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ne6eJleHKO B.M. P5 - 10535 

06 op!SHTIIX H JlO!lYCTHMbJX fi0Jlllllre6pax JlllSI PH -rpynn 

B paMxax MeTOllll op6nr A.A.Knpnnnosa nccneJly!OTCSJ PH -rpynnhi, 
TO eCTb rpynn,l>lJ nn C KOMMYTIIUHOHHbiMH COOTHOW9HHSIMH THOll (H. ,H .) 

H (' ') I J 
= rij i 1 < J • 

B o6weM BHJle nocrpoeHhi op6HTbi JlllSI scex PH -rpynn, .Qng OTJlenh-
HhtX Knaccos PR -rpynn B smHOM en.a.e nony'leHbi op5HThi n .uonycTHMbie 
noQanre6pbi, 

Pa!SOTII BbinOllH9HII B na6oparopHH TeopeTH'I9CKOil cjJH3HKH OHRH. 

Coo6111eBBe 061.e.IUIBeBBOrO BBCTBTYT& l.llepllWll BcclJe.IIOINUIBI. J{y6aa 1977 

Lebedenko V.M. P5 - 10535 

On Orbits and Admissible Subalgebras for 
the PH-Groups 

The PH-groups (Lie groups with commutation rela
tions of [Hi,Hjl=rijHi(i<j) -type) are investigated within 
the Kirillov orbit method. 

Orbits for all the PH-groups are constructed in a 
general form. For some classes of PH-group orbits and 
admissible subalgebras are obtained in an explicit form. 

The investigation has been performed at the 
Laboratory of Theoretical Physics~JINH. 

Communication of the Joint Institute for Nuclear Research. Dubna 1977 
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I. BB8l\8Hltl8 

I.I. llpe8~CJJom:te 

B pa6ord4 •5/ BBO.IJ.HTCJI nop.sn·He PI<. - :·pynnu k r. P R
-M:'eOpH Jh;, R3:V'JB.l!JTCR H8J<OTOpue J!X CBOiiCTBa. 

(lKfl3aJIOC!>, •n·o ,nJ!R llOC~'p08l!JUl !"'8J::NOH>T'JCCKO:'O 3!1<1JIM38 Ha 

PR. - rpynrrax npmv.eHRM MeTo.n. op6HT A.A. Kv.fMJJJJoBa (cM/2 •7/), 

liOCKOJibey Bee OHM :3.KCITOHfH!U1a.JlbHLI ( BW.8CT8 CO C'ROI!Ml1 2JII'8iJpa!.n>: ]P., 

cw. 12
• ?/ ). B pa6oTe/

5/ npRBCl\8HH OTl\e.TILHue npmwpb! PR. -rp:ynrr, 

l'liTOpLre MOJKHO BCTpeTHTb B TCOpeTJl'J8CKOil rj•l:::~HKe. 

CraBm1B HaJllH orrpt.n.MeHH.R PR - I'pyrm 11 PR 
PR - a.JJreora Jh1 l.. = {H.., , •.•• ~} 

::;P~.nae'l'C.H KOMMJ'T8IU!OHHIJIWI COOTHOIJI8HH.R THDB 

fH i } H;j == /[,i H .. ( c' ~/) ' ? .. )' (- ~) 

-nJil'ed.y, 

• h ~,2 

C p83YJJLTaTru.w. pa60TIJI Jiaccuepa/3/, MOl!HO JlerKO 110fJOJIHMTb 3TOT 

crmcoK. 

B pa6oTef5/ v.ccJJe.n.yeTc.H KJJacc PR - rpynu .E ne.r.oM. 

B tJacTHOCTH, TaM ll0Ka3aHo, 'ITO cy~eCTByeT KOHTHHyyM nonapHO 

HeHsOMOJXPHWX PR - rpynn ( H PR - aJire6p). 

Teope'f1!1lecKH, KaR OTMelJ8HO BH!Ie, BOIIJlOC DOCTpoeHH.!I I'B.pMOHM

lleCROI'O aHaJIHsa Ra P R. - rpynnax yae perneH. O,IJ,HaKo Mero.n op6H"T, 
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B 'lHCT<?M BH,ne ,naeT ero pewemw B CJUlliiKOM a6CTpaKTHOH cpopMe, H IIOJiy

'IJCHHe KOH!q)8THHX pesyJibTaTOB MOJKeT IIOTpe6oBaTb .D:OCTaTO'IJHbiX ycHJIID! • 

En:a.ro.napR OTHOCHTe.JioHoil npocrore crpyKTYPhl PR. -rpynn , 

BVJ,I\HMO,B03MOJKHO .n;a.Tb .f!BHOe IIOCTpoeHHe rapMOHH'l8CKOrO a.Ha.JIH3a 

cner.m:a.JioHo ,II.Jl.fl Hl'IX Ha ocHoBe yKasaHHoro Mero.na, .noBe.n.R pesy.rrora

TH ,no C!IpaBO'IJHOrO ypoBH.fl. 

TaKHM o6pa30M, Ha IlpaKTHKe y,na.CTC.fl 060i1T¥I TOHKOCTH "KyXHH" 

MeTo,na Op6l'IT H MHOrHe T8XHH'l8CKHe Tpy,nHOCTH. 

Hacro.RmaJI' pa6ora RBJI.ReTc.R. rrepBbiM maroM aBTopa B Jrul3aHHOM 

HarrpaB.JieHHH. Mbl rrocrpoHM op6HT!i B o6meM mr.ne .II.JIR Be ex P R-
-rpynrr, a ,li.JJ.R. or.ne.rri>HbiX THIIOB PR. ·- rpynn .na.u.HM .f!BHoe orrHCa.HHe 

op6HT H .norryc rm.rux rro.na.rrre6p. 

1.2. 0603Ha'leHH.fl H Tep~MHO.JIOrH.fl 

Ml1 6y,neM pa.ccMaTpHBa.Tb PR. - a.rrre6pH H PR.- rpyrr!Ibl Jhr 

(cM/4 •5/). PR. - a.Jire6pa .lli! - aro .neilcTBHTe.JI:bHaR a.Jire6pa JIM, 

y ROTOpOil eCTb TaKOil 6a3HC 

H., I ••.. I tip) H/0,.,) .. .. J Hh; (11~2), 'IJTO 

[Hi
1

H1}=7<jf/,:,ecJII1 t'5p ,J>,.pt-1 

(nPH'leM .n;m Ka.JK.noro (·~ p 
[H.: 1 Hj}= 0 , ecJIH 

8CTb j ~ ptl 

t .J i ~ f' , HJIH 

c '?t:i ~ 0 ) ' 

!IpH (~i ~,PI/ • 

B .D:a.JI:bHefuueM HaM IIOH~OdHTCII MaTpJmhl, COCTaBJieHHble H3 

KOHCTB.HT Bn:,na 

.Jt_,,.,., 

~/?Pf' 
/ 

. ~'t 

?p, ,_ 
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YKa38.HHb!il BH.n 6a3HCa dy,neM Ha3b1Ba.Tb Ka!!OHH'lCC!Gi~.i, a COOTBOT

CTBYllli.YIO MaTPimY - I\aHOHH'leeKo:W Ma'lJl"iUer; PJ< -aJircupb! 

( PR- rpynnu). 

PR - rpynrroii Mli Ha3bil3aeM BC.HKYRl c.BflsHyiO H o.nuocBnsHyKJ 

rpynny .Jh!, a;r::'e6pa Jill Koropoi'l aBJI.ReTcR PR - aJlre6poii (HBHb!i1 

BH,IL CM. B/S/). 

06osHatJeHMSl, HCIIOJlbSj18Nb16 H:V.JKe, OCil.lieYIIOTpOOHT6J!bH1!. 

(rranpHMep, pasueprrocn- d i.m, HJ. -oproroHanbHOe .n:orroi!HeHI1e H , 
{M ·1-i!HHCAHOC IIO)I.IIpOCTpa.HCTDO, HaT HHyroe Ha l!UO'H.eCTDO f'1 ) . 

I .3. ilpHBe8eHHaR WOJ)Ma KaHOHH'leCKO~ Marpmw. 

Bgne.rreHHe ueHrpa 

KpOMe o6meil, paccMOTJlElHHOil HaMM, Ka.HOHHtJecRoil 1TXliJMH MLI 

BBe,neM CIJeuHa.JioHYD. 

IIyCTb 

c ( ~~,~~~ ?,1,.,., 

. . . ?~,n ) 
?~,.) 

Ka.HOHHtJecKa.SI MB.TpHUa PR. - rpynrm G ( a..rrre6pbl L , ilflnL::-~). 
Trume MaTpHU!i O,JtHOSHa'lHO orrpe,neJJ.R.KlT rpyiiD!i (o6paTHOe YTBCplK-

.neHze HeBeprro). 

~ ,IJ;anLHe~mero c: 6y,neT y,no6HO DpHBCCTM K HeKOTOpoMY B~, 

KOTOpW! Ml>l 6yll:eM Ha3b1BaTL OpHBCli:CHHiiM. 

B tJaCTHOCTH, no 3TOKY BH.llY MOlltHO 6y,ILeT TO'IJHO Cy,II,liTb 0 UeHrpe 

rpynnH G BJIH cooTBeTCTBYIIII8A a.nre6pbl L 
M!i 6yll:eM HCIIOJILSOBaTb 3AeMCHTapHHC CTOi!OUOBHe IJpeo6paSOBa-

HHSl ( cM/I/) , TO ecTb JIHHeiH!ie rrpeo6pasoBaHHSI cTOJI6uoB, R ne

pecraHOBKM CTpoK (8TOMY COOTBCTCT:sjeT MSMeHeHHe HyMepawm H.· , 
c· !:- r >. 
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MsBeCTHO, ~TO C TIOMOmbro TaKHX npeo6paSOBBHHtl ~yro MaTpHay, 

Il l'OM ~HCJie H MBTpHay c , MOlilfO lipimeCTI1 K BH.ztY 

Ev 0 
( 7f) 

X 0 
::.'.ne TT ., ?JC) , E.,- e,lll{HH~HM 7T""7T MaTpltll(a. 

B .naHHoM c~qae npeo6pasoBaHHID cToJI6QoB ~~ , •• • ,e<,. ~ 
......l.. .J I _/I r.ne 
7utpn1 ···1"'~!t- ' It; 

o(~:: z J.'j~'' 
i::fll 

COOTBCTCTByeT rrepexo,n IC HOBOll KBHOHH~eCKOll iJJopne, r,ne 

"' 

HBSl 

RHX 

H.:.'= L' l.'i 11;· ' i=JUI/· .. ,It; H/::f"' (Up). 
j :p#t 

Ha rpyliliOBOM Sl3UKe 8TOMY rrepeXO.ztY COOTB8TCTByeT aHBJIOr~-

3aM8Ha M8M8HTOB t?c( k) , '. ~ p fl , H3 O,nHOilapaM8TpH'18C-

liO,nrpynrr A, (A,·.,.... Hi • cM/4• 5/) Ha 

tl / (f.-,}= t?p.,., ( J.~;nt t/} .. ... tl,., ( .1.·,. t/). 

,lWi IlpoBepKI1 ,nocTaTO'JHO ilpe.IlCTaBHTb BCe tfl/ (f/) B BH,ne 

( 0/ • . ··, o J 1.-r,., (: ...... I /,It t/} 
CM/'t,S/) • 

3a.Me'l'HM, "lTO B cH~ onpe,neJieHHSI PR. - a.nre6pu ( eM. 

n. 1.2 !51) npH croJI6UOBHX npeo6pasoBaHH.RX 11: nepecTaHOBr<ax 

CTpC:K He MoryT BOSHl!KHYTb HyJieB.ble CTpoKH. 3TO CJie,ItyeT 

ns roro , '11 o cpe,nH Hi ( <. ~ P) HeT aJieMeHTOB ueHTpa. 

6 

.: ... 

IlpH Ha.meM no.nxo.ne cTpo'ffibie npeo6pasoBB.HH.R .Jil'IW8Hhl CMhiCJia 

(KpOMe H8KOTOpHX 3KSOTH~8CKHX C~~aeB). 

qioJNY (*-) 6y,neM HaSbiBB.Tb B ,nBJibHe~me~,~ rrpime,neHHOtl !i:!Ql! -

MOli KaHOH~ecKotl MaTpHUhl P R - rpynm.t( PR -anreOphl). 

BoSMO~Hbl Kpa~He ( H B TO ~ BpeM.R HHTepeCHHe) C~~aH, 

KOr,Ita c llpMBO.l(HTCSl K O.nHOMY HS BH,nOB 

ot) 
h::f+'l 

' 

P) t~·--,~~) P) 
' . 

o<~ 
?, P*' 

?tftl . 

?n, 

(:··-~1/ o) 
3TH C~~ Mhl paCCMOTpmM no.npo6Hee HH~. 

') 

B o6meM cnyqae BOSHHKamT HeKOTOpHe TeXHH~eCKHe, ~CTO 

"opraHHSa.IlHOHHOro" llOPHJI,K8 CJIOJIIHOC'm, IWTOpble lf!bl Ha,neeMC.R 

npeo.nOJieTb B ,naJibHei!meM. Ho Bee ae HH~ 6y.n,yr nOJiytJeHbl HeKoropue 

pesyHbraru H .ItHB uero. 

llpHBe,neHH8Sl qopMQ KaHOHH'QeCKOft MaTpHUbl ,naeT UeHHYD 

MHcpopMB.UKil o coonercrsyllllleB PR. - aJire6pe JI PR. - rpynne. 

EcJm 'l (C): n -p , TO, KaK CJie,cyeT HS C006pru!te!~Hft 
JIHHeilHOft SaBHClfMOCTJI, BJII'e6pt i.J ( H rpynna (} ) -

6es ueHrpa. 

AHaJIOI'H'IffiO, eCJIH T1' ':?(C)< n -p ( c -B npHBe,neHHOii cpOJI.'e), 

TO H,', ... Hj,..p nopo~tmr P~- BJire6py 6es ueHTpt, 

. HI HI a ocranbHHe reueparopw , fl#ptt , ••• 1 ~ , nopo~llT ueurp 

~ • CoorserCTBYlJIJIHe yTBep~eHHSI cnpaBe,n.JIHBbl H ,nJI.R rpynnw C. 

7 

I _____________ _ 



TI. OprJ!HU 

l·.:b! dy,n;eM HCl10Jlb30BaTb MBTO.ll, opdHT ( CM/2/) B Bepmm JI. 

ITyRaHcHoro ( cM/
71), cnpaBe,lJ.Jll1BHfT ,lJ.JJ.IJ Bcex sKcnoHeHI.UiaJThHHX 

rpyrm ( B 'laCl'HOCTH, H ,lJ.JJ.IJ PR. - rpynn). KpaTKoe ero H3Jio-

JKeHne .ll,aHO B np~LJJOlKBHHHX K pa60Te/5/ aBTOpa STOH CTaTbH. 

IIycTL c -j)f? - rpynrra c RaHOHH'tJBCKon MaTpHI:.(eti C 

c -= (~ ?,pfl - -- .. 'l,l?) 
;p~r~ ~-~-~.- ?pn 

(He OcJ.f!3aTe~bHO B ITpHBB.ll,BHHOH iflopMe). 

HaM norpe6yerc.f! RonpHcoe.mmeRHoe npe.n:cTaMeHHe C - K(/J 
(CM./

2/,/6
/), ,n:BOHCTB8HHOe (ROHrpa.n:l'!BHTHOe) R IIpHCOB.n;HHBHHO~ 

npe.n:craBJieHmo Aolj ( cM/61). K(j) .n:eticTByer B /}

-npocrpaHc'rBe, conpRJKeHHOM K L - Mre6pe Jill rpynmr G . 
Ero MaTpHna paBHa 

(A J (j-'))' 

(3)18Cb 11 /" 03Ha1Ja8T TpaHCITOHHpOBaHne; HHOr,l(a 

HCI!Mb3J8TC.f! 3KBHBa.ll8HTHaJl ero <fJopMa- (e«p(t~ti!J)I (cM/6,7/)). 

3aJlMeW:cJJ nocrpoeHHeM npe.ncraMenHH K(/) ,lJ.JJ.IJ HBlllero 

CJ1Y'laJI. ITycTb /f(;. H J= Q, (f-)····~(1' .. ) , r.ne 

{Cii (r~J} ntl? ~If. (eM/51). Tor.na oro6paJKeHHe A {I) : 
(;-+(] : I ~~t,l-' nepeBo.n;HT RaJK.nYIO rJia,nRyiO R'Pl'IBYIO )((f) , 

8 

X(f)-= Cl, ( 'ft (tJ). -·· t)#'l (>1, (t)) .I B 

ll(f h q, ( r,. e-( l,, r. '···' ?-. s-.;'f>.tl) -

-e-On 'f,(IJ•···• 2',hl:.(tJ)_r,) £?, (.ii + 

+ e -( 'l, s1 + ··- + Zzn t, )Y:. (f) - e -OIJ ~(f) f ... ,~~~ ~ttl)., 

( ,.. e ~ 2' .. ~~~- .Jj, ) ~- ~-u, '1, (t) ) 
- .. 1111-1 J',_, v;._,(t - c. ~ .f'~-t-1 tl, f'I:.{!Jj. 

ITepexo.n;H K BeKTOpHOH 3anncH ( cM./4/), rro~y'laeM, 'lTO npn: aTOM 

X(o):: (lflo)J --·· 1 ~~(a)) 
rrepeXO.ll,HT B 

, ( ..... ('z,?.5"l. +- ··+ 2t,.r ... ) • 
';j{O)-::. e ~to)+-

• ~ ) --(?~JS'1i"····t-4hf..._J 
-f- (?tt. ~t(O) t' ···+ '?, r-,.(o) f,) e Y:(()}+ 

+ ( ?tJ ~ (o) #- •••• + 'lz11 ~ {o)}f'2) .. ___ -.-. 

- ?,_,~n Jn • c ' ) ---.' e Y:..-t {o) t- ?h-~n ~(o)j~-1) ~ (o) . 

EcTBCTBBHHO, 'tJTO MOltHO HCKaTb Op6HTbl He OTIIOCHTB~bHO 

K(/)=(IJri(/"1)1 
' a OTHOCHTMbHO j(jJ=fA"Jr' ITOCRO~b:K:V 

3TR Op6HTH COBllanaDT. 

Hs npe~mero cJie.eyeT, 'tJTO npn: f = 4t (r,) · -~ Q.., ( .r.,) f (J 
H X = 2 'K,: HI. :: ( 'iit',) ..... ) ~ .. ) f /.; 

,-:, 

9 
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A.( f!) X = ( e1 .. ;;(?, ir,, ...• ;: • .r..J) 

e p(l.Xt .,_ fz {?ox"J f --·+Zz~~~), ) 

e o~h-';;r ;r-1 f ..[;, -1 (;,_,/, A'~ / ~ ~) 

~ 

r, 'l. r, ? t:; • . . . .r; ~ ~~-, ft ?1~ , 

e r~.'l. fz ?21 · "· J2 ?~,_, Jt 7zn. 

0 0 e t/3 . ·- s'j l ~ ,_, fs lila. 
/ 

0 tx 
I e ,<,._l 

' . 1,-1 z,..,,.l JJtl- 2 ?,.P' . I 

0 e-<~~-~ 

0 0 0 0 

(odd. CM. Hlf.llte). 

CJre.noBa TeJJbHO, Ma TpJ1lla j(/) = K {f -~ B JmHOHH'!JeCROM 

6aance J.: ( cM/
61) {,1 . -· Jt,. RMeeT BH.Il 

10 
,,, 

~ i 

(AtlrtJ)'-= 
-eq{' () 0 0 

!, 'l,z e/.l 0 0 

- - - '• . - - - 0 

----·-0 

s, 7t1 s l ?r3 e,/.3 0 _, __ . -- 0 

0 

s, ?~,~,., !1. zl,~-' f, l]J"I·I .. -J,..l 4.,,~e-<lt-l o 

),z,, fl '?t, s3 ?,,., ---.. J',.l ?~o-ln. J,..,llf-1/1 ' , 

I 
IC- I 

ECJill :: L~,·/c·:: ('1,1-··;~ .. )f-L (ldlf;)=dc)), TO 
I 

f{JJ/ ~ (eo(, Y,J .ft ?,~ 'J, ,_ e,t~,Y2 , J; lts '1, r 

f- S'2 ?z1Yz 1- ep(s!t1) 

--";!', t11.,.,!f,t fz. ?0,.,!t~ f--·--· 

+ fn-l '? n·l ~-a-1 ~h-l 
I 

(~(,_, 

f e. y,_, 

11 
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I 
I 

S1 't II? ~ 1 f ~~-. f fit., {'It ·Or ~~~ . 1 .f }:1 ~t) 
.J ) 

r,l\e J, = - ( z, 2 ~ f- ... f z,~ J!.) ' 

o( 1 : _ ( ?z~.f, f .... f?·o, f,.), 

- ... - .. 

d h ~ I :: - ?~t.,..1 h j,_ 
~ 

HociWJihity -?';;·=0 npn <~/~f n npM 

a/, -= -(?,,,., s,f, -r · · ·· + ?~~ .r,) 
I ' 

o{'l. ~ - ( 'l3fl'l s,,.,~-. ···~ 'lrn f,)' 
_ ...... _____ .. _ ... ""'" 

o{ p ~ - ( ?IJ;tl tp,., t- .... f 7th .r, 
' ~(Ill :: C> - .. -- ' .(.,_, ~ 0 

(no np:~~ n -p>i) . Cnyqali n-p =-i 
~.:hi paccMoTp11M or.n;eJioHo. 3.n;eci> h-I = P 11 

o( , = - ?m 1', 

dIl-l = ? lf-1,. J',. , . 
IlpH .f~t = S 3TI1 BI.Ipa.iK8HI1.H llpHHHMaiOT Bl1,ll 

o(l =- - ?,,r 

ol .. . , ;:: '2 h-t, fl J' . 

12 

'~/ ~ ft-1 
·~. 

' 

(I) 

( 2) 

(3) 

Ter;epb COOTHOIUeHIIH (~ .ff) npli h- f "> I n p>;H lJM<lllT Dl1)\: 

J(j)/ = (e.~,,'~.,/ -- ... 1 ee4 .Yp 
7 

.r; ~"f' 1, + - ..... + 

+ Jp 'lrPf-1 'It f "?pft 7 f, ?tnt.z Y, + -- ·· + [p ?pp~ z ~ f 
,. ( 4) 

f '?f1t- 2/ ··-· / J'l 71/7-1 ~I f ···· f ~ ~,17·1 1p + '1~t~l) 
S, ?tilt ~ f- • · ··· t fp ?, II ~lit + f1 n ) 

( llOCl\OJlbKy H8KO'I:Opble KOHCTa!1Tbl 7&j -:;: 0), 
.''f ' 

:'.n;e 

o(, -= - ( ?ldJf'/ j/11-1 1- ·-~ + ?,11 .r4 ) ' 

~ '2 -: - ( ?11pn s,,., 1-. ... 1 ?z/A,. f,..) , 
---------

ot p ~ - ( '? "",., !",., ,. · · · r ?~'"' r,. ) , 

dp+t:. l) ' 

~ --
ol.t~-t~C>. 

Ilpn p:: Jt -'f COOTHO!ll8HHH (Jt ~) npl1HmtaKJT PUll: 

I~ ( f!l{, ell(,., r \ J(JJ, = e ,./_ .. , !:1~~-,, "' c; .. ~ +···+J;,.,? .. ~~~,.h-1 +':1,.1 

HJU1 (eM. (J)) 

cA) 1; 1 ~r A ?,"""f . · ), j(/Jr =t e ~) ... , ~ y,_, J s, ~~.,. .. +.c,..,? .. -cn!4-t t.Y~,. ( 5) 
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liJ)]'i BUBo,ne cf'OPMYJJ ( 4), ( 5) !·.obi He C'IUTa.Jll'l R8HOHif'IGCIWe MaTp'lfUH 

l1J)MBe,ne HHHMl1o 

O,nHaRO B CJJy'lae ( 5) r,lhl yJF..e HMC8l! llpHDe,neHHJIIl MaTpMcy -cTOJJ6ei.lo 

3ail!.~8MCJ1 RUURpe H'l38.1Ul8M q!OpMyJlhl ( 4) ,nJJ.H llpMBe,neHHOD !Pop

~;;h! M8.TPMUU o ECJJH B 3TOii !POpMe 1Vl8.TpMI~a c HMeer BH,n 

p(. .~ 
1T-= n ·p , 

(:'pynna 083 1\GHTpa), TO 'lc'j=icy-p) llplJ C ~ 7r o ilpM 

:noM 

J (3 J/ = ( e «'y, I .... ) e "':t,, S, ~,~,!I, + 

+- Su+t ?,""JPfl 'Jut,.,.··· +.if "l,,,n ~, f- 'trtt, 

S2 ? , ,pu ~~ + Sv+t """'';f+l Y,tt f .. · - · · + 
+ Sp 7r,,+z 'J, + !::11+2, ......... · · 

••••• 7 s1f 21JI1. ~,. t- S'rr+t 'lutiJh 'ill+/ -+ ••.... i 

r S p ?pn 'tp f Yn.) , r,lle 

~ •. -:. ~ ~·~!~'-r!'' ' 
ol.., -: - "lr(rt•tJf,,., , 
l(.lU·I I: - ( 'frH,p11 J'f#l 4- • •• + ?ll'lt1h j'lt ) 
---········-····· ' 
o( p :- ('lftrt' Sptl+ ···· i 'l,,_ S,.) • 
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(6) 

., '.: I' 

~ : . ' . 
'~.~ 

' ' 

( 
\ 
I· 
I 

:~ 

llyCT:b Ma.Tp'lfUa C B llpHBe.neHHOil gJOplle HM88T HYJ18Dhl8 CTOJJ01U1 

?(C)= 11 , p+ 71" ~ h. o S.nec:r, Ma.TpHua C HMee~ BH,n 

'lij :Ji~·-p) npH l~tr(11'<p) ,(rr<f), 
?&j:: 0 npM j > 11" • 

,II.nJi Hee cpopMYJia. ( 4) npi4H¥iMae r BH,n: 

j(/ )/::. ( e~ 1 •••. ) ec¥}'1' J S, ?,1JHIY, t·· · + f-ww 71M'Jfiii~J'I···· 

f- f p ?,,,.., 'Jp t 'Jfl·t/J .f't ?1.,1H 'jf .,. .r1T+I 'l7Ttt
1
ptJ !f,.,.,. .... 

(?) 
.,.. s /1 '? ,,,.ll ~ .. + ~,.,..a' .r.,. ~:r,~t ~ ~ ~~~ '7.,.,, fi'Tr 'J,r+l t- ... 

+ Sf C/',r+TT 'jp ~ ~pHI J 'J ptn 1-1) • ... J ~~ ) , 

r.ne 

d,_ I = - ?,,,.,., !p'fl ' 
____ ...... _ ...... 

ol. tr :: - 7 rr,p+ll Jp+11 , 

o( 1r•• = -c .,,#,,~, r,.,, t···· + .,,..,,,,f., t,tfl), 
- .. . - . . - ... ... . . .... - - . - - -- .. 

q f ::: - ( ?'f,ff'l JpH .,. · ·• t 'lr,fr'l fp HI) • 
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EcJIM SJieN.ew' / f L; , ro ero opdv.ra J2( /} paBHa 

[ J(JJ/ JJtC , r.ne JVl / orrpe,neJIReTc.fi cooTHomeHM-

MM (7) rrpM '('(C)<f1 2(C)t-p < ~ , COOTHOll€HMMH (6) 

r:pv. ? (C)< f , ?(C)+ p: IJ- H COOTHOITJ8HHRMY. ( 5) 

rrp.rr h- p = 1 

TenepL IcOc!leMCR necKOJIJ>KMX tJaCTHHX CJiy'la.eB: 

?(C)~ 1 
' 

f>+l<h 

P) 
0 

·. 

-1-f 

7(C )~p, 1?=2f 
I 

P') 
0 

' 0 
\ 

' \ 
', 

?(C)~f , 2p < n 
-1 

16 ' 

,ll.Jr.ii CJIYtJaH o(l) COOTHOUJ€HM ( 4) ITpv!Hl'lllfD.IUT Bl-f,IJ; 

( )I ( ?, pn?,., L) ~p.YJpn r ., lA J a = e I ~) •• '' ) c. ~) .J I ~ Vfl VJ f ' ... 

-.. s, ?,.,.,,,. '1pfl) Yp#l; • ... , !1,1-/) '1,)) eCJIH I]> Df). ·:rn 
' r , 

HJIH jf/J/-:::. ( e 'l,"flfpl-1, ·-··) e ~pn.f.,., 
,) 

S,7,,1t, ~ t- ••·· t-J'p 'lppn ~P r!lpft, 'i,.,) 

npH 11. = /)f.2 • 

B CJiy'lae f3) HMeeM ( ?( (' ):: f I 2f::: II) 

I rf+' e Jif ., " JlJl ~ ( e IJ,) ····~ !1, 1 r, ~~ ,f/ " 
St 'It.,. "',~o..,J . ... , .sp., ~P + 'Jtp-1 J J, ~, + Yzp). 

B c.ny"tJae /') HMeeM ( "l{C)=f 1 2f<h.) 

PlP)i/- ( !,,., eSlp · 
J ~ 1 - e ':1,, .... J !:IP J S, 'f, + Yp1) ....• 

- - • 1 Sp ~p t 'lzp 1 'l,ptt 1 - ···/:J, -1 1 Y~e) 

ITpH fl )Jp-1-/ H 
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(9) 

(IO) 

(II) 



I ( J(J+' e Jip ) J(/J = e ~~~····) ,,)s,~,~~f~ .. ·)¥~~~,)!f, 

npYI h. -.: 2 f t I • (12) 

Tcuepb .lJ,.JUl 8THX cJiytJaeB 11 cJiy'laR o() ua:il,neM RBHIDI BYI,n 

Opeil!T. 

. B CJiy,ll.Be d) ,ll.Jl.il 3Jierreu~·a I= (9,1 .... I 'J,} 
l B CYIJIY ( 5) ) 

.p( P)/ ( e '?tn f e ?,.,,,s J'J :: '1,) . -··) ~~~-1) J, 'l,, ~ f •..... -1 
I 

+ ),., ?,.,,n !1,.., f '1,) . 

EcJII1 'It ::: 0 ' 
c: < ~ ' '1'0 

j(/J/-;.1· 

ECJII1 He Bee ~~:: 0 Dp11 i < n. , TO opcJllTB 

_Q( f):-[ ( -e~1., ... , e.,-;,s_, .S)}M~ R. 

8TO .UBYMCpHOe MHOI'OOcJpa3118. Jlel'l\0 Bll,nCT:b, 'lTO KDJK.n.YIO op6HTY 

MOlKHO oxapaKT8pY130Ba~·b HCKOTOp.blM BCKTOpOM 

( Y, , .... , ':1, ., , 0) . 

)l.n.fl BCKTOpa (V, I ····1 'J11-11 !j,.) l1 (~,~ •••• , '1lt~l1 '/:) JICJEaT Ha o,n

HO:fi Op6l1Te TO:',Ua :11 ~'OJ!bKO TOI',na, Kor,na y Hl1X HYJIH ( eeJIR OHH 

eeTb) eTORT Ha O,nHHaKOB.blX MeeTax, a HCHJ'JI8B.bl8 KOMTIOHCHT.bl 

CBH3aHbl TaK • U, I:: e ?~h f.!J.; • J(. • 
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B CJiy'lae o(~) BBl1,ny (8) 

}
'I P} 1 _ ( d ?,,ffl f e ?,,,~, J' 
<tJ r- ~ y.,, ----~ Yp) s, '?,,,, ~ f· ... , 

... + fp ?I'•P+I':Jf' r~f""' 'ipt-1.1 --.. ,Yn-1 1 '1,) npl1 

n >pt1 

ECJrn /::(O···O~~,.,,., .... ,v,.) , To/VJ/:1. 
Jl,n.R. BCRTOpa. 1::: (Y,I. "1 ~) , y KOToporo He Bee f llf~pB.blX 
HOMTIOHCHT paBHhl HYJIIO, ilOJiy'laCM 

n(/) 1~: 1,~t1· e ~,.,.r ~ . 11 · J t. = ~ e y,, .... , *) s, ':J,.~~ ~--·, '1,.,,. '1'J!/J;tf-~ . 

~To ,nayMepHoe MHorooopa311e • 

,l$a BCKTOpa,(!t,, .... , ~") l1 (~; .... I 'i~), JieJKa 'I Ha o,n-

HOfi op6l1T8 TOr,na H TOJ!bKO TOr,JJ,a, KOI'){B l1X liOMTIOHeHrU, Ha'll'lHruJ 

C p+J/. eoBna,naJOT, HyJIH, CCJ!ll OHH CCTb CTO.HT Ha O,ll,HHillWB.blX 
' ' 

MCCTax, a H8f1YJI8BH8 (~·~f) 1\0MTIOHCHT.bl CBR3aHU COOTHOI;JCHHRMJ: 

'1.:.':: e ?j,.," !1,· • 

ITpH n :: pti 

l - ( 'l,, r e "l~,r J r I) r - e 'j,) · ·- ; ~ .1 .r~ 2;,,bH ~ " • · .. 

+ S, ?,,,,, Yp f ':11t, 1 'J,.) . 

3,neeb M.bl nOJiytJael\1. aHaJIOrH'll!.bltl CJiytJaJO h > /'f2 peayJibTaT. 

B tJacTHOeTH, ,nBa BeRTopa,/ ::(~,, ••• ,;,.; l1 /'::(Yt; ···~ 'J..'), 
/ ~ 

JIC&aT Ha O.UHon Op6HTC, eeJIH !fA =!f~ , HJ'JICB.blC KOMTIOHCHT.bl 

(eeJIH 0Hl1 CCTb) e nepB.blX f MeeT eTORT Ha O.nHHaKOB.blX MeCTax, 
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I ?.pl"l f 
a H8HYJI8Bhl8 KOMITOH8HThl CBfl3aHhl COOTHOIIJ8Jrn:JThm ~ '= e ~· 

PaccMO'l'PHM CJzy'lati 1) ( ?((>):-f 1 h :::..2p) •. 
3~ecb B CHJiy (!0) 

Jf/) I ~ ( e s"tt, , .... , 1\', e ;1p I l1 ~ t ~tl 1 Jz ~ f. ~,,.~ ••... ) 

S,., '1,., 1- !1,1,_, 1 .f, !1p r ';1,1'). 

EcJm neJ)Ilble f Koop.mmaT y BeKTOpa / 

TO .fl.(/)-:./ . 
paBHbl HYJIJO, 

Ec;m I< ( K!: P) H3 rrepBhiX p Koop.mma T / He paBHbl 

HYJIJO, TO fl(IJ HM88T pasMepHOCTb ~K H HM88T BH~ MHOlEeCTBa 

BC8X B8KTOpOB 

( s,.~, er,, e ~' .... , !I,.,) ~~····,f;) 

r~e fi. M8H.fiJOTC.!I I1pOH3BOJ!bHO B R.. , ~ :' 'Jp+i 

IlpH fj~ = 0 1 ,_· ~ p t a B OC TaJibHbiX CJIY'laJiX '!,· 
M8H.fi8TC.fl !IpOH3BOJ!bHO. KaJK.na;I H3 ITepBbiX f KOOp~HaT 

e ?,·,p'lf' r,,.; Jm60 paBHa HYJIKl !IpH ~~ = 0 • JIPI6o !IpP!HH-

MaeT flpOH3BOJlbHble llOJIOJKHT8JlbHble SHalJeHH.!I • 

3)1,8Cb YCJIOBRH , IlpH KOTOpbiX ~ B8KTOpa Jl6EaT Ha O~HOti op6HTe, 

a~JaJ!O;H'lHbl T8Kl1M YCJIOBHHM ,IJ,1.lJI CJiylJa.!I !} ( CM. HIDKe) • 

Ilepef\~eM Tenepb K CJiy'laKJ //) • Ty T B CPIJIY cpopMyJ!bl (II) 

IIpH n >2-ptf (l{/) COCTOHT H3 BCeX B8KTOpOB B~a 

( ef,.,.~l I· ... 1 eta,.'JI')!, ~+~~""'I r, ~~ ~1'1 )ll'fl 1 ' ... I ~h), 

r~e S;, MeHHIOTCH HesaBHCHMo H IIpPIHHMaKJT J!Kl6ue ~eilcTBPITeJII>Hble 
3HalJeHHf:l. 
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EcJrn K 113 rrepBbiX f Koopu:mw.•r / lie pD.BHO H.y.7!Iu, 

TO r/r.:v.,{ft(/)):,21( • ,liBa B8KTOp8 ,('IJ1 ""I"") ll ( 'f1~ ""I'?,{) t 

Jie:KaT Ha o~noil opdnTe Tor~a H TO 7!biW To:·.n.a, HO"IT8 t.. : t.( ... ,-, 7, :;~, 

rrpH ~1,( e ~h. , HYJIH, ecJin mm:e ecn cpeJ\ll ~·(,·~f), 

CTO.!IT Ha O)J,I1HEUWBHX f.!:8CTax, a f18H,VJleBH8 113 li8l;Bb!X f YOOp.n;H

HD.T UM810T O~H 3HaK. 

3Tl! paccyJK~eHHJI rro~cKaSh!BaK!'l' rrpocToi'i Bb16op rrpe~cmBnTeJrei. 

Ha TaKHX opdHTax. HMeHHO B 

paTh BeKTOphl (!5 ) M ) 
Ka'l8CTBC npe,ll;CT8.EHT8Jiet; r.:o;,JfO Bh!c..iit-

' r~e M rrpoH3B0.1LHO , a K 
rwJKeT co~epJKaTl TOJII>IW o,r,-r. KpoMc Tor<?- npu 

/=(~:.; .. .0 M) .fl.(/)~/. 
p 

0p6I1Tbl ,ll.ILf:I ,rr.aHHOl'O CJiy'laJI COCTOHT !13 BC8X B8KTupoB 

( e Jf+;,, .~ .. , er,''J,I ?,1 .... ,f,l Yz,~l;• ... , Y,)' 

J'. . ~ 
r.ne rrp:i! ~,· = 0' i ~PI e '1

''1; = o, r,·: ~·' Ilpu ~·.f()' c"~p 

rrpHHMMaeT rrpo.H3BOJibHh!e 3HatJeHHf:l 3HaKa. {/~t ( !') , a 

I1poH3BOJThl!b18 3Ha'!eHVJI. 

e''"' Y.· 

t: -

AHaJIOrHlJHblil pesyJI:bTaT ITOJly'laeM H IlpH n = 2f1 rl B CkiJIY 

cJlOpM:yJ!bl (12), TaK H:aK 3~8Cb 

II (e fpt-1 r,,. ) j(/Ji = ~, .... ,e .'1/, .f,~~YIIIr·" 1 $p~pt~--~,,.1 y• . 

TaKHM o6pasoM, Mbl paccMoTpeJIH op6HThl ,ll.ILf:I Bcex HHTepecoBaa

lllHX Hac CJiylJaeB. 
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ill. HonycTM~~e llOA§Are6pH 

~ EcJIM L - aJire6pa JIM rpynnH G , L' - con-

p.RJKeHHoe !IJlOCTpBHCTBO K L , TO .wu1 uexoToporo / ~ l' 
no.naJire6pa H & L HasUBaeTCR .nonycTMMO~, ecJIM aJII'e6pa [H1 H) 
opToroHaJibHa / M 

Jim H = dcmL- J o(t,-.Q(/), 
(I3) 

I+~Hl. c .fl.(/). 
(I4) 

llpMcTyllMM K HBXO~eHMD ,n;onyCTKMUX no~re6p ~ paCCMOTpeHHHX 

Bimie CJiy'IaeB • 

3. 2. CJI;y'Jaii o() 
PaCCMOTp~l CHa'IaJia Op6MTH ~ BeKTOpOB THlla 

/= ('J,, .... ,':/,_,, o) -t:o • 

3,necb J2 (/ ):J . ll03TOMY pasMepHOCTL paSHCIGOlaeMOl 

no,naJire6pH ,no.DHa paBHRi'LCR h-I • Ec.nm H ={ 11,1 ... "/Htt.,) 
( no,naJire6pa L , HaTRHYTaR Ha H, 1 • •·· 1 II,.., ) , To 

[H, H 1: 011 . OpToroHaJibHoe .nonOJIHeHile H {H./.) coBna.ztae T 

C MHOJteCTBOM BCeX B8KTOpDB Bl!.IJ,a ( 0) • ·-I 0, }r') t:- /..' • 

TI08TOMY {f HJ. c n (/) . YCJIOBHe (I3) BiiDOJIHJleTCJl aBTOMaTM

'IeCKH. TaJGIM o6pasoM, ,nJJJl paccMaTpJIBaeMoro c.ny'laH .nonycTHltll. no.n

aJire6pa f 1-/11 •• -,H,., J :. fl . 
ECJIM {:=(O,··;O,'IA) , TO e/,;_ {)(f):o • Cne,nOBaTeJI'&-

HO ,HcKoMOA anreOpoR MOJJteT 6HTL TOJil>KO L •. 
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L.L= o I 1~-L.L -::jf-/2(1), 

[L ,L]~ .[H,, .... ,H~t-•}1/. 
0TCIQna BH,li,HO, 'ITO ~ ,n;onyCTJl!Ma ,nJJJl /'::.(q ... I~J 1:1..) • 

3. 3. CJI;y'Jaii ol.' 
3.necb npH f-::. (~I"""' 'lp 1 0, '11'1-2. 1 • ... , ~.,) 

Y;. i: 0 I c'~ f ) o{,·Vt'l .Q( I)-::), • 

CJie,nOBaTeJibHO 1 MCIWMaR ITO,naJire6pa ,nOJili!Ha :IIMeTb pas.MepHOCTb 

11-1 • nycT~> H:.fH,r .. J-HfJ Hpn1 ···H,.,j • 
Tor.na [1-1 ,H]-= 0 1/ , H.J_ cocTOMT Ms Be ex BeKTOpoB 

BM,na 

( 0 .... o ~ cJ •.• , o) 
(.L I 1 t"l I ., 

/tfi.l. c fltl) . 
H 

TioaTOMY f1 .nonycTJl!Ma ,nJJJl / • 

,UnR 1-= (0,·~ ,o, ~1'1-l.r"··,?., 
fl(/l=l' ot~fi. (/)= 0 . 

llOJiy 'iaeM 1 'iTO 

TioaTOMY .nonycTMII.Oii no,naJI:e6f.ii ,noJilltHa 6HTb carllB. L . TaK 

KaK[J.,tJ-:.fJI,, ... ,ftf'Jll,c =0 ,/+-HJ~/=:12(1) , TO 

L .neiicTBHTeJII>Ho .nonycTMMa. · 

3.4. CJI;y'laii P 
3,neci> rrpH I -c (tJ, ... .,o~ 71H•1 •••• !:/H.) 
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f2(/)=/ .~~ rl~[)(/)=o 

.JierKo nponepnTb, 'ITO B sToM c.nytJae a.n:r·eCipa L .nonycmMa ,II,1IR 

I 
ITyc'l'b . '1,1 D npn ,· ~ r , a HMeHHO,TO~bKO 

<J" to 1 •••• I '1,~ i o ( '~, .... , c~ ~f) • Tor.na e/_,1}(/-}•.tK, 
r--1 

B CMY y~omm ( I3) .UOITyCTHMa.H rro.na.n:reCipa ,nMlKHa HM€Tb 

p83l!.€p!!OCTY, n -1<: 9p- K • TaRyiO pasMepHOCTb HMeeT rro.n.a.n:-

reCipa 

[[ ·}''(i52p J H: H~ il fl+ci,~ ""lf.,.i,r • 

.ll;.'lR Hee {[H. 1 I!- ' ~, J I 
[ 1-f I H J '::;, ' 't- <'• J ·~I c', 1 . 

.ua~ee, H.L: { lp+i, I.~ •. J /,~i.<} . 
ITosTm:y I+ H.L cfl(f) 

3rut.C'l'MM, 'ITO llp.i! 'J;1: 0 
' paTh fH,, .... 1Hpj 

, ,·~p, B r:atJecTBe H MOlKHo BH:6-

• 3.necb [H1Hl=o, 
H.J.. ": { ,,, J ••• 1/P, J " 

3. 5. CJI.ytJaii #') 
3.nech, Ka.K ~erKo npoBeJlHTb,!IJlH /= /0, ... .,(), ~,,.,, ... >•) 

B Ka'leCTBe .llO!IyCTHMOH no.n.a.n:re6p~ MOXHO BSRTb ~ 

Tax xe JierKo ycTaHOBl!T:& no aHa.n:ormr co My'laeM 3.4, 'ITO 

eC~ll cpe.ll.ll !I€pl!h!X f KOO.I(lUfaT TMI>KO !i./1 , • • •, !t;l~ .t 
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TO B Ka'I€CTB€ .I(O!IJCT.IIMOii IJO,nanre6pb! MOJKHO B3JiTb 

J-J {l-H ] t. .. <',· ~" j 
I J = ; ,· :i p1/,1 --··JP•ll( • 

ITpli! ~~ t I> , i ~ p B !CatJeCTBe ,nonyc TMMOll f!O.I(aJII'eclpb! 

MOJKHO B3.1ITb 

{ H,) .... I Hp ' H2fltl) .... H~ . 

lf'l'a.K ,Mhl ITOCTpOl'lJUI ,D;OITy CTllM1Ie ITO.I(aJireOpb! ,ll,ll.II BCeX MHTepe

COBaBlliHX HaC c~ytJaeB. 

B saM!()tj€H.ile aBTop 6~ro.napMT B. r. l{a,n11llleBCKOI'O sa 

HHTepec K pa6oTe .II !IOJI€3Hble COB€Thf, M. raMlil'I€Ka. lil B. JiaCCHepa 

sa MO.llOTBOpH1!e o6cyJK.neHw, a TaKJire r. M. !{on epo sa sa neHHbre 

saMetraHn!l. 
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