014 

RHTep~e ( 0, oo) . 
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§ 4. C~e.n;yH Hexapz/8/, paCCMOTpHM ~emme Heo.n;Impo.n;uoe ~if>-

~epeKUH~bHOe ypaBHeHHe l 
ii. n. (tJ - Oe (t.J un. {tJ = -c("' 

IJ .... (6) 

tr" 
(4.1) 

npH rpaHH~ yc~oBHHX 

Un (o) = Un (oo)= o, (4.2) 

r.n;e of. rt. - HeKOTOpHe ITO~OUTe~bHHe ITOCTOHHHHe, KOTOpHe 6y.n;yT 

BHOpaHH HIDJte, a l;j n (t)- paaee BHOpaHHaH paBHOMepHO CXO.n;mllaHCH 

ITO.n;ITOCJie.D;OBaTe~l>HOCTD { ~n,JU J (.ll:M KpaTKOCTH HH.n;eKC m onymeH). 

JleMMa 2. IlpR BHIIO~eHHR YCJIOBHH 1 < /c < 5 cymecTByeT e,m!HCT

BeHHOe pemeHll!e u.,.. (t) sa.n:a~ (4.1)-(4.2). 3To pemeHRe o6~aeT 

c~e~ CBOtCTBaMH: 

fim u,,_(t) Un..{t)=O &:m- Un..(t) u,_(t)=O· (4.3) 
t.....,.,o ' 't +o0 

~0Ka3aTe~bCTBO ~eMMH paso6~eM Ha .n;Ba ITJHKTa. 

1°. IlOBTOPflR paccyx.D:eHRH, aH~Or~HHe TeM, KOTOpHe IIpoBe.n;e

HH npR .n;oKasaTe~bCTBe TeopeMH I, no~aeM, ~To o.n;Hopo.n;Hoe YPaB

HeHHe 
¢ (t}- &e (tJ ¢r-tJ -.:;0 

' COOTBeTCTBJDmee ypaBHeHHD (4.I), npH rp~ YC~OBHHX ¢fo)=¢(=~0 
HMeeT TO~bKO TpRBR~bHOe pemeHRe. 

2°. ~OKaXeM, ~TO ITpR BllliO~eHHR yCJIOBM 1.<1 < !i pemeRHe 

KpaeBol sa.n:a~ (4.1~-(4.2) npefcTaBRMo B BR.n;e RHTerpana 

J ';J,._ (S) 
Un(t) = ci. 11 lJ {t,s) S E-• ciS 

0 

rum t 1: "" ~< 

(4.4.) 

[
A. f"" y,;_· (S} d. I r 'f.,_ (S} 1 

U-"-(-t)-.:;oL.n. 'f':~.(t) y_,{sJ~ds-r.,1 {-tJJ¢z(s)~ds , ( 
5
·) 

. 0 t .s 4. 

r.n:e 

.D(t,s)= {4>1(s) ¢z{t.) 
<P1 (t) ¢2 (.S) 

0 :!', s ~ t 
t~S<oa 

) (4.6) 

3,neCb ¢ 1 (t) K ¢;~_ft.)- OOOTB8TCTB9HHO peryMpHOe H HeperyMpHOe B 

TO'Ute t = 0 ~emtO He3aBKCRMHe pemeHRH O.n;HOpO.n;HOro ypaBHeHRH 

¢rtJ-Qe(t)C/J(tJ=O , np}lT{eM[¢1(/Jl-¢1tPz)c_=1.. IlpH O<i<oo 
.n;M lPYH~ ¢. (t) R t/J2 (t) HJlellT MeCTO on;eHfm 9/ 

9 



/1-, t: )(+1 t: 
'f/1 {t} ~ !1e (1n e , (4.7) 
C/Jz(t)!f:: foze ( 1t:+t: ree-t: 

r,ne j\ c M ~ 2f - llOJIOJmTeJI:bHHe llOCTO.IIHHHe, 

Hall,n;eM noBe,neHHe @rHJmHt!: Urz. (t) np:a t ~ o :a t-oo . .IT.mr aTo

ro COOTHOIDeHHe (4,5) nepenHIDeM B BH.D;e 

Un. (-t J = d n. [ ¢2 {t) lf1 {-t) +- t/J1 (t) '+'z (t)] (4.8) 
t ~ 

liJ (-t) ~ J A, (S) . . Yot (S) cis 
T1 '1"1 5 1-1 

o.., k 

%CtJ:::: j¢2 (S) ;"c.:(1s) ols 
t 

r.ne 

(4.9) 

(4.IO) 

~CITOJih3YJl HepaBeHCTBa (3.10), (3.13) H (4.7), llO~aeM CJie

.D;YJOOllie oueHKH ,nJIR l.il1 C t J :a \f' z ( t J : 
a) rrp:a t -- o 

k 
'V1(t)~ 8 1 ·et.te"- 2 2t+-6-k ?0 

_f; 

lf'z (t J ~ ~ ( 1) + B 2 e '-! - 2 e -I.: 7,.. o 
-t-

7 z-e-~ 
lfz {t:) ~ 'fz{:t.) + Bz e .t 

1 
't-ze-1: <0; 

6) np:a t-oo 

(4.II) 

lf-'1 (t) ~ Y-'1 (-L) + ete+1JS1 ( 1~t f· 1
· e-t. t t-Ic 

t -e t H: 7 (4.12) 
'.P2 (t),;. e_(e+1)Bz(-ut) e- t ,nJIR lc>i, 

c1 c~ 
81 = fi1e e1e+1J ' Bz =}ze e(eHJ 

r.ne 

'fzli)-=.J'>ze ca:.e-i," ,nJIJl .efl:-1.. >o 
J t., e +3-1 e I 

IJ 1 (io> = B1 e to ,nJIR 2 + 6 -~ >O, 
to= 2 ({:- i), 

Y~MTHB8Jl oueHKR (4.11) :a (4.12), zs paneHCTBa (4.8) no~aeM 
OUeHKR ,nJIJl U n ( t.) ; 

a) rrpz t ..... o 

[ 3-f t-1 )tl+1.7 u n {t) ~ A1 t f (e (E+•Je + -t J , .D;Jlll 

[. t 3-f ,__,t"+1 J Un (t)~A1 2 t[(lN}e , ,nJIR 
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(2R+r:-i)>O, (l,-2!-1}~0 
( 4, IJ)' 

(2l+6-f}>0, (h?t-l}<Oj 

6) npz t-oo 
r-1<- (t )_l -t:J 

Un(tl£: e{tH)A1[zt +Az J+t e 
7 

,nJIR [2t+c -t]1o, Li,(4.14) 

k 
r.ne A _ c A _ lf 1 ( xc J 

1- o< n Pte _f2e e. re+1) , z- J1t ciC 

lloRaXeM, ~TO BHIIOJIHHIDTC.II npe,neJII>HHe COOTHOIDeHHR (4.3). )J.mr 
aToro Hait.D;eM none.neHHe rrpoHsBO.D;HHX Un (tJ npz t-o H t """"oo • 
,UwWlepeHUHPYR paBeHCTBO (4.8) no t , no~aeM 

u,Jt)=o(n[cPz{tJ'+'.t(t}+i(t)lj/z(-t.)j, (4.15) 

HCIIOJih3Y.II OU8HKH (4.11) H (4.12), H3 (4.15) no~aeM OUeH-

RH .D;Jlll U 1 ( i) : 

a) npz x- o 
· { z-£. { -t-1 )t"J u,,(iJ=:.A. t 2 + [(bt)e +f , ,nJIJl 

lc 
• [ t2-I !! t-~tf!.+1} un(t)~A 1 1 + Uu1)e 

1 
,nJIH 

(2t+C-l.}>O, (t;-zt_f,)>,..o 

(4.16) 
(ze fb-lc )?o, (fr-£-k) < o; 

6) IIPH X - 00 -" t -t-1 -t 
un(t)~€te+OA1{zt t;1zft+-t) e }, ,nJIR [ze~,-t]7o, Lt. 

(4.17) 

Ec.JIH BHIIOJIH.!IeTCR yCJIOBHe i<t <5 , To zs (4.13)-(4.17) 
cJie~T rrpe,neJII>HHe cooTHomeHHR (4.3) H WYHKUHR (4.4) RBJI.!IeTcR 

e.D;HHCTBeHHHM pemeHHeM KpaeBo! sa.na~ (4.1)-(4.2). neMMa 2 .noroa

saHa IIOJIHOCT:bD, 

§ 5, B 8TOM naparp~e ycTaHOBHM CBOttCTBa pemeHHtt KpaeBO~ 
sa.na~ (4.1)-(4.2). 

neMMa 3, ECJIH BHIIOJIHeHO YCJIOBHe i < t < 6- , TO HMeDT MeCTO 

cJie~e YTBepz.neHH.II: 

1°. PeweHH.H u_n(i) KpaeBo! 3a,Ita~ (4.1)-(4.2) IIPHH8AI.lexB.T RJiaC

cy qJy1rKun! y ( o, oo) . 

2°, H3 IIOCJie,nOBaT6JI:bHOCTH { U n. (i} ) MODO Bll6paT:b paBHOMepHO 

CXO,ItiiiiiyllCJl IIO.ItiiOCJie,nOBaT6JihHOCT:b fUn..., (tJ} , IIPH"'6M IIpe

,neJI:bHM @rHKUHR Ult) "fim Un .. (t} RBJIReTCR HenpepHBHO! rrpz 
/>J-+oa 

o,t<oo. 
llpe,neJIH IIOCJie,D;OBaTeJII>HOCTe! {un,.,(-t)} H {1.1,., (tJ} COBIIa,na-

IDT, T.e. ,, 



U(i)=fLrnUn (tJ=&m-Y. (t)=Y(t) (5.I) 
,.,~oo- m m ..... oo nm 

TIPH 0 ~ t <. 00 • 

IIpoH3BO.IU!aH U. {t) npe.ne.lr:E.HO~ ¢YHrunm u(tJ HenpepHBHa npn o<t<=, 
rrpHtieM 

!:: Un~ (t) = U (t}, (5.2) 

,llOKa3aT8Jil>CTBO JI8MMH IIpOB8.1l;8M B H8CKOJII>KO 9TaiiOB. 

I 0 • CHa-qa;ra .noK8.llteM, '!TO U 11_(t)E Yto,=J, H yrumeM crroco6 

B!ldopa o< n • Yde.ll;}!MC.H:, '!TO if}yHKI.U•I11: Unlt} y.ll;OBJI8TBOpHI)T BC8M 

ycJIOBIDtM, Ha.Jiaram.mM Ha WYHKUl'ill, rrpHHB.,IT).lel!8ll!l'le K KJiaccy Y (o,ao). 

B ca.MoM .neJie: 
a) TaK KaR no ycJioBHro JieMMU 3 qiyHimiDl u" (t) .IIBJIReTCR pemeffi'l

eM ypaBH8HIDt BTOporo IIOpsmKa (4.1), TO OHa HenpepUBHa HU [o,oo) 

11 HMeeT HerrpepUBHYJO rrepBYJO rrpmi3BO.IU!YJO Un (t} Ha ( o, oo). 

d) TaR KaK o(n?O, t,fn.(-D 11 ]) (t, s) - rroJIOlltHTeJI1HUe IPYH:ru.nm 
rrpn O<i<..oo, TO H3 (4.4) CJie.nyeT, '!TO l'l Un.(t) - IIOJIODT8JI:bH8..'l 

tPYHKUIDI II PH 0 "- i <( 00 • 

B) TaR KaK Un.(t}_ perueHl'!e KpaeBO:ti 3a.ll;a'!l'l (4.1 )-(4.2), TO, 

0'!8BH,1U!O, U n- { o} : U.n. { oo) = 0. 

r) liOK8.llt8M, '!TO HHTerpaJI .'J(U,.ltJ)(cM.(2.3)) CYJl18CTByeT. YMHO

lltaf! ypaBHeHne ( 4. I) Ha U n (t.}, HHTerpRpyR ode '!acTH no -t OT 0 .no 

T ll Y'!l'!THBaR (3.3) l! (4.3), IIOJIY'!HM 
T l: 

:\Cun.)=ci,.J U,..(t) 'J,'\~! 1 clt + Ur1 (T). tLn (T) (5.3) 
0 

IlpHMeHHM HepaBeHCTBO re.1Th,ll;epa K HHTerpaJIY, CT0Jtm8MY B 

npaBon -qacTn (5.3): 
f 

'T k T k+1 7' J;.-1 _1_ 

J l
.L)l,ft'Llt)_/.J..<.[J'in (-L)d-t][;1·[JUn {t)dt)rt:i. 1.4 1.:. ~ (.Al-" tk-1 t_fC'--t ( ) 

• 0 • 5.4 
0 

McnoJil>3YR HepaBeHCTBa (3.?), (5.4) n Y'!l'!THBBH o6o3Ha'!eHHe 

(3.4), H3 (5.3) dy;D.eM l!M8Tl> 

lc ; 
~r(U n) ~ <X'n [ Kr (tjn )] r:;1 (} r.-:1 !:1} ( U,) + U n (T) Un (T). (5.5) 

12 

0Tcro,n;a, B CHJIY ( 4. 3) I'! Toro, 'iTO lim K r ('In)= i , IIOJIY'IaeM 

:J(Un) < oo . 
7 -= 

,r;) Ta.K I(fll{ r-:epaBeHCTBo (3. 7)cnpaBe.ll;JIHBO TI)UI :;Pyr-ncrnm: Un.(t) 

4t Kr(Un.)~()Jr (Un} (5.6) 

H J(un)<ca, To, nepexo.wr B (5.6) R rrpe.neJIY rrpH T-oo 
Oc rc +f f 'rH dt < 00. 

, ITOJIY'!l!M 

II OSTOMY IIOCTORH!lli8 o(_ n MOJKHO IIO.ll;00paT1 TaR, '!TOd!1 
00 ~·1 

J< (U ) = J Un (t.} cf:t. == 1. n. -c_k-1 • 
0 

(5.7) 

l1TaR, .ll;OI<a3aHO, qTQ U ... {t.) E Y (O,cx;;). 

fioKB.JKeM Terre pi., qTo noCJie.noBaTeJI1HOCT1 { o{" } , rro.nodpaHHM 

R3 ycJIOBIDI HOPMRPOBKll(5. 7), JtBJIJteTCJt orpaHHtieHHOfi n 

fi.m oln. = A . 
n-~ 

(5.8) 

M3 (5.3) c Y'!STOM (2.5), (4.3), (5.4) H (5.7), npn T .......-oo, 

1 (un.) ~d.._. 
HMeeM 

(5.9) 

YMHOlltaH ypa.BHeHl'!e (4.1) Ha t,ln (t.}, I'!HTerpiipyR ode '!aCTII 

flO t OT 0 .ll;O oo l! HCIIOJII>3YR (2.5) H (4.3), IIOJIY'!l'!M 

HJIH 

R 

Jao [ fL,_ ( t) ~ n {t) + Q l (1:} Un.( t)·IJ n. {t}} dt = o( YL 

0 

J ( U n) + J ( lj n..> - 1 ( U •L - )j n.) -= ~ cX 1L • 

M3 (5.9) H (5.10) ITOJIY'!a8M HepaBeHCTBa 

J(U.n)!: J(y.,_) 

oL ..... :( J (~ ... ). 

(5.IO) 

(5.II) 

(5.12) 
06~e.ll;HHJtJt HepaBeHCTBa (5.9), (5.II) l! (5.12), dy,neM KM8Tl> 

j (u ,_)~<X H.~ .J(~ .,_). (5.13) 

TaK KaK ITOCJI8.1l;OBaT8Jll>HOCT:b ~it { u .• ..rt) J Truote .IIBJIRSTCR 

~orryCTl!MOfi .1l;JIJt BapHauHOHHOfi 3a.ll;a'!H (2.3)-(2.5), TO RHlltHl!fi npe~eJI 

eim- J(u.,);;;,A . 
fl_+OO 

Tor.na R3 (J.I), (5.IJ) 11 (5.14) rronyqHM (5.8) 
l!an.. j ( U ,. ) = f.i. m c{ n.. == e.:_ rn... J ( 'J n ) = A 
~~~ n~~ ~-oo 
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(5.14) 

(5.15) 



3Ha'!HT, IIOCJie.I\OBa.TeJibHOCT:b { ot ,_ j orpami'!eHa, H H3 (3.12) :H 
(5.12) CJie.I\YeT, ~TO 

a YL- .:: c.Z ' n = 1, 2, 3) "' • (5.16) 

2°. ~o~eM YTBe~eHHR IIJHKTa 2° JieMMU 3. 

Yl!HTHBaff (5.16), oueHKH (4.13) H (4.14) rreperr:HmeM B BH.I~e 

a) IIpH f_ ~ 0 { 

un. (t J .f: A1 [t 
3

- x .,_ (-e (fff)e -t - 1 
-r-1 )t e''l, lJ,Jif! (Zb6- t) > o, (

5
• 
17

) 
i: {lf-ze-kho; - r.tJ-~ t-1 e.1 7 Un(i)~A1 L2 +{({+1)e t J, lJ,Jif! (2ft6-I:.)>0

1
(/r-2t-l:)<o; 

6) IIPH t- 00 

- [ 1-l: t )-e --t] 
Un{t):::t{{+I)A1 2i tA2 ( 1 +t e lJ,Jif! [ze,6-0>o f.>i 

• ' J 1 (5.18) 
"+l - c 

r.11e A 1 = f>,t jze ere • ., H He saBHCHT OT HH.IIeKca n. • 
Ms (3.10) H (5.II) HMeeM 

U 11,{iJ,; c, n=.f,2, .. , , (5.19) 
T.e. IIOCJie.IIOBa.TeJI:&HOCT:b { Un (-t}j paBHOMepHO Orpami'!eHa. 

Tor;n;a, Y'!HT!iBM (5.17)-(5.19), ydel!,D;aeMCJI, 'ITO rrp:H 1 .de< 5' 

IIOCJie,1l;OBa.TeJI:bHOCT:b iJJyHKU:Hlt l Un lt)j y;n;oBJieTBOPJ!eT BCeM YCJIOB~ 
TeOpeM!i 0 KOMIIaKTHOCTH KJiacca WYHKU:Ifa Ha deCKOHe'IHOM HHTepBa.Jie IO/. 

CJie;n;o:aa.TeJI:DHo, H3 {un3 MOEHO B!idpaT:D paBHOMepHo CXO.nRmYDCJI rro;n;
rroOJie.IIOBa.TeJil>HOCT:b { un,.,{tJj: 

-tim un ({) ~ u (t) 
m-oc:o , ' 

(5.20) 

rrpH~eM u tt J JIBJIHeTCR Herrpep!iBHoa WYHKUHe! rrpH O£c t < oo . 

TaR KaK WoPMyJW (5.10) H (5.15) cnpaBe,IVmB!i H lJ,Jif! no;n;nocJie
;n;oBaTeJI:DHOCTH fun,{t)j, TO :H3 (5.10) :H (5.15) HM89M 

ei.m 'J (u~m- ~n.,) = 0 ,.,_00 • (5.21) 

Tor.11a~s (3.10) :H (5.21) noJIYllHM 

&.m / u,. ,t)- Y., (-t) j = 0 (5.22) m-oo ,.., ,., 1 

OTKy,:n;a C ~eTOM (5.20) B!iTeKaeT COOTHOme~e (5.1), ~TO :H Tpedo-
Ba.JIOC:b ,11;0Ka3aT:b. 

llo~eM, 'ITO np:H BliiiOJIHe~ ycJIOB:HR 1 <I< 5 npe;n;eJil>HM 

iJJyH~ ':1(-tl (:HJI:H u (tl ) RBJIReTCJI peme~eM HeKoToporo :HHTerpa.JI:&-
Horo ypaBHeHHR. ~ &Toro neperr:HmeM (4.4) B BH;n;e 
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"" 1: 
/ ':ln,.Jt)-dn,[:n(t,s) y2f_1

:' ds /= / ':!nm(-t}- U,1,(t)/ 
H nepeH.ll;eM K npe;n;e;ry rrp:~r m-oo. Yl!HT!iBM (5.1), (5.15) R (5.22), 
IIOJIY'IHM 

00 J: 

Y(t) = ~ J]) (t,s) ~I:~~) ds. (5.23) 
0 

~qxpepeHURPYR (5.23) ITO t , 3aM8HRR y(t) Ha u{t), Oy.IIeM 

HM8Tl> t; l: 00 . ( ) '[;., J u (s) . IrA. UI:(S) J 
u t ==" 'f"JtJ ifJ1 (s) ~ds+ ¢JtJJ 'f2(s) ~ ds • (5.24) 

o r 

0Tc~a CJie.I\YeT, ~To ecJIR B!iiiOJIHReTCR ycJioBHe 

URR u {tJ Herrpep!iBHa rrp:~r o < t < oo • 

Tenep:D rreperrRmeM (4.15) B BR;n;e 

i<lc<!J , TO tPYHK-

U (t}-<X' [d. ~~ () IJn::(s) d d, t j<JD..A ~t(S) of. 7 
nm - 11,., 'f'z. .

0 
'f'1 S sl-1 g + 'f't{ ) -t 'f'z{S) si-1 S_fo 

llepeXO.I\R K rrpe,ne;ry IIpR m-ooR Y'!HT!iBM (5.1) R (5.15), R3 
(5.25) HMeeM 

. [ · Jt u"(S) · "' 1.1fs; } -&.mun (tJ=).¢Yz{t) ¢,(S)sr-'fdst-¢-t(tJ[¢z(s)~ds. 
m~ 1'Yf o t:. 

CpaBH:HBM (5.24) R (5.26),IIOJIY'IHM 
e.,·n1 u_, (tJ :ou(tJ 
,.,~.. , ' 

~TO R ,11;0Ka3JiBaeT (5.2). 

~eMMa 3 .I\OKa3aHa IIOJIHOCTl>ID. 
C;re.ncTBRe. Hs (5.1) R (5.2) rro~aeM 

J ( u) =Ri-m. J ([,{,..,). 
m->-oo 

(5.25) 

(5.26) 

(5.27) 

TaKHM odpasoM, ecJIR BWoJIHReTCR yCJioBHe 1 < ~ < 6- , To R3 ~eMM I, 

2 R 3 cJie.I~YeT, ~To rrpe.IIeJI:DHM ¢YHKU:HR 'j (-t) R dy;n;eT pemeHReM 

paccMaTpR:aaeMo~ BaPHauROHHoa sa;n;a'!H (2.3)-(2.5). TeopeMa 3 .IIO
KasaHa IIOJIHOCTbiO. 

§ 6. IToKaEeM, HaKoHe~. ~To rrpH BliiioJIHeHRR yCJioBRR (2.1) :~rs 
cymecTBO:aamtll pemeHIDl: BaP:HauROHHO~ sa;n;a'!H (2.3)-(2.5) CJI8.I\Y8T 

cymecTBo~e pemeH:HR KpaeBoa sa;n;a'I:H (1.3)-(1.4). 

~qxpepeHURPYR (5.23) .!tBaZ.IUi no t , IIOJIY'IHM 
yf(-6} 

!J(~J -Ge(-tJ ':f(tJ "'-A tr=T , (6.1) 
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npJNeM LJ(U y.noBJieTBOp.lle'r rpamrcuruM ycJIOBl'!..RM 

y ( 0) = ~ ( 00 ) = o. (6.2) 

TaR RaR .nn~epeHUHaJibHoe ypaBHeHne (6.1) nocpe.ncTBOM JinHefiROM 

3aM8H1! '-f{X) 
u(t) =- --~ 
" .A. 7-1 

Jip>!DO)illTC!l 1: BHBO)~y (I.J)ll rpiU!H'll!J<e yCJJOBllii (G,2)JJCPCXO)J.IIT D (I, 4) 1 

TO 113 cymeCTBOBamm pememm BaPMru.tl10HHOil: sa,n;atm (2.3)-(2.5) CJI8·

,nye'l' cymecTBOMHne pemeHRH Rpaeno:ii sa,n;a-.:m (l.3)-(I.4) H TelVl ca-
MHM sanepmaeTc.H .noRasaTeJibCTBO TeopeMU 2. 
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