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AcH'vfiTTOTI.PtecKH:e ~1yHKUHH - HOBb!f'l Knacc o6o6weHHbiX ¢ynKUHH. 

III • Ocuoaunie aeiiCTBH>I Hail HHMH 

B nepBbiX aayx qaCTI!X 3TOC! pa60Thi /1.3/ aaHo onpeaeneHHe aCIIMRTo-

TH«eCKRX <jlyHKUI!ii H paCCMOTpeH BORpOC 06 liX cyUJeCTBOB8HHH II 0JlH03Ha'lfi()

C'l'H pa3nOlKeHHii, npH noMO!llH KOTOpbiX OHH BBOJl>ITC>!. B il8HHoll, 'l'peTbeii 

'18CTH BBeJleHbl 06!llHe ROH>ITH>I onepaTopa H8ll 0606UleHHb!MH <jlyHKUH>IMH, a 

'l'8K>Ke ¢yHKUIIOHana (CO 3Ha'leHH>IMH - aCUMil'l'OTH"!eCKHMH 'II!CnaMH) • Yf CC:Iei!O 

BaHhl OCHOBHNe anre6pai!'leCKHe H 8HanHTH'IeCKI!e onepaUHH H8il aCRMRTOTII

qeCKHMH <jlyHKUII>IMR, B oco6eHHOC'l'H noKa3aHo, "!TO neilcTAI!e YMHon<eHR>I 

aCHMITTOTR'IeCKHX <jlyHKUHii acerna onpeaeneHo. BLIHCHeHa CB5!3b aci!MRTOTa'le

cxHX ¢yHKUHii c pacnpeneneHH>IMR Co6oneaa-Waapua. noxa3aHo, "!TO o6br"!Hbre 

<jlyHKlllll<, a TaK>Ke 8-<jlyHKUll>l ilHpaKa II ee Rp01!3BOUHhie HMeiOT aCWviTITo

THqecKHe aHanorH. 

Pa60T8 BbiTIOnHeHa B na6opaTOPHII TeopeTH'IeCKOll <jJH3HKII 011Hl1. 

npenpHH'l' 06be;lRHeHROro HHC'l'HTYTB MepHblX i!CCnenOB8HHll, fiy6Ha 1978 

Christov Chr.Ya., Damiar.ov B.P. PS- 1!298 

Asymptotic Functions - a New Class of Generalized 
Functions. III. 'T'he Basic Operations on 'T'hem 

In the two former parts of this investigation ll.a/ the general 
class of asymototic functions is defined. 'T'he questions of the 
existence and the uniqueness of the decompositions by means of 
which they are introduced are considered. In the present part, 
beginnin,;; with the general conception of operator and functional 
on asymptotic functions, we consider the basic algebraic and ana
lytic operations for asymptotic functions and their properties. Es
pecially, it is shown that the operation of multiplication is ahvays 
defined. 'T'he connection with the distributions of Sobolev-Schwartz 
is cleared up. It is shown that the ordinary functions as well as 
the Dirac o -functions and its derivatives have asymptotic transla

tions. 

'T'he investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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© /978 06beJ1HHeHHb/H HIICTHTyT HIIepHb/X HCCnellOBBHHil .ily6HB 

B nepaoii 'laCTB :noii pa6oTw It/ MLl npe,AJIO)I(BJIB Hexo

Topoe o6o6~eHBe UOHJITBJI 4JYHI<l{BB - BBeJIB aCBMDTOTB'Ie

CI<Be 4JYHI<l{BB f (X), Tal<, 'IT06Ll BX MHO)I(eCTBO BI<JDO'IaJIO 

B ce6JI 06Ll'IHLle 4JYHI<l{BB /6eCI<OHe'IHO .llBcWlepeHI{BpyeMLle/, 

I<ai< B JD06Lle JIBHeBHLle I<OM6BHal{BB 4JYHKllBB )J.Bpai<a B ee 

npOB3BO,AHLlX, HO npB 3TOM I<pyr ,llOUYCTBMLlX ,AeBCTBBB 

6wn HaMHoro wBpe, 'I eM y o6o6~eHHLlX ciiYHKllBii Co6oneaa

Waapl{a
121

• Bo BTopo:ii qacTB
131 

6wnB paccMoTpeHw Hexo

Topwe uonpocw, CBJI3aHHLle c xoppei<THOCThiO onpe.aeneHBJI 

aCBMUTOTB'IeCI<BX 4JyHI<l{BB - C BonpocaMB cy~eCTBOBaHBJI 
B O.AH03Ha'IHOCTB uae.aeHHLlX pa3JIO)I(eHBii. Kax 6wno ynoMJI

HyTo B /1/, I<pOMe CJIO)I(eHBJI B BLl'IBTaHB.JI, YMHO)I(eHBJI 

B ,AeJieHBJI Ha 'IBCJIO, .AB4l4JepeHI{BpOBaHBJI B BHTerpBpOBaHB.JI, 

6y,AyT B03MO)I(HLl YMHO)I(eHBe B ,lleJieHBe /I<OHe'IHO, npB 

Hei<OTOpLlX orpaHB'IeHBJIX/ aCBMDTOTB'IeCI<BX 4JyHI<l{BB Me)l(

.llY co6oi, B3BJie'leHBJI He'leTHLlX, a npB I<oMnnexcHwx WYHI<

IUIJIX - B 'leTHLlX I<OpHeii, a TaK)I(e 3aMeHa He3aBBCBMOB 

nepeMeHHOB X-+ y =s cp (X), npB'IeM B OC06LlX TO'II<aX 4JyHKl{BB 

f(x) Hei<OTOpoe 'IBCJIO npOB3BO,llHLlXcp(X) MO)I(eT 6LlTioHOJIIo. 

IIpB Hei<oTopwx He6on~owax orpaHB'IeHBJIX, He 3aTparBBaiO

IlUIX BI<JDO'IeHBJI 4JYHI<l{BB )J.Bpai<a B BX npOB3BO,AHLlX, MO)I(HO 

o6ecne'IBTh e~e cy~eCTBOBaHBe onpe.aeneHHoro BHTerpana 

OT x,._ oo .ao Xa+oo, a TaK)I(e 4Jyp~oe-npeo6pa3oBaHBe. B Ha

CTOJI~ei pa6oTe MLl BBe,lleM HaB6onee OCHOBHLle B3 3TBX 

,lleBCTBBB, BI<JDO'IaJI YMHO)I(eHBe. 

1. OIIEPATOPJJ H ti>YHKJ..(HOHAJIJJ llA,l{ 
ACHMIITOTHqECKHMHAPFYMBHTAMH 

Ilpe)I(.Ae acero, ,Aa,llBM o6II.Uiii cnoco6, c noMo~hiO xo

Toporo OCHOBHLle apB4JMeTB'IeCI<Be B aHaJIBTB'IeCI<Be ,AeBCT-
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BHJI, a TaJOKe H pJI,D, tiiYHKUHH, onpe.neneHHbiX B enyqae, 
KOr,D,a apryMeHTbl - KnaeeaqeeKHe tiiYHKUHH, MO)I(HO nepe
aeeTH aa enyqaii aeawnTOTH'IeeKHX apryweaToB. Te H .npy
rae MO)I(HO 06'be,D,HHHTb e,D,HHbiM ITOHJITHeM onepaTopa/Bo6-
~eM aenaaeiiaoro/ - nonyqeaHJI aoBoii tiiYHKUBH H3 o.naoii 

HnH H3 aeeKORbKHX 3&,D,aHHbiX. 
Cawww o6~M enoeo6ow onepaTop aa.n aeawnTOTH'Ie-

eKHMH tiiYHKUHJIMH 

k 
f(x) s<l>(f (x)) lk=1.2, ... K\ /1/ 

3a.naeTe.JI 
Onpe.neneaaew 1. Bee xapaKTepaeTHKH /napaweTpbl, 

HH,D,eKebl H KOMllOHeHTbl/ HOBOH aeHMllTOTH'IeeKOH tiiYHKUHH 
f (x) JIBR.JIIOTe.JI KnaeeaqeeKHMH WYHKUH.JIMH ana onepaTopa
MH HA,IJ, xapaKTepHeTHKAMH aeHMllTOTH'IeeKHX apryMeHTOB 

onepaTopa rk (x) (k ,1,2 , ... K)'. 
Mw ae 6y.new paeewaTpHB&Tb onepaTopw :noro eaworo 

o6~ero THllA, a orpaHH'IHMeJI enyqaeM KBA3HKnaeeH'IeeKHX 

onepaTopoB: 
Onpe.neneaae 2. llpe.neTaBHTena pe3yn&TaTa f(s,x) npa 

Ka)I(,IJ,OM S 3&,D,aiOTeJI HeKOTOpbiM KnaeeaqeeKHM onepaTo
pOM Ha,D, npe,D,eTABHTenJIMH apryMeHTOB f k(s ,X) (k=1.2, .. K) 

npH TOM )l(e S : 

f (s ,x )=F (f k( s,x)) I k=1.2 •... K I· /2/ 

3.nee& npe.nnonaraeTe.JI, 'ITO npa n106ow Bw6ope WYHKUBOH
HbiX noene.noBaTen&aoeTeii f k(s,x), npe.neTaBn.JIIO~X f k(x) , 
onepaTop /2/ aweeT ewwen, H Kor.na f k(s,x) npo6eraiOT 
xnaeew npe.neTaBHTeneii f k(x) , f (s ,x) /2/ 1 npo6eraiOT 
Bee& Knaee npe,D,eT&BHTeneii pe3yRbTATA f(X) H TORbKO HX. 

3To onpe.neneaae B o6~ew y.noBneTBopaTen&ao, ao '1To-
6w He HATORKHYTbeJI Ha HeKniO'IeHH.JI, KAK H B enyqae 
.neiieTBHii a WYHKUBii aa.n aeawnTOTH'IeeKHMH nepeweaaw
wa141. aeo6xo.nawo o6o6~Tb ero B .D.BYX aanpaBneaa.Jix. 

Onpe.neneaae 3. k 
A/ Eena npa aeKoTopow Bw6ope f (s,x) pe3yn&TaT 

f (s , x) /2/ ae onpe.nenea ,D,n.JI aeKoTopwx 3Ha'leHaii s a x , 
OH MOlKeT 6b1Tb 3KeTpanonBpOBAH npOH3BORbHO ,D,R.JI 3THX 
s H X . ni06a.JI .noonpe.neneaaa.JI TAKBM o6pa30M WYHKUB.JI 
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f (s ,x) .noiDKHa oeTaBaT&e.JI B xnaeee npe.neTaBBTeneii 
pe3yn&TaTa f(x)· EenB TaKa• 3KeTpanon.JIUB.JI ae ay)I(Ha, 
6y.neM rOBOpBTb, 'ITO pe3yn&T&T BMeeT O,IJ,H03H&'IHO onpe
,IJ,eneHHbiX Dpe.neTaBBTenei. 

B/ E-cnB ae_i-_tYHKUBB f(x), Bee npe.neTaBHTenB KoTopoii 
f(s ,X) B TORbKO OHH DOny'I&IOTe.JI DO /2/ e noene,IJ,YJO~M 
nononBeaae:w DO A , TO Bee lKe DOTpe6ye:w, '1To6w Bee 
Doene.noaaTen&aoeTR f(s,x) , nonyqae:wwe Do /2/ a A, Dpa-

! ua.nnelK&nB Knaeey npe.neTaBBTenei aeKoTopol: WYHKUBB 
'f 0 (x). EenB TaKoi WYHKUBB aeT, TO onepaTop ene.nyeT eqa
, T&Tb aeoDpe.neneaaw:w Dpa 3a.naaao:w Bw6ope r k(x) 
-JierKo YBR.D.eTJ., 'ITO eenB a:weeTe.a O.D.Ha TaKa• WYHKUBI 
f 0 (X), TO 06.1:3&Ten&HO 6y.neT eiQe 6eeKOHe'IHOe MHOlKeeTBO 

'.npyrax T&KRX c)y&xuai. Bee ORB DOny'laiOTe.a B3 fG ( x ) 
YMeHJ.WeHHeM TO'IHOeTei ee pa3pWBOB B ee KOMDOHeHT, eo
Xp&HII DpB 3TOM OeT&BmBee.a IC03~HUBeHTW pa3pWBOB B 
IC03 ... UBeHTHWe c)yBJ(UHR, BnB .D.06aBneHReM npOR3BOHJ.HWX 

, Hoawx xo:wno&eHT. Tor.na epe.nH aax o6.a3aTenJ.Ro Hai.neTei 
iO,IJ,H& B TOHJ.ICO O,IJ,H& c)yR:KUB.I: f(x), ICOTOp&.l: He RMeeT DO,IJ,
, 'IRHeHHWX cpe,IJ,B OeT&nltHWX c)yH:KilRi f 0 (X), T.e. Ta:Ka.l:, 'IT0-
6W He 6wno c)yHICUBB f 0 (X), OTnH'IROI: OT f(x), Bee Upe.neTa
BRTeJDI ICOTOpol 6wn& npe,IJ,eT&BBTen.aMR R f(X)· 3Ta c)yH:K-: 
llB.I: f(x) 3&,1J,AeT pe3yn•TaT paeeMaTpRBaeMO[O ODepaTOpa 
/1/ UpB 3&AAJIHOU BWC5ope apry:weHTOB f (X). HHWMR 
enoaa:wB, pe3ynJ.TAT 3&JlAeTc• Tol c)yaxuei f(x), xnace 
Upe,IJ,CTABBTenel :KOTOpol nyqm&M o6pa30M DO:KpWBaeTe.l: 
MHOllteeTBOM c)ya:KUBORHWX Doene,IJ,OBa TenJ.BOeTel f ( S , X) 
DOny'lae:wwx no /2/ R A. 

1 
Ycnoa•e B Tpe6yeT, '1To6w MBOlKeeTBa LM a LM .nn• 

• eTABJIAPTROro pa3HOlKeBB.I: .YBICURR f (x) 6wna MBBRManJ.BW 
R 'IToC5w JCAlK,IJ,a.a R3 TO'IBocTei vl* R v * I m ~ Mtto I 
.nn• pe3ynJ.TaTa f(x) 6wna Be :wei~tme eo~aeTeTBYJOIQei 
TO'IBOeTR JlJI.I: n1060i 83 c)ya:KURI f 0 (x). 3To 03BA'I&eT, 'ITO 

, M~OlKeeTBO B03MO)I(JIWX .3B&'IeBRI JlJII IC&lK,IJ,Oi TO'IROeTR 
V fm* R Vf~ RMeeT MA:KeRMYM /npR'IeM 3TH M&:KeRMYMW 

,B3ABMRO Be o6yenoBneBW - yBenB'IeBBe O,IJ,BOI: B3 TO'IB0-
1 eTel d1 * RnB v e* Be Be.neT x y:weBJ.meBRIO .npyroi R3 

ID LID 
HRX/. pB 3TOM MOlKeM npe.nnonaraTJ., 'ITO MBOlKeeTBa 
' LM i • LM eTAB.D.APTBW. 

Onpe.neneBBe 4. EenB c)yaxuaoaawe noene.noaaTen~oBo
eTR /2/ DO:KpWBaiOT DOnBOCTJ.IO Knaee npe.neT&BRTeneii 
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f (x), on epa Top If> Ha3oBeM nepclleKTHbiM /npH Ja.D;aHHOM 

Bbl6ope f k (x) I. A ecnH OH O.IJ.HoapeMeHHO nePclleKTeH H 

HMeeT O.D.H03Ha'IHO onpe.IJ.eneHHbiX npe.IJ.cTaBHTeneii, T. e. ecnH 

HeT Heo6xo.IJ.HMOCTH nonLJoaaTLC.II o6o60-'eHH.IIMH A u B, TO 

Mbl Ha30BeM ero ecTeCTBeHHbiM. 3TH nOH.IITH.II MO:>KeM OT

HeCTH H K onepaTopaM <J>, ecnH OHH HMeiOT MeCTO npH 

nro60M Bbl6ope apryMeHTOB f k (X). 

IlpHMepOM nepcileKTHOH H ecTeCTBeHHOH onepa.UHH, O'le

BH)l.HO, MO:>KeT cny:>KHTb cno:>KeHHe: f" (x),.f(x)+f' (x)·. /IlpH 

paCCMOTpeHHH KOHKpeTHbiX )l,eHCTBHH MO:>KeM nonL30BaTLC.II 

HHbiMH HH)l.eKCHpOBaHH.IIMH apryMeHTOB H pe3ynLTaTa/. )J;e

neHHe f "(x),. f' (x): f (x) He HMeeT O.D.H03Ha'IHO onpe)l.eneH

HbiX npe.IJ.cTaBHTeneii. B caMOM )l,ene, y cilYHK.UHH f(x) HMe

IOTC.II npe)l.CTaBHTenH f ( S ,X) , KOTOpble paBHbl HynJO npH 

HeKOTOpbiX X H HeKOTOpbiX S > Q.)J;n.ll 3THX X H S OTHO

WeHHe f"(s,X)=f'(s,x) :f(~,X) He HMeeT CMbiCna H nO.IIBHTC.II 

Heo6xo.IJ.HMOCTL 3KCTpanonHpoaaTL f "(s, x ). YMHO)I(eHHe 

f"(x),.f'(x) .f(x) HHOr.D.a HMnepcileKTHO, HanpHMep, ecnH 

Be.D.YO-'He K03cllcilH.UHeHTHble cilyHK.UHH MHO)I(HTeneii paBHhl HYnJO 

npH HeKoTopblx x . HMnepcileKTeH TaK)I(e caMhlii npocToii one

paTop, npH KOTOpOM f(s ,X) /2/ BOBCe OT f k (s,x) He 3aBH

CHT. Tor.D.a no /2/ nony'IHM acero nHWL O.IJ.HH npe.IJ.CTaaH

TenL f (s ,x): f (s ,x) = <t= canst. B cHny ycnoBH.II B onpe)l.eneHH.II 3 
Mbl )l,On)I(Hbl )l,OnonHHTh 3TO 'IHCnO, paCCMaTpHBaeMOe KaK 

cilYHK.UH.II 

f ( S ,X)"' a + f* ( S , X), 

r.D.e ocTaTO'IHblii qneH f* (s, x) peryn.11peH HnoKanH3oBaH. 

Onpe)l.eneHHe 5. IlycTL f 1(s ,x) H f 2 (s ,x) - pe3ynLTa

Tbl, KOTOpble nony'laiOTC.II no /2/, ecnH Bb16HpaTL .IJ.BYM.II 

pa3nH'IHbiMH o6pa3aMH OCTaTO'IHble 'lneHbl apryMeHTOB 

fk (::;,X), H nyCTb ,\f(s,X)=f
2
(s,x)-f1(s,x)- HX pa3HOCTb. 0HH 

3a)l,aiOT HeKOTOpyiO HyneayJO aCHMnTOTH'IeCKYJO cilYHK.UHIO 

!lf(x). IlpH 3TOM O'leBH)l.HO H 
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i i 
LM ll~ LM , 

vi* >vi* 
Mm = em 

LM ll~ LM, 

v* > v * 
!lem = em 

ECnH nOBCIO.IJ.Y HMee.w: paaeHCTBO, pe3ynLTaT Ha30BeM TO'I

HhiM, a ecnH XOT.II 61a1 Ha O)l.HOM WeCTe paaeHCTBO Hapywe

HO, OH 6y)l.eT Crna)I(HBaiOD-'HM. 

HanpH:wep, nycTL 

v* 
3-

f'(s,x)= y f(s,x), 
0 n 

f ( S ,X ) "" l f O ( X ) S + f
0
* ( S ,X ) 

n=vo n 

(v*>v ,f* (x)>O). 
o o ov0 

EcnH 

v 0 =3k (k=0,±1,±2, ... ). 

1/3 
f '(s,x),.(f (x)) 

ov
0 

v
0

/3 
s (1 

v.* 
0 

/3/ 

l f (x)sn +f~(s,x) 1/3 
no:v. +1 On ) 

+ . 
f (x)sv0 
ov

0 

Pa3nara.ll BTOpoii MHO)I(HTenL no cilopMyne 6HHOMa, BH)l.HM, 

'ITO cilYHK.UH.II f ' (x) 6y)l.eT onpe.IJ.eneHa KaK peryn.llpHa.ll 

aCHMnTOTH'IeCKa.ll cilYHK.UH.II, npH'IeM 

, /3 * , , * vo -=vo , vo "'vo +vo -vo. 

3TOT pe3ynLTaT /3/ TO'IeH. EcnH v 0-* 2 k • a Mbl XOTHM 

OCTaTLC.II B TOM )l(e nepBH'IHOM MHO)I(eCTBe aCHMnTOTH'Ie

CKHX cilYHK.UHH F (X ),B KOTOpOM HaXO)l.HTC.II f(x ), TO )l,On)I(Hbl 

CKa3aTL, 'ITO pe3ynLTaT 3a)l,aeTC.II peryn.llpHOH aCHMnTOTH

'IeCKOH Hyneaoii cilYHK.UHeii TO'IHOCTH v0, "" ( v
0

: 3 ] , HeCMOT

p.11 Ha Bb16op K03cWJH.UHeHTHhiXcilYHK-UHH f
0
n(x), T.e. pe3ynL

TaT crna)I(HBaeT BCIO CTpyKTypy nocne)l.OBaTenLHOCTeii /3/. 
B 3TOM cnyqae peJynLTaT 61a1n 61a1 crna)I(HBaiOD-'HM H no'ITH 

He HMeno 61a1 CMhiCna rOBOpHTb 0 TOM, 'ITO KOpeHL CYO-'eCT

ByeT. KoHe'IHO, a pacwHpeHHOM MHO)I(ecTae acHMnTOTH'Ie

cKHx cilYHK.UHii /onpe.IJ.eneHHe 13 a 111 I peJynLTaT on.IITL 

CTaHOBHTC.II TO'IHbiM H, cne)l,OBaTenLHO, CO)l.ep)l(aTenLHhiM. 

YcnoaHe TO'IHOCTH peJynLTaTa )l.aHHoro .D.eiicTBH.II JIB

nJieTC.II KpHTepHeM Ka'leCTBa. 3TO ycnOBHe Tpe6yeT, 'IT06b1 
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TOqHOCTB pe3ynLTaTa 6~nB orpaHBqeH~ TOnLKO TeM, qTo 
OCTaToqH~e qneHbl CO,IJ.ep)KaT cilYHKUBB, He BMeiOIUBe CTeneH
H~X pa3nO)KeHBB. HanpoTBB, ecnu pe3ynLTa-r crna)KeH, :no 
noxa3wBaeT, qTo B pa3nO)KBM~e no cTeneHJIM s qacTB 
apryMeHTOB BCTynaiOT B KOM6BHaUBB, KOTOp~e y)Ke He
pa3nO)KBMbl BnB TOnLKO qaCTBqHO pa3nO)KBM~. 3TO o6e,IJ.
HJleT CO,!J,ep)KaHBe caMOrO YTBep)K)J.eHBJI 0 TOM, qTO one
paTOp cy~ecTByeT. llpe,IJ.nono)KBM, qTo onepaTop~. c no
MO~LIO KOTOpbiX Mb16y,IJ.eM pa6oTaTL, TOqH~, XOTJI B3 caMOrO 

onpe,IJ.eneHBJI 3TO He BblTexaeT. 
AHanorBqH~M o6pa30M MO)KeM BBeCTB cilYHKUBOHan~ 

/nBHeBH~e B HenBHeBH~e/ Ha,IJ. aCBMnTOTBqecKBMB cilYHK-

UBJIMB 

I=A(f k( x)) \k=1,2, ... K\ 

c npe,IJ.cTaBBTenJIMB 
k 

I ( s) = L ( f ( s , x )) , 

r,IJ.e L - o6~qH~B xnaccuqeCKBB cilYHKUBOHan, KOTOp~B npB 
3a,IJ.aHHOM s ,IJ.eBCTByeT Ha,IJ. npe,IJ.CTaBBTenJIMB 
paCCMaTpBBaeM~MB KaK cilYHKUBB OT X. cl>yHK· 

TaK)Ke MOryT 6~Tb nePcileKTH~MB BnB BMnepcileKT· 

Ka)K,IJ.OM 
k f (s,x), 

UBOHan~ 

H~MB, TOqH~MB BnB crna)KBBaiOIUBMB, C O,IJ.H03HaqHO onpe
,IJ.eneHH~MB npe,IJ.cTaBBTenJIMB una 6e3 TaKOB~X. B ,IJ.anLHeil
weM Beer.na 6y,IJ.eM no,IJ.pa3yMeBaTL, qTo pe3ynLTaT ToqeH. 

2. YMHO)J(EHHE H ,[fEJIEHHE HA WfCJIO, 
CJIO)J(EHHE H BhJqHT AHHE 
ACHMIITOTHqECKHX <PYHK~Hil 

Bee TeopeM~, KOTOp~e ecilopMynupyeM 3,IJ.eeL B B ,nanL
HeilweM, enpaBe,IJ.nHB~ npH nro6oM pa3no)KeHHH npe,IJ.eTaBu
Teneil Ka)K)J.oro apryMeHTa. Pa.nu npoeTOT~ npe,IJ.noqTeM ux 
eTaH,IJ.apTHble pa3no)KeHBJI. O,IJ.Haxo cllopMynbl, KOTOpble 6y,IJ.yT 
B~pa)KaTL napaMeTp~, BH,IJ.eKe~ H K03¢JcllBUHeHTH~e cilYHKUHH 
pe3ynLTaTa qepe3 Te )Ke eaY~e BenuquH~ apryYeHTOB, He 
o6eenequBaiOT eTaH,napTH~il BBA pe3ynLTaTa. Eenu Hy)I(Ho, 
M~ MO)KeM ,IJ.OnOnHHTenLHO nepeBeeTH pe3ynLTaT B eTaH
,napTH~B BH,IJ.. llpH TeX npoeTbiX ,neileTBHJIX, KOTOp~e 
6y,IJ.eM paeeMaTpHBaTL 3,neeL, 3aMKHYTOeTL HM:eeT MeeTO 
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H no OTHOWeHHIO K nepBHqHbiM MHO)KeCTBaM F ( S ,X) H F (X) 
I e cilHKeHpoBaHH~MH napaM:eTpaMH L , xe 'Me ' N I. ll03TO
Yy, noxa He 6y,neT exa3aHo ,npyroe, 6y,IJ.eM pa6oTaTL nep
BHqH~MH MHO)KeeTBaMH C N =0 , a He paeWHpeHHbiMH f(s,x) H 
F(x) . 

- TeopeMa 1. Ka)K)J.oe nepBHqHoe MHO)KeeTBo aeuMnToTu
qeexux cilYHKUHB F(x) /a ene,noBaTenLHo, H f(x) I 3aMK
HyTo no YMHO)KeHHIO Ha aeHMnTOTHqeexoe qucno, T.e. 
npoH3Be,neHHe f '(x),..a.f(x) Beer.na ey~ecTByeT. MHo-. . i 
)KeeTBa LM 

1 
H LM oeTaroTeJI: LM 1 

' =LM ,LM '=LM. K8.)K,naJI 
KOMnOHeHTa YMHO)KaeTeJI Ha queno a , Ha KOTOpoe YMHO
)Kaey BeiO cilYHKUHIO. EenH v H v * - eTeneHL H TOqHoeTb 
a, TO 

i ' i ' 
Vern =V +Vern' Vern =V+Vem' 

vi *' 
em = . ( i* * i ) *' . ( * * ) mm v+vem • v +vern • vern ""mm v+vem ,v +vern. 

Ko3cllcilBUHeHTbl pa3p~BOB H xo3cllcilHUHeHTHble cilYHKUHH KOM
noHeHT nonyqaroTeJI no cllopYyne Kowu ,nnJI yMHO)KeHHJI 
CTeneHHbiX pJI,IJ.OB jqneHbl O,IJ.HOrO H3 KOTOpbiX 3aBHeJIT B 
oT t I. AHanoruqHo no,nequT~BaiOTeJI, eenu HY)KHO, H 
OeTaToqHble qneHbl npe,neTaBHTeneB npOB3Be,neHHJI. 

TeopeMa 2. ,lJ;eneHHe Ha queno f' (x) .. f(x): a onpe.neneHo, 
eenH a He HOnL, H eBO,IJ.HTeJI K YMHO)KeHHIO Ha a-1. 

Teopeya 3. YMHO)KeHHe B .neneHHe Ha queno Beer.na 
TOqH~. YMHO)KeHHe Beer,na HM:eeT O,IJ.H03HaqHo onpe,IJ.eneH
Hble KOMnOHeHTbl, a ,neneHBe - TOnLKO eenH Bb16paHH~B 
npe,neTaBHTenL quena a He aHHynupyeTeJI npH HeKOTOpOM 
s. Heo6xo,nHYoe H .noeTaToqHoe yenoBHe - qyo6~ 3TH 
,neileTBBJI 6~nB nePcileKTHbiMH V *-v;: z.f -vo ( e ,m) ~ LM • m LID 

npu Beex 

YxaJaHHoe 
HO TeM, qyo 
OeTaTO'IHOrO 

orpaHH'IeHHe .nn• nePclleKTHoeTH o6yenoBne
HHa'le Be,n~aJI qaeTL eOOTBeTeTByiO~ero 

'lneHa ff~ (s, t) 6y,neT HMeTL BH,IJ. 

ve 
a*(s)f 0 (t).s m , 

L,m,vem a, O'leBH,IJ.HO, no 3TOBcilopMyne 

Henb3JI nony'IHTL Bee OeTaTOqHble qneH~ TOqHOeTH v*+vem • 
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YMHO>KeHBe B .n.eneHBe .n.aHHOH acuMnToTB'I~CKOH tiiYHKU.BB 

Ha HeKOTOpOe aCBMnTOTB'IeCKOe 'IBCJIO KOMMyTaTBBHbl, 

o.n.HaKo He acer.n.a o6paTBbl: nocne yMHO>KeHBB B .n.eneHBB 

Ha O,IJ.HO B TO >Ke 'IBCJIO nony'IBM BCXO,IJ.B}'IO tiiYHKIJ,BIO, 

TOJibKO eCJIB OTHOCBTeJILHaB TO'IHOCTL A=~· *-v 'IBCJia a He 

MeHLWe OTHOCBTeJILHbiX TO'IHOCTeH BCeX pa3pb1BOB B BCeX 

KoMnoHeHT. HHa'le nony'IBM HeKoTopyrotilyHKU.BIO a.a-
1
f(x), 

,IJ.OMBHBpyiOIIJ,YIO f (x) jyMeHLWeHHbiMB TO'IHOCT BMB/. 

TeopeMa 4. Ka>K.n.oe nepBB'IBOe MHO>KeCTBO acuMnTOTH

qecKBX tiiYHKU.BH F'(x) JaMKHYTO no cno>KeHBIO B Bbi'IBTaHBJO, 

T. e. CYMMa B pa3HOCTL .IJ.BYX aCBMnTOTB'IeCKBX tiiYHKIJ,BH 

f"(x)=f(x) ± f'(x) acer.n.a cymecTBYIOT. 

BocnonLJyscL Heo,IJ.HOJHa'IHOCTLJO palno>KeHBH .n.ns f B 

f' , Mbl acer.n.a MO>KeM npe.n.nono>KBTL, 'ITO LM 
1

, LM B 

LM 1 ', LM' cooTBeTCTBeHHO coana.n.aroT / 3TO OJHa'laeT, 'ITO 

MHO>KeCTBa OC06\>IX TO'IeK X E B X f , MHO>KeCTBa BHyTpeH

HBX cTeneHeii: Me , M~ u M~', M f cooTaeTCTBeHHO co ana

.n.aroT/. 
,Aeii:CTBBB npOB3BO,IJ.BTCB no pa3pb1BaM B no KOMnOHeH-

TaM: 

M
0

1 "=i'lf"i ± t\fpi' ((e,mx; LM i ":=LMI,LM
1 
'), f~' =fo 

Lin l:m m rm rm 
± f£m 

· ((f ,m) ~ LM""' LM" LM ') . 

HeTpy.n.Ho npoaepBTL, 'ITO tlf o1 " B f ~, y.n.oaneTaopsroT rm tm .11 
aceM Tpe6oaaHBBM A-D onpe.n.eneHBB 8 B 

1 
./Ma>Kopupo-

aaHBe npoaepseTcB no TeopeMe 2 a 131 
/. CTpyKTYPHble 

BH,IJ.eKCbl ,I).JIB CYMMbl B ,IJ.JIB pa3HOCTB COBna,IJ.aiOT: 

i" . ( i i,) i *" . ( i * i *') 
vCm = mm vern ,vem ' vCm "'mm 'tm ,vEm ' 

/4/ 

" . ( , ) *" . ( * *' ) v =llilllv0 ,v0 , v0 =llilllv0 ,v0 • 
fm [ffi Lffi Lffi Lffi Lffi 

/5/ 

Ko3<lltiiBU.BeHTbl pa3pb1BOB A f f " 
tiiYHKIJ,BB f ~, (t) Ja,IJ.aiOTCB qepe 3mn 

r.mn 

B K03<lltiiBIJ,BeHTHble 

tlf L'=i'lf 1 ± tlf 1 ' (v 1 " <n.::;v i *"), 
Cmn Cmn Cmn Cm = - Em 

f'; (t)= f
0 

(t) ±f'0 (t) (v~' <n~ v~" ). 
rmn rmn rmn rm = - rm 
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. . 1 
Ilo.ll,pa3yMeBaeM, 'IT~ ~B n < ve~ BJIB n<ve~' Affmn~o 
COOTBeTCTBeHHO Aff 1 "" 0. To >Ke CaMoe OTBOCBTCB K 
f, (t) mn 

fmn • 
TeopeMa 5. CyMMa B pa3HOCTL acer.n.a nePtlleKTBbl, a 

CJie,IJ.OBaTeJILHO, B TO'IHbl ,IJ.eHCTBBB C O,IJ.H03Ha'IHO onpe.n.e

neHHbiMB npe,IJ.CTaBBTeJIBMB. 

TeopeMa 6. Cno>KeHBe KOMMyTaTBBHO B accou.uaTBBHO. 

TeopeMa 7. Pa3HOCTL .n.ayx o.n.uHaKOBhiX tiiYHKIJ.BH .n.aeT 

HyneByiO tiiYHKIJ,BIO, B Ka>K,IJ.YIO HyneByJO tiiYHKIJ.BIO MO>KHO 

nony'IBTL KaK pa3HOCTL .n.ayx o.n.uHaKOBbiX <iiYHKU.BH. Ta >Ke 

CaMaS CBB3b BMeeT MeCTO Me>K,IJ.y tiiYHKIJ,BBMB, TO'IHOCTB 

KOTOpbiX vj;; B V lta 6eCKOHe'IHbl, B a6COnJOTHbiMB Hyne

BbiMB tiiYHKU.BBMB. Ecnu perynspHble qacTB paccMaTpBBae

MbiX tiiYHKIJ,BH JIOKaJIB30BaHbl, TO H a6COnJOTHaJI Hyneaas 

tiiYHKU.BB JIOKaJIH30BaHa, H Hao6opOT. 

3Ta TeopeMa MO>KeT cny>KBTL KaK onpe.n.eneHBe HyneBbiX 

tiiYHKIJ,BH, HO B ,IJ.yxe BCeB 3TOH pa60Tbl Mbl npe,IJ.nO'IJIH 

onpe,IJ.eJIHTb HX BBHO, yKa3biBaB MHO>KeCTBa COOTBeTCTB}'IO

liJ,BX npe.n.cTaBHTeneii:. 

BBH,IJ.y TOrO, 'ITO HMeeTCB MHOrO HyneBbiX tiiYHKIJ,HH, no

nyqaeM, 'ITO CJIO>KeHHe H Bbi'IHTaHHe He BCer,IJ.a o6paTHbl: 

Bl f"(x)=f(x)+f'(x) He acer.n.a cne.n.yeT f'(x)=f"(x)-f(x) B 

f (x) = f" (x) -f '(X). ~O>KHO YTBep)I(Jl.a Tb TOJILKO, 'ITO npB 

Ka>K,IJ.OM (f ,m)~ LM 1 
B3 f" (x) =f (x)+ f' (x) CJie,IJ.yeT O,IJ.HO H3 

A i , A i " Af i tl f i - tl f i , - M i , 
paBeHCTB offm =Llf Cm -u Em BJIB fm- Em Em B 

npH Ka>K,IJ.OM ( e ,m)-<;: LM cne.n.yeT O.ll,HO B3 paaeHCTB fj (t) 
.m 

= f,)' (t)-fo (t) HJIB fo (t)=fn'(t)-f~ (t). IJpB 3TOM 'lepe3 rm r m tm rm r.m 

i 
,\, ffm H ffm (t) Mbl o603Ha'IBJIH pa3pb1Bbl H KOMnoHeHTbl 

<iiYHKU.HH f ( x), paccMa TpuaaeMble xaK acHMITTOTH'IeCKHe 

'IHCJia, H, COOTBeTCTBeHHO, KaK O,IJ.HOKOMnOHeHTHble acHMn

TOTH'IeCKBe tiiYHKIJ,HH. 0TCJO,IJ.a CJie.ll,yeT eliJ,e, 'ITO B 061IJ,eM 

f(x)+f 0 (x) /:. f(x) H (f(X)+f'(x))-f'(x)/:.f(x) /f 0 (x)
HeKoTopas nyneaas <iiYHKIJ.BB/. Pa3HOCTB neBbiX B npaBbiX 

'laCTeH 3THX paBeHCTB BBJIBIOTCB HyJieBbiMB tiiYHKIJ,BBMH, HO 

TaK KaK HMeeTCB MHOrO TaKBX tiiYBKIJ,HH, 3TO Be 03Ha'laeT, 

'ITO o6e 'laCTH O,IJ.BHaKOBbl. Hx pa3pb1Bbl H HX KOMnOBeHTbl 

O,IJ.HBaKOBbl TOJILKO ,1).0 TO'IHOCTeH COOTBeTCTBYIOliJ,BX HyJieii:. 

11 



Teopewa 8. 3aKOHbl AHCTpu6yTHBHOCTH 

(a'+a") f(x)=a'f(X)+a"f(x), 

a(f '(x)+f"(x)) = af'(x)+af"(x) 

MOryT HapywaTLCJI /HeKOTOpble TO'IHOCTH Vf; HJIH Vf~ 
neBOB CTOpOHbl MOryT OKaJaTLCJI BbiWe COOTBeTCTBYJO~HX 

TO'IHOCTeB npaBOB CTOpOHbl paBeHCTB/ TOllbKO B O'leHL 

cneu.uanLuwx cnyqaJix, cooTBeTCTByro~x cnyqaro uapywe

HHJI TOrO )l(e JaKOHa AllJI acHMnTOTH'IeCKHX 'IHCen / 4 /, a 

uweuuo: 

'ITO 

nepBwi JaKoB uapywaeTcJI, ecnu 

1/v ,=v ,, 
a a 2/ v , , > v ,( = v , ) • a +a a a 

3/ c~ecTByeT nopJIAOK H napa ( e ,m) ~ LM i TaKHe, 

i* i < * * v , ,,+ v 0 - v 0 v , ' v , 
a +a Lm Lm a a 

HnH cy~eCTByeT napa ( f ,m)~LM TaKaJI, 'ITO 

v , , + v : - v 0 < v *, • v *, 
a +a Lm Lm a a 

BTopoi JaKoB uapywaeTcJI, ecnu cy~ecTByeT nopJIAOK 

i H napa (f ,m)~ LM TaKue, 'ITO 

1/ 

2/ 

i , i , 
v em ""vern ' 

i i'( i") 
Vem>vem =Vern ' 

3/ v +v*-v<vi*' 
em em 

i *, 
,vern ' 

unu ecnu c~ecTByeT napa (f .m) ~LM TaKaJI, 'ITO 

1/ 
2/ 
3/ 

vi_m ""'vi~ ' 
Vfm > v{m (=vl:n ), 

* *' *'' Vfm + v - v < vfm ,vfm ' 

/v ~m , vl;, v fm OTHOCJITCJI K f '+- f" /. 
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BRAHM, 'ITO Ka)I(AOe nepBH'IHoe MHO)I(eCTBo F (x) JaMK

uyTo no cno)l(eHHIO H YMHO)I(eHHIO ua 'IHcno. 0AHaKo uanu

'IHe pa3llH'IHbiX HyneBbiX c)yHKD,HB, Tai<HX, 'ITO npH Ka)I(AOM 

f(x) Hei<OTOpble HJ HHX YAOBneTBOpJIIOT COOTHOWeHHIO 

f(x)+o(x),.f(x}, a Apyrue - neT, JIBnJieTCJI npuquuoB: Toro, 

'ITO MHO)I(eCTBO aCHMnTOTH'IeCI<HX c)yHI<D,HB He JIBnJieTCJI 

JIHHeBHbiM. MHO)I(eCTBO 06'bei<TOB, B I<OTOpOM CllO)I(eHHe H 

YMHO)I(eHHe Ha 'IHCnO onpeAeneHbl, npH'IeM OHH I<OMMyTa

THBHbl H aCCOJU~aTHBHbl, HO Tpe60BaHHe cy~eCTBOBaHHJI 

eAHHCTBeHHOrO HYllJI, a B CBJIJH C 3THM H AHCTpH6yTHBHOCTb 

uapyweuw, uaJoBeM nonynuueB:uwM MHO)I(eCTBOM. TorAa 

F(x), a TaJ()I(e H _E(x) JIBnJIIOTCJI npHMepaMH Tai<HX MHO)I(eCTB. 

3. ,4HtiHPEPEH~HPOBAHHE H HHTEFPHPOBAHHE 

Teopewa 9. Ka)l(,llOe MHO)I(eCTBO acuMnTOTH'Ieci<HX ,Pyui<

D.HB F (x) JaMI<HyTo no AUcllc)epeuu.upoBaHHIO. 

)l.H«<M)epeHI{HpOBaHHe npOHJBOAHTCJI noqneHHO npH X/. X f. 
llpH h•Xf npOHJBO,IlHble JaAaiOTCJI ycnOBHJIMH /28/ H /29/ 
B /11. PeJyn~oTaT BcerAa nepc)ei<Teu. CTpyi<Typuwe napaMeT

PLI OCTaiOTCJI, a CTpyKTypHble HHAei<Cbl H I<OMnOHeHTbl 

npoHJBOAHOB f' (x) c)yHI<IJ,HH f (x) nony'laiOTCJI Tal<: 

vi',.,vi '-lli i *, i * /6/ fm fm ' vern =vern- m. 

vi = ve - m -m m ' 
v*' =v* -m 

em em (m ~ Meo ) • /7/ 

f' (t) .. JLr (t). 
fmn dt e,m,n+ m /8/ 

YcnOBHe Ma)I(OpHpOBaHHJI OCTaTO'IHbiX CYMM, O'leBHAHO, 

Bhlnonueuo, Tal< KaK OHO OTHOCHTCJI K OCTaTO'IHbiM CYMMaM 

He TOJ,Ibi<O HCXO,IlHOB l)yHI<IJ,HH, HO H KO BCeM ee npOHJBOA
HbiM. 

Teopewa 10. Muo)l(eCTBa F(x) JaMI<HYTbl no HHTerpu

poBaHHIO /HMeiOTCJI B BRAY ueonpeAeneHHwe HHTerpanw/. 

llpHMHTHBHYIO c)yHI<IJ,HIO f(x) c)yHI<D,HH f(x) nonyqaeM 

noqneuuww HHTerpuposauuew. Ho BBHAY Tpe6oBaHHJI 

f fm (s ,t) = 0 npu t 4 ± oo (m~ M f). Mbl AOll)I(Hbl no- paJHOMy 
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onpe,I(en.IITb HHTerpaUHOHHhle KOHCTaHThl llpH t> 0 H t<O , 
a 3TO coJ,I(aeT AononHHTenbHhle paJphiBhl npH t,.,O. Hx 
cne.I(yeT KOMlleHCHpOBaTb COOTBeTCTBYIOIUHMH pa3plalBaMH 

peryn.llpHhiX qacTeii f eo (s , t) /Ha HHX HaKnaAhiBaJOTC.Il 

ycnoBH.Il HClfeJHOBeHH.Il Ha 6ecKoHelfHOCTH/. B peJynbTaTe 

HaXO,I(HM, lfTO CTPYKTYPHhle napaMeTphl L H X e OCTaiOTC.Il 

HeHJMeHHhiMH, a MHo:>KeCTBa Mp0 MeHJIJOTC.Il, KaK cne:nyeT 

Mi+l,Mi 
eo eo M fo = (O, M eo ) ' M eo=: (O,M eo ). 

IlpH 3TOM 3neMeHT o Ao6aan.lleTc.ll K MHO)I(eCTBY Mp 0 
ecnH oH y)l(e He co.I(ep)I(HTC.Il a HeM. CTpyKTYPHhle BHAeKchl 

onpe,I(enJIJOTC.Il ,KaK cne.I(yeT: 

- i+l i 
v em =v em +m' 

_ i+l*, vi *+m 
vPm em 

-0 
vern =vem+m. i/ 0 * = v * + m Pm Pm 

vern= v em + m' v* =v* + m 
em em 

- i veo min ( v/, j;i + m.i), 
_ i 0 m 

- i * 
veo 

m~ Me 

= min ( v i * , v 1 * + m .i ) , 
m~M~ eo em 

(m ~ M i+l ) e • 
(m ~ M o ) /9/ e . 

(m ~Me ). /10/ 

/11/ 

v min ( v , v + m ), v * = min ( v* , vo* + m ). 
_r 0 f 0 r 0 Lffi Po 11,., Me m m"" Mp /12/ 

Tor.I(a KOMllOHeHThl HHTerpana 6YAYT Ja,I(aBaTbC.Il qepe3 
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f 
emn 

( t) = 

f
0 

(t),. 
tOn 

t 

~ 
I r e (t) ctt 

_
00 

,m,n-m 

-t f P,m,n-m(t )dt' 

' t < 0 

/13/ 

t > 0, 

t r f 0 ( t) dt + a- . o tOn fon 

EcnH HY)I(HO, aHanorHlfHble <}lopMynbl MO)I(HO HanHcaTb H AnJI 

OCTaTOlfHbiX qneHOB. flpH 3TOM pa3pb1Bbl aton- a fion H 

a Pb - a ~O Bb16paHbl TaK, lfT06hl o6ecnelfHTb HenpepbiB

HOCTb <}lyHKUHH f(s ,X) B TOlfKaX X p . /Hx cpe,I(HHe 3HalfeHH.Il 

L(a + +a- ) 
2 Pon Pon 

H 
12 (a*r~ I a eo- ) npOH3BOnbHb1/. TaKHM 

o6pa3oM, peJynbTaT HHTerpHpoaaHHJI onpe,I(eneH AO aAAH-

THBHbiX KOHCTaHT -

~~O H TOlfHOCTH Ve~ 
f p O ( S , t ) npH t ~ 0. 

,I(O aCHMDTOTHlfeCKHX lfHCen CTeneHH 

, Ja,I(aiOIUHX, HanpHMep, 3HalfeHH.Il 

Ho BBHAY Toro, lfTO TOnbKO cyMMa 

L 
r

0
(s,x) ~I fe

0
(s,x-xr ) HMeeT 3HalfeHHe ,I(nJI f (s ,X), BH,I(HO, 

lfTO ua caMoM ,I(ene peJynbTaT onpe,I(eneu c TOlfHOCTbJO 

TOnbKO ,1:(0 O,I(HOrO aCHMDTOTHlfeCKOrO lfHCna a CTeneHH 

V = min v 0 H TOlfHOCTH 
0 p rO 

-* . -* v = min 11 11 
0 tO 

111 Y CnOBHJI Ma)I(OpHpOBaHHJI /23/ H /25/ B BbiDOnHJI-

IOTCJI DpH 

~ ~ rn 
Ofm(S)= Ofm(s )s ( m.; M Po ) , 

t ~ • l f 'r"m(t)dt, t < 0' 
ro (t) = -oo (m ~Me ), 

Pm "" ~ 
J f 0 (t) dt ' t > 0, 

Pm 

t " 

"\ 1'1o (•O)I' J 'eo(t)dt, 
t > 0' 

-
f 0 (t) 
Po 0 " 

!To c-o) I + J rr (t)dt. t < 0. 
Po • 0 
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OcTanLHble M.a)l(opupyJO~e WYHKUHH 

.naJOTCJI npocTo qepe3 

f i+ 1 ( t ) = f i ( t ) 
Pm Pm ( m ~Mea 

A 

f 0 (t) 
lffi 

(i > 0) Ja-

) . 

KaK BH,IJ,HO H3 1111 H 1121, HHOr,IJ,a HHTerpHpOBaHHe 

coxpaHJJeT ToqHocTL ''o . a HHor.na noHH)I(aeT ee. B nepaoM 

cnyqae pelyllLTaT nepclleKTeH, BO BTOpOM - HeT. 

,ll;eiicTBHJI .nu4141epeHn;HpoaaHHJI H HHTerpupoaaHHJI acer.na 

KOMMyTaTHBHbl, HO He BCer.na o6paTHbl ,IJ,pyr ,IJ,pyry • .liHTe· 

rpHpOBaHHe MO)I(eT He 6biTL o6paTHbiM .IJ.H4141epeHD;HpOBaHHIO, 

TOnLKO ecnH y ucxo.nHoii WYHKUHH ToqHOCTH perynJJpHoii 

qacTH H ee pa3pb1BOB CllHWKOM BbiCOKH no cpaBHeHHIO C 

TOqHOCTJIMH CHrHynJJpHbiX qacTeH H HX pa3pb1BOB. 3TO CBJI· 

3aHO TOllLKO C TOqHOCTJ!MH v0* perynJJpHbiX KOMnOHeHT 
. LO 

H TOqHOCTJIMH v lo* HX pa3pb1BOB. EcnH f (X) HMeeT CHHry-

nJlpHble KOMnOHeHTbl C TOqHOCTJIMH v 0* HH)I(e v
0
* +ID H 

. rm i 
pa3pb1Bbl C TOqHOCTJIMH v£1* HH)I(e I' * + m, TO HHTe-

rpHpOBaHHe MO)I(eT nOHH3Hfl. TOqHOCTH pe!§lnJlpHbiX KOMno

HeHT v£ * H HX pa3pb1BOB v~O , a .IJ.H4141epeHD;HpOBaHHe HHKOr,IJ,a 

He MO~eT HX nOBbiCHTL. Bo BCJIKOM cnyqae, ecnH f (x) JIB• 

nJleTCJI HHTerpanOM HeKOTOpOH cllYHKUHH f' (x ), TO ,IJ,llJI TaKHX 

cllyHKUHH ,IJ,eHCTBHJI .IJ.H4141epeHD;HpOBaHHJI H HHTerpupoaaHHJI 

o6paTHbl. 

4. YMHO)J(EHHE ACHMllTOTHlJECKHX 
tZJYHK~HH 

TeopeMa 11. Ka)l{.noe nepauqHoe MHO)I{eCTBO F (x) JaMK

HYTO no YMHO)I(eHHIO 

f "(x) = f (x) f' (x) . 1141 

MLI He 6y,IJ,eM yKalbiBaTL B JIBHOM BH,IJ,e, KaK napaMeT· 

pbl, HH,IJ,eKCbl H KOMnOHeHTbl f" (X) Bblpa)l{aiOTCJI qepe3 Te, 

KOTOpble xapaKTepH3YJOT f (x) H f '(x) , a YKa)l{eM TOllLKO 

MeTO.IJ. ux nonyqeHHJI. He 6y.neM paccMaTpHBaTL TaK*e 

aonpoc o KOMneHcan;HH pa3pb1BOB - Tai< KaK f(s,x)H f'(s,x) 

16 

HenpepbiBHbl, TO, oqeBH,IJ,HO, H HX npOH3Be,IJ,eHHe f"(s,x) He· 

npepbiBHO. liy,IJ,eM nonL30BaTLCJI pa3llO)I(eHHeM 

LM 
f ( s ,X ) "" 1 f p ( s . t 0 ) I 15 I 

m r.m 

I 1331 a 
131 I, npuqeM npe.nnono)I(HM, qTo KOMnoHeHTLI 

f Po ( s ,x-x p ) He TOnLKO HenpepbiBHbl BMecTe c ux npo

HlBO.IJ.HbiMB npH XxXf. I xp, HO H qTo OHH BMeCTe c HX 

npOHlBO,IJ,HbiMH HCqeJaiOT B 3THX TOqKaX. 3Toro HeTpy,IJ,HO 

,IJ,OCTHqL, nonL3YJICL HeO,IJ,H03HaqHOCTLIO pa3llO)I(eHHJI 

L 

f 0 (s,x) = ~ f 0 (s,x-x 0 ). BBH.IJ.Y 1151 JICHO, qTo npe.ncTaau-r= t ~.o ' 
TenH npOH3Be,IJ,eHHJI 

f"(s,x)"" f (s ,x) f'(s ,x) 1161 

6y,IJ,yT 3a,IJ,aBaTLC.H B BH,IJ,e KOHeqHOH CYMMbl npOH3Be,IJ,eHHH 
THna 

f"(s,x).f0 (s,t 0 )f~, ,(S,t
0

, , ), 
K r_m Lm r. m L m 

(K• (P ,m ,P' ,m')), 

npuqeM MoryT 6biTL TpH cnyqaJJ: 

a) P':P, m'.,m, 

{3) £',.£, m'/m, 

y) f' I e. 

Cnyqaii a caMblii npocToii: 

f K (s ,t)"' fpm (s ,t)fim (s ,t) (K=(f ,m)). 

1171 

OH, oqeau.nuo, o6na.naeT aceMH caoiicTaaMH A , B, C onpe

.neneHH.H 8 B /!/. IKaK Mbl ynoM.HHynH 3apaHee, .HCHO, qTo 

YMHO)I(eHHe He M.O)I{eT HapywHTL D I. llpH 3TOM nerKo 

npoaepHTL, qTo v0 " =v.e +v; .vo*" = min(v0 +v~' .vt +vp' ). 
t.m m rm Lm t.m rm t.m rn 

17 



lJTo6bl HaRTH CTeneHH H TO'IHOCTH pa3pb1BOB f "(s,x), npe:lK,IJ.e 

scero no lleR6HHUY HanuweM 

0 i i- j j' 
f 1 " (s,t)= ~ f 0 (s,t)f o (s,t)o 

K j= Q Lffi Lffi 

1181 

Cne,IJ.oBa TenbHO, 

i . . , . . ' , 
0 1- J j 1- J J 

!\f 1 " (s) = ~ (f 
0 

(s .+O)f 0 (s ,+0)-f0 (s,-O)f0 (s,-O)l= 
K j= 0 r m tm t m t m 

i 
1

_ J o, I 0 0, 

j!'o Uem (s.tO)i\f~m (s)+~fe:1 (s)f/m (s.-0)) 

i i-j j' i-j j' 
[=~ (L\fp (s)fo (s,-0)+f 0 (s.+O)Af 0 (s))]o 

j=O m rm rm rm 

0TCIO,IJ.a cpaly BH,IJ.HO, 'ITO 

i 0 
0 

i , 0 ( J i- J , ) 
v = m1n v o + vo v o + v o • 

K j= 0 t m r m r m r m 

i 
v 1 *" = min ( v,

1 
+ v 0 i *' • 

K j=O r m rm 
IJ * 

Pm 
+v j 

em 

i-j 
V tV*' 

Pm Pm 
io j * , ) , V +V o 

Pm em 

KoHe'IHO, 3)J.ecb HaR,IJ.eHbl cTeneHH u TO'IHOCTH KoMnoHeHT 
H pa3pb1BOB, COOTBeTCTBYIOlli,He ,IJ.aHHOMY npOH3Be,IJ.eHHIO 
f"( s ,x) 1111 B cnyqae a . OcTanhHble npoH3Be,IJ.eHHJI 1111 
MaoryT )J.a Tb ,IJ.pyrHe qneHbl f * " (s .x) TeMH :lKe 3Ha'leHHJIMH a , 0 

f 
0

, m , H, •no6bl HaRTH ,IJ.eRCTBHTenbHble v ~, , vi;, , v t ", 
1
*, rm rm 1 .1m1 Vf , Mbl )J.On:lKHbl MHHHMH3HpOBaTb elll,e no a 1 . 
mlfl 1111 s cnyqae a BH.IJ.HO, 'ITO ecnu m"O , TO fe' (s.t) 

6y)J.eT 6blcTpo cTpeMHTbCJI K HYnJO npu t -•.!: "". a u:in 1181 
JICHO, 'ITO TO :lKe caMOe CBORCTBO 6y,IJ.eT HMeTb MeCTO H 
,IJ.nJI npoHlBO.IJ.HbiX. Ecnu :lKe m==O, o pocTe f'pm(s,t) npu 
t-> ±"" Mbl HH'Iero He MO:lKeM yTBep:lK,Il.aTb, HO 3TO H He 

HY:lKHO. 
113 1171 H 1181 nonyqaeM, 'ITO ,IJ.nJI f£' (s ,t) Ma:lKOPH" 

poBaHHe HMeeT MeCTO npH sQ' = min (So ,S 0) H npH 0 ~, (s)= rm 
A A ,... i - i- j A • I 

=0
0

(S)o;J (s) ,f 0 "(t)=~f 0 (t)f 0
1 (t)o 0)J.HaKO 

r.m rm rmn rmn rmn 

18 

HaM HY:lKHO ,IJ.OKa3aTb Ma:lKOpHpOBaHHe elll,e ,IJ.nJI OCTaTO'IHbiX 
cyMM, 3a,IJ.a:saeMbiX qepe3 

H n 
r;'(s,t)=f;;" (s,t) + ,~ ,r;' ,(t)s 
rm tmn n "'Vern tmn 

1191 
(v" -1_:::n::;v

0
*" ), 

fm - - tm 

I 1211 B 1 1 1 I. Mbl MO:lKeM onpe,ll.enHTb f f " (t) 
n<v em -1 : mn 

u npu 

f~' (s,t),.f*p" (s,t) r.m mn npu n < vo'' - 1 o 
~ tm 

1201 

IlyCTb 1-p;~ $ n;; ~' p~ o Ilonb3YJI.Cb paBeHCTBaMH 1191 H 1201, 
MB fern (s.t). a JaTeM u )J.nB f'em (s,t) , Haxo,IJ.HM: 

' n- v0 rm n 
f"(s,t)"' -~ fp ,(t)s 

K n = v mn 
Pm 

f'em(s,t) + 

+ rr , (s.t)f* , cs.t) ~ 
,m,n-ve P,m,v0 - 1 

, m tm 
n-v 

em n' n-n n 
= ~ f o , (t)s ( ~ f'o , (t)s +f.f' , (s,t))+ 

n ~v rmn ,, , r-mn r_ m n-n 
- Pm n =vern . , 

+ f*
0 

, (s,t)f~ ' (s,t)o 
r mn- v t a v -1 

em em 

B .IJ.BORHOR cyMMe JaMeHBeM n :t-n" Ha n '. IlonyqaeM 

n n '-vern 
n 

f" (s t) = ~ ( 2 f o , , (t)f o , (t))s + 
K ' ,_ , '-:.... ... tmn-n rmn 

n -Vfm +Vfm n -Vfm 

n-vp 
m n 

+ -~ f 
0 

,(t)s f 0*' {s,t) + 
n "'Vfm rmn tmn-n 

+ f* 
fmn-v' 

Pm 

(s,t)f* (s,t)o 
P,m,v' -1 

Pm 

19 



BBH.D;Y /19/ NLI MO)KeN HanHcan, 

f (t) s n = f* ( s , t)- f * ( s , t) 
Cmn' Cmn '-1 Cmn' 

H HaXO.D;HM 

n-vim + 1 

f *" 
Kn 

(s,t).. !. f* ,f* + 
n~v£m +1 Cmn Cmn-n'-1 

n-vem 

I f* 
, 0 , 

n =Vern Lmn 
+ f* , 

emn-vem 
f* 

fmvi_m -1 

n-vem +1 

I fo , (s,t)f~' , (s,t) -
, , LID n-n Lmn -1 

n '"'Vern 

n-vem 

-I f* (s,t)f*' (s,t), 
n~v' emn-n' emn' 

ern 

(v" -1< n< v*" ). 
em "' = em 

f*' 
emn-n' 

/21/ 

/22/ 

/23/ 

BH.D;HM, 'ITO OCTaTO'IHaJI CYMMa ff '~ BLipa)KaeTCJI KaK 

KOHe'IHaJI cyMMa npoH3Be.n;eHHi THna i11 I, H, cne.n;oaa Tem.

HO, Y'IHTLIBaJI TeopeMy 2 B ;g; , MLI NO)KeM Ma)I(OpHpOBaTL 

ee TaKHM )Ke 06pa30M. IlpH 3TOM MLI ,IJ;On)KHLI y'leCTL, 'ITO 

So H s 0 OT n He 3aBHCJIT, TaK 'ITO 3TO 6y,n;eT HMeTL 

MecTo H .n;nJI s 0 . KoHe'IHO, ecnH m > 0, 1 ~,n (t) npH 

t 4 ± oo 6y,n;yT CTpeMHTLCJI 6LICTpO K HYJDO, a ecnH ffi=O, 
,.. 

0 pOCTe f , (t) npH t 4 ± oo MLI HH'Iero He MO)KeM YTBep)K
Kn 

,n;aTL, HO 3TO H He HY)KHO. 

Ma)KopHpoaaHHe npoH3BO.D;HLIX .n;oKa3waaeTcJI TeM )Ke 

CaMLIM CnOC060M, eCnH Y'IHTLIBaTL /23/ H TO, 'ITO no 

Jlei6HHI(y npOH3BO.D;Ha.R npOH3Be.D;eHHJI 3a,n;aeTCJI B BH.D;e 

KOHe'IHOH CYMMLI npOH3Be,D;eHHH MHO)KHTene:ii H HX npOH3BO.D;

HLIX, a npOH3BO.D;HLie MHO)KHTene:ii Ma)I(OpHp}'IOTCJI TaKHM 

)l(e o6pa30M, KaK H CaMH MHO)KHTenH. 

20 

t 
' 
1 
': Ilepei.n;eM K cny'laiO {-3 lie3 orpaHH'IeHHJI o6mJIOCTH 6y

.n;eM C'IHTaTL m>m'. PaccMOTPHM cHa'lana cny'lai, Kor.n;a 

m '> 0, HHH )l(e m '=0, HO «ilYHKI(HJI f fo (S,X-X {') noKanH30BaHa. 

IloKa)l(eM, 'ITO npoH3Be.n;eHHe /17 I B 3TOM cny'lae JIBn.&eTCJI 

«ilYHKI(Hei THna fl' (s,t{' ), C TeM )Ke caMLIM 3Ha'leHHeM p , 
m m 

co 3Ha'leHHeM m , · KaK y nepaoro MHO)KHTenJI (m>m' ) , H c 

Ha.n;ne)l(all(e BLI6paHHLIMH CTeneHLIO, TO'IHOCTLIO H K03«ll«ilH· 

I(HeHTHLIMH, «ilYHKUH,MH. 0603Ha'IHM t ~(X-X{' ) s-m , t' 
= (x-xe )s·m ~t .s m-m . Pa3nO)KHM npe)I(.D;e acero «ilYHKI(HIO 

fi_ ,(s,tsm-m' ) no s a o6oHx apryMeHTax .n;o HeKoTopoi 

c'fllneHH n ( v~, -1~ n ~ vf', ). 
qT06LI HaRTH 3TO pa3n'3)1(eHHe B He06XO.D;HMOM .D;HJI HaC 

BH,D;e, o603Ha'IHM 'lepe3 f 0xi * (s ,t) .D;BOHHYIO OCTaTO'IH}'IO 
1mn 

cyMMY nopJI,D;Ka n nos (n=vem-1,vem•Vfm +1, ••• , ve~)H no

p.R,D;Ka i no t(i= --1,0,1, ... ), T.e. OCTaTO'IH}'IOCYMMynopJI.D;Ka 

i no CTeneHJIM t OCTaTO'IHOH CYNMLI f* ( S ,t) nopJI.D;Ka 

n no CTeneHJIM S «ilYHKUHH f Pm ( S, t) . /£yHKUHH fpm (s, t ) 

HMeiOT npOH3BO.D;HLie mo6oro nopJI.D;Ka no t H n03TOMY OHH 

HMeiOT aCHMnTOTH'IeCKHe pa3HO)I(eHHJI JD060H TO'IHOCTH no 

HeOTPHUaTenLHLIM cTeneHJIM t /. Cne.n;oaaTenLHO, MLI Mo

)l(eM nHCaTL 

i n . , , . , 
1 n 1 

r e c s ,t) = I I r e , s t 
m i'=on'=v mn 

em 

i i'* i' 

+ i ~0 f Cmn (s)t + 

n xi 
+ f. fe , ( t) sn 

n =vern mn 

+ f _xi * (s ,t ). /eM. puc. 1/. 
fmn 

3,n;eCL TO'IKaMH o603Ha'leHLI 'lneHLI .D;BOHHOrO pa3nO)I(eHHJI. 

ropH30HTanLHLIMH 'lepTaMH npe.D;CTaaneHLI OCTaTO'IHLie 

CYMMLI pa3HO)I(eHHH no S K03«ll«ilHUHeHTOB pa3nO)I(eHHJI no 

t. BepTHKanLHLIMH 'lepTaMH .n;aHw ocTaTO'IHWe cyMMLI pa3-

no)l(eHHi no t K03«ll«ilHI(HeHTOB pa3nO)I(eHH.R no S • lip .HMO

yronLHHK anpaao H aaepx cooTaeTcTayeT f ~ *. 3TH onpe

.n;eneHHJI H 3Ta cxeMa He npe.n;nonararoT cxo.D;HMOCTH pa3-

no)l(eHHi - .n;aoiHLie pa3no)l(eHHJI, KaK H ace pa3no)l(eHHJI, 

KOTOpLie MW 3.D;eCL paCCMaTpHBaeM, JIBHJIIOTCJI aCHMnTOTH· 

'leCKHMH. 
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. 
(, 

1lx 
tn' 

• • 
• • 
' • 
II • 

""' 

• • 
l/ .~~ 

• • 

l!x* 

• • 
• 9 

i~ 
~ .. 

~ • • 
• • • .. 

n ~· 
n 

trn 
Puc. 1 

Pa3JJO)KHM 4JyHKD;HIO f 
1
; , (s, ts Ill-In ) CHa'laJJa no BTOpo-

MY apryMeHTy t' : m 

in 
m-m 

f ' ( s , ts ) = '£ 
fm' i=O 

i' (m-m')i i xi~ , 
ffm'(s)s t +fPm' (x,t ), 

npH'IeM i 11 - caMoe 6onbwoe 3Ha'leHHe , npH KOTOpOM 

v 0 ' , + (m-m' )i ::; n , 
tm - /24/ 

T.e. 

i 0%[ (n- v; , )/ (m-m ')]. 
n tm 

HATH AaJJbWe no CTeneHJIM t' HeT He06XOAHMOCTH, nOTOMy 

'ITO Mbl noJJy'IHJJH 6bl 'IJJeHbl, CTeneHH KOTOpbiX npeBblWaiOT 

HCKOMYIO TO'IHOCTb pe3yJJhTaTa n • Pa3naraeM Tenepb 

fe~- (s) no s AO cTeneHH n-(m-m')i /c TeM, 'IT06bl 

cTeneHH 'IJJeHoB pa3JJO:lKeHHJI He npeBbiWaJJH n I. HaxoABM 

22 

m-m 
f' (s ,ts 
fm' 

in ' . n-(m-m ')i 
i (m-m )1 . , 

) =r '£ t s ( ~ f/ , , 
1= 0 v rm n 

fm' 

n 
s + 

r 
t 

+fi*; , . (s))+fxi~ (s,t')= 
e,m ,n-(m-m )1 em 

in 

'£ 
i=O 

n-(m-m · )i . , i n '+(m-m')i 
'£ fi ts + 

~ ~ Em"n" 
n =Vern' 

in , , 
i (m-m )i i xin 

+ "£ t s r * : , c s) + r r , c s .t , ) . 
i0%0 f,m ,n-(m-m )i m 

BocnoJJh3yeMcJI cooTHOWeHHJIMH 

f xin*, (s,t ') , < v*, I k~ 1 I npH vemr fm' 

fin *'(s,t')= 
em, 

\ 

fm ',vim-k 

. *' 
f XI~ ' (s,t') 

f,m ,Vfm, 
npH 

i (m-m' )i · x i-1 *' 

v zv*' +€, 
fm' fm' 

t s f 1 *' (s)=f 
f,m',n-(m-m')i f,m',n-(m-m' )i 

(s,t')-

xi*' 
-f (s,t'), e.m ',n-(m-m ')i 

KOTOpble aHaJJOrH'IHbl COOTHOWeHHJIM /19/, /20/ H /21/. 
B cnyqae v; , :S v f~ ', npH :. = 1 HaXOAHM 

fill Ill 

m-m 
f em, ( s. ts ) : 

i , n , n . , 
'£ s .n '£ f I 

, , . 0 , , , 
n =vern, I=O t,m ,n -(m-m )i 

i 
t + 

in 

+ 
xi-1*' xi *' '£ f , , ( s ,t ') + f , n 

jo= 0 f,m .n-(m-m )i em v - k 
(s,t')-

em· 
i 
n x 1 *' 

'£ f n , , (s ,t '), 
izO tm n-(m-m )1 
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npH'IeM i n' 3a,l].aeTCJI qepe 3 /24/ npH n = n 
Y.D.06cTaa 

n-v' 
k ~ 1 + [ em, ] 

, 
n- vern, 

m-m' m-m 

HaXO,l].HM 

r.D.e 

n 
f~ ,(s,t')~ ~ fe, ,(t)sn +f~', (s,t), 

rm n ',.v' m (n ) Lm (n) 
em 

i , 
n 

f ' ' ' (t) = ~ f i-,
1

' ' em (n ) i=O em n -(m-m ) 

i +1 

i 
t 

n x i 1 *' 
f*', (s,t) .. ::£ f ~ , .Cs,t')-

Cm (n) i= o em n-(m-m )1 

1n xi*' 
- ~ fo , , . ls,t'). 

izO t m n-(m-m ) 1 

Bb16HpaJI .D.nB 

/25/ 

/26/ 

/27/ 

)J.nJI HarnJI,l].HOCTH BCe 'lneHbl H OCTaTO'IHble CYMMbl, 

H3 KOTOpblX COCTaBneHO Bblpa*eHHe /25/ C y'leTOM /26/ 
H /27/, npe,l].cTaaneHbl Ha puc. 2 /r.D.e m-m'=5,zf' ,d, n 713 /. 

Ill 
qneHbl pa3nO*eHHJI npe,l].CTaBneHbl TO'IKaMH, a CYMMbl - 3a· 
WTpHXOBaHHbiMH KBa,l].paHTaMH. 

Cnyqa:B: z'e~ ,_, v l ~, -t f aHanorH'IeH H .D.~e 6onee 3ne-
MeHTapeH. Mbl He 6y.D.eM ero paccMaTpHaaTb. 

Tenepb Ha:B:.D.eM pa3no*eHHe no cTeneHJIM s npo-
H3Be.D.eHHJI f "(s,t) /17/: 

K 

n ' 
f"(s,t) = ~ f",(t)sn +f*;'(s,t), 

K n ~v ,, 1<ll K /28/ 
K 

24 

r.D.e 

v "'"" + v; , , K ~LID LID 

v" -1 <n<v*" 
K z :::c K 

i 

*" . ( *' * , ) V "" ffiill Vo +V 0 , , Vo +Vo , ' 
K LID LID f~m LID 

f*" (s,t):sn_. 0. 
Kn s-> 0 

~+ 

~ 

Puc. 2 

IlpH 3TOM, BBH.ll.Y /17/, /25/ H /26/, 

n, -vern 

r",(t)= ~ re, ,(t)ri, ,(t) .. 
Kn n'~v' mn-n m (n ) 

n~vem 
~ 

" n ,.v 

em, 
i ,, 

~n f o , , , ( t )f'o , " , t i 
i=O LID n -n Lm n -(m-m )i 

/29/ 

qTO KacaeTCJI OCTaTO'IHOH CyMMbl B cnyqae v £ ~ v C H 

v em' ~ v -;~' ' TO BBH.D.Y /27 I' nony'IHM m m 

n-vem 

f* "(s,t) = , ~ f*
0 

, (s,t)f~', , (s,t) 
Kn n,..v'-1tmn-n-1 tm(n) 

en1 

25 



+ 

n-vem 

! f* (s,t)f*' (s,t)= 
n~v' fmn-n' fm'(n') 

fm' 

n-ve 
! m 

n ~v' -1 
fm' 

i , +1 

I f * , (s,t)f xi~ 1 
,*' , (s,t')+ 

1•0 P,m,n-n -1 f,m ,n -(m-m )i 

n-vem 
1 , n 

! ! 
n zv -1 i=O 

fm' 

Xi *' f* , (s,t)f , , , (s,t')-
f,m,n-n -1 f,m ,n -(m-m ) i 

n-ve i , +1 
m n x i-1 *' 

,!, .! f* ,(s,t)f , , , (s,t')+ 
n =v J:O f,m,n-n f,m ,n -(m-m ) i 

fm' 

n-vfm in, 

+ ! ! Xi *' f , (s,t)f (s,t'), 
f,m,n-n f,m',n'-(m-m') i n .. v i•O 

fm' 

(t~tsm-m /30/ 
) . 

Cnyqau, Kor~a v1, ~t,'t +c unu t•n' , =vt'. tc, auanorU'IHLI. 
m trn rm rm , 

3TUM BCe UH~eKCLI U K03cW!Ul(UeHTHble cllYHKl(UU f~ (s,t) , 
a TaK:>Ke U OCTaTO'IHble CYMMbl npu JII060M 11 HaH~CHbl. 

Ycnoau.11 A u 13, a KaK y:>Ke OTMe'leHo,- u D , .IIBHO HMeiOT 
MecTo. OcTaeTC.II ~oKa3aTL C. 

OrpaHU'IUBa.IICb cnyqaeM v o < v t u vn' • <.:.I/ h' ', • U3 
1m = 1m rm - tm /30/ BU~UM, 'ITb f *, (s, t) - KOII.e'IHLie CYMMbl 'IJieHOB Kn 

Tuna 

xi-1 *' m-m S(s.t).f*e , (s,t)fe ,, ,,(s,t,s 
mn-n -1 m n -(m-m )1 

/31/ 

26 

~ 

' 

I 

4 

/cyMMUpoaauue no n' u i; i >= 0 /. TaK KaK 3Ta cyMMa 
KOHe'IHa, TO no TeopeMe 2 B ;a; BOnpoc CBO~UTCJI K Ma:>Ko
pHpOBaHUIO oT~eJILHoro 'lneua Tuna /31/. jqneuw B /30/, 
y KOTopwx i unu n ua I 6onLwe, paccMaTpuaaiOTC.II 
auanoruquo u ~a:>Ke ner'le/. llo TeopeMe Teiinopa Mbl 
Mo:>KeM nucaTL 

f xi-1 *' ( m-m 
, , , s ,ts 

f,m ,n -(m·m )i 
)• t i s(m-m ')i 

X 

i*' m-m 
xf , , , (s.ets 

f,m ,n -(m-m )i ) ' 
/32/ 

u Tor~a S(s,t) npuHuMaeT au~ 

S(s,t)%s(m-m')\ire* , (s,t)x 
~,m,n-n -1 

i* ' m-m 
xfe , , , (s.ets ). 

,m n -(m-m )i 

Cne~oaa TeJILHO, 

[S(s,t)[ ;S s<m-m')i[t[ i ~n-n'-l(s)ffmn-n'-1 (t) x 

A A 

xo', , (s)ff1 : , , (Ots m-m ) . 
n -(m-m )i m n -(m-m )i /33/ 

Onpe~enuM 

o S ( s) = ~(m-m ')i " " o , (s)o t; ,fs). 
n-n - 1 n -(m-ru)I /34/ 

. *, 
MHO:>KUTeJib f f

1 
, , '). (s ,t,) UMeeT CTeneHb 11 , a no 

m n -(m-m 1 

o6~UM npaBUJiaM MHO:>KUTeJib fern n-n ~ 1 UMeeT CTeneHb 
n-n'-1. O~HaKo, Y'IUTLIBa.ll, 'ITO cllYHKl(U.II f em pa3BUBaeMa 

no cTeneHJIM s ~o nop.II~Ka ''e~, a n-n '-1 ~~v em , uaxo~uM, 
A n-n' 

'ITO 3Ta cTeneHL n-n',T.e. on-n'- 1 (s)=O (s). Cne~oaa-
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TellbHO, 0 (s)=on (s), KaK H ,IJ.OIDKHO 6b1Tb. llyCTb ell\e HanH· 
weM s 

f
5 

( t) = It\ i f 0 • ( t) f io • • ( '). Lm n -n L m n - m-m 1 

... 
npHqeM f lm · n _ m-m 'h - aepxHHH np~,D.en nocne,IJ.Hero 
MHO:>KHTeng B /3~/. BBH.D.Y TOro, qTo fP. ,(t) CTpe
MHTCS: 6biCTpO K Hyruo, S:CHO, qTo MHO:>KHTl.Ji~-n(t)i He MO
:>KeT HapyWHTb Ma:>KOpHpOBaHHS:. 3THM Ma:>KOpHpOBaHHe qne
Ha S(s,t) ,IJ.OKaJaHO. 

OcTaeTcs: paccMoTpeTb Ma:>KopHpoaaHHe npoHJBO,IJ.HbiX 
OCTaToqHbiX CYMM no t. BBH,IJ.Y /18/, /30/ H /33/, j ·Tag 
npOH3BO,IJ.HaS: j,IJ.eneHHaS: Ha j !/ Ja,IJ.aeTCS: B BH,IJ.e KOHeqHOH 
CyMMbl qneHOB THna 

T(s,t) = s (m-m ')k cr;; , (s,t)) j-k X 

L,m,n-n -1 

xi-1*, m-m' k 
x (f 0 , , ( ')· (s,ts )) L,m ,n- m-m 1 

/35/ 

/cyMMHpoaaHHe no n' , i H k ; O:£k:;; j /. llTo6bl 
CBeCTH Ma:>KOpHpOBaHHe K y:>Ke ,IJ.OKa3aHHOMy Ma:>KOpHpOBaHHIO 
Bblpa:>KeHHH THna S(s,t) /31/, ,IJ.OCTaToqHonpHHS:TbBC006pa
:>KeHHe TO:>K,IJ.eCTBO 

(f xq(t)) P= f pxq-p (t), 
/36/ 

r,IJ.e fPxq-p =fpxq-p npH q:::p H fpxq-p = f p npH 

p > q. llT06bl ,IJ.OKa3aTb /36/ ,--,IJ.OCTaTOqHo CpaBHHTb p ·TyiO 

npOH3BO,IJ.HYIO pa3llO:>KeHHS: f(t) ,IJ.O CTeneHH q - f p(t) = 

q-pp+q' q' xq p 
= I f t + (f (t)) c paJno:>KeHHeM p -To:il 
q~O 

npOH3BO,IJ.HOH fP(t), ,IJ.O CTeneHH q-p, ecnH ~p- fP(t) = 
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q- p , , 
I f p+q t q + f pxq -p 

q '= 0 
HllH C caMOH 3TOH npOH3BO,IJ.HOH 

p q , ecnH p> q.Tor,IJ.a /35/ JanHCbiBaeTcs: a BH,IJ.e 

T(s,t) = s(m-m)kfi-kx-1~ (s,t)fkxf~k*' , . (s,ts m-m ). 
emn-n em n -(m-m )J 

~anee Ma:>KOpHpOBaHHe CBO,IJ.HTCS: K Ma:>KOpHpOBaHHIO Bblpa
:>KeHHH THna /31/ - ,IJ.llS: OCTaTOqHbiX CYMM npOH3BO,IJ.HbiX 
OHO TaKOBO :>Ke, KaK H ,IJ.llll HCXO,IJ.HbiX I}JyHKUHH. /Cne,IJ.yeT 
yqeCTb, qTo BBH,IJ.Y pa3ll0:>KHMOCTH ffm, no CTeneHS:M 

t CTeneHb nepaoro MHO:>KHTens: n-n' +(i-k)(rn-m'), a He 

n-n '+(i-k-l)(rn-m '), KaKo:il 6bl nonyqHnacb no o6-
ll\HM npaBHllaM/. 3THM ,IJ.OKaJaTellbCTBO B cnyqae, KOr,IJ.a 
m>m'>O HllH Kor,IJ.a rn>m' =0,, HO fe~ (s,t') noKanH
JOBaHa, JaKoHqeHo. 

PaccMoTpHM eiUe cnyqa:il rn' = 0, He npe,D.nonaras: noKa-
llHJOBaHHOCTH f eo (s, t). PaJnO:>KHM 

f' (st')=f' (st') + f' (st') fo ' eo . .:Jo . (t'=x-xe =tsm)./37/ 

llpH 3TOM ff~ (s,t ') noKanHJOBaHa, a f'e0(s,t') TaKo-

Ba, qTO I}JyHKUHH r[
0

' (t ') , npH nOMOII\H KOTOpbiX OHa 
Ma:>KopHpyeTcll, paBHbl Hyruo npH t = 0. TaKoe paJno:>KeHHe 
BOJMO:>KHo. B caMoM ,IJ.ene, nycTb q(t) - 6ecKoHeqHo 
.D.HI}II}IepeHUHpyeMas:, aoJpacTaiOII\as: npH t < 0 H y6blaaiOII\aS: 
npH t>O I}JyHKUHS:, OTllHqHag OT Hyng TOllbKO B KOHeqHOM 
HHTepaane ( -r, + r), KOTopas: pasHa I npH t = 0 , a ace ee 
npOH3BO,IJ.Hble npH t = 0 HcqeJaiOT. llpHMep TaKOH I}JyHKUHH -
/8/ B /3/, Tor,IJ.a Mbl MO:>KeM Bb16paTb 

fi0 (s.t') = feo (s.t')g(t')·~ 

£'e0 (s,t') =fro (s,t'Hl-q(t')J. 
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liTO o6e 3TH cllYHKUI!B Ma>KOpBpyeMJ-1, aB~HO cpa3y - ~OCTa
TO'IHO 3aMeHBTL f'fo (t) Ha fe~(t ') q(t '), J1 COOT-

A 

BeTCTaeHHO, Ha f 0' (t')[l-q(t')]. ,lJ;B«llCC>epeHD;BpyeM f~ (s,t') 
ill ~ 

_i_'f; (s,t') = _<!_[r; (s,t')] q(t') + f
0

' (s,t')~q(t') 
dt' t:.O dt' t:.O rO dt' 

B Haxo~BM 

d - .. .. .. .. d 1-f; (s,t')l < o; (s)f0
1'(t')q(t')+o0' (s)f; (t')i-q(t')l < 

dt' t:.O = tO t:.O tO t:.O dt' = 

" ,. 
~ oe~ (s)fe~(t'), 

.. 
r~e r, c t ') oc r 1 , c t ') q( t ') + r", c t ') 1 ~-q c t ·)I . 

eo eo eo ctt • 

AHanorB'IHO ~oKa3blaaeTcJI Ma>KopupoaaHBe cne~YIOII.\BX npo
BJao~HbiX cllYHKD;BB ff~(s, t '), a TaK>Ke llpOB3aO~HbiX 
cllYHKUBB ~ (s,t'). Bau~y Toro, 'ITO cllYHKD;BJI 1-g(t) B ace 
ee npoB3aJl~Hble BC'Ie3aiOT npu t '=0, TO B3 caMoro onpe~e
neHBJI cllYHKD;BB f b' (t ') JICHO, 'ITO ace OHB 6y~yT BC'Ie3aTL 

, - rO 
npB t '= 0. 

BB~BM, 'ITO npouJae~eHBe /17/ npu ~r' paJnaraeTcJI 
Ha 

- -
f" (s,t) = f (s,t) f' (s,t'), 

K fm eo 

f" (s,t) = f (s,t) f' (s,t '). 
_ K Ym _eo /38/ 

cl>yHKD;BJI f ;( ( S, t) paCCMa TpBaaeTCJI flO abiilleyKa3aHHO
MY CllOC06y, KOTOpbiB BMeeT MeCTO B npB m '=0, eCJIB 
f eo (s, t ') JIOKaJIB30aaHa, a OHa TaKOaa B eCTL. 

IloKa>KeM TenepL, 'ITO f" (s,t) npe~cTaanJieT co6oii 
-K 

6e3pa3pblaHyiO peryJIJIPHYIO KOMllOHeHTY 6eCKOHe'IHOB CTe-
neHB, T.e. OHa - npe~CTaaBTeJIL peryJIJipHOB HeJIOKaJIB30-
BaHHOB a6coJIJOTHoii Hyneaoii cllYHKUBB. Ba~y Toro, 'ITO 
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MW OTHOCBM f:: (s,t) IC peryJIJipKOi ICOMllOHeHTe pe3yJIL
TaTa, MW npe~llO'ITe.M 3~eCL 6yiCaOi t 0603B&'IBTL He 
(x- X e )s -m • a X- X r . Tor~a 

f" (s,t) = f 0 (s,ts -m) f~ (s,t) 
_ K rm _ro (t=x-xe). 

HaJIH'IBe /B ~a>Ke BC'Ie3HoaeHue/ npoB3ao~HWX y f" (s, t) 
. K 

llpB t = 0 06ecne'leHO BC'Ie 3HOaeHBeM f fo' ( S, t) a 3TOB 
TO'IKe. OcTaeTCJI ~oKa3aTL Ma>KopupoaaHBe. HMeeM 

~~~(s,t)i =if Em (s,ts-m)l.l!.£
0 

(s,t I ~ 

A A A A A 

~ o fm (s) f fm (ts-m) oio (s) ~fg(t) ~e~(t). /39/ 

3~ecL cllYHKD;HJI ! Po (t), Ja~aJOII.\aJI Ma>KopupoaaHBe !fo (s. t), 
6blcTpo BC'IeJaeT npu t ... 0. 0Ha npe~cTaasMa a au~e 
f rg (t) f rol (t), npB'IeM 06e 3TH cllYHKD;BB orpaHB'IeHbl B JIJ0-

6oM,.KOHe'IHOM BHTepaane B 6biCTpO BC'Ie3aJOT npB t.., 0 , 
a f 'rg (t) 6blcTpo ucqe JaeT ell.\e npu t ... ± oo • Bw6epeM 
'IBCnO c> 0 H pa3rpaHB'IBM TpH CJiy'laJI: I/ t> C , 11/t<-c B 
III/ -c<t<:c. 

B CJiy'lae I MW aw6upaeM f fm ( t') ( t '=ctS -m ) MOHOTOHHO 
y6waaroll.\eH nps t '> 0, 'ITO acer ~a ao3MO>KHO. 3aMeHJieM 
apryMeHT t Ha C , 'leM HepaaeHCTaO yCBJIBTCJI, B HaXO~BM 

" .. if*" (s,t)i < o" (s) f" (t). 
- K - K -K 

3~ecL .. .. 
f" (t) = f'l(t), 
-K _eo 

A A A A· A 

~~(s) = o Ym (s) ~~ (s) fErn (c.s-m) f eg. 
/40/ 

npsqe:w r"eg - cynpe:wy.w r'fg(t). Ba~y KaJIH'IBJI MHO-

"' 
>KBTeJIJI f eo (c. s -m) a I 40/, O'leB~HO, :: ~ ~ (X). c y'leTOM 
/18/ Ma>Kopspoaause nposJao~uwx ~eT Te:w liCe ca:ww:w o6-
pa30M. 
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AHanOrH'IHO .D,OKa3b1BaeTCJI Ma)l{~pHpOBaHHe B cnyqae 

II. 
OcTaeTCJI cnyqaii I I I/ - C< t< c. BBH.D.Y /39/, MO)I{eM 

DHCaTb 

A " -" 
o"(s)= sup 00 (s)o;ro (ts-m)f~ 0(t), 
- K r.m r.O r.m -r.O 

-c< t< c 

r, c t) = ; e ~ t) . 
_ K _ 0 

/4I/ 

)l.oKa)l{eM, 'ITO npH S _. 0 0 "(s) 6biCTpO HC'Ie3aeT. )l.JIJI 
v K 

3liTOH nenH .D,OCTaTO'IHO DOKa3aTb, 'ITO npOH3Be.D,eHHe 
o;: (s) s --nm orpaHH'IeHO npH mo6oM n= 1,2,3, ... HMeeM 

a "(s)s -nm ~ ~rm (s) ~0 (s) sup 
--c<S~c 

.. 
x sup [ t -n qo ( t) ] • 
-c<t<c -O 

[( ts -II) ll f fm(tS -m )] X 

<]6a cynpell{yMa orpaHH'IeHw, BBH.D.Y 6wcTporo cTpeMneHHJI 
f f (t') H f fg(t) K HYJDO DpH t ... ±oo/B 3TOM.D,OKa3aTeJibCT
Be monJITb Hcnonb30BaHa H.D.eJI H. T. To.u.opoaa, o KOTopoii 
ynoMJIHyTo B /3/ npH .D.OKa3aTeJibCTBe TeopeMw 7 I. Ma)I{OpH
poaaHHe npOH3BO.D,HbiX ycTaHaBJIHBaeTCJI, KaK BCer.D,a, npH 
DOMOtnH TeopeMbl 2 B / 3/ H !llopMyJIW Jleii6HHUaii8/. 

Ilepeii.u.eM K cnyqaro y: f' t- e. Pa3rpaHH'IHM 'leTblpe 
no.u.cnyq;a.11: /) m,m' > 0; yil) m,m' = 0; yiii)m>O, m' = 0; 
ylV)m=O,m'>O. 

B cnyqae y, npH~eM 6e 3 orpaHH'IeHHJI 06mHOCTH X e <X e·· 

0603Ha'IHM X = -!-<x 0 +X0 , ),d=-4x 0,-X 0 ).BBO.D,HM rilYHKUHH (J (t) 
02LL 4L L + 

H 0 (t), DOBCIO.D.Y 6eCKOHe'IHO .D.H4MilepeHUHpyeMble, npH'IeM 

~ 0. 
(J + (t) = ~ 1' 
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npH t ~- d, 

npH t > d, 

a a HHTepaane (-d, +d) B03pacTaeT, H 

1
1, npH t < - d , 

(J (t) = = 
- 0, npH t > d, 

a B HHTepaane (":-d, +d) y6biBaeT. IlpH 3TOM 8 + () - + 
HanpHMep, 

1 t 
(J (d,t)= -J¢(d,r)dr, 
+ ld -oo 

1 00 

fJ (d,t)= -J¢(d,r)dr, 
- ld 

1 t e- .::, 1 1-T2 
I = f e dr, ¢(d,r) = 

-1 0, 

0603Ha'IHM 

f~'_ (s, x) = fJ _ (d,x-x 0)f~ (s,x), 

f" (s, x)=(J (d, x-x
0
)f"(s,x), 

K+ + K 

npH lrl ~ d, 

npH lrl >d. 

f" (s,x) = f" (s,x) + f" (s,x), (K = (f, m, f' ,m' )) . 
K K- K+ 

1. 

/42/ 

/43/ 

/44/ 

IIOK&)I{eM, 'ITO npH mo6wx I' e H J.l 
1

0, , rilYHKUHH f, (s,x) H 
f
, ( ) m L m .~, K-
K+ S, X JIBJIJIIOTCJI JIOK&JIB30BaHHbiMB 'I'YHKUBJIMB KJI&C-

cos Fe
0

(s,t) B Fe-
0

(s,t),npB'IeM v;;_ =v;;+="" /IloTeop. 
1 B 8 a I 3/ Mbl MO)I{eM OTHeCTB BX K mo6wM KnaccaM 
Fe mo H F fm• npOB3BOJibHO Bb16paHHWMB m 0 B m 1 I. To, 'ITO 
f, B f "+ Jfa4MilepeHUBpyeMbl 3a HCKJDO'IeHBeM TO'IKB X o , 

K- K r. 
COOTBeTCTBYJOtneii X f' , O'leBB.D,HO. 0cTaeTCJI .D,OKa3aTb Ma-
)I{OpBpOBaHHe npH S < S O = min ( s0 , S O) • 
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Ha'IHeM c Ma)l(opHpoaaHHJI f ~-- • BBH.D.Y I 17 I H I 421, 

\f~- (s,x)\ = e_ (d, x-xe*em (s,x)\\fe 'm'(s,x)\:; 

A A A A , 

< e- (d,x- X 0) oem (s)f Em ({x-x e )s -m ) oi, m(s)fe 'm'((x-xe, )s-m ) . 

ilpH 3TOM npHMeM, 'ITO t£m (t) H r"p 'm•(t) B03pacTaiOT npH 
t<O H y6b1BaiOT npH t~, 0. Tor,D;a, BBH,D;Y TOro, 'ITO 0 _ ~d,x--x0)=0 
npH X - X O >d , a npH X <X O +d apryMeHT $YHKI.{HH f p, m•OT
pHI.{aTeJieH, Mbl MO)I(eM 3aMeHHTL ero HaH60JILWHM 3Haqe
HHeM X-X O = d, npH KOTOpOM $YHKI.{HJI f~~ (s, X) He HOJIL -
3THM HepaaeHcTao ycHJIHTCJI. 3aMeHHM TaK)I(e y6blaal0lllYIO 
DpH t-+ ±= $yHKI.{HIO t'o ((X-X 0 )S-m) Ha f 0 ((X-X )s-m). 
ITonyqaeM rm r rrn 1 

~ " -m 
\f~_(s,x)\~O_(d,x-x0 )opm(s)fprn((x-xp)s 1 ) x 

A A , A A 

x o' (s)f' (-d.s -m ) = o" (s) .f '' (x), e, m' e , m ' K- K-

.. 
~, (s) = oem 
K-

(s) ~· (s) ;, (-d.s-m,), 
E'm' £'m' 

" " f" (x) = f
0 

((x-x 
0 

)s -m ). 
K- tm L 1 1451 

A 

fl>yHKI.{HJI o ,. ( s) , BBH,D;Y nocne,D;Hero MHO)I(HTeJIJI a I 451, K--

CTpeMHTCJI 6biCTpO K HyJIIO. 3TO 3Ha'IHT, 'ITO ~'" = "" • 
A ~-

MHO)I(HTeJIL f '~- (x) npH X -> ± = "TaK)I(e 6biCTpO CTpe-
MHTCJI K HYJIIO, BBH,D;Y Toro, 'ITO f Pm (t) o6na,D;aeT 3THM 
CBOHCTBOM, a OHO He HapywaeTCJI JIHHeHHbiM npeo6pa3o-

BaHHeM apryMeHTa. Ma)I(OpHpoaaHHe npoH3BOJJ.HbiX ocy
ll{eCTBJIJieTcJI, eCJIH JJ.H$4>epeHI.{HpOBaTL no lleH6HHI.{y 1181 
TpexKpaTHOe npOH3Be,D;eHHe, KOTOpoe nOJIY'IHM H3 1421 H 
117 I. Tor,D;a 3a,D;a'la cao,D;HTCJI K Ma)l(opal.{HH KOHe'IHoro 
'IHcna qneHOB no,D;o6Hoi CTPYKTypbl. 3THM noKa3aHo, 'ITO 
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f" npHHa,D;Jie)I(HT Knaccy Fr* (x) c vo = =. AHanorH'l-
K- 0 tO * 

HO ,D;oKa3biBaeTCJI, 'ITO 1431 npHHa,D;Jie)I(HT Knaccy Fp 'o (x) c 
v~', =00, 1-ITaK, no 1441 acnyqae yl npoH3Be,D;eHHe f"(s, x) 

t 0 K 
CBO,IJ;BTCJI K cyMMe ,D;BYX 'IJieHOB - THna Fo (x) H F o • (x) C 

,, ., tO L 0 

v Po = Vp , o = "" • • 
Cny'laH y II paccMaTpHaaeTCJI aHanorH'IHO. ITpoB3Be,D;e-

HHe r;;(s,x)=fp
0
(s,x-xp)fp·

0
(s,x-xp·) TeM )l(e caMbiM 

o6pa3oM pa3naraeTCJI Haf;:_(s,x) u r·~+(s,x). 3TH$YHK
l.{HB perynJipHbl B npHHa,D;Jie)l(aT KnaccaM Fp0 (s, x) , cooT
aeTCTBYIOlllHM F p • 

0 
(s, X), O,D;HaKO HX CTeneHH B TO'IHOCTB, 

B o6ll{eM, KOHe'IHbl: 

,, ,, 
V =V =V +V 

K- K+ eo £'0 

v*'' 
K-

*'' . ( *' * , ) = v = m1n v 0 + v , v + v . 
K+ rO £'0 eo £'0 

CaMH KoMnoHeHTbl Haxo,D;JITCJI no npaaHJIY KowH. 
qT06bl HaRTH pe3yJILTaT yMHO)I(eHHJI B cnyqae yiii ,aoc

DOJIL3YeMCJI pa3JIO>KeHHeM 137 I 4>YHKI.{HH f ~ . (s,x...:x,,)oKono - r o r 
TO'IKB t = X- X o • 3Ha'IHT, f ~ • (s, t) JIOKaJIH30BaHa, a 

A t r <> 
f ';(X-Xp•) BC'le3aiOT npH X=Xp .B COOTBeTCTBHHC3THM, 

KaK a cnyqae {i npH m • =c 0, pa3naraeM f" (s, x) Ha 
- K f'~ (s, X - Xf ) B ~~ (s, X) 1381. 06e 3TH $yHKI.{HH 
HCCJie,D;yiOTCJI KaK B CJiyqae {:l npH m, =·0. llepaaJI 83 HHX 
JIBJIJieTCJI 4>YHKUHeH THna Fo (s. t) lnpH l 1 ~· = vo t v 'o, I. rm rm rm r o 
lloKa>KeM, 'ITO £'~(s,x) npHHa,D;ne>KHT KJiaC?_CY Fp· 0 (s, x) 
DpH v p'•o = = • llpe>K,D;e acero JICHO, 'ITO y f •; (s, X) H y 
ee npOH3BO,II;HbiX He MOryT 6b1TL pa3pb1Bbl npB X= X£ -
pa3pb1Bbl MHO>KHTeJIJI f p (s,(X-X f )S -m) npB X= X f CrJia)l(e-

,._ u m Hbl 'l'YHKI.{BeB !'f ,
0
(s,X-X f'), KOTOpaJI BMeCTe CO CBOHMB 

npOH3BO,II;HbiMB HC'le3aeT npH X =Xf .HoY f (s, X) BY ee -K 
npOH3BO,II;HbiX MOryT 6b1TL pa3pb1Bbl npB X =• Xp •, l1o3TOMY ee 
MO>KHO OTHeCTH TOJILKO K HeKOTOpOH H3 KOMDOHeHT, COOT
BeTCTBYIOll{HX oco6oH TO 'IKe X= X e .. Ma>KopHpoaaHHe f "(s,x) 
,D;OKa3biBaeTCJI, KaK B CJiyqae ~i, npH m '=0, npH'leM HK3,D;eCL 

Haxo,D;HM t' ·~ = "". TeM caMbiM BH,D;HO, 'ITO oHa MO)I(eT 6b1TL 
OTHeceHa K F r 'm (s, x) npu JII060M m, npoll{e acero - K 
Fp,

0
(s, x) npH ve-o="" . CnyqaH yiV, KOHe'IHo,paccMaT-

pHBaeTcJI aHanorH'IHO. 
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Mbl yKa3anH, KaK HaHTH HH,IJ,eKCbl H K03<l>ciiH~HeHTbl pa3 • 

pbiBOB B cnyqae a, HO Mbl He 3aHUManUCb 3TUM BOnpOCOM B 

cnylf.aJix {1 u y- aonpoc pewaeTcJI aHanorulf.Ho, TeM 6onee 

nocne TOrO, KaK KOMnOHeHTbl, T.e. UX UH,IJ,eKCbl U K03<l>cllu

~UeHTHble <i>YHK~UU, HaH,IJ,eHbl. 

TeopeMa 12. llpe,IJ,cTaBuTenu npou3Be,IJ,eHUJI onpe,IJ,eneHbl 

O,IJ,H03Half.HO U pe3ynLTaT TOlf.eH. llep<i>eKTHOCTb MO)I(eT Ha· 

PYWUTbCJI /Kor,na Be,IJ,y~ue K03<l>ciiU~UeHTHble <i>YHK~UU paBHbl 
Hymo npu HeKOTOpblx t I. 

TeopeMa 13. YMHO)I(eHue acuMnToTuqecKux <i>YHK~uii 
KOMMyTaTUBHO U acco~UaTUBHO. ,l(UCTpu6yTUBHOCTb, KaK U 

npu YMHO)I(eHUU lf.UCen unu lf.Ucen Ha <i>YHK~UU, XOTJI U B 

nOpJI,IJ,Ke UCKmolf.eHUJI, MO)I(eT HapyWUTbCJI. il03TOMy, a e~e 
U nOTOMy, 'ITO CaMo npOCTpaHCTBO aCUMnTOTUlf.eCKUX <i>YHK· 

~H He nUHeHHO, a nonynuHeHHO, npOU3Be,IJ,eHue ,IJ,BYX 

aCUMnTOTUlf.eCKUX <i>YHK~UH He 6unuHeHHO , a cne,IJ,yeT Ha-

3BaTb ero nony6unuHeiiHbiM. 

Cnpaae,IJ,nuaocTb 3TUX YTBep)I(,IJ,eHuii MO)I(HO npoaepUTb 

no XO,IJ,y U3nO)I(eHHbiX BbiWe nocTpOeHUH. 

3TuM .D.OKa3aTenbCTBo 3aMKHYTOcTu MHO)I(eCTB F(x) no 

YMHO)I(eHuJO 3aKOHlf.eHo. B To )l(e apeMJI ,IJ,aH cnoco6 nony

lf.eHUJI napaMeTpOB, UH,IJ,eKCOB U K034><i>U~UeHTHbiX <i>YHK~UH 
pe3yni.TaTa. Ho 3TOT cnoco6 He Olf.eHL Y.D.o6eH: MHO)I(HTenu 

f(x) U f'(x) UMeiOT MHOrO KOMnOHeHT U n03TOMy lf.UCno 

lf.neHoa Tuna I 17 I, KOTOpble Mbl ,IJ,On)I(HLI paccMoTpeTL, 

olf.eHb aenuKo. ,l(a,IJ,uM BTopoii, 6onee npJIMOH cnoco6 nony

lf.eHUJI pe3yni.TaTa. B .ne<i>uHu~uoHHOM paaeHCTBe 

f"(s,x) + ll f~' (s,t 
0 

) 

0 f m Lffi Lffi 

=(f (s,x) + ll f 0 (s,t 0 ))(f' (s,x)+ll f'n (s,t 
0 

) 
0 f m Lffi Lffi 0 f m Lffi Lm /46/ 

,IJ,a,IJ,UM nepeMeHHOH X HeKOTOpoe <i>UKCUpOBaHHOe 3Half.eHUe, 

OTnUlf.HOe OT Xo. Ka)I(,IJ,aJI KOMnOHeHTa npeapaTUTCJI B no· 
r /1/ 

cne,IJ,oBaTenLHOCTb Tuna /1/ B' ' , npulf.eM ace CBHrynJipHble 

KOMnoHeHTbl 6y,IJ,yT 6biCTpO UC'Ie3aTb /npu Bb16paHHOM X /: 

f~(s,x) + o """(s,x)= (f
0 

(s,x) +000(S,x))(f~(s,x)+o"'"(s,x)). 

36 

Mbl MO)I(eM U He nucaTb ,1J,06aBKU TUna o""(s,x), BKniOlf.aJI 

UX B OCTaTOlf.Hble lf.neHbl f 0 , f'0 U f~', 'ITO BCer,IJ,aB03MO)I(H0. 

llonylf.UM 

f~(s,x) = f0 (s,x)f~(s,x), /47/ 

T.e. cpa3y onpe,ll,enJieM perynJipHyro KoMnoHeHTY pe3ynL

TaTa. BU,IJ,HO, 'ITO OHa 3aBUCUT TOnbKO OT perynJipHbiX 

KOMnOHeHT MHO)I(UTeneii. 01f.eBU,IJ,HO, v 0 ~- l'o-+ v~, r·*~' = 
= min (r; O +v;', v~ + v ~), a K034><i>U~UeHTHble <i>YHK~UU HaXO • 

,IJ,JITCJI no npaauny Kowu. llepenuweM /46/ B BU.D.e 

LM" LM LM' 
I fe (s,tf )= (I fe (s,te ))(l rp (s,t P )). 
P,m m m E,m m m E,m m m 

/48/ 

llpu 3TOM M~~M Clf.UTaTb LM'',cLMULM' , a fp0 (s,x-xp) 
TaKue, 'ITO f p~ (xp, -xy )= 0 npu f/fl'. Tenepb c,IJ,enaeM 

B /48/ no,IJ,CTaHOBKY X = X f + St, r,IJ,e X p " HeKOTOpaJI U3 

OC06biX TOlf.eK, a t UMeeT <i>uKCUpOBaHHOe, OTnUlf.HOe OT 

HynJI 3Half.eHUe. C TOlf.HOCTbiO ,1),0 HeCy~eCTBeHHbiX 6biCTpO 

UClf.e3aiO~UX qneHOB HaXO,IJ,UM 

ceo cs,ts) + re~ cs.t) = 

= Cfeo (s,ts) + f fl ( s,t)) (f£0 (s,ts) + f£
1 

(s,t)). /49/ 

C ,ll,pyroii cTopoHbl, U3 /471 c TO'IHOCTLIO .D.O 6blcTpo 

UClf.e3aiO~UX qneHOB HaXO,IJ,UM 

fy~ (s,ts)= fy
0

(s,ts)fp
0

(s,ts). /50/ 

Bbllf.UTaeM /50/ U3 /49/ U HaXO,IJ,UM 

re~ (s,t) = r e
1 

(s,t). f£
1 

(s,t) + rfl (s,t). reo (s,ts) + 

+ feo (s,ts) f£
1 

(s,t). /51/ 
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CTeneub H TO'IHOCTb f" (s,t) e1 
Ja,naJOTCJI qepe3 

vi; = min(vrt + v£1 'vel+ veo' veo +v'rt ), 

v*" =min(v +v*', v* +v' , v +v*' ,v~ +v'n ) . 
£1 £1 f1 f1 fl PO h rl L0 

Mbi MO)I(eM pa3nO)I(HTb ace !lJyHI<U.HH a npaaoii 'laCTH /51/ 
no s .no cTeneuH, o6ecne'IHaaJOmeii yi<aJauuyJO TO'IHOCTb 
peJynbTaTa v ;;· . Ko3«W!Hu.HenTHble !lJyni<U.HH pa3no)l(eHHB 
f eo (s, ts) H fio (3, ts) 6y,nyT nonHHOMbl no t /a o6-
ll.leM, pa3nH'IHble npH t', 0 H t< 0 /. OuH noMHO)I(eHbl ua 
6biCTpO HC'Ie3aiOJ.UHe npH t -> ± "" !lJyHI<U.HH f fl (s, t) H 
f'el (s, t) , Tal< 'ITO CaOBCTaO 6biCTporo HC'Ie3HOaeHHJI 

fe'
1 

(s, t) npH t--. ±"" ue uapywaeTcJI. 06o6ma.11 /47/, 

/49/ H /51/, npH mo6oM m~Mr , nonyqaeM 

m' 
L f" (s,ts m-m ) = 

m'=O Em' 

m 
( L f (s,ts m-m 
m'=O Pm' 

m 
))( L 
m~O 

/52/ 
, 

f' (stsm-m )) 
Ym' ' 

H 

m-1 , 
fn (s,t) = f 0 (s,t) f~ (s,t)+ f

0 
(s,t) L f~ ,(s,ts m-m )+ 

rm rm rm un m'=O rm 

m-1 
+ f' (s,t) L 

em m '=0 

f (s ts m-m 
fm' ' 

/53/ 

Mbi onJITb MO)I(eM pa3JIO)I(HTb f o , H f'o , (m' < m) no 
[[!] [[!] = 

CTeneHJIM S H noJiy'IHM a JlaHOM aH,ne I<03«W!HU.HeHTHble 
!lJyHI<U.HH f'r' (t) I<OMnoueHTbl f" , 3,neCb Mbl no,npa3yMe· 

mn Pp1 
aaJIH, 'ITO 3neMeHTbl MHO)I(eCTa ~~ p H.IJ:YT no,np.11,n: 1 ,2,3, .. m . 
HeTpy,nuo o6o6mHTb pe3yJibTaT ua cnyqaii, I<Or,na M roHMeiOT 
npo6enbl. Cne,nyeT OTMeTHTb, 'ITO ace 3TH., pe3ynbTaTbl 
HMeiOT MeCTO npH acex r ~c 1 ,2, ... , L, npH'IeM f r , m .• 3aaHCHT 

f , f11'0" ,/, OT [ 0 H n•, TOJibi<OnpH =cr=t H m,rn~,rn. 
rm t m 
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5. ACHMHTOTHqECKHE JIHHEHHJJE ,Z,YHmHOHAJilJ 
HA,4 ACHMHTOTHqECKHMH ,Z,YHKL{JUIMH 

fiyCTb .E(s,X) • MHO>KeCTaO !lJyHI<U.HOHHbiX nocne,noaa· 
TenbHOCTeB f(s,X) THlla f(s,x), Y I<OTOpbiX ace I<OMllOHeHTbl 
fem(s,t) !l!HHHTHbl: fem(s,t)=O, ecnH s>O,<s 0 H iti>ta 
npH'IeM SO H tO MOryT 6b1Tb pa3nH'IHbl ,nnJI pa3nH'IHbiX 
41YHI<U.HK fcx) H MJI pa3nH'IHbiX HX npe,ncTaaHTenei f(s, X). 
/0HH MOryT 6b1Tb pa3JIH'IHbl H ,nnJI pa3nH'IHbiX I<OMnOHeHT 

frm (s,t) (m~Me0 ). HO 3TO HecymecTaeHHO, Tai< I<ai<HH,nei<cbl 
e H m npo6eraiOT I<OHe'IHble MHO>KeCTaa · 3Ha'leHHH/. 3TH 
ycnoaHJI 3aTparuaaJOT He TOnbi<O I<OMnOHeHTbl, HO H OCTa· 
TO'IHble qneHbl, Tal< 'ITO {(x) JianJIIOTCJI He I<OHI<peTH3aU.Hei 
HnH pa3HOaH,nHOCTbiO aCHMllTOTH'IeCI<HX 41YHI<U.HH f(x) , 
a CI<Opee HX aHanorOM HnH sapHaHTOM /XOTJI H He O'leHb 

OTnH'IaiOIUHMCJI OT Bae,neHHOro/. 
cllyHI<U.HH f(x) Ha3oaeM npo6Hb1MH. Tor.na Mbl MO)I(eM 

c!lJopMynuposaTb 
TeopeMy 14. llpH nro6oM a~a~6ope f(x)~ E(x) H f(x):;;~(x) 

HHTerpan 

I = Jf( x)f(x)tlx 
/54/ 

onpe.neneH I<ai< acuMnToTH'Ieci<oe qucno. HHTerpupoaaHHe 
no x no,npa3yMesaeTcJI acer,IJ,a OT """" .no t-oo, Ero npe.n-

cTaaHTenH 

I(s) = Jf(s,x) f(s,x)dx /55/ 

nony'IHM, I<Or,IJ,a f(s,x) H f(s,x) npo6era10T I<naccbl npe,ncTa

auTenei f(x) H f(x). 
B caMOM .nene, H3 pa3,nena 4 Mbl 3HaeM, 'ITO npoHJae-

,neHHe ,nayx aCHMllTOTH'IeCI<HX !lJyHI<U.HH ,IJ,aeT OllJITb aCHMll" 
TOTH'IeCI<Y,IO 41YH~HIO. A Tal< I<ai< f(s, X) 41HHHTHbl, TO 

JICHO, 'ITO 41YHI<U.HJI 

f'(x) o, f(x)f(x) 

c npe,ncTaBHTenJIMH 

f'(s,x) = f(s,x) f(s,x) 
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6y.n.eT TaiOKe cPHHBTHoii. OcTaeTcJI noi<a3an., 'ITO BHTerpan 

cPBHBTHbiX cPYHI<I(BB f' (x) - aCBMnTOTB'IeCI<Oe 'IBCno. Qqe
BH,IJ,HO, 

LM 
I(s) = ~ I (s), /56/ 

f,m fm 

Ifm (s) = Jffm (:s,t fm )dx. /57/ 

)\nJJ OCTaTO'IHbiX CYMM BHTerpanoB I fm (s) HaXO,lJ,BM 

I~ (s}-= Jf*; (s,t )dx. /58/ 
unn Lmn fm 

llpa s ~ s 0 = min(sa-.'8 0 ) 3TOT HltTerpan MO)KeT ue cyll(ecT

sosaTb. Tor.n.a Mbl onpe.n.enJieM ero npOB3BOnhuo. llpa 

s < s '0 ou o6JI3a Tenbuo cyll(ecTsyeT. B caM oM .n.ene, ecna 
S < S '

0
, TO 

00 

II* (s)j ~ f If*' (s,t )!dx 'S_ 
Cmn - -<xl fmn fm -

to " 
< o~ (s)sm f f 0 (t)dt. 

Lmn -t r~mn 
0 

.. 
If Tal< I<ai< cPYHI<I(HB f f (t) orpaHB'IeHbl, JICHO, 'ITO mn 
BHTerpan U (s) · Cyll(eCTByeT B 3a,IJ,aeT aCBMnTOTB'Ie-

Lffill 

CI<Oe 'IBCnO CTeneHB U+m B TO'IHOCTB ~'f~ + m. lfMeHHO 

'IT06bl o6ecne'IBTb cyll(eCTBOBauae HHTerpanos /58/, 6blno 

BBe,IJ,eHO ycnOBBe Ma)KOpBpOBaHBJI ,IJ,nJI npe,IJ,CTaBBTenei 

aCBMnTOTH'IeCI<BX cPYHI<I(BB. /)\nJI OCTanbHbiX ,IJ,eBCTBBB B B 

oco6euuocTB ,IJ,nJI yMHO)KeHBJI .n.ocTaTo'luo 6blno 6bl6blcTporc 

BC'Ie3HOBeHBJI t'em (s,t) npB t -· ± 00 (m~M e) /. Ba.n.uo, 'ITO 

Iem (s) /57/ B I(s) /56/ <:_YineCTBYIOT B 3a,IJ,aiOTacaMnTo

TB'Ieci<Be 'IBCna CTeneHB v n ~~v ~ +111, COOTBeTCTBYJOJnBe _ _ rm Lm 
v = min (v f ) B TO'IHOCTB "V* = v*' + m, COOTBeTCTBeHHO 

f.m m fm fm 

v*=min(;:;e* ). 
f.m m 
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Onpe.n.eneuae 6. lfuTerpanbl /54/ 3a,IJ,aiOT cPYHI<nBOHanbl B 

npOCTpaHCTBe cPBHBTHbiX aCBMnTOTB'IeCI<BX cPYHI<nBB f'tx) , 
I<a)K.IJ.biH B3 I<OTOpbiX xapai<TepB3yeTCJI aCBMnTOTB'IeCI<OB 

cllyui<naeii f(x). Mbl ua3oBeM ax acBMnToTB'IeCI<BMB, noToMy 

'ITO I /54/ - acBMnTOTB'leci<Be 'IRena. Mbl ua3sana ax 

nauei~~MB, xoTJI auor.n.a,B oqeub cnenaanbHbiX cny'laJix, 

auanorB'IHbiX cnyqaJIM, npB yMHO)KeHBB aCBMnTOTB'IeCI<BX 

'IBCen B aCBMnTOTB'IeCI<BX cPYHI<I(BB, ,IJ,BCTpB6yTBBHOCTb 

I<ai< no f(x), TaK B no f(x), MO)KeT uapywBTLCJI. 

He 6y,neM noi<a3biBaTb B JIBHOM BB,lJ,e, I<ai< BH,lJ,ei<Cbl B 

I<03cPcPBnBeHTbl pe3ynbTaTa /54/ Bblpa)KaiOTCJI qepe3 napa

MeTpbl, B8,lJ,ei<Cbl B I<03cPcPBI(BeHTHble cPYHI<I(BB apryMeHTOB 

f(x) B f(:x) : B npBHI(Bne OTBeT JICeH BBB,lJ,Y cPOpMyn ,nnJI 

BHTerpBpOBaHBJI /56/ B /57/ B ,lJ,nJI YMHO)KeHBJI aCBMnTo

TB'IeCI<BX cPYHI<I(BB /pa3,lJ,. 4/. )\a,lJ,BM TOnbi<O nepe'leHb 

TBnOB 'lneHOB, I<OTOpble MOryT nony'IBTbCJI. 

Cnyqaii a /pa3,lJ,. 4/ Be,lJ,eT I< qneuaM TBna 

I, (s) = Jf 
0 

(t 0 )s 0 fo _ (t n )s ii dx = 
1\ Llllll Llll Llllll Llll 

= 8 m+n+ii (A = (f ,m,n,ii)). Jf 0 (t) f 0 - (t)dt 
Llllll Llllll 

/59/ 

Cne.n.osaTenLuo, B 3TOM cnyqae I<03cPcPBnaeHTbl I;.., 6y,nyT 

perynJipHbiMB cPYHI<I(BOHanaMB - BHTerpanaMB npOB3Be,lJ,eHBB 

I<03cPcPBI(BeHTHbiX cPYHI<nBB B3 f( X) B f(x) C O,lJ,BHai<OBbiMB 

3Ha'leHBJIMB f B m. 

Cny'laii f3 /pa3,n. 4/ se,neT I< 'lneuaM Tana 

I, (s) = Jfy (t )s n f n- _(to- )s iJ dx (A =(f ,m,n,iii,ii)). 
A mn Lmn Lm 

Ecna sse.n.eM woMeHTbl 

M~ =Jtiff (t)dt, 
mn mn 

00 '+ . 
/60/ M f = f t1 r e (t)dt. mn 

0 
mn 

i- 0 i 
Mf =ft ff (t)dt, 

mn mn --
41 
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H ecnu f L::. - ~eneHHble Ha i! neawe B npaawe 
rrpn -

npOB3BO~Hble IIIYHKUBH f __ (t) npB t.O, TOnpB m>m no-
nyqaeM fm n 

I (s) = s m+n+n Jf
0 

(t)f (ts m-m )dt = 
A rmn ~i 

= i sm+n+n+(m-m)i 

i=O 

- i+ i+ -i- i-
(fo __ Mo +f

0 
__ M

0 
). /61/ 

Lm n ~:mn Lm n Lmn 

3Ta !l>opMyna - aCHMnTOTH'IeCKaJI: CXO~BMOCTb He npe~
nonaraeTCJI /TeM He MeHee, cyMMa onpe~eneHa no /5/ 
B I 1/ I. cl>opMyna cnpaaeJJ,nBaa c TO'IHOCTbJO ~o qneuoa, 

KOTOpble 6biCTpO HC'Ie3aiOT npB s-.0 H He BMeiOT 3Ha'leHH.JI, 

TaK KaK OTHOC.JITC.ll K ocTaTO'IHOMY qneHy IA(s). Co6cT-

BeHuo, ecnB XOT.JI 6bl O~Ha B3 TO'IHOCTeH v't, BRH t:/l' KO-
rm rm 

He'IHa, TO p.11~ o6pblaaeTC.JI ~o v* ~ min (vo + v~ ,1~·* +iTo ) , 
l!TI [nt lTl l:lTl 

TaK 'ITO BOnpoc 0 CXO~BMOCTH B He B03HBKHeT. CRH npo-

H3BO~Ha.JI f<;~- (t) HenpepbiBHa npH t=O, TO BMeCTO 
1 mn 

Bblpa:>KeHH.JI B CK06Kax B /61/ Mbl MO:>KeM nBCaTb npoCTO 

f L_ MJ • 
rmn tmn u -

AuanorB'IHO paccMaTpaaaeTC.ll cny'laB m> m. BMecTo 

/61/ nony'IBM 

I (s) = ls m+n+n+(m-m)i (f i+ M i+ +f i- M i- ) . 

A i fmn finn fmn fmn /62/ 

Ecna fimn HenpepbiBHa, TO ~~eCTO Bblpa:>KeHB.JI B CK06-

KaX 6y~eM HMeTb npocTo f 1
0 M~- . BBJJ.BM, 'ITO a cnyqae 
rnm rmn 

f3 npB m >iii Ko34MtJuuaeuTw -~A .JIBR.JIIOTC.JI cyMMaMB npo-

H3Be~eHBH 3Ha'leHBH npOB3BOJJ.HbiX f ~i) (t) npB t-. ± 0 Ha 
nnn 

'+ 
neable B npaBble MOMeHTbl Mp:.-1 K034MtJBUBeHTHbiX li>YHK-

u • () mn 
UBB f e mi t, npB'IeM nopJIJJ.OK MOMeHTa BCer,!(a COBna,!(aeT 

C nop.JIJJ.KOM npOH3BOJJ.HOB, Ha KOTopyiO OH YMHO)I(eH. IlpB 

m> m nOJIBRJIIOTC.JI npOH3BOJJ.Hble OT f 1r-- (t), YMHO:>KeHHble _ rrnn 
Ha MOMeHTbl OT f fmn (t). 

B cnyqae Y, ecna m BnH in l 0, peJynbTaT JaJJ.aeTcJI 

6blcTpo BC'Ie3aiO~eil nocneJJ.oBaTenbHOCTbiO I, (s) \ A = 
A 
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= (f ;·m,n.f ,m,n)), EcnB m~cm=O, To, HecMoTp.ll Ha3Haqe

HH.ll f H 'f, pe3YllbTaT no~C'IBTbiBaeTC.JI KaK B cnyqae 

a jnpH mo•ID =0 /. IlpH 3TOM B Ka'leCTBe HHTerpaUHOHHOH 

nepeMeHHOH 6epeM X /KOTOpa.ll nO.JIBHTC.JI qepe3 te ~.X-X f 
H teo = X - X r I. - B 3TOM cnyqae 6onee YJJ.06Ho

0 
He pac

qneH.liTb f
0

(s,x)B f
0
(s,x)Ha F fvo (s,x-xr)· acooTBeTCTBeHHO, 

a ua 2 f- (s, x- x7T ) . Tor~a BMeCTO L.L qneHOB 
p Y0 I 

Jf Po (s,tr
0 

)fro (s,t fo )dx 6y~eT TonbKO o~aH Jf 0(::>,x)10 (s,x)dx. 
Cne~oaaTenbHO, B cnyqae y I A cKalwBaeTC.JI Ha I TORbKO 

npa m~m=O. Tor~a pe3ynbTaT HMeeT BHJJ., KaK a cnyqae 

rt/npH m=m=O I. 
BH~HM, 'ITO Bblpa:>KeHH.ll THna /54/, r~e f(x) ni06a.JI, 

a f(x) - !l>HHBTHa.JI aCBMnTOTH'IeCKHe li>YHKUBH, HMeiOT 

CMbiCll - OHH 3a,!(aiOT aCHMnTOTH'IeCKBe 'IHCna. Ilo~o6uoe 
caoilcTBO HMeiOT o6o6~eHHble !l>YHKUHH Co6oneaa -lllaapuah.ll 

Bbipa:>KeHH.ll THna 

C= f ¢(x)u(x)dx /63/ 

TO:>Ke HMeiOT CMbiCR, npB'IeM 3~eCb <f>(x)- 0606IUeHHa.JI!l>YHK

UBJI, u(x) - o6bi'IHaJI !l>HHHTHaJI li>YHKUHJI, a C - o6bi'IHOe 

'IHCRO. Il03TOMY /54/ H /63/ MOryT cny:>KBTb KaK 6bl MOCTOM 

MJI cpaBHeHHJI aCHMnTOTH'IeCKHX !l>YHKUBH C o6o6IUeHHbiMB, 

a cne~oaaTenbHO, a c o6w'IHbiMB, KOTOpble /no KpaiiHeil 

Mepe - HHTerpapyeMwe/ coJJ.ep:>KaTC.ll cpe~B o6o6~eHHbiX 
~YHKUHH. TaKoil :>Ke aonpoc MO:>KHO cTaBBTb B ~n.11 qacen, 

H TaM OTBeT 3a~aeTCJI ycnOBHeM B30MO~HOrO OT06pa:>KeHB.JI. 

06bi'IHble 'IHCna a HMeiOT JJ.Ba aCHMnTOTB'IeCKHX aHanora -

c npe~cTaBHTenHMB 

a(s) =a+ a*(s) 

npa ~· *= 0 B v* ~"" . JlerKo npoaepHTb, 'ITO o6a 3TH MHO

:>KeCTBa 3aMKHYTbl no BCeM anre6paB'IeCKBM ~eHCTBHJIM. 
/Mbl MOrnB 6w B3J1Tb B n1060e KOHe'IHOe 1'*>0, HO TOr~a 
6y~eT O~HO HapyweHBe 3aMKHYTOCTH: YMHO:>KeHBe HOllb ov* * . 
Ha HORb ov ~aeT ue TOT :>Ke caMbiH HORb, a Honb 6onee 

awcoKoil TO'IHOCTB 0 2v* I. Y cnoaBe B30MO~B3Ma MeHee 

y~o6HO ~n.JI cpaBHeHH.JI acBMnTOTH'IeCKBX li>YHKUBH C o6o6-

IUeHHbiMB, nOTOMY 'ITO COOTBeTCTBBe ,!(aneKO He B3aBMHO 
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O~H03Ha'IHO, a KpyrH ~onyCTHYbiX ~eBCTBHB ~nJI 060HX THllOB 
WYHKUH:i cnawxoy pa3nH'IHbl. Mbl npe~no'ITeY cpaBHHBaTL 
HX Ha 6a3e /54/ H /63/. 

OnpeAeneaae 7. liyAeY roaopHTL, 'ITO Knacc F 0(x) 
acaYnTOTH'Iecxax ,Pyaxua:i f(x) - acaYnTOTH'Iecxa:i aaanor 
HeKoToporo xnacca ¢ 0 (x) o6bi'IHLIX ,Pyaxua:i ¢(x) /pac
cYa Tpaaaeyyx KaK o6o6~eHHLie/, ecna, Bhl6apaJI B Ka
qecTBe f(x) mo6y10 ,PaHHTHY.!,O .PYHKUHIO cpe~a F

0
(x) /noT 

Knacc o6o3aaqay qepe3 F 0(x) /, /54/ AaeT o6bi'IHoe 
'IHCnO, TO'IHee - O~HH H3 ~BYX aCHYllTOTH'IeCKHX aaanoroB 
3THX qacen. llpa 3TOY noTpe6yeY, 'IT06bl caYaJI npocTaJI 
IPYHKUHJI f(x) = a /o6bi'IHaJI KOHCTaHTa/ c npe~cTaBHTenJIYH 
f( s, x) "' a + f* (s, x) npa v "'=0 ana v* ="" HaXOAanacL 
cpeAH F 0 (x). 

Teopeya 15. Bee 6ecxoaeqao ~aciJcllepeauapyeYble o6yq
Hble ,Pyaxuaa f(x) a TOnLKo OHH HYeiOT acaYnTOTH'Iecxae 
aaanora c npe~cTaBHTenJIYH 

f(s,x) == foo(x) + r;(s,x) 

t{x,x) = f(x) + f*(s,x), 
0 

npa 

npa f 00 (x) =f(x), T.e. 

v* == 0 ana 
0 

v*= oo. 
0 

Ecna 6bl Ybl He CTaBHnH Tpe6oBaHHe, 'IT06bl KOHCTaHTa 
axo~ana B F 0 (x), o6bi'IHhle IPYHKUHH HYena 6bl a ~pyrae 
aaanora c npeAcTaBaTenJIYH 

f(s, x) = ,s-m12r fm ((x-x )s -m) 

npa mo6oy xp a mo6oY 'leTHOY m. B pacwapeaaoy YHo
)l(eCTBe acaYnTOTH'Iecxax ,Pyaxu;a:i /onpe~eneaae 13 a hi I 
Tpe6oaaaae 'leTHOCTH m Bhlna~aeT - aaanoraJI HYena 6bl 
YecTo npa mo6oY AP06HoY m. 

OnpeAeneaae 8. liy~eY roaopaTL, 'ITO acaYnTOTH'IecKaJI 
IPYHKUHJI f(x) JIBnJieTcJI auanoroy o6o6~eaaoi ,PyHKUHH 
¢(x), ecna 6bl npa Bhl6ope .f(x) H3 F0 (x) xax aaanore 
u(x), 3Haqeuae ,Pyuxuaoaana /54/ npeAcTaBnJino co6oi 

o6bi'IHoe acaYnTOTH'Iecxoe qacno I - aaanor 3Ha'leHHJI au
Terpana /63/ /npa yKa3aHHOY u(x) I. To'IHOCTL KOHTponL
uol ,Pyaxuaa f(x), a TaK)I(e H TO'IHOCTL caYoro ,Pyuxuaoaana 
I YOryT 6biTL 0 HnH oo,, H, B COOTBeTCTBHH C 3THY, 
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nony'IHY TpH THlla aCHYllTOTH'IeCKHX aaanoroB o6o6~eHHbiX 
~ ~ . * - * 0 . * - * 0 . * -* 'l'yHKUBH. IJV ~~-nl,l' = , Vp ~oo, IJ ~· , VJ ~ov,v ~~"". 
KoY6HHau;agm It* c·- m ';::;*" 00 mHeB03YO)I(Ha. 1iepe3 "-" 

o6o3aaqaeY HHA~Kcbi,Pyaxuaoaana I/. 
Jlcao, 'ITO npa TaKOY Bbl6ope f(x) cnyqa:i ;; > m, a 

cne~oBaTenLHO, H pe3ynLTaTbl THlla /63/ HeB03YO)I(Hbl, 
a /54/ acer~a 6y~eT 3a~aaaTL acaYnToTH'Iecxoe qacno, 
K03.p4JHUHeHTbl KOTOporo 6y~yT naHeBHbiYH KOY6HHaUHJIYH 
H3 perynJipHbiX fbyHKUHOHanOB Ha~ f(x) THlla /59/ npH 
m=O H H3. 3Ha'leHHB fbyHKUHH f(x) H ee npOH3BO~HbiX npa 
X = Xf: f (X f). 0TCIO~a BH~HO, 'ITO: a/ KpOYe 06bi'IHbiX -1 

6eCKOHe'IHO ~aciJcllepeHu;HpyeYbiX fbyHKUHB TOnLKO fbyHKUHH 
)J.apaKa H HX npOH3BOAHble YOryT HYeTL aCHYllTOTH'IeCKHe 
aaanora; 6/ aeo6xo~HYLIY ycnoaaeY ~nJI Toro, 'IT06hl 
fbyHKUHJI f( X) JIBnJinacL aCHYllTOTH'IeCKHY aaanorOY HeKO
Topo:i o6o6~eHHOB fbyHKUHH B aapaaHTe v # ~· oo , ;7*· = oo

:no, 'IT06bl TO'IHOCTH acex ee KOYnoHeHT 6~na 6ecxoaeq-
Hbl: v* = vt = oo. B aapaaaTax c v*=O YO)I(eY orpaaa-

0 un * * -* 0 'IHTLCJI TO'IHOCTJIYH V H v n , KOTOpble Be~yT K V = • 
0 Llll 

HeT aeo6xo~HYOCTH paccYaTpaaaTL fbyaxuaa c 6onee Bbl-
coKHYH TO'IHOCTJIYH, TaK KaK HX npe~cTaBHTenH 6y~yT 
llO~YHO)I(eCTBaYH npe~cTaBHTene:i 3THX fbyHKUHB. 

Ha:i~eY BCe aCHYllTOTH'IeCKHe fbyHKUHH, KOTOpble YOryT 
npe~CTaBnJITL aCHYllTOTH'IeCKHe aaanorH HeKOTOpbiX o6o6-
~eHHbiX fbyHKUHB B aapaaHTe vt = oo , v* = 0. 3TOT 
aapaaHT - Texaaqecxa caYhlii npocfoii, ao a caYblii 6naro
npHJITHbl:i, TaK KaK YHO)I(eCTBa npe~cTaBHTene:i aCHYllTO· 
TH'IeCKHX aaanorOB 6y~yT CaMbiYH 06WHPHLIYH. 3TO BH~O 
H3 o6~x coo6pa)l(eHaii - 'ITO ecna B ~auao:i 3aAa'le Tpe-
6oBaHHJI /ab16op f(s, x) I caYble orpaaa'leHHble, 
a YHO)I(eCTBO AOllYCTHYbiX pe3ynLTaTOB (I(s)) - caYOe 
wapoxoe, TO MHO)I(eCTBO peweaa:i 6y~eT caYoe 6oraToe. 

H3 /55/ npa 

fcs,x)= f(x)+ f*(s,x), ~*=·= 
I f(x) - ,PaHHTHaJI/ aaxoAHY 

I(s)= Jf(s,x)f(x)dx. /65/ 

HeT aeo6xo~HYOCTH BKmo'laTL ocTaTO'IHblii qneH f~ (s, x), 
TaK KaK OH 3aTparaaaeT TOnLKO OCTaTO'IHLIB qneH l*(s) H 
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npB 3TOM BLI3LIBaeMoe BM B3MeHeHBe 6biCTpO BC'Ie3aeT, 

TaK 'ITO OHO HeCyll{eCTBeHHO. Ka)I(~OH KOMllOHeHTe f(s, X) 
COOTBeTCTByeT O~BH 'lfleH B I(s); 

I(s) = I
0

(s) +~I Em (s), 1651 

I (s) =ff (s,x)f(x)dx, 
0 0 1661 

Ifm (s) = Jffm (s,x)f(x)dx. 1671 

Caaqana noBIJ.{eM acuMnTOTB'Iecxue aaanoru o6o61J.{ea

Hhlx fl>yHKUBH B paMKaX O~HOH OT~em,HOH KOMllOHeHTbl f (s,x) 
BflB fpm (S,iplll). 0 

IIo~cTasnu 1141 111 B 1661, aaxo~BM 

v* 
0 

I (s) = ~ I On s n +I; (s), 
0 n-v - 0 

00 

I On= f f On (x) f(x)dx. 
-oo 

BB~BM, 'ITO K03<lJ4>unueHThl acuMnTOTB'Iecxoro 'IBcna I 
0 

as

nJIIOTCJI flBHeHHbiMB fl>yHKUBOHanaMB Ha~ f{x), npe~CTaBB
MLIMB B BB~e BHTerpanoB, Jl~paMB KOTOpbiX Cfly)l(aT K03fl>· 

fi>BUBeHTHble fl>yHKUBB perynapHOH 'laCTB fi>YHKUBB f(x). 
TeopeMa 16. qTo6LI nocne~osaTenbHOCTb I 

0 
(s) 3a

~asana aCBMllTOTB'IeCKBe aHanorB 06bi'IHOrO 'IBCna TO'IHO

CTB v* = 0 , He06XO~BMO B ~OCT a TO'IHO BMeTb v
0 
~v ~ = 0 , 

T.e. 

f(s,x) = foo (x) + r; (s,x) 

Tor~a 

(v* = 0). 
0 

I (s)= Jf (x)f(x)dx+I*(s) (v*xO): 
0 00 0 

Cnpase~nBBOCTb 3Toro yTsep~eHBJI BhiTexaeT B3 BbUUe

npuse~eaaoro fl>yaxuuoaana I(s) B o61J.{eM cnyqae. 
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IIo~cTasnaeM TaK)I(e 1131 /1/ B 1671 B nonyqaeM 

v* fm n 
1

0
(8)= ~In-s +I~ (s), 

tm - - tmn tm 
n=V fm 

Vern =Vern tffi, Vern =Vrm +ffi, 

-
i-

I - = i Mi - [i(x )(i_= [ n -vrm_n. 
fmn i=O f,m,n-m(i+l) f n m 

1681 

1691 

BB~BM, 'ITO xo34>fi>BnueHThl acaMnTOTB'Iecxoro qucna Iem 
KOM6BHaUBJIMB 3Ha'leHBH fl>yHKUBB 

i! I npoB3BO~HhiX fi (x) npu 

Ko34>cl~Bu;BeHTaMB 3Toii: xoM6u-

JIBflJIIOTCJI flBHeHHLIMB 

f(x) B ee I ~eneHHLIX aa 

X= X f ~0 DOpJI~Ka i iJ* • 
Vm 

HaiJ;BB Cfly)l(aT MOMeHTLI M ~. - . rmn-m(l+l)' 
IJieBLIX B npa-

DLIX MOMeHTOB Mi± 
emn 

He B03HHI(aeT, TaK KaK fl>yHKIJ;BJI 

f(s, X) - O~HOKOMDOHeHTHa B D03TOMY He MO)I(eT BMeTb 

pa3pb1BOBI. 

TeopeMa 17. q T06LI nocne~osa TenLHOCTB In ( s) 3a-
u 6 l.!Il 

~aBanB aCBMDTOTB'IeCKBB aaanor 0 Ll'IHOrO 'IBCna TO'IHOCTB 

i/ 1 = 0, He06XO~BMO B ~OCTaTO'IHO: 11 npB HeKOTOpOM 

i ~> 0 BMeTb vPm t n(i.f 1) o= 0 ; 21. npu 3TOM i BMeTb 

v o + m (i + 1) s 0 ; 31 BMeTb M ~ =, 0 , ecnB n = n + rm -· rmn 
+ m(j + l)<O.Tor~a 

i j - j 
I (s)= ~Mn f (X 0 )+1~ (s)\v0*=0), 

Em j=O r.m,-m(j+ 1) r. r.m ' tm 

T .e. In (s) asnaeTCJI acBMDTOTB'IeCKBM aaanoroM nu-
rm 

aeii:aoii: xoM6uaau;BB 3Ha'leHBH fl>yHKUBB f(x) Bee I ~enea-
. -i 

HLIX aa i! I npoB3BO~HhiX f (x) npu x ~= xy. 
0TMeTBM, 'ITO ycnosue 2 cne~yeT B3 ycnoBBJI 1, 3a 

BCKniO'IeHBeM Cfly'laJI vfm = vtm +c, T .e. KOr~a f fm (s ,X)
aCBMDTOTB'IeCKBH HOflb. 3TO 3Ha'IBT, 'ITO ycnOBBe 2 BCKniO· 

qaeT cnyqaii:, xor~a fy (s,tr) npe~cTasnaeT acuMnTo-

TB'Iecxuii: HOflb. m m 
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j 

••• • • • • • • 0 
• • • • • • • • 

" Puc. 3 

0TCIOJla •cao, 'ITO ecna MW DOTpe6yeM, 'IT06W npB 

aeJCoTopoM k ~ 0 , :$ i BMellll M i = 1,1 a ace 
- - f,m,-m (k+ 1) 

OCT&nltHWe MjJm _ 111 k+ l ""0, TO ICOMDOBeHTa ffm (s,tfJ )'lite 
tsy,.eT npe,llcTaan•TC ataMnToTB'IecJCal uanor k -To I 

DpoB3BOJlBOityBICIUIB ,l(BpaiC& b(X-Xf). 

Ha puc. 8 a nnocJCOCTB n,j TO'IIC&MB npeJlcTaaneaw 

MOMeBTW M bn , ICOTOpWe Beo6XOJlBMO &BByllllpoa&Tit, a 

JCp)'lltiCaMB • .Te,l ICOTOpWe OCT&JOTc• B Jl&IOT ICO:tMBllBeBTW 

Depe.Q .QeJieBBWMB B& jl DPOB3BOJlBWMB f j (x f) • 8 Jl&B• 

BOW cnyqae: m=4, j "'3, v Jm=-18. 
BB.lBM, 'ITO tYBICIUI• ~JipaJCa 8(x-xf) B ICUCJl&• ee 

apoasaoaa• S(k)(x-x t> .-.e a paMnx OJliiOI cBBryn•paol 

ICOWDOBeBTW BMeeT MBOrO aCBMDTOTB'IeCICBX aaanoroa. 

JCawqwl B3 BB.X 3&Jl&eTc• CBOBMB BQeJCCaMB i ~ k B Jtm ::: 

~ -m(i +1) /ICpoMe f B m /. 3TBM BC'IepDWB&IOTC. ac-e 

&CBMDTOTB'IecJCae aaanora otsotsJQeaawx tyaJCJUd, sa,qaaae

MWe OJli(OICOMDOBeBTBWMB Dpe)lCT&BBTen•MB. qyo(Sw DOny· 

'IIITit C&MWI o6IJUII Cny'lal, .QOCT&TO'IBO coot5pa3BT1t, 'ITO 

ICO:tt411UlBeBTW Depe,ll OTpiiJlaTenJ.BWMB CTeDeB .. MB S B 

1(1) /64/ BCer)la .. Bn .. IOTC .. naaeiBWMB ICOM6BBaiUI•MB 

( 1 (If), BO B 06JQeM Cny'l&~ DJeJl BBMB 6y)lyT CTO.Tit )'lKe 

Be OT,IlenltBWe MOMeBTW M t , a BeJCOTopwe BX CYMMW, 

'llleBW ICOTOPWX COOTBeTcT'i T p&31111'1BWM 3B&'IeBB .. M 

m. HMeaao 3TH cyMMW )'ll(e JlOJDKHW 6wTJ. ayneM. 
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TeopeMa 18. CaMwe o6~e ycnoBHJI, npH KOTopwx 

aCHMnTOTH'IeCKaJI <ilYHKD;HJI MO>KeT 6b1Tb aaanoroM HeKOTOpOB 

nHHeBHOB KOM6HHaD;HH <ilYHKUHB .lJ.HpaKa 8(x-x p) H HX npo

H3BO,IJ;HbiX () k (X- X f) , cne.u;y10~e: 
1/ XOTJI 6bl npH O,D;HOM f = 1,2, ••. ,L nOJlMHO>KeCTBO 3Ha-

qeHHB tn H3 M f, ~pH KOT_~pbiX ~'Cm ;;; vp*m , -lli, aenycToe~ 
06o3Ha'IHM qepe3 L H M p 3TH MHO>KeCTBa 3Ha'leHHH 

f H m ; 
2/ npH Bcex £~ L H m~Me BMeeM vern + m = 0; 

3/ npH BCeX f (, 'r:,, ii<O H i>O HMeeM !, M i =0 . 
m fmn-m(i+l) 

llpH 3TOM CyMMHpOBaHHe orpaHH'IHBaeTCJI no 3Ha'leHHJIM 

m~M p , ,IJ;RJI KOTOpbiX ve :::_n - m(i-tl). 
Tor.u;a cooTBeTCTBYIOmaJi acHMnTOTH'IecKaJI <llYHKU.HJI 

H:MeeT BH,IJ; 

- * L Mp Vn r.m n 
f(s,x) = !, !, ( !, f (t)s + r: (s,t)) (v~ = -m)' 

f ffi n=Vfm fmn Lffi Lffi 

npH'IeM HH,D;eKCbl v f H v f H MOMeHTbl K034M}!HU,HeHTHbiX 

<llYHKIJ,HB rj ( t) YAOBneT~hpJIIOT ycnOBHJIM 1- 3, a <llYHK
mn 

JJ,Hoaan /67 3a.u;aeTcJI qepe3 

L . -· 
I (s)=!.!.!,M 1 

. f
1

(x 0 )+o
0 (s), 

fm f i m f,m,-m(I+ 1) L 

r,D;e CYMMHpOBaHHe DO m npOB3BOJlHTCJI no BCeM 3Ha'le

HHJIM m, )lRJI KOTOpbiX v n <-m(i+l).HHJleKCY .i JlOCTaTO'IHO 
r.m - 1 

JlaTb TORitKO 3Ha'leHHJI, npH KOTOpbiX He BCe Mf,m,-m(i+ 1) =0, 

HanpHNep, TaKHe, npH KOTOpbiX XOTJI 6W npH OJlHOM m HMe-

eN ''em ~ -m(i + 1). 
B pe3ynLTaTe HeKoTopwx .u;eiicTBHB /cno>KeHHJI, .u;H4M}le-

peHu,HpoBaHHJI/ aCHMnTOTH'IeCKHe aaanorH o -<llyHKU,HH H ee 

npOH3BO,IJ;HbiX nepeXO,IJ;JIT B <ilYHKU,HH TOrO >Ke THna, HO B 

,D;pyrHX cnyqaJIX /HHTerpHpOBaHHJI, yMHO>KeHHJI/ nonyqaiOTCJI 

onJITb aCHMnTOTH'IeCKHe <ilYHKIJ,HH, HO OHH MOryT He 6WTb 

&HanoraMH KOM6HH&IJ,HB H3 o -<llyHKU,HB H HX npOH3BO,IJ;HbiX. 

BH,D;HO TaK>Ke, 'ITO K&>K,IJ;OB 0 ·<llyHKU,HH H K&>K,IJ;OH ee npo

H3BO,IJ;HOB COOTBeTCTByeT orpOMHOe MHO>KeCTBO aHanorH'I· 
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HLIX HM acHMllTOTH'IeCKHX ciiYHKUHB. Bee OHH BeAYT K OAHBM 
H TeM )l(e 3Ha'leHBJIM ciiYHKUBOHana /63/. HeKoTopwe AeiicT
BHJI I cno)l(eHHe, AHcllcllepeuuaposauae, HHTerpaposauae/ se
AYT K pe3ynbTaTaM, KOTOpLie coxpaHJIIOT 3TO CBOBCTBO, 

no APYrHe /yMHO)I(eHHe/ - neT. 
K sonpocy conocTaBneHHJI acaMnTOTH'IeCKHX ciiYHKUBii c 

0606IUeHHLIMH MW MO)I(eM llOAOBTH, He TOnbKO cpaBHHBaJI 

COOTBeTCTBYJOIUHe ciiYHKUBOHanw HaA 06W'IHLIMB KOHTpOnb
HWMB ciiYHKUBJIMB, a C 6onee 06IUei TO'IKB 3peHHJI, cpaBHB
BaJI KnaCCLI nocneAOBa TenbHOCTeii, KOTOpWMB npeACTaBneHW 
Ka)I(AaJI aCBMllTOTB'IeCKaJI B Ka)I(AaJI o6o6IUeHHaJI ciiYHKUBJI. 
K 3TOMY sonpocy MW sepueMCJI B cneAYJOIUei pa6oTe. TaM 
6YAYT AaHLI eiUe HeKOTOpWe AeBCTBBJI, KOTOpWe MO)I(HO 
npOB3BeCTB HaA aCBMllTOTB'IeCKBMB ciiYHKUBJIMB, a TaK)I(e 
cpasueHBJI sx c APYrHMH B3BeCTHWMB o6o6IUeHBJIMB nouJI

TBJI ciiYHKUHB. 
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