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N. N. Bogolubov (Jr. ) Method for ( V, N ) -Systems 

N.N.Bogolubov's(Jr.) method is modified for direct 
application to researching systems given by volume and 
average number of particles.The result obtained extends 
substantially the possibilities of mathematical rigorous 
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0 1976 06 .. eOIIHeHHWU IIHC8118)18 JfOepHWX IICC.IIeOOfJCIHIIilJly6HG 

I • BBE.llEirnE 

B H6CTOHmee BpeMR MeTO~ annpOKCHMHPYDmHX raMHHLTOHMaHOB pa3-
pa6oTaH ~HH npauoro npHMeHeHMH HMmb B cnyqae 6onhmoro KaHOHMqec

Koro aHC6MClJIII, KOr~a B pOJII'! 113B8CTHb!X TepMO.l{l1HaMII'l8C

KMX napaMeTpOB CMCT8MH BHCTynaDT OCl'I>eM V M JGI)lMqeCKH!l TIOT8Hl\MaJI 

f• qT06H MCTIOJ!h30BaTb ero ~HH HCCJie~OBaHIIH CMCT8M1 3a~aHHb!X ~py
rHMH CliOCOClaMH, IIPHXO~HTCH BBO~MTb 3TH naprureTpbl (o6HqHO f) Ha 

OCHOBe H8KOTOpbiX .l{O!IOJIHHT8JihHHX ~H3HqeCKHX COOClpaxeHHll MJIH BHqMc

JIHTh HX C TIOMOmhiD annpOKCHMHpyiDmero raMMHbTOHI'!aHa. ITOCKOJ!hKy CXe
Mbl BHqMCJI8Hldl TaKOrO TH!Ia HBJIHIJTCH HeoqeBM~!IHMM 1 TO B HaCTOHJnee 

BpeMR Ha3peJia H806XO~HMOCTL 060CHOBaHHH HX !IpaBOM8pHOCTH H MO.l{M

rpHI.tHpOBaHHSI ueTO.l{a annpOKCHMMPYilmHX raMHHhTOHHaHOB ~JIH npHMoro 

!IpHM8H8HI!H npH paCCMOTp8HHI! CTaTI!CTHqecKHX CI!CT8M B paMKaX aH
CaM6Jieft1 OTJII!qHHX OT ClOJ!billOrO KaHOHHqecKoro. 

HaH60Ree qacTO BCTpeqaDmHMCH II 1-!HTepeCHhiM cJiyqaeM SIB -

JIS18TCSI 3a.l{aHHe TepMO~HHaMHqeCKOft CHCT8YH 06'I>8MOM V H CP~HHM QWC
JIOM qaCTHQ }(, B03HHKaDmee !IpH I!CCHe~OBaHHH M8TaJIJIOB /I - /4./ 
H ra3oB. B HacrosmeR pa6ore npoz3Be~eHa MO.l4H~MKaQHH MeTO.l{a .l{RH 
!IpHMOrO IIpHM8H8HHH I!M8HHO .l{JIH 3TOrO BapHaHTa, 

2. CXEMA BtitfiiCJIEHIDl <PYHKIOOt CBOEO.IlHOH 3HEPnU1 

ITepeR.l{eM reneph K 6onee ~eranLHoll nocTaHOBKe 3~aqH H onHca

HHD CX8MH aCHKTITOTHqeCKH TOqaoro BHqHCH9HHH ~YHKQHH CBOClO.l{HOI 
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8Heprnn B paMKax aacaYc5JIR, 3a)l;aHHoro o6'beYOM V H cpe,JJ;HHM qMcnow 

qacTHll J{. 

TepMO.l\MHaMM'iecKal! 3KBMBaJieHTHOCTI> B Clo!HCJie BeHTUeJII! 151 MO

,l\eJibHoro H \V~l H annpoKCH1mPYil!llero Ho< v,J'l (0. \V,fl) raMHJ!bTOHI'IaHOB 
tV . 

cpop.MyJIHpyercl! o6blt!HO CJie.n;ylli!U!M oc5pa30ll: rrumnbtOHI!aHbl H 'j"' H 

H;v,J"l(Q.(v,rl l SIBJISIIJTCII rep.MO.n;HHaMHt~eCKH GKBHBaJieHTHb!MH, ecnH 

.n;JIII JIJJ6oro qJHKCHpOBaHHOrO f 

~y(H (V,jl]- ~v[H~V,_r!(a_(V,fl))~ 0' (I) 

npl'lt!eM cymeCTBeHHbiM HBJilleTCll TOT qJaKT, qro BblpaxeHI'Ill ,ll;JIII CB06o.n;

HbiX 3Heprl'l~ MO,ll;8JlbHOrO 1'1 annpOKCHMHpynmero raMHJ!bTOHI'IaHOB B COOT

HOilleHHH (I) 6epyTCfl npH O.l\HOM 1'1 TOM Ee 3Hati8HHH f.• 
ilOCTOI!I!Hble o_W,J), BXO)l;RJllH8 B ra.MI'IJ!bTOHll!aH l{o'<V,f)(Q) 

1 
onpe.n;e

JillllTCH 1'13 JCJIOBI'Ill MliJHMMaKca 

\v[ u;v•J'1 (a,,nf'.l"\a,)')] = ma.c:-x ~ v lH;v~\( a;, aj )], 
;J 

\vl~~V~) CO.iv'!1, at·f)( o}v'J'1))1: m1,n ~v [ H~Vt) (a, I ~(V'])(Q; ))], (2) 

-(V1f)-~<V:J)r-,CY,__f)) ._ .·-+ + o..j -aj ,a.l , tL-i, ... ,'t,J-t 1, ... ,t ~). 

Tor)l;a, ecna nccJie,l\yeMaR CHCTeMa 3a,n:aHa 6onblllHM JtaHOHHqecKHM 

aHCaM6JieM, TO CCTb 1 8CJ!H npM Ka~OM 3HaqeHI'IH 06'beMa V H3BeCTeH 

XMMHqeCKPI~ llOT8HUHaJI f'v1 
1 BWlHCJieHHe aCI'IMnTOTM'IeCKOrO 3HaqeHJ.ill 

qJyHKUHM CB060,ll;HOM 3HeprHH MO,l\8JibHOrO raMHJ!bTOHMaHa ~~(HJ He CO

.nep~MT npHHUHnnanhHbiX Tpy.naocTe~, a I'IMeHHo, .nna aroro .nocraTO'IHO 

BHqMCJIHTb npe.n;en 

Pim ~v[H~V:/ta.<v1'<Vlll], 
v-oo 

('l) 

HJIH ~e, ecnM npH JI~oblx Q~ (m=I, 2, ••• , t+~) cymecTByer npe.nen 

~JHKUHH CBOOO,l\HO~ 3HeprHH annpOKCI'IMHpynmero raMHJ!bTOHHaHa 

~Lm ~vlH~v·J"\o.)] = ~o0l H~fl(a.;], 
v-oo 

(4) 

TO 06blt!HO 

4 

~ oo [ \-1]" \ool H;/'\Q. (""J' l)], (5) 

r .n;e Q(o00") - pellleHHe MHHHMaKCHO~ 3a,ll;atll'l )LJII! npe,n;eJibHO~ cpyHK!lHI'I (4): 

~oa LH;J"\Q,,O.l"";J'1(a,))1 =~a.x ~oo[HY'1(u,,aj))], 
J 

~oo[ H~J'\at'J~ uj"';;~lcat":.J'\1] = ~L n ~oo [Ht)Co.,,ilj""~\a,))], 
' 

-(0011<) ~(OOt-)c-("";f)) c· • a.~ J =ad Q( , L=l, ... t i J •t•1, ... t•~ ). 

(G) 

O.n:aaKo B rnnpoKOM pl!,ll;e ¢n3nqecrcn HHTepecHbiX cny'laeB npn KaY.

.noM 06'DeMe V H3B8CT8H He XHMH'IeCKH~ nOT8H!lHaJI f \Vl, a cpe,l\Hee tjMC

JIO qaCTHU B CHCTeMe J{\V)• i\a.K yJKe OTM8tjaJIOCb Bbllll8 1 BaJKHbiM nprme

pOM TOMJ CJ!Yl!:HT CI'ITyaUHll 1 B03Hlt!KalllllaR npH H3yqeHHM MeTaJIJIOB 1 CK."'I

xeM11!BJI8HHII CBepxnpOBO.l\lt!KOCTH. 

3,necb npH BbltjHCJ18HI'IM npe,l\ena ( 3) XiiMMqeCKM~ nOT8HT~MaJI f JlOJI

JKeH 6b1Tb Onpe.neneH KaK ((lyHKUI'IH V 1'1 J{cVl j =j(V ,J(<Vl) M3 JCJIODMR 

~ ~vurvu--)J - ..N<v, 
'dj- ---y (7) 

O.n;HaKO ¢YHKL\HSI ~v(l-llV,J)} HaM He M3BeCTHa. 

ECJIH Mhl 3aMeHI'IM (7) Ha ypaBHeHMe 

~ ~ [f.j (\/:_j)(Q.(V, .f))J JI(V) 
v o ---- (P) 

£J_r - v 
TO y HaC H8T OCHOBaHHll nonaran, tjTO..f'=.f'(V,J{(V1, onpe.D:eJieHHH\1 

1'13 ypaBH8HHH (8) 1 COBna.n;aeT C .n;ellCTBMTeJ!bHbiM XMUJ.iqeCKiiM llOTeHL\1'!

anOM y'i_(V ,J((V)), HaUeHHb!J.f Ha OCHOBaHHM (7) M qT0 1 9CJill !.!H nO.J\

CTaBHM f 1 B (3) i1 COBeplllMM npe,l\eJibHbl~ nepexo.n; V-oo 1 TO noJiyqMH 

npaBHJ!bHblll pe3yJ!bTaT, 

C .n;pyroll CT0p0Hbl 1 8CJIM npH npOM3BOJibHOM ¢MKCMpOBaHHOM~ 

ei.m ~v [ H~v~\o.( V:J))} == ~00 [ ~~1")(0. (00:1'1)1' 
v-ao 

(9) 

r.ne (i\oo~) - perneHRe MHHMMaKCHOll 3a)l;aqH (C) )];Jill npe,neJibHOt;l rpyHK-

UMH CB060)l;HOil 3HeprMM annpOKCM!.!l'lpyiDmero raMHJibTOHiiaHa 1 
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TO 1113 TepMO~MHaMMqeCKO~ 3KBHBa~eHTHOCTH MO~eRbHOrO H annpOKCHMM
pyDI!Iero raMIWbTOHHaHOB (I) CRe~yeT, qTO ~ .. [H~1(Q.l""ifl)) KaK (jlyHK

~HJI apryweaTa J: JIBRSieTCJI noToqeqHlilll npe,~~;enoM npz V- oo nocne.Ito
BaTeRbHOCTH ~~ [ H tV\fl] : 

ECJIH, 

TeJibHOCTb 

e(m ~v[HlVJ')): iao(HolJ')(O.'oo0"1)]. 
v .... aa 

(II) 

zcxo~JI H3 3Toro, HaM y~acTcJI noKasaTb, qTo nocne~osa-
v 'Vlil < (V'-l lO!'!'l ~v[Hl \f(N' )JCXO~i!TCSI npM V-oo K ~oo[Ht YO.'OOUU: 1

)} 

tVl cu'~l , .. , 
ftm ~vlHlV,j(.}( >]= ~""[~o\r 1(G.'""iu 11

)), (I2) 
V--<> 

(00) 

r~e jv 1 ecTb penreHHe ypaBHeHHJI 

(13) 
'L ~oo[ Ho'fl ((i'.o:J"l)) __ j_ 

'D'I.t. - v~oo) ) 
C) 

r~e u'~ 1 
- npe~eRbHOe saaqeaze cpe,~~;Hero o6~eua CIIICTeuu, npiiiXO.II:SI

I!IerocJI Ha o,~~;ay qacTzuy: 

u'"") = elm y_ 
V-oo<>JV lVl 

(I4) 

TO lllil llOJiyqzu Y.II:06Hlil~ UeTO,ll; ~JIJI Blill!HCJieHMJI npe,!!;eJibHOfO 3H8l!eHIIIJI 

ct>YHKI\HH cso6o.n;uo~ 3HeprKH uo,~~;enbHoro raMHJibTOHHaHa. A HMemw, 

eCJIIII onpe.n;eJIIIITb 1 COfJIUCHO YCJIOBIIID MMHIIIM8KC8 (6) 
1 
npe,~~;eJibHyD CB0-

6o.n;HyiD 3HeprHD annpOKCKMHpyDI!Iero raMIIIJ!bTOHK8Ha (P.) KaK (jlyHKI(KD 

~~ TO HCKOilliiR npe,~~;en ctJyHKUIIIH CB060,li;HOR 3HepriiiK UO.JJ;eJibHOro raMHJib
TOHHaHa HaXO,li;IIITCJI KaK 3HaqeHIIIe 3TOR (jlyHKI(KH llplll~, onpe,!!;eJIJieYUM 
1113 ypaBHeHHJI (!3). 

3. OEOCHOBAirnE CXEMH BIMICJIEHIDI <l>YHKUHlf CBOEO.JUIOH 3HEPI'HH 

nJIJI .l(OKa3aTeJ!bCTBa COOTHOilleHHJI (12) BBe,ll;eM B paCCMOTpeHHe 
ctJyHK~H 

.1 ( vl,f) = ~v [ H (V,.fl] +f x;Vl (I5) 

Ill 

6 

J(ooif)= ltmJ.(V,J). 
v-oo 

(I6) 

Cornacuo (II) H (I4), 

j(cx\f.)'= ~ao[~olJ'l(Q.'oocf"\)]~~V~oo). (I?) 

M (00) 

Tor.J(a ypasueHHSI ~RSI onpe~e~eHHSI J (V ,JI J (6) H Jw 1 (7) npHHIIIMa-
DT COOTBeTCTBeHHO Bill~ 

aJ(V'"£!0-o 
'J,f-J -:- l 

(IP) 

d.J ( oo'lft) = Q 
~f . 

(I9) 

BHpallteHMe J ( V if) JIBJISieTCJI BemecTBeHaofl (jlyHKI\IIIell BeutecTBeH
aoro apryueaTa f BK~a 

J.(v>j'-1 =Jv [fJf.-_f (N-,){Lv>)]) (20) 

+ 
r .~~:eN= N - on epa Top qHcJia qacTMU. C ¢H3Hl!ecKoll TOl!KH 3peHMil, TOT 

¢8KT, qTO npH HeKOTOpOM 3HaqeHHK,~ He cy~eCTByeT BTOpO~ npOH3BO.l(
HOit 

r ~ [ [II ( V,j"-lJ J: [tt- {I)..(N -J{lVl))., d---J~-:__ _, 
:) d ""-'-

-J 

o3aaqaeT, qTo 3TO suaqeuHe,jU JIBJIJieTCJI TOqKoR ctJa3oBoro nepexo.~~:a 

rrepBOfO IIIJIK BTOporo po~a, liTO B peaJibHblX cjJH3"HqecKIIIX CHCTeMaX MO

llteT HMeTb U8CTO Ha JliJdOM m!TCDBU.~e (fi •l<) He donee, qeM B KO
HeqHOM t!HCJie TO'IeK. 'l'or.n;a, Ka,K llOKa3aHO B pa60Te / 6/, M3 CBOt;!CTBa 

(20) CJie.l(yeT, qTo cjlyHKUKJI J (V,t) JIBJIJieTCS! BlilllYKJIOR npM Jllodou 3Ha
qeHKK V. 

~!3 onpe~eJieH"HJI DlilllYKJIO~ cjlyHKI("HM nocpe.l(CTBOM HepaBeHCTBU JieH

CeHa Henocpe~CTBeHHO MOJI:HO llOK838Tb, 'ITO H npe~eJibHaJI qJyHKUHJI 
J(~,~) (If) Blilny~a • 

B TaKOM CJiyqae ypaBHeHHJI (fi) H (7) 3KBH~eHTHlil COOTBeTCTBeH
HO CJie.ll:yDI!IMM 3a.l(aqaM Ha a6COJIDTHUR MaKCHMJM: 

J ( Vyu.(J{ 1
v

1ll= }o.x J. ( V,,_r) , (2I) 
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J (o'\f<v'""'l) = jfX J (""'lj' ). (22) 

!1, CJ!8,li.OBaTeJibHO, BB11.li.Y ( 14) COOTHOill8H!tle (12) :3KBHBaJieHTHO yraeplr-

.n.en!t!D 

h.m mo..x .l(v,(ll)= mo.~ hm J.(V,f), 
v-oo f J l v-""" . 
t L m f (J{ :vl) =- /U. (v too ) ) 

v-= .J 

(23) 

K ,11.0Ka3aT€JlbCTBy KOTOporo MH ce~qac H rrpHCTYTI!tiM, 

n e M M a I 
Tiocne.n.oaarenhHOCTb 3a.ll.aHHHX BHnyKnHx na !tiHTepaane (p,q) !jlyHK

IJ;!t!tl {Sn(X)}, CXO,II.SIIJIMCII noroqeqHO Ha (p,9) K HeKOTOpotl 4JyHKIJ;HH 
l(x), paaHocreneHHO orpan~t~qena na JID6oM orpe3Ke (~1 ,X2J, co.n.ep

:»::ai!IeMcH a ( p, 9). 
] 0 K a 3 a T e Jl b C T B 0 

~3 onpe.n.eJieHHH BHnyKJIOtl !jlyHKIJ;!tiH cne.n.yer, qro rrpe.n.enhnaH 4JynK
IJ;!tlll ~(X) TaKXe IIBJ!II8TCII BHITYKJIO~. IT03TOMJ ~(X) HerrpepHBHa Ha J!D-
60M orpe3Ke, np¥!Ha,II.Jiel!i:anleM (p,q), a qacTHOCTH H na orpe3Ke p~x1, 
~]c(p ,q). ll TaKOM CJiyqae cymeCTByDT TQqHaJI H!tlllHIIII H BepXHIIII 
rpaHH !jlyHKI~!tl!tl ~(X.) Ha (P~~1,tp•}, KOTOpHe W 0603HaQHM qepe3L1!t!Ll: 

Jn~ ~~/)=L11 Su.p ~lx)-=L 2 • 
u[~' cl'] x~r~ ll+t,] 2. l L l '2. )+.;...:J 

B CHJ!Y TIOTOQeqnotl CXO.II.HMOCTH l,J XJ -u ~) 

3N:\In">N 

21...!-La~ ~~~ ( f>~Xi), 

J n- oo J' 

~n(X 1 )~2L<-/.., 1 

2L~.-L~'~"Cx~.), 2L.-L<£j.,Cx,). 

ITo onpe.n.eneH!tlll BHITYKJIO~ $YHKUKH 

(24) 

(25) 
' 

(26) 

V Xt:[~L,h1 ~" (x.) ~ ~~~ (A ~~XL + (i- >.)X)~ A 111 t¥ )+(H)~" lx), (27) 

8 

r.n.e 

1_ ~ ( '?_(X,-1(,) \ I ) 

A- X- ~1 E ,0, 2x,-X,-p J C.lO,i , 
2 

OrKy.n.a na ocnoBaH!tl!tl (25) aueeu 

v N \ 1 \ ~.tx,)->.~.(-ISP-) < 2/.,2-L-').(21.c/..1 )_ " 1 _ 1 + J(L,-L,) 
Vn> 1"\.X ~~ 1-:1. " i-). - Llvi ~.;,_ 1-.l. ' 

HJI!tl 

\1 n-> N 
(2Fl) 

( \ ,, L I 3 )2:<2.-XI.-~ ~ndi-'L ~-~o~."~- (/.h-/.,1 Xcp 

B cuy BHTIYKJIOC TH na (p ,q) !jlyHK~HH ~n (X) HenpepHBHH Ha Cx1, X,], 

IT03TOMJ npH J!D60M n cymecTByDT 

Jn~ \n (:<) = L~") ~ 
X£ (Xi, X1] 

Su.~ tn(x) = lvCn) 
xe(x1,X2 ] J 2. , 

(29) 

OTKy,D;a 

Yn \fxE[XL,)(?.1 ~n(x)~P2 , (30) 

r,~~;e 

n- ~ '(t) LeN) 2L- I +3 /..,- \'2.x~-x•-PJ r-,- mo.. X. '- "'2 ' .•• ~ 'l ~ l ~-.;2. ( "!. L. J x.- p . 

C ~pyroR CTOpOHH,COrJ!aCHO onpe~eJ!eH!tiD BHTIYKJ!O~ ~yHRUK!tl H CO

OTHOmeHIIIIl ( 26 ), 

Vx~CX1,XtJ, \fn>N 

t"(x)= l.n(xxz.-vx x~.+xx-xxLx,)~ ~J.-xx ln(Xi)+ xx-xxj t .. c~~)~2Lclv?..., 
:) J L- "1 ?.- i 1\C i J ,- J. d 

OTicy.JJ;a 

Vn Vx~cx.l,X'Z.l R~ ~nCx), 
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P1 = m L n { L:n~ ... ) .. ~ .. \ 2 Lc ~-J. 

TaKHM o6pa3oM, cornacno (29) H (30), 

V n V X E CX1, Xz1 3 P= m!lx { IP~.IJRIJ ·. 

\~,.(x)\~P, 

qro H Tpe60Ban0Cb ~OKU3UTb. 

n e u 11 a 2 

(3I) 

EcRH nocneJ,OBaTeRbHOCTh 3a~aHH~X BNDYKRHX HU HHTepBane (P
1
G) 

~YHKUHR l~n(X)J CXO~HTCH llOTOqeqao HU (p,g) K HeKOTOpoll ~YHKUHH 
~(X), TO 3Ta CXO~HMOCTb HBRH6TCH paBHOMepHO~ Ha RD60M 0Tp83K8 
[X11 X,l, npHHa.l{Re)!(allleM (p, q). 

TO 

A o K a 3 a r e n L c r B o 
ilOCKORLKY 

~ ( ~1) - ~ ( P-!lt) 
jn 2 n-o0 J 2. ~ 

]Q: Vn 

( (~·)- ~(~t) 
;}n 2. n-""' J '2. , 

l~nl~~Xt)\~Q~ ~~.,(~•)I~Q. 

TaX KUK )!;JIB BHDyKROtl Ha (p,q) if>YHK~i'Ii'I BhlpaxeHI'Ie 

~(x)-~(c) 
X- C. 

rne XE (p,q) H XFC, eCTb H6B03pacTaiO!lla.JI lPYHKUH.f! X, 

\j X X'E [X X 1 ~n(x)- ~,(x') &, ~,(x)-1nl ~·) 
l .1, t )(- X I " (l + l{ t 

x- -r-r 
0TKy.l{a HU OCHOBUHHH JI8MMH I i'I HepaBeHCTBa (32) 

~,(x)-~n(x') < l~n(x)i+l~n(~t.)I,2.\?+Q K 
x-x' " x ... -~. " '1-x~ ~ l. 

"2. 
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(32) 

(33) 

.J 

!.I 

I \ 

J 
) 

AnanorHqno ~oKas~saerca, qro 

l<t-> ~- (x)- ~n (x•) 
x- x' • ( 8!,) 

HepaaencTBa (33), (34) .l{aDr 

y n \;/XI X
1 

E. [XhXz] 

I ~" (t) - ~" (X I) I ~ I< I )(- X 'I I 

T.e., qro llOCRe~OBaT8JihHOCTb t~n(X)} HBRHeTCR paBHOCT8ll8HHO He

npepHBHO~ na orpesKe ( t1, X2.}. rronovy CXOMMOCTb ~ .. ( ll}n:;;; ~( x) HB
naerc.f! paBHOMepHOil Ha [X1 ,XD, qro H Tpe60BaROCb .l{OKU3UTb. 

ll e M ll a 3 

llyCTb DOCR6~0BaTeJihHOCTh 3a.l{UHHHX Ha .l{eRCTBHT6RbHOil OCH BH

nyKRHX if>YHKliH~ { ~n (X)} CXO)I;HTCH noroqeqao K HexoropoR ifJYHKllHH 

)(1<.). Ecnl'l ~1IR 3TOil npe.ll;eJibllOtl ·'iJJHKUHH cyrqeCTByer H 8.l{HHCTB8HHa 
TOqKa, B KOTOpOR OHa npHHHMUeT MUKCi'!MaRbHOe 3HaqeHHe, T0

1
HaqHHaR 

C H6KOTOporo n,cyll!eCTByDT a6COJIDTHHe MaKCHyY!lhl Ca!lHX !fJYHKl\Hll 

~n(X), H llOCR8)J;OBaTeRhHOCTb 3THX !laKCi'!MaJibHHX 3HaqeHI'IIl CXO)I;i'ITCH 
K YaKCHyYMy if>YHKUHI'I &(x) 

eim mu.x~.,(x) = mux£im ~n(x). 
n-oo " l( n-Q<,) 

(35) 

A o K a s a T e n L c r B o 
HraK, nycrh pemeHHe x sa.naqH aa a6convraHil MaKCHMJM 

3tx)sma.x ~tx) 
1( 

(Cl6) 

cy111ecrByer H e)I;HHCTBeHHo. BH6epell npoH3BORbHHil KOHeqnHil orpesoK 

[Xu~], co.nepxalliH~ x KaK BHyrpeHHilll roqKy: x ~ (X 1, X d. ITocrconbKY 
~n(X) BHDYKRH Ha BCetl )1;8ICTBHT6~hHO~ OCH, cornaCHO JleKMe 2 

1 

rr., x.J 
1n(x)= ~(x), (37) 

r.e. 
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\1 c.> o j N: V n > N V x t [ x:d~J 
(3P) 

I ~n(t)- ~ (x) \ < £. 

niaKCl'l~31'lpyl! 3TO HepaBeHCTBO no )( Ha 0Tpe3Ke ex,, X,] 11 Y'lllTbiBal! 
(3E) ll TO, 'lTO )(E(~i,X,], TIOJiyqaeM 

Vt>o3N~Vn>N 

lmO-x \n(l()- ~Cx)\<:t,, 
XElX,, lhl 

(~9) 

J\OKaF.;e.M, 'ITO, Ha'lllHE11! c rreKoToporo n, pememm Xn 3a.n;a'IH rra a6-
COJIJOTH:Itl l.faKCIH.IJM Ha 0Tpe3Ke (X 11 X,] ,li;JII! rpyHKl\l'lll ~n(X): 

\n(Xnl"" ma.x ~n(X) 
H rx,,x~J 

nelltaT BHYTPH oTpesKa U.tt ~,1: X,E ( l(,, Xz.). 

I'! JIM 

ITpe,li;TIOJIOXlll4 1 'lTO 3TO He TaK: nyCTh 

V n J Nn > n: 

Y n ] Nn > n' 

~Nn(X 1)= mnx ~Nn(x) 
H rx,,x.J 

~N (xz.l=mu.x t N Cx). n J o 
~ ~ [x,, x,J 

(40) 

(4 I) 

(·12) 

H11llte ,li;Jil! onpe,n;eJieHHOCTl'l 6y,n;eu C'll'JTaTb 1 'ITO BHTIOJIHI!eTCI! COOTHOWe
HHe (41). 

B TaKOM CJiy'lae,BBI!I,ll;y (39), 

\Nn(x,)~ ~('x). (t13) 

BH6pOCHB !'13 TIOCJie,n;OBaTeJihHOCTH tNn) (n=I,2,,,,) TIOBTOparomue
CI! 'IJieHhl, o6pa3yeu nocne.n;osarenhrrocu {N~}. Tor.n;a {~N~ ( X1 )} KaK 
no.n;nocne.n:osareJihHOCTb t~N,(~ 1 )} raKxe cxo.n;l'!TCH K ~(x): 

\N~ (X,)~\ l.x·.,. (44) 

12 
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Ho {£,.~ (~1 )j eon no.n;nocne.n;osareJibHOCTb cxo.n;amelicl! nocJieJI:osareJih
HOCTH t~n (~1 )J, nonoyY 

\n <x~.'l;:;=:;- ~(.X\. (45) 

c .n;pyron croporrhl,BBJUY noToqeqHoli cxo.n;JmocTH Vd K \(x) rra 
orpesKe Ct,, -;<,] 

\n\X1)~ ~ 1.X 1) (46) 

H, cpaBHl'!Bal! COOTHOWeH\1>1 (45) H (46), l'!MeeM 

\ 1,-;< 1) = ~ Ch 
IToJiy'leHrroe nporusopeqHe c ycnoBHeM e.n;l'!HCTBeHHOCTH TO'lKl'l I, .n:o-
craBJiaromeli a6coJIIDTHh!li uaKCHYJM npe,n;eJihHOli rpyHKl\l'll'l ~(x:), .n;oKa3usa
er rrame yrsepllt.n;errl'!e, qro 

3N~.' Vn > N~. (47) 

~n('.<l)< mo."l( ~,("l():: ~,lXn). 
X€: tJ<,,,t_,] 

PaCCMaTpHBal! CJ!yqali (42) 1 COBeprneHHO aHaJIOrH'lHO y6eJK,n;ae!.!Cl!, 

t!TO 

3 N"l. ~ Vn.., Nz. 
(48) 

~n(X.,.)< mo..x ~ 11 (x)= ~,CtnL 
~ t (X,, X,] 

ITo onpe,n;eJieHMD BHnyKJIOli ¢yHKl\Hl'l 

\/ x< x1 

~,ex,)= ~ .. Ox+ (L-).Wn!~ ~~n(X) + (1-'~l~n<Xn\ A= ~:~: 1 

OT~y~,BBHAY HepaBeHCTBa (47), 

\ .. tx1)>). ~<x)"" u-~) l(~1 ), 

CJie,J;OBaTeJibHO, 

13 



\j n > N1 V x <X1 ~n(X) < ~nCXJ). (49) 

AHaJiorMttHO , 

V n > N~ \1 X> Xt \n(X) < ~n(l<'<). (50) 

B TaKOM CJiyttae,B CMJiy (47),(48), 

] N: V n > N \1 x ¢ [ X1, X~J 
(5I) 

~~~(~) < r;nu.x ~.ex)= ~ 11 (Xn), 
x ~ex •. x,J 

r. e. na•mnaH c neKoroporo n cymecrayer pernenHe sa,)laqM na ael-
comoTHbl/l MaKCMMyM na aceJ:I .n:eJ:IcTBMTeJibHOJ:I ocM .D:JIH WHKLlMA ~ 11 (X), 
li!Jli!QeM OliO llpMHa,ll;Jl6EHT 0Tpe3Ky (x.,X,J: 

3 N : V n> N j mQX ~n :x) & 
)( 

(52) 

mo.x ~n~X)= mo.x ~.(t.l= ~ 11 \Xn). 
~([,,1,) 

Tor,n:a COOTHOllieHMe (39) llpMHMMaer BM,ll; 

V£~o JN: Vn>N J mo.x ~nCXl & 

I n1 u. x ~" 1
,X) - m Q x ·~ ( x) 1 < t. , 

~ ~ 

qro H Tpe60BaJIOCb ,ll;OKa3aTb, 

JI e M M a 4 
B ycJIOBMHX Jie~ 3 

Xn~X. (58) 

n 0 K a 3 a T e Jl b C T B 0 

IIpoae.n:eM .D:OKa3aTeJibCTBO OT npOTHBnoro. nonycTHM, t!TO 

J E>O: V n 3 Nn > n : I X Nn- X I~ c. (54) 
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BH6pOCHB H3 !IOCJie,ll;OBaTeJibHOCTH {A/n} !IOBTOpHDmHeCH qJieHH, o6pasy
e.u nocJie,li;OBaTeJibnocrb {N~}. B TaKOY cnyttae {lc.Nd HBJIHetcH no.n:
nocne.n:oaareJibHOCTbro { )(Nn}, H, cne.n:oaareJibHO, no Jiewe 3 

~ N~ ( XN~) n=-;; ~ 01). (54) 

C ,n:pyroA croponw,corJiacno roJ:I xe Jielllle 3,coornornenMe (53) 
,~~;aer 

3N: \ln">N XN~ E [Xi,X-..J\ (X-f,X+E\ (55) 

nosrouy MS h.v~3 acer,11;a KO:a:Ho Bbl6paTb no,n:nocJie.n:oaareJibHOCTb {XN~}, 
CXO,l!;HI!IYDCH K neKOTOpouy xt- X : 

v~>O 3 N : v n > N I XN 11 - X I<(£ 
n ' 

(56) 

x ;~: x. (57) 

0rKy~ 1 BBH.n:y Henpepb!BHOCTM ~YHKUHH ~(X) (eM. ~oKasareJibCTBO JieM
w I),noJiyqaey 

V b>O 3 MJ: V n > M1 I~ (X.v~)- ~ CX)I<b. (58) 

CX.1. )(] 

ITo Jiewe 2 ~,(x)::::t~(x),nosroMy,S CMJIY (55) M roro, ttro 
N.n'!..__ oo MMee.u n--"_.., , 

v~ > o 3 Mz.: \1 n > M~ I ~N~ cxN~)- ~(XN~)i<S. (59) 

Cx~a~HBaB nottJienno nepaaeHcTaa (58),(59), y6ex~aeMcR, qTo 

tN"(XNn) t(X) J n n n- oo ~ · 
(60) 

CpaBHHBasi (60) c (54), yqMTHBaB, qro{~N~(xN~)} HBJIHetcH no.n;-
nocJie,n:oaareJibHOCTbD { lN~( ~N~ )} H npHHHMasi BO BHHKaHHe (57) 

1 
!10-

Jiyqae.u 

~(x)= ~Cx), x:~x. (6!) 

3TO COOTHOmeHMe npOTHBOpeqHT yc~OBHD e.n;HHCTBeHHOCTH pemeHHH 
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3a,!Lct'll1 H'i a6COJJKJTHb!ll MaKCHMYM ,ll;Jlll npe,ll;eJibHOI! cjlyHKL\HH ~ (X) 1 'ITO H 

.ILOKa3IIBaeT yT Bepl!C,ll;eHHe Jieill!b!. 

YcJJOBHe JieMAt 3 H 4 cymecTBOBaHHR H e,ll;HHCTBeHHOCTH ?-6COJIIDTHO

ro MaKCH!cyMa npe,ll;eJibHOlt cpyHKJ.U!H l ( x) B npr~uerremm K ceuencTBy 

BbiiTyKJJb!X ITO nepeMeHHOl! J- ¢YHKJ.U!ll J. (V j-) C TO'IKH 3peHHil cp11!3HKH 

03Hat~aeT 1 'ITO lHieeTCll Ilpii!HI.\"VlnHaJJbHall B03MOlKHOCTb Orrpe.l(eJieHI-fil B 

TepMO~HaMII!'I9CKOM npe,ll;CJJe XHMH'IeCKOrO ITOT8HUHaJia CHCT8Mbl HCXO,ll;ll 

11!3 OTHOU!81!11ll ee 06oeMa K cpe,ll;HeMy 'III!Clly tlaCTHI~, 'ITO 3aBe,ll;OBO Bb!

ITOJIHJieTCll ,!(Jill peaJibHb!X ClllCTeM. 

TaK~Iu o6pa3ou, npHMeHI!ll newru 3 Ill 4 K ceuel!cTBy cpyriKn>'~f.l 

:1 (V 1), y63JK,ll;aeMCll B TOM, 'ITO CITpaBe,l(JIHBa CJJe,ll;yiD!!ial! 

TeopeMa I 

IlycTb 
I) ,ll;JIR Mo.u;eJJbHoro f.lcV,j\ Ill arrrrpoKC11MHpyromero HocV!j\ (0..) raMHJib

TOHHaHOB Ilplll JII060M cp11KCHpOBaHHOM f ~meeT M8CTO aCHMITTOTI/l'leCKall 

6mt30CTb tpyHKL\111! cBo6o.n:Hof.l 3HeprH11: 

~v [ H cv!fl]- ~v[ ~~v·r(o.cv'f')) v _ oo 0 , 

r.u;e O..'"•fl- peUieH11e MHHHMaKCHOl! 3a,ll;at!l/l (2), 

2) rrpH JJD00M cjJHKCHpOBaHHOM .f 

eLm ~v[HocV,j)(a.(V,j))] = ~oo[H~J''(Q.(oQU"')] I 

v~oo 

(62) 

(€3) 

r,n:e ~~[ ii;{"'(u )) eCTb TIOTOt!etiHl:ltl npe,ll;eJI cjJyHK!lHI/l CBOOO,ll;HOt;t :meprHH 

annpoKcHrvrnpyromero rawtJibTOHJ'!aHa 

~oo(H~.i)(o.l1 =ei.m \ .. JH~v·Ji.'lil, 
v-oo 

a~'~·~)- pemeHHe MlllHHMaKcrrof.l 3a.u;aq11 (6) ,ll;JIR 3TOI! npe,n:eJibHOlt 

rpyHKL\11H, 

(64) 

Tor.n:a cymecTByer npe.n;eliLHOe npH V-oo 3rraqerrHe $yHKL\IIl>t cBo

Oo.n:rroll 3HeprH11 C11CTe!lhl c raMHJibTOHHaHOM 11 (V,j\, 3a,n:aarrol! oO'beMOM 

V 11 cpe.JUUUI 'lHCJIOil tlaCTHL\ JV 1 paBHOe 
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fl. \ r,,cv\f(.Ncv,ll_cv,~ur<v)ll)l- }.( )- (v'"",l_i_ (65) 
C:Lm ~vLHo tO. J J-mQ.X 00~J ! v<""\ 
~~ r l 

(l)C""l) (1J(oo) = ~0() [ ~0'1" )(ii~oO'J )) ' (66) 

cul"'lL r~e~ pemeHHe 3~atiH Ha aOCOJIDTHHlt KaKCIIlyYil nllll tPYHKnHH 

J c~,JI = ~ool H~f'\ (0. coo,J"''))+ Ju:..,,: 
( (00) 

j(oofj." ll=mn.X'J.(oo1/) (67) 
'0 j \ 

ul~ 1 - npe~eJILHOe srraqeH11e cpe.n:rrero oO~eKa CHcreMH, npHXO~Rmerocn 

Ha O,li;Hy tlaCTHL\Y 

v coo)= Pt m J{CVl 
u v-co 

(68) 

3 a M e q a H H e I 
YCJIOBHe (2) eCT6CTB6HHO B TOM CMHCJie, 'ITO OHO BHllOJ!HlleTCll 

,ll;Jifl BCeX HCCJI6,li;OBaBm11XCfl paHee CHCTeM (CK.,Harrp.,/I/-/
4/). 

3 a Y e q a H Ill e 2 
06HtiHO pemerr11e llHHHKaKCHOR 3~aqH (6) ~ll npe.u;eJibHOR ~YHK

~HH CBOOO,ll;HO!t 3HeprHH annpOKCHYBpyD~ero raUHHbTOHHaHa (64) CBO

~HTCR K HCCHe~OBaHHD CHCTeKH ypaBHeHHf.l 

d ~00 (l.j~J''(o.)] 
oQm = 0, (m=l, ... , '!.+;',). 

(69) 

B raKOY CJiyqae ycnoBHe a6coJIIOTHoro MaKcHMyKa (57), 3KBHBaneHTHoe 

ypaBHeHHD 

[) ~ .... [ H OCJ')( 0. '""0""1)) 1 

'f>yc =- u""'l 
(70) 

(CM. n.2), Ilp11HHMaeT BH,ll; 

a~- c H~f''cn c"":J"')J __ _!_ (7!) T - u(oo) l 

IIOCKOJI:blty 
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!li·:::>Li-idt''(O..('"':f')J _ ~·~ ·~_[1-l~t'~o_:J I • 'd"QC,:,"';J) 
c. - ·- " I -(.<><>, !") ., 7--JrJ... n1:i VClM 1 Q:Q.: tJ r-:r 
t-~ J __ b-,[82J"-.'[ci'-""'U"))] _ ';:>~noCH~J")(Q_~~sl~_l] - (72) 

~if- - -~ 

Tor~a HaXO~~eHHe aCHKITTOTHqecKH TO'IHOrO 3HaqeHHH ~YHK~H CBO

CiO,ll;HOil 3HeprHH cHcte~ru c rrum:JibTOHHaHOM H LVJ"-\ sa~aHHoll oCi'heMOK 

V 11 cpe~HHM '111CJIO.M qaCTHU Jv-, CBO,II;HTCH K Bh!qHCJI8HHJ) npe~eJibHon 
4JYHKI~HI1 c Bo6o~Hoti 3neprHH annpoKCHIIHpynmero ra.MHJihTOHHaHa H ~Vfi. Q) 
npH 3Ha'I8HHIIX CL, 11 J• y,n;oBJI8TBOpil!OIJIIIX CI'!CTeMe ypaBHeHHI\ 

1 
~-1 ~I~_ 0t!\?.:l1 " 0 (I) I= 1 1: + 0 ' . -, ) '> ... '., '.) ) ' (/ Q," 
.- L-,, (JV.)IQ)-l 
tJ ~0<.:~ 111.). \... =- --'--'-

~- vt•><•l 

(7::3) 

4 • 3AKJIDqEHJ1E 

Pe3yJihTaTOM HaCTOilii1811 piiOOTH HBJIIIBTC!l MO,llJ,l!jJI1Kaf\Hil MCTO,n;a 

H.H.LorOJIDOOBa (MJI.) ,II;JI!l np!lMOro npHM9H8HI1il ITpH HCCJI8,11;0BaHI1H MHO

roqaCTV!'IHHX KBaHTOBb!X CHCTBM, 311)\aH!fhlX 00'b9MOM H CjJC,ll.HHM 'IHCJIOM 

qacnq, 

raK, a reopeMe I B ClKaTOM Bvr,n;e ccpopuym1poaan crrocoo TO'!Horo 

B TCp!AD~VlllliM!I!tleCIW1l rrpe~CJie BfJtjHCJieH!1il .jiyHKTU!I1 CBOOO~IlOil 3Hepnm 

Ta!U!X CHCT8M nyteM peWCHli!ll 3:-t,ll;at!H Ha a6COJ!KlTHHI\ MaKCHMyM OTHOCK

T8JlhHO XUMI1ti8CKOrO ITOTCHL\MctJia, ("- J\Jiil BCITOMOrateJib!!Oll 1]1yHK {Hill 

j_ (.,., d") (IC). 3a.MC'IIii!MC 2 K TeopeMe I yTB8p1!:~aet B031JOl!HOCTb CBe

,ll.CHMII llCHMITTOTH'ICCKM TO'IHOrO Bhlt!RCJICHHII CB060lHOI1 3HeprKI'l K pewe

Hli!RJ CHCT8Mbl ypaBH8HHI1 CaMOCOrJiaCOBaHI'lll COBM8CTIIO C ypaBH8lll'l8M ,llJIP. 

X!IIMI'lti8CKOrO llOT8HL\lllliJia ~JIH rrpe~eJJbH0!1 rflYHKT\11!11 CB060,ll!!OI1 3HeprHli! 

arrnpoKcHr.rnpyDmero rruJHJihTOHKaHa (73). 

IIOJiytleHHHf.l pe3yJibTaT 3HatiVIT8JlhHO paCillHjlli8T BOSH0liti!OCTI1 Mate

MLIT!II'I8CKH CTjJOrJ.!X !IICCJI8~0BilHHI1 )\Jill ITOJJYt18Hl1l! aCHMITTOTI1ti8CKH TO'I

HHX peillCHHtl B CTilTI!CTI'l'IBCKOil .MeXIlHMKe MO~eJibHHX Cl~CT9M !II rrpeJ\

CTaBJII!8T CaMOCTOHT8JlhHHH HHTepec ~Jill pn3B!IITHH M8TOla arrnpOKC11MH

pyDPUE ra.MHJihTOHHi1HOB. 

f!OJib3Yl!Ch cnyqaeM, asropu BHpaxaror rny6oKyJO OJiaro~apHOCTb rrpo-
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~eccopy H.H.EorOJIJOOOBY l~.) sa ITOCTaHOBKY 3a,n;aqH n ITOCTOHHHOe 

BH!IIKaHHe K pa6ore,a raKze yqacTHHKaM ceMHHapa ceKTopa reopHH KOH

,lJ;eHcwpoaaHHoro COCTOIIH!IIH JiT.P 0IDfi1 sa ITOJI93Hb!9 oOcyllt~eHHl!. 
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