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XpBCTOB E.X. 

0 paano~eHBRX no KBaapaTaM peweaaA paaaanbHoro 
ypaeaeaaa lllpeannrepa 

P5 • 11251 

nOJI}"IeHI>I tjlopM)"nbl o6pameHHSI QnSI paano~eHBSI no KB8Qp8T8M 

peweaaA xpaeeoA aaaaqa 

Y"+(t2 -u(x))y=0. O::;x < ... y(O,k)zO, 

xoTopl>le noaeonSIJOT nocTpOHTb neKoTOpbre cnoco61>1 o6pameHHSI B Teopaa 
aoawymeli:aSI aaH&biX pacceHHB.II aToA aaaaqa. 

Pa6oTa III>IOOnHeBa B na6opaTOpBB BblqacnaTenbHOA TeXHRKH 
• 8BTOM8TB38UHH OHSUI. 

Openp.aT 061Jel1aaeaaoro HHCTHTyTa lUiepHblX accnelloeaaail. .Qy6aa 1978 

ChristO"." E.Ch. PS • 11251 

On Expansions by Squares of Solutions of Radial 
SchrcXiinger Equation 

There are proved expansion theorems for squares of 
the solutions of the eigenvalue problem 

y"+(k2-u(x))y20, O~x< ... y(O.k)=O, 

which leed to some inversion methods in the perturbation 
theory for scattering data of this problem. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 

Preprint of the Joint Institute ior Nuclear Research. Dubna 1971! 

C) 1978 06'be/1BB8BHbl~ BBCTB'f'TT fl/18pHblJC BCCDetiOBBHIIR ,0.y6HB 

BBE,l{EHHE 

B § 1 uacTo.amel: pa6oTw nonyqeua 4lopwyna o6pameaHJI 
,IJ.JJJI pa3JJOlKeHHii no KB&,ApaTaN peweuuii Kpaesoi 3a,Aa1fH 

2 
y" + (k - u(x)) y-0. o:::;x<oo. /1/ 

y(O.k)xO, /2/ 

r,Ae BeUleCTBeHHaJI H3NepHM&JI cllYHK:UHJI u(x), ,A&JJee Ha3bl· 
saeN&JI DOTeH:nHaJJ, Y.AOBJieTBOpJieT HepaBeHCTBY 

00 

f(l +X) 1 u(x) !dx < oo. /3/ 
0 

B §§2,3 DOK&3&HO, 1fTO OTCIO,Aa BWTeK&IOT HeKOTOpble CDO· 
co6w o6pameaa.a s TeopHB B03MYUleHH.a .A&HHWX pacceJIHHJI 
3&.A&'IB /1/, /2/. s qacTHOCTH, H3BeCTHWe cllop:wynw H~oiO­
ToHa I !tlrn. 20/, :AocTa H Koaa"s .4/.Hcxouwe pa3JIOlKeHH.a 
DOJI'l'I,HW C DOMOUlbiO MeTO,A& JCOHTypHOrO IIHTerpHpOBa­
au.a 4 s xpaesoi 3&.Aa'le 

2 
A[Y] '=' -Y "'+4u(x)Y' +2u'(x)Y =4k Y', O<x<oo 

y (0 • k) "' y , (0 • k) - 0 , 

peweaue xoTopol: Y (x, k) = y2 ( x, k) , 
weaRe 3a,Aa'IB /1/, /2/. PaccuoTpeu 
soro ycnosR.a y'(O,k) -hy (O,k):O. 

/4/ 

rAe y ( x , k ) - pe -
TaJCliCe cJiy'lai xpae-
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B pa6oTe liapcenoHa /5/ cxo,IJ.HLIM :w:eTo,IJ.oM 6wnH Haii­
JJ.eHLI cllopMyJILI pa3JIO>KeHBJI no npOH3Be,IJ.eHBJIM pemeHHB 
JJ.BYX 3a,IJ.a'l illTyp:w:a-JIByBBJIJIJI Ha KOHe'IHOM BHTepsane. 
~pyroi nO,IJ.XO,IJ. K 3TOi 3a,IJ.a'le, OCHOBaHHLIB Ha TeXHBKe 
onepaTopos npeo6pa3oBaHBJI, 6wn npe,IJ.Jlo>KeH JleBBTaHo:w:ls/. 
AHanorB'IHLIB Kpyr BOnpOCOB ,IJ.JIJI O,IJ.HOMepHOB CBCTeMLI 
~Bpaxa Ha sceii oca _.,., < x < oo B3y'laJicJI Kayno:w: h ,sl . 

§1. 06o3Ha'IBM f(x,k) pemeHBe ypasHeHBJI /1/, on-
peJJ.eJIJie:w:oe yCJIOBBeM lim f (X , k) exp (- i k X) = 1 npB 
X->oo, cp (x,k) -ycJIOBBJIMB cp(O,k) "'O,cp'(O,k)=l B 

f(k) .f(O,k)-W{f(x,k),cp(x,k)} :dcp'-f'cp,(lm k_?O) 

/1.1/ 
cllYHKUBIO HocTa 3a,IJ.a'IB /1/, /2/. llpa ycnoBBB /3/ cneKTp 
ca:w:oconpJI>KeHHoro s U! (0 , oo ) JJ.Bcllc)epeHUBaJibHOro on epa­
TOpa /1/, /2/ HenpepLIBeH npB k2> 0 B COCTOBT B3 KO· 
He'IHoro 'IRena npocTLIX co6cTseHHLIX qacen ,\ J .. k I , 
j ,., 1 , .. , N , onpe,IJ.eJIJie:w:wx HYJIIMB k j = i K j , K J > 0 , 
«llYHKUBB f ( k ) npB Im k > 0 . ~n.a JII06oi 41YHKUBB 
h (X ) .(;_ 1..,2 ( 0 , oo ) BMeeT MeCTO cllop:w:yna pa3JIO>KeHBI 

oo N 

h(x) .. ~ f</>(h;k)¢(X,k)\f(k)l-\2 dk+l: Cj ¢(h;k.)¢(X,kj)' 
7T 0 jal J 

¢(h;k) ,.. jh(X)</>(X,k)dX, 
0 

r,IJ.e BOpMBpOBO'IHLie DOCTOIBBLie 

C. ==I f¢
2

(x,k.)dx}-
1 

.. -2k.f'(O,k.)f.-
1
,(fj 

J . J J J J 
0 

/1.2/ 

df(k) 
=~lk=kj ), 

/1.3/ 
a BBTerpaJILI B /1.2/ CXO,IJ.ITCI B MeTpBK&X L2 (0, oo ) B 
L2{ (0, "" ) ; k 2 I f ( k) 1-2 d k I cooTBeTCTBeHHO. ~oKa3a-
'fen&cTsa 3TBx xopomo B3BeCTHLIX npeJJ.JIO>KeHBif 

4 

BMeCTe C BCnOJib3yeMLIMB ,IJ.aJiee 6e3 CCLIJIOK CBOBCTBaMB 
cllYHKUBB f (X, k ) , cp (X, k ) B f( k ) CO,IJ.ep>KaTCJI, HanpB·' 
:w:ep, s It, g/. B 3TOM naparpaclle noxa>KeM, 'ITO a:w:eeT :wee To 
CJie,IJ.yiOIUaJI OCHOBHaJI 

T e ope M a 1. TiycT& semecTseHHLii noTeHnaan u ( x) 
YJJ.OBJieTBOpJieT yCJlOBBIO /3/, f(O) .J_ 0 B no KBa,ll.paTaM 
pemeHBi cp (x, k ) , nopolK,IJ.aiOIUBX /1.2/, nocTpoeHa cBcTe:w:a 

cllYHKUBB 

<11 (x, k) =k ¢ 2 (x,k), <llj (x) =<ll(x,kj ) , 

<11 j (x) = a 1l ex . k) I a k I k = k .. 
J 

Tor,IJ.a, ecJIB 
00 

<II ( h; k) = f h (lf.) <II (x, k) dx, 
0 

<i> . (h) = J h (x) <11. (x) dx 
J 0 J 

00 

<II j (h)= I h (x) <II j (x) dx , 

/1.4/ 

/1.5/ 

K03cllc)BUBeHTLI pa3JlO>KeHBJI cllyHKUBB h (X ) , ,IJ.JIJI KOTOpoii 
BLinOJIHeHO /3/ no 3TOB CBCTeMe, TO npB JII060M X > 0 cnpa­

se,IJ.JIBBa cllopMyna o6pameHBJI 
. 00 4 00- -2 

H(x) = fh(t)dt =lim- f<ll(H;k) Imlf (k)F(x,k)}dk 
X R->oo 7T 0 

N ~ - • 2-
{ A j [ <11. (H) Fj (x) +<II (H) Fj (x))-3j Aj <ll.(H)Fj (x)l, - l 

j=l J J 

r,IJ.e 

~(H,k)d~,LJH(x) <ll'(x,k)dx =<ll(h;k), 

~j (H)= <l>j (h), :t,j (H)= <l>j (h) , 

F (x , k) = f 2 (x, k) , F j (X) = F (x, k j ) , 

F. ex) = a F ex • k) 1 a k 1 
J k= k j ' 

/1.6/ 

/1.7/ 

/1.8/ 
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a 

• 
A-:-1 = [ q,. , F. 

J J J 

der . . 
,. . f q, . (x) F. ' (X) dx =-- [F. , q, . ] 

J J J J 

. . -1· 2 
=[ q,j ,Fj] =- [Fj ,q,j ] =4 fj 

. . . -1 .... 
B j = [ it> j , F j ] =- [ Fj , q,j ] ,., 4 fj f j /1.9/ 

HHTerpanw /1.5/ cxo,u;JITC.II a6coJJIOTHO, a ecnH o6o3Ha'IHTL 
HR (x) npaayiO 'laCTL paBeHCT:&a /1.6/ npH R < oo , TO 
paBHOMepHo no 0 5: x < oo npH R _, oo 

2R 00 2 -1 
H R (x) = - J I J H (y) sin ky dy I sin kx dk + 0 ( R ) . 

T7 0 0 /1.10/ 

,lJ; 0 K a 3 aTe Jl L C T B O. IIOCTpOHM clJYHKilHIO 
, 

00 

Q (x , k) = J h (y) G (x , y ,k) dy , 
0 

(Imk..zO)• /1.11/ 

r.u;e h ( x ) y,u;oaneTaopJieT /3/, a 

r-2 (k)[-<fJ
2

(x,k) r 2
(y,k) 

G(x,y,k) = ~ +2¢(x,k)f(X,k)¢(y,k)f(y,k), X'S_y<oo, 

~ -2 2 2 
f (k) f (x,k) 4> (y, k), O_sy~x. 

/1.12/ 
PaccMoTpHM HHTerpan 

1 
I (x) = -- JkQ(x, k)dk , 
R,f 2rri y /1.13/ 

r,u;e KOHTyp HHTerpHpOB8.HHJI y npOXO,D;HT B.I{OJJL ,u;eiCTBH-
TeJJLHOI OCH k OT -R .1{0 +R, o6xo,u;JI TO'IKY k= 0 B 
nonynnocKOCTH Im k > 0 no nonyoKpy)I(JIOCTB y ( = 
= ( exp [ i ( T7- e ) ] • 0 ::; e ::; 1T • f < min I k j I B 3aMLIKaeT-

6 

c.11 nonyoKpy)I(HOCTLIO yR =R exp (i8), o~e ::; rr , R. >max lk j I . 
OTMeTHM, 'ITO ecnH noTeHuHan u(x) HenpepLIBHO .I{HcWle­
peHilHPYeM, TO cilYHKilH.II G(x ,y, k ) onpe.I{eJJJieT cilYHKilHIO 
rpHHa conp.ll)l(eHHOH K 3a.I{a'le I 4/ Kpaeaoii 3a,I{a'IH A [ y ] = 
= 4 k 2 Y ' , 0 S X < oo , Y (0 , k) = 0 . 

IlpOI.Ile H3Y'IHTL I R, f (x) Henocpe.I{CTBeHHO Ha OCHOBe 
npe.I{CTaBneHH.II /1.12/. TaK KaK npH JJI06oM x > 0 peweHHe 
rp (X ,k) eCTL UeJJa.ll, 'leTHa.ll clJyHKilH.II OT k, a pemeHHe 
f (X ,k) BMeCTe C clJyHKUHeii: HOCTa f (k ) - aHanHTH'IeCKHe 

npH Im k> 0 HenpepLIBHLie Ha Bel.lleCTBeHHOH OCH clJyHK-
IlHH H, B CHny OlleHOK: 

n ~1 x 
I k ¢(X,k) I ::;x exp I Im kx + J t I u(t) I dt I, n:O,l; lmk..zO, 

0 

00 

lf(x,k)IS exp 1-Imkx +J tlu(t)ldtl. Im k..zO, /1.14/ 
X 

HMeeM 

I kf 2(k) Q(x,k) 1 ~1 jt 1 h(t) 1 ctt +3x]\ h(t) 1 ctt lexp 12 {t I u(t) 1 ctt 1 
0 X 0 

TO Q ( x, k) .IIBJJ.IIeTC.II aHaJJHTH'IecKoii no k npH Im k> 0 H 
HenpepLIBHoii npH Im k= 0 cilYHKUHeii, HMeiOI.Ileii N .I{By-
KpaTHLIX nOJJIOCOB k j • 0TCIO.I{a, C y'leTOM paBeHCTB 

¢(x,k) s{f'(O,kj)]-1 f(x,kj ), jxl, .. ,N. 

HaXO,I{HM no TeopeMe 0 BLI'IeTaX, 'ITO 

N 

I (x) =I 
R,f jzl 

·-2 . 
I r j q, J (h) F J (x) 

. 2 . .. ·-3 
+ [ fj q,j (h)-fj rj q,j(h)] Fj (x) I. 

/1.15/ 

/1.16/ 

JaMeTHB, 'ITO npH Bel.lleCTBeHHLIX k /= 0 

-1 4> (x,k)z(2 ik) [ f(x, k) f(-k)- f(x, -k) f(k)] , f(x,-k) • f(x,k), 

7 



nonyqaeM 

-f R R 
- 1 - I f + f ! kQ(x,k)dk =....! f <I> (h;k) Im I r-2 (k) F (x,k) ldk. 
2rri -R f 77 f I 1. 1 7 I 

llpH f(O) =1 0 O'leBH,Il,HO, lim I ( (x) = 0 npH (-.. 0 . 
,D;anee, TaK KaK npH 1 k 1 -. oo , (Im k ;;:: 0 ) paaHoMepHo no 

X I;_ l 0, oc ) 

Im kx - ikx 
¢ (X,k) = sink!_+ 0 ( _e ___ ), f(x,k)=e 

k I k 12 
1+0(-L)J. 

I k I 
TO, BLI)l,eJIJIJI B aCHMnTOTHKe «<IYHKUHH Q (X, k) CJiaraeMoe, 

He 3aBHCJIW:ee OT U , H HHTerpHpyJI B HeM no 'laCTJIM, Ha· 

XO)l,HM 

Q(x ,k) 
1 

k 

00 1 
r H (y ) r ( X ' y ' k ) d y + 0 ( --J ' o I k I 

r)l,e r(x,y,k) =eXp(2ikx)sin2ky' O_sy:s_ X' 

r(x,y ,k) = r(y ,X,k), X<y<oo. 

CJie)l.oBaTeJILHO, npH mo6oM x > 0 HMeeM 

00 

1 im -~- fk Q(x,k) dk =lim 1 -- f I f H(y)r(x,y ,k )dy ldk 
R-ooo 2rri Y R R-ooo 2rri YR 0 

2R oo 

2rr 
f I (H(y)sin kydylsinkxdk =-LH(x) 
0 0 4 

=lim _ 1 

11.18/ 

CpaBHHBaJI 11.161 c 11.171 H 11.181, nonyqaeM.BBH.Il.Y 

paBeHCTB 11.91, «<lopMyJiy pa3JIO>KeHHJI 11:61, npH 3TOM 

BhlnOJIHJieTCJI H 11.101. 
CaMH paaeHCTBa 11.91 nerKo awTeKaJOT H3 11.11 H 

TO>K)l,eCTBa 

I 
2 2 -1 

W y1 z 1 , y 2 z 2 l = ( k 1 - k 2 ) d W I y 1 , y 2 l W I z 1 , z 2 l/ dx , 

11.191 

8 

r,ll,e Ym = y(x, k m) , z m= z (x, km) , m = 1,2 - npoH3BOJILHLie 

napLI peweHHii ypaaHeHHJI I 11 npH k "' k 1 H k 2 cooTBeT • 

CTBeHHO. A6COJllOTHaJI CXO)l,HMOCTL nepBLIX .ll.BYX HHTerpaJIOB 

B 11.51 CJie)l,yeT H3 OUeHOK 11.141 H paBeHCTB 11.151, 
a nOCJie)l,Hero • H3 11.151 H aCHMnTOTHKB 

-1 . -1 
¢ (X , k j ) = - ( 2 ik j ) f j exp ( -ik j X) [ 1 + 0 (X ) ) , X -> oo 

TeopeMa ,ll,OKa3aHa. 

3 aM e 'I a H He. H3 TeopeMLI 1 BLITeKaeT cpa3y, 'ITO eCJIH 

f ( 0) I= 0 , TO cHcTeMa «<IYHKUHH I 1.41 JIBJIJieTcJI nonHoii 

B MHO>KeCTBe «<IYHKUHH, Y.ll.OBJieTBOpJIIOUUIX HepaaeHCTBY 131. 
B cnyqae f (0) = 0, KaK 6LIJIO noKa3aHR a/9/ npH k -> 0 
( lm k > 0) cym;eCTByeT lim k f - 1 ( k) = 1-1 ( 0)·~ 0 H pe­

WeHHe -¢ ( x, 0 ) orpaHH'IeHo npH · x -> "" • Cne,ll,oaa TeJILHO, 

lim 
(-> 0 

1 

2rri 

00 

. 2 
fkQ(x,k)dk ,.,_f- (0) f 2(x,O)fh(y)¢ 2 (y,O)dy 
Yf o 

T.e. B 3TOM CJiyqae «<lopMyJia pa3JIO>KeHHJI 11.61 OCTaeTCJI 

cnpaBe)l,JIHBOH npH )l,OnOJIHHTeJILHOM npe)l,DOJIO>KeHHH 

.lh (y ) cp 2 (y , 0) dy = 0, a CHCTeMa 11.41 CTaHOBHTCJI 

ifoJIHOH, eCJIH )l,06aBHTL «<IYHKUHIO cp 2 
(X, 0) . 

MeTO.Il. ,ll,OKa3aTeJILCTBa yeopeMLI 1 Henocpe,ll,CTBeHHO 

o6o6w;aeTCJI Ha cnyqai pa3JIO>KeHHJI no npoH3Be,ll,eHHJIM 

'1'12 (x, k) =t/F1 (x,k) tP2 (x,k) pemeHHi tPm(x,k), m,., 1,2 ypaa-

HeHHJI I 11, onpe,ll,emreMLIX Ha'laJILHLIMH ycnoaHJIMK 

1/Fm(O,k) ... 1 , t/F~1 (0,k) "'hm , r,ll,e ht, h2· aew;ecT· 

BeH-Hiale 'IHCJia. ,lJ;JIJI 3TOrO )l,OCTaTO'IKO nO,Il,C'IHTaTL yKa3aH­

HiaiM awwe cnoco6oM HHTerpan THna 11.131 c 

-1 

a
1

:{x,y ,k):o + t/F
2
(x,k) f( x,k) t/F 1(y ,k) f( y,k) -tf1(x,k) tf2 (X,k) r2

( y,k)}. 

x::;y<oo, ~
F12(k) [tft(X,k) f( x,k) tf2 (y ,k) f( y,k) 

-1 .2 F
12

(k) r (x,k)tf1(Y,k)t/F2 (y,k), O_sy'S_X, 

11.201 
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r,Ae F12 (k)=F 1 (k)F 2 (k) ,Fm(k) = f'(O,k)-hmf(k) .Cnpa­
se,AnBBa 
Teo p eM a 2. IlyeTL BellleeTBeHHLIH noTeHuuan u (x) u 
cllYHKUBJI h (x) Y.AOBlleTBOpJIIOT HepaseHeTBY /3/, a k ~ m), 

j = l , ... , , N m - HYllB cllYHKUBB F m (k ) npB Im k > 0 , 
h 1 4 h 2 . Tor,Aa ,AnJI nro6oi cllYHKUBB H (x) = J;h (t) d t 
H (0) = 0 enpase,Anusa cllopMyna pa3no>KeHBJI * 

4 R- -1 2 
H(x) =lim-- fli' 12 (H,k) kIm !F 12 (k) f (x.k)ldk 

R-->OO TT 0 

( m) 2 (m) (m) 
- I 2 A . f (x,k . ) IJI (H. k . ) . 

( m) J J 12 J 
k j 

/1.21/ 

r,Ae 

00 

IJI (H,k) = [II(x) IJI' (x,k) dx = ( h( x) IJI (x,k) dx. 
0 12 0 12 

(m) -1 oo (m) 2 (m) (m) - 1 · (m) 
(A . ) = f W )\1'12 (x. k . ) • f ( x,k . ) I dx= ( 2 k . ) F

12
(k. ) . 

J 0 J J J J 

IlpasaJI qaeTL paseHeTsa /1.21/ npu R ~ oo exo,ABTeJI 
BMeeTe e cllopMynoH o6pallleHBJI ,AllJI eBHye- npeo6pa30BaHBJI 
~ypLe OTH(x) /eM. /1.10//. Ilpuh 1 =h 2 BF(0)-!.0 
pa3llO>KeHBe /1.21/ eBO,ABTeJI K cllopMe /1.6/ e <l> (X ,k ) = 
=; k t/12 (x. k ) , ij =F(kj) B T.,A. Cnyqaro h 1,h 2 """" 
OTBe'laeT TeopeMa 1. EenB O,AHO B3 'IBeen h m z oo , TO 
B /1.20/ HY>KHO nono>KBTL t/J m ( x,k ) = ¢ (x,k ) , F m(k),. f ( k). 
CooTBeTeTBYIOlllaJI cllopMyna pa3no>KeHBJI exo,ABTeJI BMeeTe 

2 
2R oo 

e cllYHKUBei -- f ! f H(y) cos ky dy I cos kx dk . npB'IeM 
TT 0 0 

enpase,Anusa B npu II (0) t 0 . 

-:Hi-ieopeMLI IIITypMa ene,AyeT, 'ITO eenu h 1 /, h 2 
TO HYllB cllYHKUBB F 1 ( k ) B F 2 ( k ) nepeMe>KaiOTeJI B, 
ene,AosaTenLHO, see nonroea cllYHKUBB G12 (x,y .k) npoeTLie. 

10 

t 

' 

I 

' 

§2. 113 TeOpBB B03MYllleHBJI B3BeeTHO, 'ITO eenB 

1/(u;k)=argf(k),(O~k<oo); A.(u)=k~, C.(u),(j=l, ... ,N), 
J J J /2.1/ 

eOOTBeTeTBeHHO clla3a paeeeJIHBJI, eo6eTBeHHble 'IBena B 
HOpMBpOBO'IHble noeTOJIHHble /1.3/ KpaeBOH 3a,Aa'IB /1/, 
/2/, TO Bblpa>KeHBJI 

1/' (h ;k) ~ fh( X)-£!l_ (x,k) dx, 0~ k <oo /2.2/ 
u 0 0 u 

A: (h) = 7 h(X) uj (X) dx. C/ u (h)= 7 h(x)~.9j (x)dx . 
J,U 0 U • 0 0 U 

r,Ae 

-2 2 
[8 11 /oul(x,k)=\f(k)\ <t>(x,k), [oA./ou](x)=Cj¢ (x,kj ), 

/2.3/ 
. -2 . .- 2 .. . -3 

[oCj/ou](x)=2kjfj Fj(x)+2(fj -kjfj rj )Fj (x). 
/2.4/ 

onpe,AellJIIOT llBHeHHYIO no h qaeTL npupallleHBJI ,AaHHLIX 
paeeeJIHBJI /2.1/ npu JaMeHe noTeHuuana u Ha u + h 
T.e. 11 ~(h;k) = dr1 (u +th; k) /dt It= 0 BT.,A.* 

TeopeMa 1 noJsonJieT nerKo HaiTH h(x) no 3a,AaHHLIM 
senB'IBHaM /2.2/. To'IHee, enpaBe,Anusa 
T e ope M a 3. Eenu cllYHKUBB u (x) B h (x) Y.AOBneTBOPJIIOT 
yenoBBJIM TeopeMLI 1, TO .AllJI C: (h) /2.2/ enpase,A-

.J, u 
nuso npe,AeTasneHBe 

-1 4 
00 

2 -1 
-Cj Cj~u(h)= -

77
- f11~(h;k) k (k -Aj) dk 

0 

-1 -1 -1 
+(2Aj) Cj <I>j(h)-(2,\j) ,\j:u(h) +J,j2A~.u(h)(Am-"-j) 

/2.5/ 

* .noKaJaTenLeTBO ~OpMyn /2.3/ BMeeTeJI, HanpBMep, 
a rn. 4, a cllopMyny /2.4/ MO>KHO nony'IBTL aHanoruq-
Hoii /7/ BLIKlla,AKOH. 
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B BMeeT MeCTO CJie,AyiO~JI cilopMyJia o6pa~eHBJI; 

II (x) = P f TJ' (h ;k) ~ ( x,k) dk 
0 u 8 TJ 

N 
+ I l C.' (h) _?_u __ (x) + .\ ~ (h)-~~- (x) I , 

j=1 J,u ac. J,u a.\ . 
J J 

12.61 

r,Ae 

ou 
07J 

N 2 
4 -2i7J(k) 2 2k C j ¢ (x,k ) 

(x,k) = -! lm I e f (x,k) l+.I -~---!. 
TT J=1 k -,\ . 

J 12.71 
2 

[au I a c. }(x) = 2¢ (x, k . ) 
J J 

. -1. 
[aula.\j](x)=4fj f(x,kj )¢(x,kj) 

12.81 

-1 .. ·-1 2 2 -1 
-Cj Aj (1-kjfj fj )¢ (x,kj) -J. 3Cm¢ (x,km)(Am-.\j) , 

J 12.91 
a CBMBOJI p 03Ha'laeT, 'ITO BHTerpaJI nOHBMaeTCJI B CMWC­
ne rnasHoro 3Ha'leHB.II. 

Ecna KpoNe nepe'IBCJieHHWX swwe ycnosaii lllYHK~BB 
u (x) B h (x) TaKOBLI, 'ITO H(O)=O , u(x)~ C61) , 
h (x) <;. c&2) B A[H(x) 1 I; L(O,oo),TO paBeHCTBOI2.6IMO>KHO 
.AB«WlepeH~posa TL no x B BHTerpan B npasoii cTopoHe 
12.61 BMeCTe C BHTerp&JIOM 

00 

J 77' (h;k) _<!_-[~~(X,k) )dk 
0 u dx o71 

CXO,AJITCJI a6COJIIOTHO. 
,U 0 K a 3 aT e J1 L C T B 0. IIO,AC'IBTaB yKa3aHHLIM B .AOKa3a­
TeJILCTBe TeopeMW 1 MeTO,AOM BHTerpaJI 

12 

(2m)-1 f r - 1(kXk 2 -k ~) -l k ¢ (x. k )f(x, k)dk 
J 

no KOHTYPY y BHTerpana I 1.131 c nocne,AyJO~M npe,AeJIL-
HLIM nepexo.AOM R __. 'XJ , € _. o , Haxo,ABM, 'ITO 

·-1 . 2 00 -2 2 2 -1 2 2 
r. ¢(x,k.) rcx.kj) =- J\f(k) 1 (k -kj) k ¢ (x,k)ctk 

J J TT 0 

. . .. . -1 . -1 
-fj1 ¢(x,kj )f(x,kj )-( 1-kj fj f j )(2k/j) ¢(x,kj)f(x,kj) 

~ ·-1 
- 2. 2k f nJj m m 

2 2 -1 
( km-k j) ¢(x,km)f( x,km) 12.101 

IIO.ACTaBJIJIJI 12.101 B 12.41, noJiy'laeM, B CBJiy 12.2/, 
npe,ACTaBJieHBe 12.51, KOTOpOe npBBO,ABT K 3anBCB 12.61 
.AJI.II cllopMyJILI o6pa~eHB.II I 1.61. IIocne,AHee yTBep>K,AeHBe 
TeopeMLI JIBJI.IIeTCJI np.IIMLIM CJie,ACTBBeM npBBe,AeHHLIX B § 1 
O~eHOK B aCBMnTOTBK ,AJIJI ¢ (X, k ) B f ( X ,k )IH aHaJIOrB'I­
HLIX .AJIJI ¢ ' (x, k ) B f ' ( x.k ) I, TaK KaK npa yKa3aHHLIX 
orpaHB'IeHB.IIX Ha u ( x) B h ( x) B3 I 41 cne,AyeT, 'ITO npa 
k ~00 

f Il(x)<f>'(x,k) dx=-( 4k
2f 1 f A[H(x)]<l>(x,k) dx=O( k - 3 ). 

0 
0 

TeopeMa .AOKa3aHa. 
0603Ha'leHBJI 12.71·12.91 o6yCJIOBJieHLI TeM, 'ITOnpOB3· 

BO,AHLie no X OT cl>YHK~BB 12.71·12.91 onpe,AeJIJIIOT "qacT­
HLie npoB3BO.AHLie" noTeH~Bana u no .AaHHLIM pacce.IIHB.II 
12.11. 0HB 6LIJIB nony'leHLI B I 1,31 Ha ocuose ypasHeHB.II 
rem:.cllaH,Aa-JieBBTaHa B o6paTHOB 3a,Aa'le IliTypMa-JIByBBJI­
JIJI. 

1Ionara.11 B 12.61 C{,u(h) = .\f,u (h) "' 0, j = 1, ... , N , 
nOJIY'IBM Haii,AeHHYIO HLIOTOHOM 1 1 / cllopMyJiy o6pa~eHB.II; 

npB TJ ' (h ; k ) .., 0 , 0 < k < oo • C : (h ) = 0 , j "" 1 , ... , N -
U .J,U 

cllopMyny o6pa~eHB.II B3!3f, a npa 71 ~~ (h ;k) = 0 , .\ J~ (h) = 0 -,u 
ypaBHeHBe ,AJIJI cl>B3B'IeCKB 3KBBBaJieHTHLIX nOTeH~BaJIOB/2/. 

13 



Cne,ny.11 I 11~H3 TO>K,necTsa I 1.19/ HeTpy,nHo nony'IHTb 
cne,nyJOUUie COOTHOWeHH.II 6HOpTOrOHaJibHOCTH Me>K,ny CHCTe­
MaMH ¢lyHKUHH /2.3/-/2.4/ H /2.7/-/2.9/: 

[ §. ~ } .91 ] = [ _? _u_ } ~ 1. ] = [ ~ ~ _ , _? _11_ ] 
o 11 o u o 11 o u ac j o u 

= [_a_u_, §.~.!!1- 1 = [ !!:!_ ,.§_71_ 1 = [£~- .§.~.!!1- l=o, 
ac j ou aAj ou acj o.u 

0::; k < oo, 

j,m=1, ... ,N, 

R 
. 0 u d 0 n . sin 2 R. {k- n 

hm f --- (X,k)- ~( X, f)dX=llffi -------- =0 (k- e), 
R->oo o o 11 dx o u R->oo 11 (k -0 

o< k , e < oo, 

[~ ,..£.Qm.] = [ 1_:!_ '_§Am __ ]= Oj m 
acj ou aAj ou · 

, j,m=1, ... ,N, 

r.ne "cKan.llpHoe npoH3Be,neHHe"[ f, g 1 onpe.nenJieTC.II /1.9/. 
3TH paBeHCTBa BMeCTe C ¢lopMyJIOH o6paJUeHH.II /2.6/ 
npHMeH.IIJIHCb B 1121 ,IJ;JI.II BOCCTaHOBJieHH.II noTeHUHana U (X) 
no ,naHHhiM pacce.IIHH.II /2.1/ C nOMOIUbiO HeKOTOphiX 3BOnro­
UHOHHhiX ypaBHeHHH, HMeiOIUHX nepBble HHTerpanhl, aHano­
rH'IHble H3BeCTHhiM ,nn.11 ypasHeHH.II KopTesera .ne ~PH3a/ 11[ 

§3. IlepenuweM Tenepb ¢lopMyny /1.6/ B BH,ne 

00 

- _1-H(x)=- _!_ J S'(h;k) F(x,k)dk 
2 277 -oo U 

/3.1/ 
N 

+I IM: (h)F. (x)+iK: (h)F. (x)l, 
j=1 J,U J J,U J 

r.ne o6o3Ha'IHM 

S~(h;k) =-2if-2(k) <l>(h;k), -oo(k<oo, /3.2/ 

14 

·-2. .. ·-3 
M j, u (h) ""2 f j <I> j (h) - 2 f j f j <l>j (h) , /3.3/ 

00 

K: (h)=-(2K· )- 1M. Jh(x) F. (x)dx, (k.=iK· ), 
J,U J J 0 J J J 

/3.4/ 

00 -1 . -1 
Mj=l Jf (x,kj )dxl =-2kj [fjf'(O,kj )1 

0 
/3.5/ 

Bwpa>KeHH.II /3.2/-/3.4/ onpe,nen.IIJOT nBHeiiHyro no h qacTb 
npHpaiUeHH.II ,naHHhiX pacceJIHHJI 

s ( k) = exp ( -2 i 11 (k)) ' ( -oo <k < oo) ; K. ' M. • (j'"' 1. .... N ) 
J J 

/3.6/ 

3a,na'IH /1/, /2/ npH 3aMeHe u Ha u + h. Be~'IHHhl /3.6/ 
HrpaiOT OCHOBHYIO ponb B nO,JJ;XO,JJ;e Map'leHKO 9/ K pewe­
HHIO o6paTHOB 3a,JJ;a'IH pacceJIHH.II, r,ne CTpOHTC.II ¢IYHKUH.II 

1 00 2ik X 

F {x) ,., -- J [ 1 - S {k) e 
277 -00 

dk+ ~ M 
j=-1 

-2Kj X 

e O<X<oo, 

'/3.7/ 
no KOTOpoi DOTeHUHan U (X ) HaXO,IJ;HTC.II O,IJ;H03Ha'IHO H3 
H3BeCTHoro ypasHeHH.II Map'leHKO. 

Bse.new ¢1YHKUHIO 

1 00 2ikx 
F'(h;x)=- -- ( S' (h;k)e dk 

u 277 ~ 00 u 

N 
-2K· X -2Kj X I 

+I {M_' (h)e J -2XM. < (h)e I, O<x<oo. 3.8/ 
j=l j,U J J,U 

H3 /3.2/-/3.4/ BhiTeJCaeT, 'ITO ciiYHKUHIO F' (h;X) MOlK-
u 

HO paCCUaTpHBaTb JCaiC DOJiy'leHHYIO H3 F( u;x) /3.7/ 
,JJ;HcllcllepeuuuposaHHeM no u . Heo6xo.nawwe ,IJ;JIJI uawax no­
CTpOeHHi CBOiCTBa ciiYHKUBB F' ( h ; X ) ,naeT CJie-

u 
AYIOIIUlJI 
J1 e U U a 1. IlpH ycJIOBHJIX Teopeubl 1 ciiYHICUHJI 
F; ( h ; x ) ~;; L (0 , oo ) , a6coJIIOTHO aenpepwsaa npH x > 0 , 
(1 +X) d Fu' ( h ; X) / d xc;. L(O,oo),DpH'IeU 
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00 

Fu' (h;x) =H(h;x) + f r(y-x)H(h;y )dy , 
X 

H(h;x) = -!. J M(y ,x) h(y)dy , 
2 X 

/3.9/ 

rne cllYHKUBH M ( x, y ) B l' (y ) onpenemuoTeJI B3 npen-

eTaBneHBJI 

2 X 
k cf> (x,k) = JM(x,y) sin 2ky dy, /3.10/ 

0 
N . .. 

r-~k) =!. [( k-k· )- 2 (:- 2 -(k-k· )-
1 r:- 3 r. 

j= 1 J J J J J 

"" 2ik y "" 
+ 1 + J r(y) e cty • f 1 r (y) 1 cty < oo • /3.11/ 

0 0 

,II, 0 K a 3 aTe n he T B 0. H3 B3BeeTHOrO npe,D.eTaBneHBJI /eM., 
sanpsMep,/9/ I 

rne 

X 

k rf>(x,k) =Sin kx + f K(x,y) sin ky dy , 
0 

/3.12/ 

1 X (X+y)/2 
\K(x,y)\ ~-2- f I u(t)ldt exp If t\u(t) dt!. /3.13/ 

(x-y)f2 0 

BWTeKaeT /3.10/, rne 

16 

X 

M(x,y) =1+2 f K(x,t)dt 
\x-2y I 

min(y ,x-y) x 
+ 8 J da J K(x,,B)K(X,,8-2a)d,8. 

0 a+y 

O_::y 'S_X ./3.14/ 

M;(Y ,X)= sign (y-2x) K(y /2, I y- 2xl/2) 

y 
+ J K(y/2,a/2)~(y/2.la-2XI/2)sign(a-2X)da, x_::y<oo. 

X /3.15/ 

Ou;essBa.JI JI,D.pa /3.14/ B /3.15/ e noMOJilJ,IO /3.13/, no­
nyqaeM, noene HeKOTopoi BWKna,D.KB I 

13
• 141, 'ITO ciJYHKUBB 

H(h;x), (1+ x) dH(h;x)/dx~ L(O,oo ). /3.16/ 

cl>opMyna /3.11/ JI~n,eTeJI eneneTBBeM Teope.ww BBHepa­
lleBB /e.w. KpeiH 15 ,neMMa 1.3/, BBB,D.Y Toro, 'ITO ciJysK­
UBJI HoeTa f(k),1+ ~ L(y) exp(iky)dy, j 1 L(y) \dy<oo 

0 
B f(k) =I 0 nps -oo<k<oo. H3 r(y) c;.L(O. oo) H /3.16/ 
BWTeKaeT, 'ITO ciJyHKD;BJI F~ (h ;x ) /3.9/ Y.D.OBReTBOpJieT 
yenoBBJIM neMMW. Hl /3.10/ saxo,D.BM 

X X 

:I>
1
(x)=JM(x,y)sin2k. ydy, c:I>.(x)=2 JM(x,y)ycos2kj ydy, 

0 J J 0 

'ITO BMeeTe e B3BeeTHWMB paBeHCTBaMB 

1 
00 

Sin 2ky 2ik X -2Kj X --- f-------- e dk=-4e (ixsin2k.y+ycos2kj y), 
TTi {k -k.) 2 J -oo J 

1 
00 

Sib 2ky 2ik X -21(, X . · -- J------- e dk=2e J sm2k.y, k.=lK., 
TTi-ook-k. J J J 

J 

llpBBO,D.BT, B esny /3.5/, K ene,D.yJOJUei 3anseB ,IJ.RJI ciJyHKD;BB 
/3.8/: 

2 oo oo ·-·-- oo 2ikx 
--- J[1 + J.r(y)e21kYcty] [ J sin 2ky H{h;y) dy ]e dk. 
11i -oo 0 0 

0TeiO,D.a /3.9/ nony'laeTeJI e noMOJUhiO xnaeesqecKoi cllop­
.wynw o6pamessJI ,D.nJI BHTerpanoB cl>yp.~>e. lle.w.wa .D.OKa3a-
sa. 

T eo p eM a 4. llps yenoBBJIX Teope.ww 1 ciJop.wyna o6-
paJUeHBJI /1.6/ 3KBBB8.ReHTHa paBeHeTB8.M: 

h{x)=2-d_ F'(h;x)+2-c!- JN(x,y)F' {h;y)dy 
dx u dx u 

X 
/3.17/ 

= 2·-<!_Fu'(h;x) +2LIN{x,x)-TN'(x,t)dt!-~- F~(h;y)dy 
dX X X X dy 
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r,D.e cilYHKQHJI F ~ (h; x ) onpe,D.eJIJieTCJI /3.8/, a 

2y- X 

N(x,y) =4L (x,2y- x) +2 I L(x,t) L(x,2y -t)dt, 
X 

/3.18/ 

r,D.e L (x, y ) • JI.D.PO on epa Topa npeo6paJoBaHHJI 

i k X oo ik y 
f(x ,k) =e + IL(x,y )e dy. /3.19/ 

X 

,n; o K a J aTe n & c T so. Hl sse,D.eHHoro JleBHHbiM I ts/npe.D.­
CTaBJieHHJI /3.19/, ,D.JIJI JI,D.pa KOTOpOrO cnpaBe,D.JIHBa OQeH· 
Ka/9/ 

I I.( x,y) I < I I u (t) ldt exp I It I u (t) I dt I . 
(X+y)/2 X 

/3.20/ 

cne,D.yeT, qyo 
00 

2ikx 2iky 
F (x,k ) = e + J N (X ,y ) e dy 

X 

/3.21/ 

H 

- 2K· X 
00 

- 2K · y 
F. (x) = e J + I N (x,y) e J dy , /3.22/ 

J X 

00 

F. (x) =2ixe- 2Kj! 2i IN (x,y) ye-
2~ Y dy . /3.23/ 

J X 

llo.D.cTaBJIJIJI /3.21/·/3.23/ B /3.1/, nonyqaew /3.17/. 
,D;oKaJaTeJI&CTBO JaKauqasaeu c noMOJU&JO neuuw 1, JaMe· 
THB, qyo Hl OQeHKH /3.20/ H aHaJIOrHqHbiX eii ,D.JIJI L ~ (x,y) 
L; ( x , y ) cne,D.yeT, qyo ecnu a6coJIJOTHO uenpepwsuaJI 

cilYHKQHJl f(X) Y.IJ.OBJieTBOpJleT yCJIOBBJlY /3.16/, TO B 
cilYBKQBJI .CN(x,y) f(y) dy Y.D.OBJieTsopJieT lTBY yc· 
JIOBBJl:W. fno,D.p06HOCTB COOTBeTCTBYJO~X OQeHOK npase· 
,D.eaw sIts, 14/ /. Teope:wa .D.OJCaJaaa. 

B JaKJIJOqeuae oT:weTMY, qyo Teope:wa 4 y,D.o6aa npa 
nocTpOeHBB BTep&QBOBBWX :WeTO,D.OB pemeHBJl o6paTHOI 3&• 

,D.aqa pacceJlHBJI, a T&K*e noJBOJIJleT noJCaJaT&, qyo top· 
:wyna /1.6/ ocTaeTCJI cnpase,D.JIHBoii .D.JIJl JIJ06oi cilYHJCQBB 
h ( x), . Y.D.OBJieTBOPJllOJUei ycnosBJO J;'x I h (x) I dx < "" 8 

npe,D.nonolKeHBB, qyo semecTseauwi noTeBQ&aJI u (x) Y.D.OB· 
JieTBOpJieT 3TOYY ycJIOBBIO H f (0) /= 0 . 3TH npe,D.JIO • 

18 

)l(eHHJI .D.JI11 cnyqag f ( k ) ) 0 npa lrn k .::. 0 6wna .D.O • 
KaJaHbl B /1:3. 14.~ 06w;aii cnyqaii: paccMaTpasaeTC11 aHa· 
noraqHo. 
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