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AneKcaHnpoB n. P5 - 10365 

YcToAqnsoe rrocTpoeHne HOpMa1lbHoro peweHHSI BbipmK.aeHHbiX 

nnHeAHbiX CHCTeM anre6pan'ieCKHX ypaBHeHHii 

PaccMaTpnsaeTCSI aonpoc o6 ycToA'IHBOM nocTpoeHHn HOpManbHoro 
peweHHSI BbipQ)KJleHHbiX nnHeHHbiX CHCTeM anre6paH'I.eCKHX ypaBHeHHii B yc­

nOBHSIX CryiU,eHHSI X8p8KTepHCTH'I€CKHX 'IHCen OKOnO aynSI. npnBO,llHTCSI "'HC­

neHHOe cpasHeHne paannqHbiX perynSipH30BBHHbiX nTepaunoHHbiX npoueccos. 

Pa6oTa BbtnOnHeHa B na6opaTOpHH BbJqucnnTenbHOH TeXHHKH 

H 8BTOM8TH38UHH OH.HH. 

Co06UleHRe 061oeJIHHeHHOrO RHCTHTYTR .RJieDHWX BCCJleJIOBHHBii. ,!ly6Ha 1977 

Aleksandrov L. P5 - 10365 

Stable Construction of the Normal Solution 
of Degenerated Linear Systems of Algebraic 

Equations 

One considers the problem about stable construction 
of the normal solution of degenerated linear systems of 
algebraic equations in the case, when their characteris­
tic numbers are supressed to the zero. One gives a nume­
rical comparison of differrent regularized iteration 
processes. 

The investigation has been performed at the 
Laboratory of Computing Techniques and Automatization,JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1977 

co 1977 06~e6UHf?HHWU UHC•u•y• A6f?pHWX UCCAf?606QHUU.JV6Ha 

§I. HenpepHEHHR,ABa!AH peryfl-RpHSOEaHHHH npouecc ARH 
pemeHRH ~MHSRHOR BHPO!USHHOR sanaqM 

ITycTb J: - 11 -MepHoe EemecTEeHHoe KOopnnHaTHoe eEK~H~OEO 

npOCTpaHCTEO, ilyCTb ~ - HSKOTOpHH QTiepaTOp (MaTpHga), orpaHH­

qeHHHH, CHMMeTpHqecKHH M HSOTpHgaTe~bHO onpe~e~eHHHH, KOTOpHH 

npeo6pasyeT E B E • 

PaccMaTpHEaeM pemeHRH EeKTopHoro ypaEHeHRH 

A~ =!I (I) 

OTHOCHTe~hHO :IC: f. E , r~e iJ f A E 

Ec~M MaTpHua A HeCHMMeTpHqHa H~H CHMMeTpHqHa, HO oTpHua­

Te~I>Ho onpe~e~eHa, TO EMeCTO ypaE!ISHRff (I) 6y.neM paCCMaTpHBaTb 

3KEHE~eHTHOe ypaEHSHHe 

ATA ~ = AT!J) (2) 

r.ne AT - TpaHCTIOHHpOEaHHaH MaTpHga~.OTMSTI'IM, qTo npH pemeHI'!I'I 

nepeonpe~e~eHHHX H~l'l HS.UOOTipe~e~eHHHX ~llHSRHHX CllCTeM (I) 

(A : E -"> E ., , r~e E., - EemecTEeHHoe KOOp.llllHaTHoe npocT­

paHCTEO ~pyroR pa3MepHOCTll) E CMHC~e Hai'!MeHbilli'IX KE~paTOE, ~ 

no~qeHRH ypaBHeHRH THna (2) cHoEa Hcno~bsyeTCR onepaTop AT 

(eM., HanpHMep, /I/), ~3~aeMHe HH~e peay~bTaTH TaKXe 6y~T 
OTHOCI'ITbCR K 3THM ypaEHeHHRM. 
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B .LJ,a.JihHei1weM 6y.n;eM npe.n;noJiarau, 'ITO MaTp.HWi A ( a E CJIY­

tJae ypaEHeH~H (2) MaTp.Hua AT" ) HMeeT HYJI8EHe co6cTEeHHHe sHa­

tJeHHH ~JI.H co6cTE8HHHe 3HatJeH~H, 6Jlll3KHe K HYJIID. 

!1ycu P- onepaTop npoeKT~poEaHHH Ha H.n;po onepaTopa A .H 

nycTD '!8p83 XJ. 0603Ha'J8HO TO p8W8HH8 ypaEH8H.HH (I), ,lUlff KOTO­

poro E Cl'IJI8 paE8HCTEO P ~.J..: 0 . IlOJIHa.H COEOJ\YTIHOCTb EC8X pe­

IneJIHH ypaEH8HHH (I) 3aTI.HCHEa8TCR E E~.n;e 

X* : p 1L + X.J.. , r,I\e t(. f: E . (3) 

llopMaJihHoe peweHHe ~J.. Ecer.n;a cymecTEyeT,e.n;HHCTEeHHO l1 EMeeT 

Ml1HHMaJibHYID HOPMY· 

ilp!!OJn:;i:8HHue !,feTO)(U nrJCTpoeHl1H peilleH!:II X" npJ:oCiperaJOT B 110-

cne,I\HOe Bp8!AH llpaKTH48CK08 3Hal.l.!iJ!Ul8 ,1\JIII Blll.IHCJJl1T811hHOil UaTeMaT>lKl1. 

KpoMe paspa6oTaHHHX npaMHx MeTo~oB peryMpH3auHH (/2, 3/H .n;p.) 

Dp.H ITOCTp08HHH Tip.H6~~8HHH ~ peillOHH.R: ~.1. ITpHM8HJliDTCJl peryM­

pl130EaHHH8 HTepauHOHHHe npoueccu (/4, 5/ H .n;p.). 

TaK, HanpHMep, .D:M pewemm ypaBH8HHH (I) n pa6oTe / 4/ HCIIOJih-

3Y8TCR l1Tepaul1oHHHH npouecc 

~-~ x "" ... 1 = Je~e·-(A+etrtAxk-~)) 
( K = 0~1, ... ) -> 

(4) 

, r.n;e C ) 0 - TIOCTOHHHHH napaMeTp peryMpH3auHl'l. 

Ha OCHOEe TeopeMbl M.A.KpacHOC8JihCROrO (/6/, TeopeMa I) TIORa-

3 b!B<teTCII I 41, IJTO B sannC>IMOCTl1 or Hal.laJJhHoro n pt~CiJJ.HlK8H>~II 
~o npouecc (4) CXO.D:HTC.R: R O.n;HOMY J13 pemeHHH ypaEH8HH.R: (I), a 

HM8HHO K p8lll8HHID p X• +x.&.. B tJaCTHOCT.H, .nM llOCTp08HHR perneHHR 

~.1. H806XO,ll;l1MO EbliTOJIH8HH8 YCJIOE.HJl 

Px.:. 0. (5) 
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KpoMe 3aEHC~MOCT~ OT HatJaJibHOro npH6Jlll~8HHH .lUlff npOU8CCOB 

THTia (4) xapaKT8p8H H .n;pyro~ H8,1l;OCTUTOK. B CJIY'!a.HX, KOr.n;a MaTpHUa 

A HMeeT OTHOCHT8JihHO MaJIHe, HO OTJIHtJHHe OT HYM co6cTBeHHHe 

3HalJ8HHR, M8TO~ THTia (4) H8YCTOH'l.HEH EOTip8KH peryMpR3auHH npo­

uecca KaK DO OTHOW8H~ID K EXO.n;HHM .n;aHHHM 3a,ll;a'JH, TaR ll K Oillll6-

KaM OKpyrJI8HHR EH'lRCJIHT8JlbHOrO ITpOU8CCa. 0TM8THM, 'ITO TaKH8 MaT­

pHUH TIOJIY'laiDTCH Dp.H 'JHCJI8HHOM p8W8HHll H8Dp8pHEHHX ypaEH8HHH C one­

paTOpaMH, ,ll;M KOTOpblX HYJih JlEM8TCR TO'IKO~ Cryill8HHR CD8RTpa. 

O.n;HaKO ORa3hlEa8TCH B03MO~M TIOCTp08HH8 Ft -DpOU8CCOE 

.n;pyroro RJiacca ( ".n;EalK,l\bl-peryMpH30EaHHble HTepau.HOHHHe npoueccu"), 

TIOJJyl.laiDII\l1XCS! B p83YJJbTaTe llpl1M8H8Hl1Sl OCib!KHOB8Hl!L!X R. -llpOijOCCOB 

K peryMpH30EaHHO~ 3a,ll;atJe. TaKl18 DpOU8CCH CXO.n;ffTCH R HOpMaJibHOMY 

pemeHRID X.J. YCTO~'IHEO H He3aEHCHMO OT Ha'laJibHOrO Tip.H6JIH~8HHH. 

IlycTh ypaaHeHHe (I) pemaeTCH npH noMonm HenpepHEHoro R -
npouecca HhiDTOHOECRoro THna /G, 7/ (npouecc (2)-(3) H3 171). Oqe-

• 
BH.n;HO, aToT npouecc co.n;ep~T E ce6e Henpep~BHHH aHaJIOr MeTo.n;a (4). 

B paccMaTpHPaeMOM Tenepb cnytJae crreKTpaJIDHhlH pa.n;JlYC orrepaTopa 

E (A-+£Ir' paneH I .lUlff acex t ~ t • . 0Tcro.n;a cJie.n;yeT, 'ITO BCH 

TpaeKTOpH.R: HerrpepuEHoro rrpouecca 

:=-(A +£lr1{1rJC-;J) ;, x(t.,)=x.. (to~i<.w) <6> 

JlEM8TCJl "Eblp0l1Ul8HHHM RYCKOM" (/7/ CTp. I6) H 06ma.H T80peMa 3 /
7
/ 

(o6ecnetJHEa~ CXO,ll;HMOCTb M8TO.D:a (2)-(3) H3 / 7/ E H8Jl.HH8HHOM 

CJIYtJae) H8llpHM€HHMa K ypaEH8HHID (I) C EblpOJlUl8HHOH ~mTpHueff 14 , 
PaccMaTpBBaH sa.n;atJy (I) c TO'IKH speHH.R: MeTo.n;a (6) ,Mo~Io 3a­

KJJDT.IHTh, QIO SHH8RHOKJ oneparopy~ "He XBaraer" H8KOTOpOA 3aB~C~­

MOCTH OT t: , BblEO.n;ffill8~ Tpa8KTOpHID npH6JIH~HH.R: H3 COCTORHHR Bbl-
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polK,UeHHoro eycKa .ILiiff JIJ06oro t ~to . O,IUiaKD raey10 3a.EHCHMOCTb 

P JIJIIH8HHOM CJIY'lae MOmHO PP8CTH HCKJ'CCTP8HHO. 

TiyCTb M8TO~ Henpe~PHUX Tpa8KTOpHi1 TipH6JIJIIX8HJilff DpHM8HR8TCff 

He K nepPOHaqaJibHO ~HDMY ypaEH8HHIO (I), a R ero aCHMTITOTJII­

qecKH 3REHEaJI8HTHOMY ypaEH8HJIIIO 
o(. 

( -4 .,_ w1J x ~ :~ , (7) 

r~e Dt '>O 11 0), 0 - H8ROTO~e TIOCTDHHHUe DO EC8MY npoueccy. 
rJ. 

ITpHCYTCTEHe 'lJieHa ~ E ypaEH8HHJII (7) MOmHO paCCMaTpHEaTb 

RaK peryJIRp113auHIO / 2/ nepEOHaqaJibHO 3~aHHO~ 3~aqJII (I). 

IToJIY"'I::.tercH cJie~IOIUM ~qxpepeHUHaJibHM s~aqa (~al!mN pery­

JIRpnsoEaHHHfi HenpepuEHUfi npouecc): 

;: =-(A-+(~-+E)I tfA+~l)x-~J, 

~ :xcf•'="'• (o~t.&t(,. ) . 

(8) 

(9) 

3ra s~aqa np11 JII060M :x:. ~ E o,IUIOSHaGIIO JIIHTerp.i!pyeMa Ha EceM 

.IIHT8pPa.JI8 rto, .. ) , TaK KaR P CHJI8 COOTHOW8HJII8 

s u .,.,(A. ... ft ~" +e Jrr1u ' ~ < oo ~ 
t.s'tc.oe \..~ J<.,/lt >+E' 

r.ne ~~ osHa"'!aer MHHHMaJibHOe co6CTEeHHOe sHaGeHHe oneparopa If 
TiycTb U lt~) ( t,s e[t.:t .. )) o6osHaGaer sEoJIIOUI1DHHUi1 onepa­

rop pemeHM sa.naG.II (8)-(9). 3ror oneparop onpe.neJIHeTCff paEeHCTEa­

MH (eM,, HaTipHMep, / 8/, CTp. I47): 

«. 'lJ cl~s~ =JA ~ +E Jtr~ !L I) U Lf ,rJ Ucrs> =1 . (IO) tJt l! ~ ~ i:+4" , 
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TipH TIOMOmH OTI8paTOpa t{{~~S) perneHHe 3~a"lJH (8)-(9) 3aTIJIICU­

EaeTCH E EH~e 

:x:c~> :Ut~,t.)Jt:o+ fe~ttcf,~J~ +C}1]-1.ts:J. 

§2. CXD8HMDCTb gsa~-peryJIHpHsOEaHHoro 

HenpeQk!EHoro npouecca 

(II) 

~ o6ocHoEaHJilff npouecca (8)-(9) c~eJiaeM nepexo~ R Roop~n­

HaTHOMY paccMorpeHHro ero perneHM .:Jf!t-IJ(~st(.co). 
IIycTb ~ - oproroHaJibHM MarpHua, npeo6pasyl<lUM Marpmzy lr 

E ~aroHaJibHYIO 

A =s>TA-s = r~..,·o.3 c~1'""", ... ,.J<C ... J, (12) 

npl!'l8M cneKrpaJibHOe MHOJKecrno MarpHr~u /1 HMeer cne,JJ,y-

!OmHH TIOPfi,UOI\:.)o'f ~.)'tt.~ "'~.J''t.>..JC~·u=• .. V\.=0' r.ne "C.- HeJ\OTO­

poe "'IHCJIO Jil3 MHOJ!t8CTEa f f.,' J ,.,,. 'M}, 

Tipeo6pasoEaHHe (I2). ocyruecTEJIReT nepexo.n P npocrpaHCTEe E 
K HOEDMY oprorOHaJibHOMY 6a3HCY, E KOTOpOM X Jil ~ llM810T npe.n­

CTaPJieHJilff ;e H i , r.ne ~::: S ie H :f = S j 
Hs Dp8,UTIOJIOlK8HJilff 0 pa3p8WJIIMOCTJII CJIICTOMU (I) CJI8~8T paspernH­

MOCTb npeo6pa30PaHHOH CHCT8MU 

A)i=:J, 
a 3TO 03HaqaeT EUTIOJIH8HH8 paE8HCTE 

1-'T.+• ="it.+L ;u, : 'j .. :' 0 

7 
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Tenepb paccMoTpPIM npouecc (8)-(9) B HDEDM Cia3~1Ce. 113 onpe­

.n:e.JlfiiO!IU!X paseHcTE (IO) cJie,nyeT, 'lTD asoJIIOo;MDHHllH onepaTop Utt~r) 

I1M88T ,n:MarOHaJibHlJH EM.ll: I1 E HOEOM Cia3MCe: 

u u,~) = tl i ~>-J [Us. cl:>S> I • , • ) C(tol c-1-.Js,J J 

r.n:e 

€fA E 
- (CJc.i+€ )(S+d)-kJC.) {~i+E)2.. -(1-,;;;_€)~-s) (15) 
U · chSl-::. e 

" (,J«.i+E > ct+O>~ 
( -i = ~.1, ... , tt ) • 

HcnoJII>3YR (II) 1'1 (14) .ll:Jlfi npeo6pa3DEaHHoro pemeHH!l sa,natJa (8)-(9), 

HaxO,n:MM 

. _ _ r t ;;1 t-l:,~(s+l")t/s 
11 

CI6) 
~(~) -: f.f.-tC~,-t.)~o;+"t. ~i+E )(f+J'l+o<. 

( -i = i. "'1., ... ,-tt ) . 

0THDCl1T8JibHO CXO).(MMOCTl-1 npouecca (8)-(9) l-!MeeT MeCTO 

CJie,n:ynmaH TeopeMa: 

TpaeRTopH!l ~cl:>(tJ:-tt. 00 ) ~Ba.JK,n:hl peryJIIlpH30BaHHoro npouec­

ca (8)-(9) CXO,n:HTCR R HOpMaJibHOMY pellieHHD l:JL ypaEH8HH!l (1),He-

3aEHCHMO OT Ha'la.JibHOrO llpH6JIHllt6HH!l .:::t:0 

,lloRa3aTeJibCTBO. 

113 ~OPMYJI (15)-(16) CJie,nyeT, 'ITO ROOp,n:HHaTHHe Tpa6KTOpHH 

XiC~> ( i: ~+-t, ... ,'h.) , cooTEeTCTBYRJURe eyJieEblM co6cTBeHHHM 

3Ha'l8HH!!M, HM8DT BM.n 

8 

~.· c~ > -= (e (tt:¥~1"JM ) ~ _ 
EC~i">+"- ~: -t 

~ 
+[E(-bH)-~ct _ ecto+l"J-t/Eti.+J"J+o(. JE]ji 

E +-' E +o(. ""\ € C/:+G)+-<. 

( i :'t+'f,, .. ,-n; 'to~t.t.oo ). 

(17) 

ITpHHPIMa!l Eo EHHMaHHe ycJIDEH!l (14) o pa3pemHMDCTH npeo6pa3D­

EaHHOH CHCT8MH (13), Haxo,n:MM H3 ~OpMYJI (17) npe,n:eJinHHe COOTHOme-

HH!l 

e.·., ~ ... ~): 0 
~ -"> oO 

( i ":: "c.+ t , , . . .)"' ) (18) 

C ,n:pyroH CTOpOHll, RaK JI8rRO MOmHO yCTaHOBHTb npH llOMOmH npaEHJia 

]onHTa.Jlfi, B CHJI6 npe,n:eJinHHe COOTHOilleHH!l 

t ~ ~ E 
~ [~+e J(f+l J +ot]l<~i+E J~- 1 > e r -~ )s 

• (U~~ -> 
[c~~·+-e >c#o>+tL]c~r+e)t. e_(1- ~lt 

- ..:L. -tJ)oo .r,· ( i_ ": t) t.., ..... 't ) (19) 

11CTIOJib3YR npeAeJibl (19), H3 ~OPMYJI (15) HaXo,n:HM, 'ITO E CHJie 

COOTH01ll8HH!l 

t.·,... ;c,,-i)::: :f; ( ~ :-J,t,, .. ,'t) . 
t.-oo ' .J<ti 

(20) 

113 HaH.ll:6HHblX COOTH01ll6HHA (18) H (20) 3aKJID'laeM, '!TO npe,n:eJI npe­

o6pa30BaHROia Tpa8RTOpHH :)e C/;) (~~tc.oo)cymecTByeT H HM88T 

BH.Il 

e,·, i.c.fJ =[ J.L ,.a, ... , ~'t. , u, ..... o 1 r = "'«..L . 
-t _.. oO J'l-• J'o& ..,. t. ......._ 

'"-"C. 
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O~eEM~O, ~TO npe~e~ :CJL He 3aEMC~T OT Ha~anbHOro npM6~­

lK8HIDI X 0 • 

, ~ 3aEeprneHRff ~OKa3aT8~bCTEa Teope~ OCTaeTCR TO~oKO OTMe­

TMTo, ~TO Tip~ o6paTHOM nepexo~e K nepEOHa~anbHOMY 6a3HCY HMeeT 

M8CTO npeo6pa30BaHHe :;c .J..: J iC;.J. • 

3aMe~aHMe I. noKaaaHHaR TeopeMa 6ea Tpy~a nepeHOCHTCff Ha 

c~~aH, Kor~a E - 6ecKOHe~HOMepHoe rM~o6epToEo npocTpaHCTEo. 

3aMe~aHHe 2. TiocTpoeHHe HopManoHoro pemeHna s~a~M (I) npM 

noMomH Jt -npoyeccoE THna (8)-(9) c 6o~ee 6HcTpo y6HBaromHMH 

pery~pnsaTopaMM a~a~H,~eM 1;, HeB03MOJKHo. B 3TOM MOJKHo y6e­

~HTDCfi Hs paccMoTpenna rrpouecca 

tt;; =-[A~+~ )Ir/(A-+ t;.,.0 1JJe-j]) Jecl:..)=~·~ 
""p.... J.l ~ cz. • 

ne!CTEMTe~bHO, ec~l1 v =2. ' TO a~eMeHTH onepaTopa f.t U:~r) 
E npocTpaHCTEe E EHpaJKaiDTCR }{aK 

~, 'hf)-== t."Cp{-[-(t-~ct-to)+latf'.-<C&Itcvt: -a~trl./~JJJ, 

r~e -vo<.+d(JoC.i~E) 1 

?"';- """i+e · 

TaR RaR npl! t -'>00 rAJ&et; I!: JI, paccMoTpeH~e Roop~l1HaT pemeHRa 
- L • ~";• t. II• - -
~;Cr;) (1 :'U~, ... ,tt;H i- (. oo) DpHEO~T R ~ftt u. .. · (t,'t.) ~ot 'f:o · 

• 't->N 
AHanorM~HO, np~ J) ~3 yKa3aHHHfi nne~e~ TOlKe OTD~eH OT ny~. 
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§3. CpaEHeHne nncKpeTHHX fl -npoueccoE AAff perneHMR 

BHQO;ll8HHHX ~He~HHX CHCT8M Ha OCHOEe ~HC~eHHHX 

np~MepOE 

lJ~c~eHHOe CpaEHeHHe 6y~eM npOEO~Tb Ha OCHOEe CTI8UHaHoHO 

TIOCTp08HHOro MHOlK8CTBa BHpo~eHHHX nRHe!HHX CHCT8M, XapaKrepHHM 

~ 3TOro MHOEeCTEa sanaq RE~8TCR HMMTayHR (Ha KOHe~HOMepHHX 

sana~ax) RE~eHIDI crymeHIDI CTI8RTpa R HYRID, MM8ID~ero M8CTO ITpll HeKO­

TOpHX ~e!HHX HenpepHBHHX onepaTopax. 

0THOCHT8~bHO E8RTOpa 'I!:~~· .. ;):JC't J T 

H8HHYID CHCT8MY ypaBH8HHH 

paccMaTpHEaeM D-

A ( J'<.t..,.J"s) x = ~ ( ~, JC.s ) , 

r~e ~ MaTpl1UH ,4 HMeeM 

1.+.,.C.L JA~ 0 

,4 (Jot.z.,.,ks) : \ JAr.. ~~..,K! JA-3 

0 J-4-,3 ""'3 
J't..t,. ...-.~.. 

0 

a ~ cEo6o~oro EeRTopa ~ MMeeM 

~.t. 

~.t. ' ' 

0 

J4 

1 l ... ~~.,""'s> = [1..+-J.I"(.~ l.J'~t-~3,. t.J'.s, ~Jl3 J T. 

(2I) 

MarpHua A MMeer co6cTEeHHHe sHa~eHna JC. ::'1 •J-'c.E~ , 

r.:Jot.s 11 JC't'=O . TaKHM o6pa30M, CMCTeMa ypaEH8HM! (21) 

RE~8TCR 3aE8~0MO EHpO~eHHoa. 

- T 
3aue'laHMe 3. 11pll )lnaroHMnaa~Mn MaTpll~u A (A = S ~S, 

A= JA,' ·~ r 1) e}'tl.,.rs, o] ) 11CTIMb3Y8TCR oproroHanDHaR MaTp11ya 
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S: 

[

i. 0 0 0 l 
0 i. C> -1 

0 -1 1. i. 

-t D 0 1. 

PaccMaTpHEM CHCTeMY (2I) ,UJlii ECeX rrap0L>/'J) ~(o)t]X~>.t], 
rronyqaeM YITOMRHYTOe MHO~eCTEO ~HefiHHX sa~aq, ,UJlii KDToporo HeHY­

JI8EM qaCTb CTieKTpa { .J"-4 J.J4. &. )~)} MO~eT HMI'ITJIIpOEaT:b crymeHHe 

K HYJIIO. 3TO MHO~eCTEO .ID'IH8HHh!X CHCTeM 6y~eM E .:naJI:bHeMUJeM 0603Ha­

qaTb qepes [Jtc.~.}(-3] . 

TaKHM o6pa30M, E MHOJKeCTEe sa~aq [-"t.,~JJ•~J.,J'.l )~~'fl'*-!l 
CO~epJKaTCR 3a~aql1, KOTOphl8 KpOMe EhlpO~eHHOCTI'I 06JI~a!OT E pas-

HOM CT8Il8HI'I "~OIJOJIHI'!TeJI:bHOf.i TIJIOXOil: o6yCJIOEJieHHOCT:bRl" E 3aEHCJIIMOCTH 

oT npn6JIM~eHI'!R J-1-~,. H Jf-l K HYJIIO. 

Bee sa,naqn l13 MHOlK8CTEa [~t..,J43) HMeiOT 0~0 H TO ~e 6ec­

KOHeqHoe MH0~8CTEO pemeHHM 

.')e = ;)(! t : t, :lei = 2 ....()(. ) .Je3 :&1(.,. ~., ~:ol -QI( ol <. ~ *f* .., ~ .., I J 
(KOTOpoe He saEHCHT OT IJapaMeTpOE J'Ct_ Jll ~3 ! ) • 

TaK.ilM o6pa30M, ECe 3~aqJf H3(JotL>J'sJHMeiOT 0~0 H TO lite 

HOpMaJI:bHoe pemeHne 

~.&. :(t,"i.(3).)0.(C))O.(Cl)T •-

O~HaKO, KaK y6e~MCR HJI!me, C phJqHCJIHTeJI:bHOM TOqKJII 3peHJIIR, 

OT~8JI:bHHe rrpe~CTaEJIITeJIJII MHOJKeCTEa [J"-t..,~l] REJtii1DTCR EeC:bMa 

pasHh!MH s~a~aMH. 

.IlJm pemeHHR 3~aq H3 MHOlK8CTBa [JAL~iJ6y~eM HCIJOJI:b30BaTb 

cJie~!Oll1He nre~oHHh!e rrpoueccu: 
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't 

~ 
1 
i 
i 

~ 

aBTOpery JiiiPl130Ba.I!Hhlil rrpouecc TJIIIJa raycca-H:biOTOHa 19• IO/ 

Rel(cx.)eo>: ~ec.~ :~"-(ATA+€"Irt AlCAJet<-J) 
(K:.o,~~.,.), r,IJ;e 

"aBToperyMpH3aTop" €1( orrpe~eJifleTCR ITO <lJOPMYJie, ~aHHoi 
B /9,I0/ 

e K : ~14 TA-II!+ItMJ.41(AQe~e~)lloo)i,-IA-TA-/Ioo J , 
N =Co (E., +t/A-TAI/oe) /IJtT (A-Je•-aH- • 

> 

(22) 

CTaUHOHapHO peryJIRp1'130BaHHhiR rrpouecc (4), KOTOph!H 6y~eM 0603Ha~aT:b 

KaK Re c:r.,e.>; 
,IJ;BaK,IJ;hl peryJIRpi'I30EaHHhiH rrpouecc TJIIIJa raycca-H:biOTOHa 

Ret~1 cx.,€71'): ~~e+"=;)eac-[A\f.{t$ +£)Ir(@.14+~fl)~A~J 
(k = 0)~ •••• ) • 

3aMe4aHHe 4.DycT:b Henpeph!EHHM rrpouecc (8)-(9) npnMeHReTCR 

,UJlii pemeHJIIR rrpeo6pasoBaHHOil: sa~qz (2). Tor~a zrepaunoHHh!R npo­

uecc R.E+2:.. rroJIY4aeTCR Hs npouecca (8)-(9) (to=~, l" ~ 1 ) 
k+f 

rrpH IJOMOIUE rrpOCTef.imeil: ~CKpeTH3aUlfl'l C e~HHH~Hh!M IDarOM ( I1pOH3EO~-

HM ;;c 3aMeHReTCR Ha pa3HOCTb :Jelc.+f- ~" ) • 

Ha rrpaKTI'IKe paCCMaTpHEaJIOC:b pemeHHe 3~a~ 1'13 MHO~eCTBa 

eS'l.=~a.JtjJ ,r~e {1ta.,JtJ) E- H"".)*'J/w. =I, o.I, o.or, 

o.ooi, o.oooi, o.ooooi, o.oooooij. 

llpHMeHRJIHC:b cJie~DmHe aEToperyJiapH30BaHHh!e rrpoueccu: 

R.e"co,tf".), Re~'(o, l:.)JIL co)I:.)u Re11(o,.r..._ >J"8e t"=-11A-TAIIo~ ... ''E• .... ~000 
PesyJI:&TaTH npl'l!.eHeHHR npouecca Jl("' (O~ I. 7") npu pemeHIDi! s~aq 1'13 

no,llMHolltecTBa d?. , no~aeMoro 1'13 eft ,UJlii ~~ 'i , o.or, 

O.OOOI, O.OOOOOI,npe~cTaEJieHH B ra6JIHUe I. ITpH pemeHnH s~aq 
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113 Jt Ha oeHoEe npoueeeoE le"(o, ,fo) , Re,. { o.-£;-. ) l1 

IL ( o ..I:_) Hac5JIIO.lla.noeh yxy.niDeH>~e Heoc5xo.nHMoro npH6JIHJKemm 
''t"l& ~ 1-• 

HOpMaJihHOrO pemeHWI e YM8Hhlll8HH8M Ha'tJa.JlhHOrO 3Ha'18HWI eo . 3TO 

TipOHeXO.llHJIO B T8X "tJaeTJIX cJ'l. , IiOTOpbl8 eOOTE8TeTEYIOT MHHHMaJlhHh!M 

(no pa3Jill'1HHM!) 3Ha"tJeHWIM napaMerpoB .}'tz.. H Jot., • Tm<, nanpH­

Mep, .n;m 3a.l{a'1 (I, 0. OOOOOI] H [0. OOOOOI, I) npoueee R- (0~ .f:-) 
· '"f~& -t.ooo 

11 0lllH6aJieR" yJKe E nepEHX 3Hai<aX ROMTIOH8HT pernem11! X..t. . 

IlpH perneHHl1 3a.l{a'l I13 MHOJKeeTEa Jl. Ha OeHOE8 aETOperyJif!pH-

30EaHHOrO npoueeea REte EI>REHJIOeh ero EaJKHoe eEoiferEo, eoeroo­

mee B TOM, 'iTO 3THM M8TO.l{OM MOlKHO OTHOeHTeJihHO XOpOrnO OXBaTHTh 

Bee 'laeTH MHOlKeeTEa (eM. Ta6JI110Y I). UTM8THM E 3TOt\ eER3H, 'ITO 

ra:KM rlil6Koerh npnMeHReMoro Mero.na JKeJiaTeJibHa nplil aETOMaTil3aUHH 

perneHWI 11ll0TOKOB JUIH8HHUX 3a,JJ.all", E 'laeTHOeTH, TIOJIY'Ia8MHX npn .l{8-

ROMll03lilUl1lil 60J!hllll1X JIHH8llHHX H H8Jll1H8llHUX aJire6paH'IeeRHX eHCTeM. 

JI.IDI pellleHWI 3a.l{a'l H3 MHOJKeeTBa cR. npHM8HRJIHeb eTar~OHapHO­

peryJif!p1'130EaHHHe npoueeeH 15•61 ~ , r.ne napaMeTp peryAApH3allHI'I 

1 -P 
npHHI'IMaJI 3Ha'1eHWI ~ = o ,p::D,1, ... ,8 . 0:Ka3HEaereR, 'ITO npouee-

eaMYI R€(0Jl) HeE03MnJKHo y.noBJICTIIDpBre.lbHo oXBaTHTh Bee qaeTH 

MHOlKeeTEa Jt . ITpl'l 60J!bUJI'IX 3Ha'!eHWIX peryMpll3aTopa e xopomo 

pernaiOTeff TOJihRO 3a.l{a'llil e ~~ lil ~3,6JIYI3RllMH R I, a 3a.l{a'lll e 

OTHOeHT8JihHO MaJib!MH 3Ha'18H.I'IJ!MH .J".t. I'IJII'I ..)-(.3 pewaiOTCJ! TIJIOXO. TaR, 

HanpHMep, llpl1 perneHHH 3a.l{a'l c~, t.o-'1-], [i, i.o" 3 ) .1'1 T.)l. Ha OeHOBe 

npoueeea ~ ( o, 1. ) He naxonnM HI'! o)lHoro Bepnoro 3Ha:Ka 

HH y O)lHOll :1'13 ROMTIOH8HT HOpMaJibHOro peiDeHWI.IIpl1 yMeHblll8lll1l1 3Ha­

'18HWI eTaUHOHapnoro peryAApn3aropa c npoRBJif!eTeR o6parnoe 

J!EJI8Hl18. 
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B TO 

'leHa 

JKe EpeMil, ,lL1lff a.BroperyJIHpi130BaHHoro npouecca R,£ IC o6ecne­

KBanpaTH'leCKaR CKOpOCTb CXO~OCTR OKO~O pemeHRH / 10/. 

ITo npH'lRHe IIpHCYTCTERH CTaUHOHapHoro peryJlllpH3aTopa C 
E ,!lE~ pe!"'jJlllp1130EaHHOM npouecce R.e .. !J::_ OH, TaR lKe KaK H 

lt+1. 
npouecc Re , npoREJllleT Me~eHHYD cxo,!li1MOCTb. Eo~ee a~eKTHE-

~M .llJiR BH'lHC~Te~bHO~ IIpaKTHKH MOllteT OKa3aTbCR IIpouecc 

Re" ... ~ 
CTauHoHapHHH 

, no~'leH~il. :113 npouecca R£+ .JI6,.... , E KOTopoM 
IC.-H 

peryJlllp113aTOp G 3aMeHeH Ha aETOperyJlllp:113aTOp Cfl:. , 
onpe.ne~eH~il: no WOPMY~e (22). 

3a.Me'laHl'le 6. IIpo[(ecc Q · ..J.~ MOlKHO ncno~b30EaTL .llJlll peme-'"€ t('t1 

HHH H8KOppeKTHHX ~Heil:~X 3a,!la'l. B 8TOM c~qae ,!lOCTaTO'lHD TO~oKO 

HeCKOJibKI1X !lTepaUHiiltTaK KaK TO'lHOCTb l'ICKOMOrO HDpM8JloHOrO perue­

HHH He06XO,!ll'IMO cor~aCOEaTb C H8TO'lHOCToiO IIpHMeHReMHX EXD~X 

,!laH~X, EC~8JlCTEl'le 'lero OHa OK83HEaeTCR IIpaKTM'l6CKI1 HeEHCDKOH. 

TaR, Hanp11Mep, IO HTepaUMil: npouecca Ret~ o6ecne'lMEaiOT HaxoJK-
IIC+1 

.neHMe HopMa~DHoro perneHHH 38.ll8'l [1,IJH [r, 0.01] c TD'lHOCTbiO He 

M8Holll8 3 EepHHX 3H8KOE (eM. Tp8Tbl0 KO~OHKY Ta6~M[(bl 3). B c~qae 

perneHHH 38,!la'lM [1, 0.0001] npoueccoM R£+ ~ , KDTDIJ!>il: npepHEa-
IC't1 

eTCH Ha ro-n 1 rou-n 11 500-i-i HTepaUMHx, HDpMa.JibHHe pemeH}!Il 

li8.XO,ll;S!TCH C OUII16Ka.MH (no KOMIIOH8HTaM) 1 COOTBeTCTB8H!IO 1 20% 1 11 5>& 

11 0, 15%. 3TOT pe3y~bT8T He~b3R paCU8HME8Tb KaK II8CC}lldi1CTI1'.J8CKI1il, 

TaR K8K pe'lb 11,!leT 0 peUI8HMH EHpO~eHHDil. 38.ll8'lM THIIa (2), KOTO­

paR o6~anaeT eme M 00,!lOIID~MTM.oHOil. EHpo~eHHOCTbiO" (HM88M: J4.s \J{-:1, 
JC-s'J. = O.OOOOOOI 14 ~ = O). TaKHM o6pa3oM,JlEaJK,Ubl peryJlllpM3oEaH­

HHe npoueccH TMna RE'+ ~ Eno~e cnoco6HH KOHKypMpoBan c 

IIpRMHM:ll M8TO,!l8M:ll pemeHRak::KoppeKTHHX ~MHeil.~X 3a,!la'l(/2 • 3/~ ~f•)• 

18 

Jlueparypa 

I. .U.K.~eeE, B.H.<lia,n.neeEa. K Eonpocy o pemeHHH ~HHeil.~x M­

re6paH'leCKRX CHCTeM. K. BH'lRC~. MaTeM. 14 MaTeM. ~3. 1 1974, 

TOM 14, ~J, CTp.5J9-557. 

2. A.H.TI4XOHOE. 06 ycTOil.'li1EOCT14 ~OpHTMDE ,lL1lff pemeHHR BHpO~eH­

~X CMCT8M ~Heil.HHX ~e6paH'leCKMX ypaEHeHJ4il. • K. BH'lMC~. MaT. 

l'l MaTeM. ~3., 1965, TOM 5, Jf.4, CTp. 7Ib-722. 

3. B.M.rop.noHoEa, B.A.Mopo3oE. l:J:Hc~eHHHe ~opRTMH Es6opa napa­

MeTpa E MeTo.ne peryJlllpH3aUHH • ~. EH'lMC~. MaTeM. 11 MaTeM. WM3. 1 

I97JITOM IJ, ~J, CTp.57. 

4. M.A.KpacnocMbCKHil.. 0 pemeHHH MeTOJlOM noc~e.noEaTe~oHHX npn6~­

JKeHJ4il. ypaEHeHMil: c caMoconpazeHHHMM onepaTopaMl'l • YcneXH MaTeM. 

HayK,l960,TOM 25 1 BHIIyCK J (9J), CTp.I6I-I65. 

5. B.Martinet. Regularization d'inequations variationucles pe~ 
approximations euccessives, Rev. franc. inform. rech. operat., 

1970, Bo.), pp.154-158. 

6. A.B.KpRHeE. MTepaUHOH~il. MeTO.ll pemeHRH HeKoppeKTHHX 38Jla'l • 

~. EH'lMC~. MaTeM. 11 MaTeM. WR3., I974,TOM 14 1 lf.1, crp.26-JJ. 

7. JI.~eKcaH.llpOE. PeryJlllpM30EaHHHe TpaeKTOpHM npM6~JKeHRH HoiDTO­

HOEcKoro THna ,lL1lff pemeHRH HeRl'!Heil:HHX ypaEHeHKH • IIpenpMHT OHHM, 

P5-8178, ~6Ha, 1974 

8. IO.JI.,UoneUKMil, M.r .Kpeil.H. Ycroil.'lHEOCTo pemeHMil. .D:H~epeHUHMoHHX 

ypaEHeHml: E 6aHaXOEOM npocTpaHCTEe . ill. 1 1'11i3MaTrl13, I':J? 0. 

9. JI.~eKcaH,npoE. PeryMpH30EaHHHe EH'lHC~TMoHHe npoueccs 

HoDTOHa-KaHTopoBH'la • ~. EH'lHC~. MaTe~. M MaTeM. WR3., 1':!71, 

TOM II, CTp.l. 

19 



IO. ,1. A.JTeY.caHllC:JE. _.::.:: ncery;mml30EaHF.hle >IrepaW>:JHHr.:e :1p::JucccE 

nma !I:ciOT::JHa-:ta.Hrop:JEl:tJa • C:Jo6IUeH:ro;e .-.;;::..~: P-'5515, .::(;TclH&, IS7~. 

II. L • . .l..Jle:<caH;::p::>:::. Per;;rJipl:I3::JEarn!hle EEtJHc;mre.r.IoHEe DP:Juecc:.; 

HUOT:JHo:::cJcDr:J r:ma ;: 11x npHMeHeJ-me Ha ~ :L ;:.Jm per~emur He,umeH-

lillX c:1creM ypar:HeHllf:. r::-.1;:, J,J.-5-'J9Gc;, ;:yGii'-'• I•J7F. 

PyKOJU1Cb nocryruura B lii3,I;areJibCKv.l1 OT.lleJI 
5 l!HBap.il I'J77 ro;;a. 

20 

' 

J 


