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Toaopoe T.C. P5 - 10993 
0 KOMMYTBTBBHOCTB C8MOCOfipSI>K9HHbiX p8ClllBpeHHit 

llH~epeHilHBnbHhiX onepaTOpOB B qaCTHbiX npOH3BO,IlHb!X 

PaccMaTp&aaJOTCSI napbi n11aeAHhtX aatll$epeauaanbHhiX oneparopos a 'qBC,... 

HbiX UpOH3BOtlHbiX DOpSIJl.KB 2R,R.-1,2,,C fiOCTOSIHHbiMH KOS¢l¢lHilH9HTBMII nepen 

BbiClliHMH npOH3BOllHbiMH onpeneneHHblX HB fiO!lMRO>KeCTBe <IJy-HKIIHA TIIH8 C c.(ii} 
rae 0- orpaaeqeaaast o6nacTb B R0 .lJ.oKa3biBaiOTCSI aeo6XOJIHMbie B nocraTol:f
HbJe yCnOBHSI KOMMYTSTI!BHOCTB BX C8MOCOflp9JeHHbiX paCWBpeRH:ft, UpB HeKo

TOpbiX OrpaH&lJeHJUIX HB K03ctxflHUBeHTbi H HB o6naCTH onpeneneHHSI paCWBpe

HHA. KOMMyTBTHBHOCTb CBH38H8 CO CBO!iCT:B8MH rpaHHUbi o6naCTH 0. YCT8H8B

nHB8eTCSI CBSI3b C npo6neMOA 38Jl8HHH COBMeCTIIMbiX Ha6mo,aaeMbiX B KB8RTo

B0:9: reopea. 

Pa6oTa BbinOnReHa B na6opaTopRH TeopeTH'I8CKOil ¢H3HKH OIHIH. 

Coo&.e .. e CMbe.ume11110ro DCTJITYT& uep!IWX accne.ao....a. )ly6- 1977 

Todorov T.S. P5 - 10993 

On the Commutativity of Self-Adjoint Extensions of 
Partial Differential Operators 

Pairs of linear partial differential operators of order 2R, R-1.2 ,. 
with the constant coefficients before the highel'-Order derivatives, 
defined on a certain subspace of the set CN(O), ( n is a bounded 
domain in R 0

) ...-e considered. Necessary and sufficient conditions 
for the commutativity of their self-adjoint extensions are proved, 
some assumptions are provided about the coefficients, about the 
boundary of n and about domains of the extensions. 
Applications of these results to the problem of defining compatible 
observables as commuting self-adjoint operators in quantum theory 
are considered. ..;;~. 

The investigation has been performed at the LaLoratory 
of Theoretical Physics, JINR.. 
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I. OnHCaHHe npo6~eMG. TipHMep H3 KBaHTOBol MexaHHKH 

0603HB.'!HM '!epe3 .fl.. orpaHB'!eHHYD 06JI8CTl> B rt -uepHOil lH!KJIH

,110EOM npocTpaHCTEe IR ~ , n =2, 3, ••• c eyco'!HO C
00 

-rJJBJtKot\ rpa

HHnel () .n_ , a '!epes .:X. :=. { :1:.1 , X~ , ••• , X n. J - TO'!KH B 1R Y1. , Onpe-

.ne.JIHM r a" 
.D ::. ' 

~:X:· ""X· "'"· 11"" I ••• g ... lk 

r.nei=\i1,ia.•···, iK)- JIY.IIbTHHH,1!;8K;, i1, it, ... ,iK DpBHIIIMBilT 3fli'!eHHR: 

I, 2, 3, ... , 111 11-=11\ :::0, I, 2, ... - nopll.ltOK npoHsBo,JtHoft DI. 
PaccMoTpau npocTpaHCTEO L~(JL) KBaAPQTB'!HO BHTerpzpyeMHX Ha aa

MI:lKaHBB .li. tiJYHKIUII. llycn A H B - CeJloconpa:s:eHHHe pacW11peHH.R 

nap.~ ,llHrppepeHilJ!Ia.JtbHHX ouepaTopoB 

A = L: ci1 D .t. 
II\!:211.. 

B = L. J .Dr. 
tt:l~lR I 

0,11Horo H Toro U ('!eTHoro) DOpi!.ItR8., r,nec{r.•J3&:1II\=lR- llOCTOHHHHe K0-

3~H~eHTH1y,~~;OBJI8TBOp.R~He onpe~e.lleHHbiK ~OllOJIHHT8JibHblll yC.IIOBH.Ril, 

llycn A 11 B S8,lr,8Hbl Ha HeRoTopoM q&mc11pOBSHHOM no,llMHoUCTBe i.(lyHR
IUII Bs c"" ( .n.) • Tipe.ncmBJUleT BHTepec HSY'!eH1'le cBJisH Me-.mr KOMMY

TaTBBHocnm A H B H cBolcTBB.MJI rpaHJIIlli o6JiacTB ..n... • 
B '!acTHOCTH 1 3Ta CBJ13:b npe,nC!8BJ1118T HHTepec 11 l1Jlll RBaHTOBOI 

<J!HSIIKJI, ,UeiCTB11TeJI:bHO, paCCMOTpJIM ltBaHTOBOileXaHH'IeCKYD CI1CTeNy, 

COBepmaDeyD 4mfl!THOe ,Itl3HUH1'le l!HYTpH 06JI8CTH Jl. C R. Z> (KOXHO 

C'!HTa~, '!TO CJICT8Na HaX0,11JITCR B UOTesnaanLHol &Me C 6eCROH8'!HO 

BHCORJIMH CT8HK8JOI 1 JIIM8Dileit UpOCTpaHCTB8HeyD qJOpMY .fL ) , Ba6.11Jl.I1Se-



MHe ~, b , ... TaRon CHCT8MH 06H"iHO onpene~DTCR RaR CaMOCOTipH
llt8HHH8 orrepaTopg A, B, ... B L.t <. ..o...) c o6.mcTHMH orrpeneJieHRR: 
j)(i\), D( f5) , •••• CyllteHRR: STHX onepaTopoB Ha TIO,llMHOKeCTBe B C(.n.) 
MoryT HMeTb BH.n n.~~@lepeHUI!aJibHHX BHpallteHd A, B,.. . Tiapa a, b 
Ha6~a8MHX MOlleT nonyCRaTb COBM8CTHMH8 H3M8p8HRR:, "iTO 9RBHBaJI8HT
HO (cM/I/) KoMMyTaTHBHOCTH cooTBBTCTEYJJIIlHX onepaTopoB A, B . 
YCTaHOBJI8HH8 CBJI3H M8ll,lly CBoncTBaMH rpaH.IUlH a.n. H ROMMYTaTHBHOCTbll 
B03MOllHHX caMoconpallleHHHx pacWHpeHmt A H B Heo6xon.~~Mo n~ ROp
peKTHoro Bs6opa onepaTopoB A H B B Ka"ieCTBe coBMecTKMHX Ha6JID
.naeMsx a, b npH cpERCHpOBaHHon .Jl. • 

MsyqaeMH~ HHllte RJiaCC nH@lepeH[(I!aJibHHX onepaTOpOB ~TpHpy-

8TCR CJI8nyDm.I!M npKMepOM H3 KBaHTOEO~ M8XaH.I!RH. PaCCMO~~ B H8RD
TOpOM llpH6JIHllt8HHH cpEHHTHOe nBH&eHHe REa3H"iaCTKQH (eM. §!28) 
B o6JiaCTH .n. E IR 3 npH MaJIHX aHa"ieHHJIX ee HMnyJil>ca p ( oonacu 
JL npennoJiaraeTcJI nocTaTO"iHO OonbillHX paauepoB). 3HeprHIJ ECP) 
RBa3H"iaCTHU# KaR ~KUHil p MOli.HO pa3JIOEB'l'b B pan TeiJIOpa H orpa
HH"iHTbCJI KOH8"iHHM "iKCJIOM "iJI8HOE B paSJIOlll8HHH; 

~ 3 1 

A 1 [ a'-E 1 " ~ [ ~ £ J 
E(p)=f(O)+J!L ~P.IIP. PL~+3il___ ~~lP.ap, ~~~+-··· 

t
1
,t

1
:1 Lt L.1 o 1 .1. • L1,LJ,L,= 1 L, L._ t~ o 1 .2 3 

c Escmen npoHsBo.n:Hon "ieTHoro nopanRa 1 R • 06osHa"iHM -qepea 
P l- 1 .1 3 ROMTIOH8HT!l HMnyJibca D • IlOJIODB 'L' -) , r 

_.... •-1- 0 
F. = -1 ~o. - , L = 1J 2, 3 ~ 
L axL 

IJOJIYQMM, cornaCHO H3B8CTHOKY KBaHTOBOM8XaHHQ8CKOKy npaBHJIY, CJie~y

lllzyD onepaTOPHJD aanHcio A A1Ill f ( p) : 

A = L oL.; D I .I /l ~ f .. 2 ~ ... 
II/!.2R 

B QaCTHOCTH, H8KOTOpHe H3 KOHCTaHT ~ KOryT aHHynHpOBaTbCH. CqH
TaeM, "iTO EspaaeHHe A onpe.IteJUieT .ItHqJpepeHil.I!8Jll>HIII oneparop Ha 
H8KO'l'OpOM ~KCHpOBaHHOM Il0,11MHO&BCTB8 ~yHKUHA,npBH~e.amBX(-(JU. 
MOKHO o6pasoBa'l'Io RE8H'l'OBOM8xaHH~8CKJie Ha6~eMUe np.a TIOMall ~
rHX ~UMI OT ROMIJOH8H'l'OB ~ KEQSBIMIJY.llbGa p ,· OTnHQaD~H8CH 
OT E (p), HanpHMep: 

3 

PL:: :I. p: 
L=-t 

I 

3 lR 
F(p)=L PL _} R=1,J..~ ... 

l.=1 

4 

Ilp.a nepexone K oneparopBol san.ac11 B ,nm~ f{p) nony1JaeM: 

.3 ~2.R 

8 ::= UJMI/; L -.l.R. ~ fl.~ I,J., •.. 
L:: 1 a:rL 

MOKHO BHTepeCOBSTbCJI ROMM,yTaTBBHOCTbD caMOCOTipa&eHHHX pacmHpeHHA 
nEyx oneparopoB A H B ,a Ta.K:Ee nEYX onepaTopoB BH.lta A (T.Hna 
9Hepr11H) C HeCOBIJ~MH ROS~eHTaMH. 0603Ha"iHM qepes J) 

COBOKJilHOCTb T8X Wm<tl:al 113 C e<>( Jl. ) , KOTOp.Te aHHyJIJipyDTCJI Ha 

a..O..' H IJOTpe6yell, "iT06Y D npBHa.zuie:aa.no D (A) .1! D (B) • 
.PHKCHpOB8.1Uie o6JI8.CTH onpe.n;eJieHRR: .D (A) onepaTopa aHepro A _ _ 
OTB8"i88T BS6opy onpe.n;eJieHHOI ,11HHSMHY.H CHCTeMY, (CM., Hanp.,/3/). 
B I 4, 5, 61 .nJ1II CJIY"iaR R. = 1 noRasa.Bo, .IUIII RaRHX o6Jiac'l'el Jl.. 

A .a B KOMMYIHPYDT , a nnn Ka.KHX - HeT. 
B I 4/ o6cy-.na,mcb coBMeCTHMOC'l'b HSMepeH:al A H 8 • B 151 Ha 
npe.n;oOJIO&eH.I!JI 9'1'01 COBM6CT.I!MOCTH BUBO~Cb He06X0,11HMOC'l'b npe.n;

CTaBJl8Hllfl A • 8 B L1 (.Il.) oneparopaMH BHna, OTJIHQHOro OT 

1 1 ~1. .z. 3 al. 
A= .I 2"' - .. I 8 = - t r.. ~ .. I ""-"! = GOI1.S t I 

i:-t -; <IX; T:1 X; 

HQ ~ .1!8 .D , a TaKKe o6C~Cb H8KOT0pil8 I1POil8JXYp.T ne
peXOJJ,a 0 uaccnecRBX B86.JDIWieMYX £(p):J:.f/J""t ·P/· H p~:::.+ P,•~ 

1' - I I 

' KBaHlOBBM "' .a B (npo!leJXYps KBaH'l'OBaHBJI). PaccMo~eHHJI B 
4• 5• 6 ocHo:esBa.JDJCb Ha nEYX reopeMB.X, .ItOKasaHHJlX B I 7. H:Hae 

UH IJOKa3HBaeM, QTO 3TH T80peYH MOryT 6HT:b IlpHll8H8HU TOJibKO nnH 
,D;HqxpepeHUHan»HHX oneparopoB BToporo nopnnxa(tl•=2), HO H nnn onepa
TopoB nDOoro qeTHaro nopanxa(t]l ;&2. ) • .uoxasaTeJlbCTBa npoBonnTCJI 
cpasy ,D;JIH nDOoro (xoHeqHaro) qucnan B3wepeHHA 3BKnH,D;OBa npo

CTpBHCTBa fR. K. • 

2. 0 ft806XOi!MWX fCJlOBHRX RQMMYTSTBBHOCT.I! caMOCOIJp!&eHHYX 
mcupemd A B B 

IJycU .D o60SHS"i8e'l' MHOK8CTBO ~YHKUHA, np.HHa.zuiellaiiiHX CCJl) 
B 8.HHYJDipylllllfXCJI BMecre C Jlll6ol "iQCTHOI npDB3B0.11HOI i<u C :r:) no

pll.lll«l K. ~ R-1 Ha ~..a.. ( R. - neJioe "iHCJIO) : 

L - - fl.-4 -"'"'} D ::. u.(x)E C (.Jl); £t(x) = (}L< Cx) = ... = ~ ... c:c):::O, :X:E:a->L , 

5 



(ll.nli CJIY'lM 1<.=1 D paccMatpl'IEa.naci> E n.I). tiepes A H B o6oa-

HatJHM cJie.IJYIOOIMe ~qxpepeHill'la.JlbHHe orreparopH IIOpll.nKa ~ ~ , aa,n;aH
HH e Ha ¢yHKU11RX u. E: D 

l'l. l./t 

I. i} "' ) I 
A""-= cti ~ + Q.I(xJ.D L( 

i=-1 axi III~21H 

)!. .1R 

Bu.::. L 0 /..( + ) I 
()x~R 

b
1

(x)]) L<, 
i=1 ' II( ~2R-1 

,..-

r.ne ol; , i = 1>2..,. 7 tt- KOHCTaHThl. !IyCTb A H 8 - ca~~.oconpHliWHHhle 
pacWHpeHM A H B coor:eeTCTEeHHo :e LJ.(Jl.) c o6.nacrm.m orrpe~eJieHM 

D(A) H D(B),Y.l\OBnersopllDDIHMH ycJIOBMM: I) DOO = D(B). 
2) UlJC)~D(A) EJietJer u.cx)=O .1\M XedJl. 3) D(A)=>D • IJycn 

MHOl!leCTl!O K03qxpiml'leHTOl! {.c,., I(; 1,.2., .•• rzJ paa6HEaeTCR Ha Herrepe-

CeKaDIU'IeCR IIO~OllleCTBa: { oL;1,<t;V •• • , d. /p J , [ d"j1,<Lil,•··. > d. jJ. ~ , 

· • • • · · • • • , L eLL , ""£ , • • • oCt 1. , raK, lJTo BHIIOJIHR:eTCR 1 L J r J 
CJie.n;ymmee YCJIOBHe 4): K03~HUH8HThl,IIpl'IH~eBamHe xmdOMY ~CIIIpo-

BaHHDMY IIO~O:IleCTBY paadMeHMll,COBIIa,l(aiJT: 

al.i1= • • · .:::«.i,. • "'i1:::. • • • • :::Gtj,_, o{l1= • • • • = allr • 
a KO~HUHeHTW 1'13 pa3HHX IIO~O:IleCTB He COEIIanallT! J~t~j1i 

'# · ·· #d.l
1 

• Bl!e~eM pa36HeHHe n KOOp~IIIHQT TOlJKH X Ha Herrepe

CeKB.IIIIHeCR rro~oaecr:ea: x;={x;1 , ••• , x;,.J , Xj :[xj0 ••• , xj,J, 
x£ = l xt

1
, ••• , xt.,. J , y~oBJieTBOPflllllee ycJIOBBil 5): BH-

.IleKcu KOOp.lliiiHaT COB11li.DI3.1lT C HH.lleRCaMH K08~1JUH8HTOl! r£1( • 

TeopeMB. I.ITpe.ItiiMOliiDI, lJTO :ewnanHeHH yc.noBM I), 2), 3), 4) 
H uo A B i3 :KOMMYTBPYilT •). Tor,ll8. .IUU! Jlll6ol tO'IKH (!) ,npHHa,JJ,Jie

saJII81 rJI8.llROI ti&CU ~..n.. 'CYJil8CTByet (rJ18.ltlWI) 0Kp8CTHOCTI> ec~. 
TaRaJI, 'ITO e aa,JtaeTCR ypa:eHeHBeM i(x) = 0 , r~e f- BUIIICBT 

TOJlbKO OT O.nHOrO UO.ItMHO:IleCTBa pas6BeHBH .:t , JKRSaHHOrO YCJIOBIII-

eM 5. 

•J A H g CtJHTanrcH KOWIYTHPYIIIIHMH, eCJIH KOlOiyTHpynt/l/ HX 
crreKrpanbHHe ceueHcrBa. 

6 

3aMelJamtll. Hs pesyJII>Taro:e /B/ ( reopeJ.ta 2 111 ,nanee) EH.ItHO, 

lJTO pacm111peHBH A H B, y~o:e~er:eo~e yc~o:eKRM I), 2), 3), 4), 
cyilleCT:eyllT, HS.UpRMep, .n.;l1li 'IRCTHOrO CJIY'IEUI 8JIJiliUTIIIlJ6CRHX oneparo-

poB H OrpaH~8HBHX 06n&CTel JnL C K,YCO'IHO-r~HMIII rpaHBQBMH. 

ITpe~onoaeHHR o RQMMYTRTBBHOCTH A 111 B B od HX cauoconpR~eH

HOCTIII npB JCJICIE!JIJIX I), 2), 3) B 06111eM CJJYlJRe HaR~l!RilT ~OUOJI

HJIITeJII>HHe orpaJDI"'eHIIIJI Ha Roa@lmU!eHm A tA 111 B u , a ran.e 

Ill Ha UOBe~eBie rpaH~ B ORpeCTHQC~B ee Her~HX K,YCKOB (OTCY.T

CTBIIe yrJIOB, 60JlbiDJIIX 1r, CM/7/, teopeMa 3 ,lWI Jl.cR?-~/97) • 
3tH ~OUonHBT8XDBH6 OrpaHIIIlJeHIIIJI He IIICUOJILayDTCR B HBHOM BH~e Uplll 

~OKaaaTexLCTBe teopeMU I, HO BUIIOnHRDTCR aBTOMati'ltJeCKH npH C~enaH

HHX Upe~UOXO:IleHIIIJIX. 

PacCMOTpeHHHI Cxy'!Jal e~BlJHHX RO~HqHeHTOE y l!WCWHX 

npoiiiSBO,ItHilX B se JIBJllleTCR orpaHJAeHJIIeM 06111HOCTH. BiipaaeHIIIe 

c ft; ~1. 

'~"- ~R 

B u :=. "' .f.>. ~ + .L- I ~R 
i=1 lx.i 

L_ bz(x)D\l 
III~lR-1 

3aM8HOI UepeMeHHHX CBO.IlBTCJI K Heuy. 

Aopaarencpo: Paccuorpo oKpecTHocTL V c IR.,... rolJKBlP 

TaJtYil, '1To6u 'IJ 0 ~ .n_ = W , r.11e W - rJJa,ZU<:d K,YCOK 

~..0. • B V :a:ee~ell HOBW8 KOOp.ltHR&Tii .. J : 

! = f J.,f , J,IJ • " • ' J k 1 

J_, :: J1 ( x 4 , X .a, •.••. , X,. ) 

f.t = 'f.a.( :x1, ".u · · · · ".J ::t:~) (I) 

. . . . . . . . . 
J 11. = 1 n. ( ~ 4 ~ X.t J • • • • ·., ~n) 

7 



Ta.K, 'JT00hl ITOJiy'J8HH08 OT00pa.JieHHe 0hiJIO B3aHMHo-OrtH03Ha'!HhiM, j i -
-6ecROH8'JHO rti$Jlep8finHpY8MH B V If W sa,naBaJIC.II ypaBH8HH8M 

:J1 = 0 • ITocJie sa.MeHhl ITepeMeHHhlx rtJI.II A u H 8 u ITOJIY"'WTC.fi: 

T1.. 

Au..=-2 o£ (Jlfl, I.A.. L_ I F 
f.J~.· .. ,f- a ft, ... ,f._,:1 .1~ H CIJ + F J) U.. 

~. -\'._ ... Hf.1R I Fl ~liH 
(2) 

n 

) 2-R. c t F Bu = ~ () u. b .D u. f,,f.J., ... ,~ T F (2') 
t1 .... ,f,.~~.=1 .til. Cllft ()},,. ... Hf.zR IFI ~lll-1 

I I I 
3,n:ec:& IA.-~YHRUIDI OT J , a "''1""Jp..tR. ,p,_0 .. ,p.tR'a.F,oF - ~yHK-
IVIIi OT ITpOH3BO!\HIIX f 1 , J,z., .. . , J... ITO x_,, x,, . .. , x.._ H OT K03~ 

~IU{HeHTOB /fl.(. H 8 U. , COOTB8TCTB8HHOo B "'aCTHOCTPI, HMeeM: 

11. 

olft, .. ·A.u:::. L «.; afl4. aJp.._, ••.• alf.z.R 
i=-1 ~x,. a:ci iJ:r:i 

n 

.fl/_,, ..• ,fu. =2.. 
i=1 

Clll~. ~a •• 
~xi ~x; 

<HI.aA 
;) X. i 

PaBeHCTBa (2) ll (2') UOZHO 3aiTMCaTh B BH~e CKaJIIIPHUX npOM3-

Ile~eHM~ cne,llyDI!IUM odpa30M. OdosHatJHll: 

r o au,. r1 ?/1.{/( (R 
LL,.. : II. ' - :: "" I • • • J - : I( J 

<IJ. ~J/ 

1.1( 

•• •; 'a ul( = f..tl{ 
;,f .tR K. ., (3) 

PaccMO'l'pi!M BeKTop c:;" = [G~<f''"' G.,&~, SaBIIcJlllld OT J1 , r..t, ... ,Tot; 

[ 
0 0 0 .tR. o]O rf [ r1]1 [.1R-1 1 ]4 

G"= rt<.,[Cir ... J1 , ... ,[a r: JR.' K.' a" 11 ... , ~ r" .tll-u· .. 

8 

~ R R R R R l.ll-1 .1R-1 l.ll-1 r :1R ... ,r.._,[()r ... J1,. •. ,c~ ri<.JR, ... ,r .... , r~rK J-1 , K } ,l4) 

L 
c 0 KOMIIOHeH'l'aMH GKi I 1 ~ i £: t ' paBHhiMH JIHOO rK ' 0~ L!. 2 p... 
JIH60 HX ITpOH3BOJtHhiM aJ r; ITO 1.t 1 . J31. • · J >'t. , YITOpllrtO"'eH-

HhiM ITO BoapacTrunm L H j 
B CK06R8X ( ] 5 38ITHCaHhl B H8ROTOpoA ~HKCHpOBaHHOA ITo

CJiertOBa'l'e~HOCTH BCeB03MO~e HepaBHhle Me~ C060I ITpoH3BOrtHhle 
J r, L . 

() I( OT rIC. O,J:tHOro H Toro ze IIOpR:rtRa j . ITpPI L 
~HKCHpOBaHHOM j IlpHH:I!Maer, B03pactall 1 BCe Ta.KPie 3Ha'IeHWI 

j ~ 0 , rtJI.II KOTOpHX J -t- L ~ 2 R. • qPICJIO BCeX KOMIIOHeHT 

c; " i ' paBHhiX r! JIH6o ITpOH3BOJ:tHhiM OT r; c L o(. R ' 
T.e. HSXO.Jtl{IQH.XC.II JieBee rKR B CTpOKe (4), 0003H8"1PIM "!epes_p 

1.4 b"-.P-1::ab. 
3anHJDeM A (.(I< PI B u.K Ka.K CKaJI.IlpHhle npoH3Be,n:eHWI 

(Gk,.=:•), (G'JC,:::: > BBKTOpa GK Ha BeKTOJ:Ii -=-"' PI , COOT-- -_.,.. 
i =I ,2, ••• , S' • 3Jie-BB'l'C'l'BeHHo, C 8JleMeHTaMH ;;_; I .::.... ,. 

' -ot. 
MeHTY =.; , 'E.,i ~YHRUHII 0'1' npoHSBOJJ;HhiX J; no X· H 0'1' KO* J 
~BQII8HTOB Au. If Bu.. , COOTBeTC'l'BeHHO, HO He 0'1' u.l( If KX 
npoHSBO.JJ;HhiXo 

_«- [-=--'-at -::-• -=- : -4- ~ ... ,0 I -_a I • • ' 

-Q. ..; ( i)f )2R 
1 =-fi :: .£. oLit. . __ of Z 

"... a:rt< J 

lt.=f 
( :!:fll J. - {- b' -"""" - - -::_- --~- o, ... ,o'-2.1''''' =-& = 

K 

.L 

3anBmeM (2), (2') B B•JJ;e! 

(AI.l.._)l = ( G;K(w • =- : ... ) = t:. G~tq,.. · =. ?lw ' 
w t•j+'f (5) 

S' 
(& ult)l = ( G;Kiw, :=:.,..,) = ~ GICif,.. · :=:- i fc..~, .., ,., ... ~ (5•) 

Tax xu n ult e D 
lllJ(8 MeRJall8 , ~ 8M It I 

CJ18.JJ;YeT, ~TO npoDBO.JJ;HHe U~e. , COD;epza-

.D;JiBfxllepemtllpOB&Hd no 1., , aHHYJIIIpymcH 

B w. 
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IlyCTb e - RYCOK a..!l. TaKOI, 'qTO (} cw K pacCTO!l-

HI/le Melley 6 K ~!l \ W 60JIIlllle HeKOTOporo E. :> 0 • qepeS &_, 
o6omi&'IKM RyCOK '3-'l. TaKOI, qTo 8 c::. e., c: cA.) .1 H 'IJT00a pac-

CTO.IiHHR Me~ /) H W ' 81 , a T&Kae M~ 81 H cUl. \W 

6HJIK o6a 6oJlilllle HEIXO'l'Oporo 'lliCJia t 4 ~ 0 • :&i6epeM 4 • R (lYHJmi!Z 

4>: E C
00

(r.v), H K !: 4 0 R ~ L ~ 2 R -1 0 aHHYJIHPYDIIHXCll 

BHe fJ1 K TaKJIIX, 'ITO: 

det 

F1 
Fs. 

!='A 

=f. D ,nJlll x.EG 

r.n:e FK, K=- 1, 1, ••• , ~ - BeKTOp, 3aBKCli~H~ OT :X. 

KOMTIOHeHT8MK BKn;a: 

{J..R a..h"' "' [a,.,-k"'J" FK= ,1(, [ IK]1, ... , T"~e. ... 
..bflH 

' T II: ' 

[ () <f>. lt-1-41 ~+1 
/( 4 .I 

It •• ' 

[ 
~-f.J_ft+~] R+i .J.,J.I~-1 .J...l.lt-1]:1.14-f} 

a 'f' K 11-1 • • • • • • T,. , ( a"i"" , . 

(6) 

c A 

( '7) 

' L L 
B CK06Kax ( aJ <P K ] j 38IlHCaHW KOHeqHJie nocne.n;OBaTeJlloBOC'rR 113 

BC8B03MOliHI>IX Hepa.BHHX llll!aD;Y co6ol npoHSBOltHiiX OT 4> :c no 

J.u J,, ... , J"' nopH.Itlt& j • Ilocne.n:o:aaTeJihHOCTI> B aanaca npoB3-
:aon;HHx (a lop~) J TllKWI U 1 JUUt a B COOTBeTC!BYIIIlel CJCOCJte 

[ ] ~ B (4). ~HKilRa 1 Y.D:OBJl8TJIOpiiJIQII8 (6), MODO l!ll~'l'l>, 
Ha.IIpltMep, TaK. IJDtCIIpyeM npooBOJIJ.If1Jl C'l'poltf c HOMepoM I( l 
c sneMeHTaMK F "·~<' • Ibn• BMeeTCJl (CJIYllal I) 4>" ~ = F ~Ill , 

'1'0 <f>K" = "'"'" t ~ 0 • :RlJll! NUl tflDcl!poBaHHOI npo•sBO.n;BOI a J+,t• 
B cao6ae ( J ~ JIMeeM (cnyqal 2) ~J +.:' ::. F IC, K , TO 

B!l6epeM .f>~ 'l'aK, 'ITOIS!l aj+~: Co•tst I- 0 H BC8 OCTaJIJ>Hiie 

npozs:aon;HHe F ... ,"' B cKoiSxe ( l "j aHHYJIRpOBaJtl!ch. 

B olSon CJIYlla.R:X w!SepeM 4>; 1 E c- ( e ) npon:aonsol, ec.IK 

.>. 1 <. >.. , H <t> :t = 0, ecJIH .>.1 > >. • Tor.n:a BC e aJieMell'l'Y 

H~ rJiaBHol .n;aaroHaJlbl) eynewe , a onpe.n:e.1111Ten B (6) HeHyJJ.eBOI. 

IlOJib~.R:Cb <P; , onpe~enw pexyppeHtHHK o6paaow 

cJ>YHKUKH 4>: ~.1', ()~jl !::/1..-1, Ha tJ. (lopMyJIBMK (8),(10),(!0•). 
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! 
\ 

\ 

I 

2.R - -i < o -I ) 
4>1(. =- ..:.&fw fK '.::../w ' (8) 

.... (-aJ1J1~J 
r.ne ::- - [ .1. ')x,._ /(<) - 0 lw - K:d 

I _I 1- - - } 
11 Bel't'l'Op :=:- onpen;eJI.R:eTC.Ii TaR: ..:::.. = .:.f, .::..r., • • • • -=-s-t • 

BexTop F ... " c li -1 KOMIIOHeHTaMH onpe.IteJllleTC.Ii no6aBJieHPieM 

cne:aa x FK MHOzecTBa H3 .P Hyneoox aJieMeHTOB , aanHCa.HHHX 

pan;il Y.ItOISCTBa HHIJ;eKCKpoBaHHR B Bll;n;e nocJie.D;OBaTeJlbHOCTK cJ>yHKUHA 

</>~·: 0 HB (<) H HX rrpoH3BO,II;HIU '3j~~ 1 i:: 0,1, ••• , ll-t. 

D 0 o ( 21l.J...o]O .J...C 4>~J~ l.R-111~ 
4> ... , [ a<t>tc Jt ' ••. , a 't"lc .ZR., '1"'" ,[a K 1, ••• ,~[a <P,.. .lR-t' 

ll-~ A-1 1'.-1 P.+f fl-f ~-1 

, · · · • <PK • [ ~ 4>.... J 1 , · · · · • [a 4-1<. J /(+f 

IlOCJie.D:OBaT8JlloHOCTb B 3aTIHCH npoHSBOD;HiiX B CKOISJtax 

TaKWl ze, Jt8.l't I! B COOTBeTCTBJIJQIIX CK06Kax ( ] j 

(9) 

, ,· ,. 
[aJtf:>"l; 
B (4). 

111.+f __ f [D .a.~t- ] cp I( = - ..::. & ,...., , + <P 1e: ( a =.. r) 
1 
.... 

(IO) 

qepes D1 o!SosHatteHo BHpazeHHe ( F"'1 , =::;'"') + ( F: , (~ ::=:: 
1 

) 1 ) 
c .... J 

a F K - BeKTOP c t -1 xoMTioHeHTBMH , nonyq~m~~dc.R: HS F ~ 
saMeHol JD)!Sol (lymtUKI!I <P L , BXOn;.R:IIIel B F; , Ha (ly'HKUHD 

-k'H L oc. _, 
'T" K t 0 ~ ~ 2 R,- 'J • JlH!fxi>epeHnHpOBa.HKe ~ ..::.. 

npo:ae.n:eHo no J 1 • :1. .-. +,... 
Ilo.n;o!SHYM o6paSOM onpe.n;eJIHM nOCJ16ltOBaT8JlbHO <PI(. 

ttepea Ft JWI fl. =2,3, ••• , R.-1 
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.2.R+JI' '7 -1 JA-) 1R+J<-1 ::" )A 21t+}'-2 .2. :::-

4:>... =- -s:,,J D_.... +-( • fl<. (~_,),«)+ (.t)f K (?J -& ),..., + 

( 

}A ) J.. .11H1 ( ?Jp-i_ ) 2 R y. _ 
+ • •' f )H 'f'K \ ..=.,$ fw +cfK b ..=.,o)1,,J. (IO•) 

tie pes Dr < 
(}<) _, 

o6osHa'JeHo BNP~HHe F -
1 

) + 
I( ,1- q) 

(JI.)( J<-1 _, ) (JA-)IfJ<-i. i-' '\ < o Y.-' 
t 1 Fl( ,("b.:.)lw +···+ i \I( ,(<L::.)Iwl+ .. ·+ F ... ,(~..:..),...), 

.}"- ,;t 

rrte ( j ) - dHHO.t.IHYe Roa<Ixfl~HeHTY, a F K - BeKTop c 8' -1 
F .)A.-1 (. 

KOMITOHeHTa.MH, IIOJiy'l'a.JliiHIC.R: H3 .1( 3aMeHOI Jlll6ol <fly~HH ¢1{, 
BXO.ltlllnel B F ;:-1 

Ha cp ~+1 , _;.t. -1 ~ L .!: .)-< -t-J. R. -2. . 
lll!lfJflepeHUHpOBa.HHe d .JA. :=: 1 npo:se.n;eao no J 1 • ,Ua.lree onpe.n;e-

JIHM <fly~HH '0'-K ('JC.) € C -( Jl.) 
1 

'f ~ K ~ A , Y.!tOBJ18'fBOpiDJQJI8 

ycJIOBHRM (II), (I2): 
L R-f 

~I<.U:. •••• = l ~ ... ,Cc.J:::: •••• =a ~K/w = 0 , (II) 

r.n;e rtl$IJepeHUHpOBaHHe ri • o ~ l ~ /l.-1 npoiiSBOD;Il'l'C.R: no 141 1v •• 
1 
J ... : 

... 
a ~K 

C) J
1

1L I w 

k. 
c}IC. R ~h. f. 3R.-1 

(I2) 

IlycTl> 9 .t- KycoK ~..0.. Taxol, qTo 6\ c:. B.a. c:::.. w, 11 'l'T06Y 

o6a paCCTOJIHHR M8liJU' 84 II I() \ 6 4 , a TaKae M8liJU' 8 .t. H 

d..Q' w 6YJIII o6a 6oJU.IIIe aexo'foporo -ucJia tL.,. D • llepes 

s1 H 5 .z. o6osaaqiiM OTitltiTYe B IR... MHO&ecTBa 'fB.Jtlle, qTo 

S1c:. S.tc.V, wn s.=.e,l t.<.Jn 5.2. = 8;a. II qoro6Y ~CTOJIHJ:II 
Me&Jzy 5 1 11 v, 5.t • a Taxae MeliJU' S.a. 11 ~" \ V ISHJIII 

o6a noJIOJtll'l'eJil>HYMII. Ilycn t' (x) ~ 6ecRoaeqHo .n:JrlfxllepeHllllpYeMall 

B 1K. Jt <fly~HR: C HOCIITeJieM suppt"(x}: S.a, TBK81l, qTO l"Cx) :o.1 
.n;JIJi l:. E 51 • OnpeiteJIHM D;JIJI X E 11. <flyHltl.ll!ll t?",.. ( x) ; 

12 

i 
I 
+ 

{ 

2R-t 

t'(x)L 

""· (>) 0 :,, 

-1 J... a.+N R+N 
(I!..,N)! "t"IC. (J.z., ••. ,!,.).J1 , .x.~V(l.O .. 

,x;nw 
1 

r.rte 
H 

},, J,~, ... , Jlt. 313,1.(aJJTCJI corJiaCHO (I) • .ltJm ~1 .f.z., .. ,jl\. = 1,1., ... ,tt 

X € 5t (l .!L 0 Ol.!eBI'!,l(HO, llMeeM: 

!..+~ () "'K .,-( ) l.R-1 k - ~ X "'\"' ~~II.+N 
()J1 3}~1 ... <l'Jj - (R+Io/)1 •.L..._. ~ X. ' N=O a~ ft·. -~J.p. 

1\. 

h. 
~ JR+IJ 

i) J k. 1 
1 

TaR K8K 4> R+N l.(JIJI /'1 ~I< - p~HOHB.ll:&Ha.H cpyHKUI/If! OT 
ll.+lol' IC. I • • 4>... ( la,, .•. ,J,.), N <.It, H OT npOH3BO.ll;HYX 'J; ITO Xj , I,J = 11'1., • .. ,11., 

B CI!JlY (II), 'U'k('x.) d>(B) • 
IloRaaeM, "'TO .n;JI.R: tJI k BGrrOJUUleTcR lJ' ~ E D ( ( 8J .t) • Jlo-

cTaTO'l'HO .n;oRasaTl>, 'ITO 8 ~"' E: D ( 6) • QqeBIID;HO, "'TO orrpe,I~eJiv.B 
8 1 K8K B· 8 Ha D(S:t):{L£€:0<&): 8w f: D<f>) ~ 1 HS 

B ""ED (8) cJie.n;yeT ~,.' D( &1
), H no&TOMY t>" ~ D(£81 2

) 

IloRaaeM, qTo 8 tt~~. E: D ( 8 ) • qTo SKBHBaJJ.eHTHO 

~+V 
(~ B~)lw:.O, 0!::.)1-+lJ!::.R-1 1 .)-',V~O 1 (13) 

r.n:e Jl 11 v - nopH.rtRil .n:lllfxllepeHUHpoBaHHII no J., II Jz , J 3 , ... 1 J"' 
COO'fBeTCTBeHHOo B OCTaJll>HOI "'a.oTH .n;oxasaTeJIIoCTBa B1i6epeM ul(: v'<, 
H:MeeM (eM. (4), (4•)): 

B~"= <Gt(,=:_) =(G;,:::'~ ·t- r:R. -=:_&', (I4) 

r,Jte BBKTOp c:;;; ~ C /;- 'f KOMIIOH6HTaMII Onpe.n;eJllleTCJI onyCRaHHeM 

r .llr 
nocJie.n;Hel JtOM!IOH8HTY t< y BeJtTOpa c; K • 

IlocJie .n;JrlfxllepeHllHpoBaHHR •) ;,Jl no J., 1'1 cyaeHHII Ha w 
noJJY'q 101: 

JE) COO'fB8TCTBYDili!X rrpoii3Ben;eHd no npaBI!JIY Jiei6HIIIlQ 
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lcfB&,._ ),~::: ( <>''< G ~ J :=:I> )lw +- [a~'-( r ... H.~ 0) J I«J = ( (t'G~t, ~)+ 

+(~)~~r4G~ },_,)~~'),)+··· +(G'Kiw,(<l':=:t)lw)t- (I5) 

( ~ 2.1t) _ (.J4.) ( J~--1 !It) ( _ ) [1R ( Jl- ) 
+ jS rK I..,_:_S'(w + 1 (S r K lc..J /)_:_$ lw +•• ·+ l<.lw 'l) .::..& f,.;' 

,Ua.n.ee, It.IIR ;~;Hi{XflepeHUHpOBaHHil ?J.J' ITO J1 , 0 ~ )1- f R. -1 , I!IMeeM 

H3 (9), (II) H (I2): 

( 'bJI' r L ) ::; A-. L + }t 
1<. I<.J '-YK • 

(I6) 

J • 
lis ( I6) ITOJIY'ii!IM ITOCJie ItJr4xflepeHUHpOBaHHil o , 0!: J ~ ). R. , 

ITO jL;! p. ,.1 Jlt. : 

o .i c l' r l) = c 'b~ J 11.) = .i A-. L+.J'-
1(. lw ~ K leu ~ "t' K. • (I?) 

"' lis (I6), (I?) H 11s onpe,IteJteHIIII F K BMeeM: 

}" ') 
( 11 Gl( /...., 

y 
F 
" 

(18) 

~') ()41.} 
IlO.D;CTa.BHM B (I5) aHaqeHJIII ( ~ G K. tw corJUlCHO (IS) • ~ r K. I &4) 

.JVUI L = 2..1{ corJI.aoHo (16). Tor.ltll JIIS (I5) CJieJU'eT, qTo pa.BeHoTBO 

( )"B V"K ) 1""= 0 B c.nyqae )"::. 0 SltBI!BaJleHTHO (8), a B c.nyqae 

.fL ~ 1 SltBHBaJI8HTHO (IO) II (IO' ) • CJie,ItOBaTeJU.HO, 

( l).f'811K ) 1~ ::.0 (I9) 

Trm"-N>peUTTD'nnJ3aHI!8M ') v 0 ~ v £ R-1 no J, J J liS ..... ~ .U.I,4 ... .t'"' J ., ,, .... I tiL 

(I9) noJJyqi!IM: 

0 ::;"bv(b.J-'B..,.") :('\v+}lBtJ:) Of..v+Jt~R-1, 
1~ ~ lw ' 

14 

I 
t 

T.e. (I~) .BHITOJIHeHo :11, 3HaiJv.rV'"- (: D( [B)l) 1. 

V:3 Jiew.u/1! CJie,l\yer*), IJTO obJIE!.CTI~ oiTpe,l\eJieHHR lAJ II LBf 
coBnan;B!lT:D([i\]2.) =- DU6f) • IloaToMy '&"-E-D([A]t) • B CWIY 

ycJIOBHil 2) Ha o6JiacTH orrpe_n;eJieHHil D 00 a D (B) KMeerv~: 

(A '\YK )lw ::: 0 (20) 

_,£ 

PaccMoTpKM cyzeHWI G~<te, 1~ K~ 1:::. , -=-ta , -=-e KaK BeK-

Top~:< B JIKJ6oft TO'iKe e c:. w • Cor.llaCHO (II), nepwe j> KOMIJOHeH

TH Hy.lleooe. IIoaToMy ~s (20) 111 (19) .ItJIR )A--= 0 , y'iHTHBaR (5), 
(5• ), KMeeM: 

(A '-'K.) 1 e = - ~"" > -:::- - 0 < Gkl e '-t e - ' (21) 

(BIJ'Jle = (G~Ie' -=-Ia) ==O' (22) 

~OL ~ 

rn BeRTOll:l G."-1 & , ::: Kfe , .::... I( 1 6 c Ei-.J ==- 1:::. -1- -1 KOMIJOHeHTaM~ on-

pen;eJlllDTCR onyCRaHHeM nepBUX .J ROMllOHeHT Y ~"(e,:=::-:19 , ::::_Kf
6 

COOTBeTCTBeHHO. lis (6) CJI~eT, 'ITO B MaTpKUe , COCTaBJieHHOft ~3 

A+-1 ROMIIOHeHT BeKTopoB GKie, 1!: K ~ A , cymecTByeT no.n:MaTpKUa 

paHra ~ , T.e. tJTO -~IC le JIHHeiHo HeSaBHCHM:l B .111060ft TO'JKe 

X_6 e • Tor,Ita ,!13 opTOroHaJII>HOCTH ~"le • K = 1,2, .. • , A K 

- "'19 _ H K . :::::I 6- (<flopMY.Ilhl (2I) H (22) ) C.lle,ItYeT ROJIJIHHeap-

HOCTI> ::=:_ f e H ~ I e B JID6olt TO'qlte 'X E: €) 

-- -- I~ =. 4C c :c) -=-"" -e, rn;e ~ c oc:)- !flYHKilHil Ha B-

B 'JacTHOCTH, ,Itnn KOMIIOHeHT 

... ~ 211.-1 "- .t~-1 ,/. -r.. ,.{ (21 ) ') i" ~ ~ ( ') \ 1 ) ~ )(. 
1,1' ... ,1, l - I< ";l:c . -;-;;- ' J~1,1, ... ,1,(. =,.£_ -- --

K=1 K K 1<" 1 ~XI( itXI<. 

*) - ~ 
3Ta .i!ewa yrBepa.ztaeT, qTo as caMOConpllllteHHocTH A a B , 

as HX ROMMYTaTHBHOCTH H pa.BeHcTBa DCA)=- 0<8) cJie.n;yeTD(c"]'-),.D([&f). 
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.::!.aL -
li6K!OpOB .::... lil .::... 1 no.ny'leHB.WX 143 oLp.,, .. • fap. K .ft111 ••. ,fllR. 

coone!'cneHHO nplil ¥{"" ... ::: -f1.z.R-i ~ 1 14 f:~.R = l, no.nyliJUI: 

l i Cx.,_ - x C-x.>) e'"JL )lR-~ -;)'ft. 7 = o l= 12 n (23) 
'-=1 ()xK ~:x.K.]/9 ' ' ' ... , . 

~a.nee :aocno.n~syeuca coo!'BomeBHeM (23), llfoOw no.nylllilf~ yTBep&AeHKe 

feopeMWo Bfy S8KmDlllilf6.n~Hym '18Cf~ ~OK888fe.n~CfB8 MOZHO no.ny"CIH!'b
1 

cJiep,ya ue!'o~y, npHHHfOMY B/71. Mw onpe~eueu 1lJ.lH .nDOoro R:: 1, z, ... 
BWpaJEeHlile ~ {x.) CJI6~YJ)IIIJIM oOpaSOM: 

d J JR-1 
F;._ (-x)::. (all<.- X (x)) ( --4

) (24) 
~x,. . 

~aJiee, xax H B 171, Hcno.n~sya (24), sanHmel4 (23) B BH;Ile: 

"' ( .L P~~.cx) o~~. )
1 

== 0, L =- 1.2, .. . , n. 
~<-=-1 ax~<- e 

(25) 

B cuy npe~o.no:w;ealilll o saueae nepeueaawx x ua J cJiep,yef, uo 

J
1 

::. J
1 
(r.) 140J:HO peDIH!'~ no O!H056HDl K H6KO!OpOI liS nepel4eBH.WX 

l x,, x.l, ... , x n. J , aanpHMep x,-, • IMeeu: 

(26) Jf(z:)::. x,:, -J(xf, ... , x,-_f):xl-t1' ... X'11. ). 
1 1 

Ec.nll 'X. c e • fO 000SB8'1i114 X = H (x') ' r,Jte X I=;. 

-= { X-t, ... 1 x;
1
_1 ,x4+

1
,.. ~~jnpOOK.l.l.KB X Ba nQ~pOC!'p8HCfBO 1 B8fHB.J!'Oe 

B8 KOOPAIIIB8!'HHe OClil 'X 11 •••• , X. 
1
, X. , ••• 'J Z' n. • B cuy ,- 't+•' 

(26) II ~-1 =0 B8 8 liii406M: 1 

MCx')=.{Z1 , ... , x1.-t' 'SCx'), x,~+ 1 , ... ~ x11.}. 

B c.nyqae {:::.1 liS (25) lil (26) BOJlYlllll4: 

... 
fJ (H(x'J)- r=_ ~(ftCx'J) aJ ="· 

1 ~t::.t, Ill i1 ax" · (27) 

000SB8li:JIM ;l.RH L f. 1 
pa.OHC!BO no XK A&H 

B8 8 HI466M: 

Zt. C:x.') = ~{ H(x.'J) H npo~(ltepe~UU~pyel4 sto 

K:# i1 • B cuy :-c,·1 - )(:x.') = 0 

16 

,· 

()l{_(., -

~xi<. 

oh ?llt.. a~ 
- +-·-
ax~~.. 3Xj~ ax ... 

'3l(. • 
0npe,Jt6JiliiM oX"' 1113 (28) H nO;IlCf8lllilll B (25) 1 ;llJIH I(-:/:: 11 
B ClriJIY ~ ::.1 

3X' 
Hweew: 

'1 
n ~ oi 

L. P(MC:x'J) 3'1£c.- oh [ L PK(M(x'J)-- P,· (M<:\:'J)]. 
K=1 1< a:x.K ax;1 "'"'"· axK 1 

"'"-'1 "'t j1 

*a (27) CJI6;1l.Y6T 1 qTo 

±_ PK(M(~J) olt~,::. 0. 
l£:i ;}XI<. 

J<.t. i 1 

(28) 

(29) 

(30) 

Ha aeaaBHCI4MOCflr1*) 11.-1 pemeHHlt 1. L , L =- 2, 3, ... , n ;llHI})qlepea-

~HaJI~Horo yp8BH6HIIIH {30) CJI6;1l.Y6! 1 'ITO 

~ (M(:x'>)=O~ K::.1,2.,·· ., n, JLi- i1 • 

Ha (31) 1r1 (27) 11114ee14: 

P; ( H ( x';) = 0 . 
1 

(31) 

(32) 

B (24) pacci40!'PIIIM cy:w;eHHH: PI<. C:r.)ft9:: ?,.(N(:z'J)' J.IH 

oLI((x.J18 = ot.~~.(N(x'J) 111 no.uo~:HM K"' i1 • Tor,lla Ha(~)=1 
.II {32) CJI6A.f8! 'i 

ot...;t ::: a(;.t = . . . . . =d.. ,.P::. x( f1 (:r.'J) . (33) 

2R-1 
. (H~(NC:.c'J)) 

Ec.n1r1 ae K 1- '-1 , TO 11a (32) lil (24) cJie;ll.Yef a :rK = 0, 
To eo ;).}., (Mtx.'l) = 0 H 3H8llllf 1 J1 He 88B.IICIIf 0!' XK, lt./- i1 • 

ax~e 
fiOS!'OIIY 8 88;1l88!'CH .Jp&BBOBH814 Jix;1,z~, .. 1 :t:~)::0i noJlaraH 

-f =- J 1 , no.Jy•uu• aax.uuue • 

Bfi/ •cuonaonllltl pac .. poua no tPKAPK.X.cy A F , 8 F ,p.11 
:swpaaoul !,B, 88A8BilltiX nep:SOH8118UBO H8 U E-C:C1l~~YBX~.IIlil lila 

C -(.fi.) C lt014DU!IIWII JIOCUU014 (a He 118 1.(. ~ .D ) 1 r~e 

tJIP• iiiiae xoop,pB&! /I/ .PH x dJ , !'.o.l :c,, .. _, x;,_, Ux'J,x~v 
···J x.._} -.{11:o.O, l.a.= lfu ... , J,._ = '{~} acao, •to otoc1pueu.lll :x'Jp-lf.a•"ls•"J"l,J 
OABOUB'IJUI a KODpOpWliHO ,P(I(Iepe~Kp:JOIDI. IIOB!OIIY 3 (Ja.•l-., ... ,,_,.) tO 
II 't1 , ... , l >t HOI8:BHCJIDI. ~(Xi,..,:r,f1,X;j-f1 .. 1 :t:..) 
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iL - "p8ryJIHpHaB" oOJiacn 11 R = -1 
§ 27. § 29. 11118811: A F =. A • B F ::. B 
no ~PHAPHXCY A, B, 3a,l!aHHbiX Ha u £, .D 

• B c~1 P831~~fafoB/IO/, 
, rA8 I, i- pacliU!peHl1Jl 

T80P811Y I y,AaefcH nepetoP»1liiiPOBSf~ • AJIH c~yqas, KDrAa 
KOB~~HeHfW d._ j B BWpa&eBIIII AU A II KOS\W)a~eUW j3 i B 

BWpaaeBIIII AJH B nepe,ll BWCmiiMII npOIISBO,llHWMII Be BRIIIDfCH UOCfOBB
HWMII, a aaBaCllf Of x. : ot.i""d.i(x.) , J3;=~;(x) • lloxaaafen
cfBO Bforo yfB8P&A8BKH YA&efcH npoBecfa aaa~orat~HWM oOpaaoM. 

3. 0 AOCf8!QqHWX JCJIOBII.BX KOMMYf8fiiBBOCfll C8MOCOnpH&8HHWX 

pacmapeul A 11 B 
fiycf~ B '18CfHOM CJ1yqa8 l't:. 2. , Jl. IIM8ef Bll,ll npHM01rO.U-

HIIK8 C BepWHH8MH 1 HMeD .. MII KOOp,lliiH8fW (0,0), (O,I), (I,O), (I,I). 
YpaBHeHl1Jl rJIS,llKIIX UC!8I ~ .n_ 38BIICllf He Of BCel COBOKYllBOC!II 
Koop,llllaar t x 1 , x:~J , a fOJI~Ko or x 1 , ~•co fOJI~Ko of .x.z. 
(rpaua~a f&Kol oOJiacu .n.. y,llouenopllef aauDq8HIIIl reo pew.~ I). 
B BTOM CJI)''I88 rKJI~Oep!OBO npOCfpaHCfBO ll(ll) MOKBO npeJ(Cf8-
BIIU B Bll,ll8 !8B30pBoro npollaBe,lleBIIB lt((0,11)® l.z([D,1]) npOCf-
paHCTB1C1MMIIpyeKWX C KB~SfOM ¢YHKnHI, 3a,l!aHHbiX Ha 0Tp83Ke (011). 
B cJiyqae 11. ., 2. aBaJiouqaoe aaOJID,lleBae Bllecte c pacc»otpeuell 
,llK\W)epe~aa.uawx onepuopoB nop.B;llKS I I I ?- 2 B L1 (.il.) noBBo
JIHmf ctopMy~IIPOB8t~ II ,llOK838!~ B HeKOfOpOK CIIWCJI8 00p&!B08 
reopeMe I yuepa;lleue. ll,yct~ ASHW orpaaHqeaaHe oOJiact•.n.r,Aj, •• .,..n.L 
coonetcn8HBO B p~ q_, ... ~ r -M8pHHX no,1,npocrpaacnax 11a Itoop

.AHBSt x1 :.[ x;1 , ••• , x;,.} 1 x1 ::. {Xj11 •• • , Xj,_ ~, ••• , xL:!::{ x,,, ... , x,rJ• 
8;lleCio nOAJIB0&8C!B8 Xr,?Cj,···• x, 88,llUt paaO•eaae IIB0&8C!B8 

x=.{x1 ,x&, •.. ,x.,.J Bcex xoop,lliiBSf B /Rn. • il1Cfl> rpau~a dll.; 
1 ..0... j- rJI8;ilK8II 1 3..!1. j He CO,llepall! BB1tP8BBBX tOUX 118 if.; II 
to ae ca11oe 1111eet Mecto taue 11 AlB Sl./ 1 • • • • '.n..t • Paccllotpllll 
WOPII8JlLBW8 AJI\W)epe~SUHW8 BWp&&8BIISJi. ~no nepeii8BJIWII X, 

;ilOn1CK8DIUI8 •pa8,llU8HK8 ll8p8118BBW1• ,' 

fi- = C;.Jh +- Cj:_ej+- .•• +C,~L .1 ~ :::.~j +~j + • .. .f.~ • 

8;ll8C~ c,.,cj, ... ,cl- ,11811CTBJIT8.11t11Wt KOBC!8Htw, c'/?J;,c2J, ... , cV,c
BJIJIKntHq8cKBe fopii8JI~HO CaMOCOnpsaeHHW8 JlB~pe~a~~BW8 BWp8-
&8HIIll qefBOro nopJI,llK8 lR;, l.Rh ... ,.l RL. COO!B8!C!B8BBO no nepe-

M8BHWM :x:;, xi, ... , XL • 

18 

~.=LoC.s(x;)Ds ~."' L._ fls(Xj).D,s._.,:IJL=L ll$ Ds H) 
1 IS/6,lR; J J IS/~l.Rj /S/!:.2.RL 

00 --) llycn ot.s<"'-;H= c { .ii;) 
1 
•••• , ~ 5 ( x,) E C (Slt. • Sa;ll&AJIII on8pa-

rop 8/ c oOJiactlall onpe,llueBu D(B;)={ u.cx;)€: r-rli,-): u.rx;J = 
R·-1 } 1D =o~C'x;)=··. =;)' t..c.CX;J=O,x,-(;a.n; tax: B;ulx;>=r:ltiJ,-u.Oc,-J ~.ll 

U(X/) t D( B;) <• cooue1'C!li8Bll0 AU ~·, .... I a, c aa•eaol r Ba 
j, .... , L ) • Oooaaau• qepea L teaaopaoe npo•3ll8;1leue Ll-<.0..; > ® 
®L~ (Jl. j l ® .... ® L~ (.n.t), r,Ae, no onpe,lleJaeDII, 

L ~ ucx;)@U.Cl!j)® ••• . ® ~(.a::L)::. k.(x;)lt(~j) .•.. , 'U)"(X~). 
0008B8UM: B>B;®Ij@ ... ®IL , Bj:::l;®8J®I .. @ .... ®1,~ .... · · 
.... &: =.I; ®lj ® ..... ® Bt. , r,lle I ;,1 ; •... I~ - e,ll;ilHJ!lllnl8 
onepatopw B la.<.n;), L1 Cn.j), ... ,L.1(.0.JcoofBe!'cneuo. Paccllo!'p:n 

B= (~ Bj+ ••.• + 8~ • A= C; Sf t- cJ6j+ •.• +C,B~ c O~SC!'JIU onpe-
;ileli81Wl D(B):::.l)(A) = 0(8;) ® D(f>j)@. • • • • ® O<~t) • 
Teope.a 2. B npe,.noxo:auu: • o0oau11euu n. 3 JtOJlYCtD, uo 

..n. co•na;~tael' c np.IU&UI npo•alle,lleue• .1'\..r)C..O..j~····x..n..L:. .n.. 
TorJta ca11ocoupaae•awe pacK~PSaaa i • i y A • B cootlletCl'BeBBo, 

KOIOI.JUPJ•t• 

AoJtSa&feJI~Ctllo. Cor~acao(/II/, reope.a 25 rx.Il1,§6), aa.w&aKIIe 

S; 1 S; cuoconp.Bae~o • 8 i ueet JIOI:B1JI. c•c~~•IIY. coOc!'
Beaawx. WJIWUll B L.1(.n;) ; uj. ~DCS;) I Jt"' 1, .t, ... ; 8; u.J. = "-'" u.).. , 
rAe >-j. - KOII~ta~H~ AHIUornHBII pea1U1'81' ueet •ec!'o • ,llJIJI 
- - l J ~ L _ )..L u.'- • 
6ji•••J Bt.: 8ju.),>:;.X)II.l)l, ... , e,v.cr- IT a- J v,a- = f,2., ••• 

• • t. } lllloaecrBo {v.,..,v, .. . 1r = u.J..u.; ..... u.,. 1 .,u., v, .•. .•... . , c:r = 1,2.1 •• •• 

OClp&3181' IIO.Upl CKC!'8JIY liOUOPOll B L~(.ll.) ( c•.fJ2./ 1 r~. I § 2) • 
tJJIXJUI• u_..,v, .. . ,G" Jl:uslll'ca coClC!'lleiDDIII.B ~ A • B. )lelcl'B•l'e~Jo-

BO B -('i ,l +>.L) ' u..J'.Y·· .. c:r- "J"+ ,..,+ .. • 17 w.,.y ..• cr, 
• j L 

A u.)'Y··· .a-= (C;A~ +Cj).)l + .•. +Ct-.),.17) u..}o<)l .... a- • 

- - w•) Tu Jt8Jt A • B- pacupeau l • B, !'0 ~V· •• a- - JIO.maa c•crea oo-
IUIX coOcneiWIX WJIXJUII B l.1 (Jt) ;uJI .i • i, l' .e. r II B ltOJIIIJ'fJIPYJil'. 

Alltop ooaaaa P.T.Jle•~••Y aa unaeaawe o0c1&J(eaaa. 

•) Ecu J:0~8K1'111 1 BWCIIIU llPOBa:BO,lliUIX B;,6j, ... ,6t. KOBC
f8B!W <• cpe,llB 81'BX npo•aBOJlBKX c•ea&KB»e upo•a•oJtBHe otcy!'CtB1Dt), 
!'O :a:o~eBta A YADRieuopJIH 1~0111111 paaO•euH ( 4) •cnonaoBaB
ao.y B reopeMe I. 

H)B {lll11188 ABJX CJiaraeax 6_= B'!_+ S~· , ~3 (/I2/ r~.1! §4, 
Jfeoa 4.IJ• •a ca•ocollpueuoc!'JI &; • &j ~e~el', ql'o 1 B ecl'Jo 
ca.oconpaaeBBoe pacupeHBe. !aaao~oe Jl'llep&Ae .. e .. eeR •ecfo 
11 B c~yqae oo~••ero ~•cll8 c~araexwx. 
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