
P5 - 10237 

r I '13 3 I lf - l'fjt_ 
I s"V v / 

A.H.EpMHJIOB, A.M.Kyp6aToB 

BMqHcnEHHE TEPMO~HHAMHqECKHX CPE~HHX 

8 PAMKAX METO~A H.H.BOrOniOBOBA(MJI .) 

~nH MHHHMAKCHOM 3A~AqH OBIUErO BH,l(A 



739/2-77 np. 
EDMMJlOB,A.H. 11 

KYD6axoB,A.JA 
BullMCJieHMe 

eCKMX ••• • 

1976. 

P5 - 10237 

A.H.EpMHJIOB, A.M.Kyp6aToB 

BMqHCREHHE TEPMO~HHAMHqECKHX CPE~HHX 

B PAMKAX METO~A H.H.BOrOJIIOBOBA(MJI.) 

~JIH MHHHMAKCHOM 3A~AqH OBlQErO BH~A 



EpMHnoB A,H,, Kyp6aToB A.M. 
P5 - 10237 

BwqHcnenHe TepMonHHBMH'!eCKHx cpennHx B paMKax MeTona 

H.H,Eoron~60B8 (Mn,) UnR MHHHMBKCHOH aana'IH o6mero BHna 

B H8CTORmeH pa6oTe peanH30B8H8 rrporpaMMa TO'!Horo B TepMOUHH8MH­
'!eCKO!\.f rrpenene Bbl'IHCneHHR CT8THCTH'!eCKHX CpenHHX B p8MK8X MeTona 
H.H.Eoromo6oBa ( Mn,), HaMe'!eHHBR a pa6oTe /4/ • 

Pa6oTa Bb!ITOnHeHa B na6opaTopHH TeopeTH'!eCKDH ¢H3HKH Ol1Hl1, 

Coo6meHMe 06beAMHeHHoro MHCTMTyTa BAepHNX MCC~eAOBaHH~ 
,ay6Ha 1976 

Ermilov A.N., Kurbatov A.M. P5 - 10237 

Calculation of Thermodynamical Averages 
in the Frame of N.N.Bogolubov (Jr.) Method 
for Minimax Problem of General Form 

In the present paper the program of thermodynamical 
exact calculation of statistical averages outlined in 
paper 141 is implemented. 

The investigation has been performed at the 
Laboratory of Theoretical Physics. JINR. 

Communication of the Joint lnRtitute for Nuclear ReRearch 

Dubna 1976 

C 1976 06wCiuNerncw~ UNC8118JIII JICiepNwx ucc.JteCioeaNu~)b6Na 

I . BBE.IlElillE 

fipH HCCAeXOBaHHH KHOroqaCTHqHHX KBaHTOBHX CHCTeM 3HaqHT8AL­

HHI ycnex 6Hn XOCTHrHyT B paMKaX MeTOXa H.H.EoronD60Ba (wn.) /I ' 
2/, CyTL 3TOrO MeTOXa COCTOHT B nepeXO~e OT 3~aqH C HCXO~HHY 

YOl8ALHHY raKHAbTOHHaHOY, pemeHHe KOTOpOI He npelCTa~ReTCR B03-
MOZHHY npRMHKH MeTOlaMH, K TOqHO pemaewol MOleALHOI 3alaqe C 

onpexeneHHHY o6pa30M KOHCTpyHpyeYHM annpOKCHMHpyDmHM raYHALTOHH­
aHOM C fiOCA8lYDmHY lOKa3aT8AbCTBOM TOrO, qTQ CB000lHHe 3HeprHH, 
KOppeAR~HOHHHe $yHKUHH H TepMOlHHaMHqeCKHe cpelHHe, BHqHCAeHHHe 
Ha OCHOBe 3THX raMHAhTOHHaHOB,COBnalaDT B TepMOlHHaMHqeCKOM npe­
xene. CneAyeT no~epKHYTh aeo6xolHMOCTh lOKa3aTenhcTBa acHMTITO­
TMqecKoA 6AM30CTH CTaTHCTHqeCKHX cpelHHX onepaTOpOB, BXOlRmHX B 
•Ol6AhHHI raYHALTOHHaH, T.K. OHH HBAHDTCH HadncxaeMHMH 
HCCAeAJeMOI CHCTeMH (Hanp.,aauarHHqeHHOCTL, napaweTp 3HepreTH­
qecKOI menH H T.n.) H HX aHaiHTHqecKHe CBOICTBa npelCTaBARDT HaY 
TOqHJD KapTHHY DOBeleHHR $H3HqeCKHX xapaKTepHCTHK CHCT8YH B Tep­
KOlHHaYHqeCKOM npeleAe,B TOM qzcne D03BOAHDT CyAHTL 0 HaAHqHH B 
CHCTeMe rex HAM HHHX BaXHHX CBOICTB. B qaCTHOCTH,HM8HHO TepMOlH­
HaMHqeCKH8 cpeXHHe fi03BOARDT onpeleA~Tb B03MOXHOCTL $a30BOrO npe-

BpameHHR. 
Bonpoc o6 acHMnTOTHqecKoA 6nH30CTH TepMOlHHaMwqecKHX cpeAHHX, 

BHqHCA8HHHX Ha OCHOBe TepMO~HaMHqeCKH 3KBHBaAeHTHHX raMHRLTOHH­
aHOB (B CKHCAe BeHT~8AR 73/), dHA npoaHaAH3HpOBaH B pa6oTe /

4
/ Ha 

npHMepe MOAeAR C qeTHpex$epMHOHHHM OTpMnaTeALHHM B3aHMO~e~CTBHeM, 
MeToxou, paaBHTHM B aToA padore,cnyqaR xanLHO,eRcrsycmero $eppo­

uarHHTHoro B3aHMOAeRCTBMH paCCYaTpHBanca B /
5 

• 
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J Hacronmen pa6ore Hccne~OBaHHe Bonpoca acHMITTOTHqecRH roqHo­
ro B&qHCReHHH TepMO~HHaMI!:qecKHX Cpe~HHX rrpOBO~HTCH ~HH m~pOKOro 
Knacca raMI!:RbTOHHaHOB, CO~ep~a~HX qneHU KaK C OTpH~aTeRbHUM1 Tax 

1!: C nonO~TeHbHHM B3aHMO~eRCTBI!:eM 06~ero Bl!:~a. Pe3yHbTaTH HameR 
pa60TU ~aDT B03MOXHOCTb rrpH 1!:3yqeHHH KaK ROHKpeTHHX 3a~aq,TaK H 
~eRHX KRaCCOB MO~eRbHHX CHCTeU orpaHHqHTbCR ~OKa3aTeHbCTBOM RHIDb 
aCHMITTOTV.qecKOR 6HH30CTH CB060~HHX 3HeprHR KO~eRbHOrO 1!: anrrpOKCH­
¥Hpyn~ero raMI!:RbTOHHaHOB, ITOCKOHbKy, KaK ITOKa3aHO HHXe, 1!:3 3TO­
ro cne~yer coBna~eHHe B repMO~HHaMHqecxou npe~ene coorBercrByn­

mHX Cpe~HHX BO BCeX TOqKax, B KOTOpHX OTCJTCTByeT ¢630BHR nepe­
XO~. 

B CBH3H C 3THM Cne~yer OTM8THTb 1 qro B TepMHHaX ~YHKUHH CB0-
60~HOR 3HeprHH HaRHqHe ~30Boro nepexo~a B HexoropoR roqKe osHa­
qaer pa3pHB rrepBOR npOH3BO~HOR ~YHK~HH CB060~HOH 3HeprHH no CO­
OTB8TCTByD~eMy HCTOqHHKy HHH Xe TOT ~aKT 1 qro ee He cy~eCTByer. 
lloarouy rpe6yeuoe B pauKax Hacroa~eR pa6oru cy~ecrBoBaHHe He­
Koropb!x npOH3BO~HliiX ITO HCTOqHHKaM 03HaqaeT,'ITO aCHMITTOTHqeCKH 
TOqHoe BHqHCReHHe tepMO~HHaMHqeCKHX cpe~HHX npOBO~PITCJJ BHe TOqeR 
~asoBoro nepexo~a. 

2. ACUMIITO'fW!EC!illE 3HAqBHVV! C'fATRCTWiECIDIX CPEJIH'HX KAR 
ITPOH3BOAHUE ITPEJIEHhHOM PYHKUHM CBOEOJIHOR 3HEPrHH ITO 
HC TOqH11!\AM 

MtaK, paCCMOTpHM cne~yn~HR KHacc MO~eRbHHX rauHRbTOHHaHOB: 

t + t·~ + ~·; + 
~=T-VLI\l,AiAi.+VL" vJAAi + V2__ (-v.,A"'+v~A.,) 1 l•l a· rt•l o, d d 11'1•1 

(I) 
-~ A+ r~e'T=T, A .. , m- ~HB.MHqecne oneparopbl PIRH KOHCTPYKIU!H H3 HHX, 

xoropue B ~aHHOV. pa6ore He KOHKperusHpynrca, ~111 - nonorwrenbHHe 
qHCRa, V - 06neM CHCTeUN~) 

*) 3~ecb H ~anee HH~eKc ~ npoOeraer saaqeHHH 
or l ~o t•~, HH.llexcu L H e - or 1. ~o t, j H t - or t•l ~o t•~. Kpo­
ue TOrO, HH~8KC k rrpHHHMaeT rrpOH3BOHbHOe $HKCHpOBaHHOe 3HaqeHH8 
OT l ,J;O t•~, HH,J;eKC p - npOH3BORbHOe ~HKCKpOBaHHOe 3HatteHHe OT 1 
~o ~ H HH~exc q - npoH3Bon&Hoe ~HKCHposaaaoe 3HaqeaHe or L+l ,~;o t+!. • 
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JlaHHH~ KHacc MOAeneR 
KH BaEHHe raMHJibTOHHaHH. 
B paOorax /1,2,4-ll/, 

BKnnqaer B ceOa MHoroqPJcneHHHe ~H3Hqec­
ITpHueps KOHKpeTHHX MO~e~eR UOXHO Ha~TH 

B COOTBeTCTBHH C / 2/ annpOKCHMHpym~l raMHnbTOHHaH HMeeT 

BHA 

1-i (ii(v')=T- V t "f· (O.'v,A\a..N'+A.-u-\.v);;Cv't'-
o i.:i Q l I l L l \ Ut , ) 

,.~ VjtT ~ ,1- 'tt~ -tV> + _c -1: (II)\ ;:- + + 
+ V f. '\1; lai Ai + O.i Ar~ · )-'J L ~m Am -r v,., A,.,), (2) 

r''i dd a d <) ..~ ..1 *'l 
-M -M 

rAe nocroaHase a~ onpe~enamrca H3 ycnoBHB MHHHMaKca: cHattana ad 
onpe~enanrca KaK $yHK~KH a, cornacao ycnoBHD aOconnraoro waKCHMY­

ua $yHK~HH CB060,J;HO~ 3HeprHH 

t' 
~v [t']=- ~ BnSp e- T 

Ana annpoKCHMHpym~ero raMHnbTOHHaHa H.(Q) no nepeueHHHM Qj 

~v [ ~o(a,, ~cv\a. ))}="'a_ ax ~v [ HJo;,ad )] , 
d 

(3) 

a 3aTeM Q~l H3 JCJIOBHH 

~ [ 11 1-tVJ '0-{V) -tV>)]_ · ~ [ 11 1 ~M )] 
J v no' U; ) ~ W; ) - ~; n J v no, Qi, ~ ( 0;) , 

(4) 

O.(V) = ~.(v> <ii(v') 
d J l 

(5) 

B nn6oR roqKeV,llH$¢epeanHpyeuocrH ~.(H) H ~v[H.(d.~J no Hcroq-

HHKY "k 

lWHJ=<A+~V> ;J~v[HJ=(A t) (6) 
~'II._ 1c I H , v~ k H , 

U,_v(l-lo(O..tVl\J t lV) ~1. [H.(O.'"')] ~V> 
";Jvk = <Ak/l1(ii(v'\) 'dv~ "<Ak;H(ii.'v'\· (7) 

06o3aaqaa v, = x,..+i~.., uaxo.I(Hu, qro B KaXAO~ roqxe v ,I(JI!M>epeanHpye­

uocu ~v[H) • ~.['i-l.(iit¥1) no Vk. 

U:dill = 't +A }VJ lldill =· 1 A+ -A )(v) <s> 
Jxk Z k k H ~ 'dJk: t \ k k H , 
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djv[fi.Ui'v')] 
d~k. + CV) i,J.[H.(Q.c"')J . + "V) (9) 

< Ak+ A~:,)fi.(o..'y')), 'dJ~< - t<'A(-AJ.l~-J.(a.<vlh 
OTKJ,Jta 

A d>_.i { ~k[HJ +. ~~~[H]J < kIll - ~ :<k t die > 

A ,cv> _J r ? 1vnMa.'v'l1 + i. 
< k '~.cn.cv'> - z. t ~Xl: 

(IO) 

~.LCHo(iicv'l]j 
9Jk . (II) 

TaKHM o6pa30M, .ltnR TOrO ~T06H HCCRe~OBaTb aCHMTITOTH~eCKOe 
(\') A CV) noBe.lleHxe repMO.IlHH8JOI~ecKHX cpe.I!HHX <A q H ( kl~.<a.'V>> Heo6xo,JtHuo 

paCCMOTpeTh npOH3BO,ltHHe COOTBeTCTByD~HX ~YHK~HI CB060,JtHOI 3HeP­
rHH no ,JteiCTBHTeHbHOI H MHHMOI ~aCTRM HCTOqHHKa v~: 

'.i~vUil dAvUI] 'dh[H.(Ocv1
)] ~jy[J..i.(ilcv>J] 

'd4 ' T l 2xk. 1 ?;1.: · 
Cao6o,~taue 3Heprxx jv[ H] H 1 vC ~. ( il'V> )] RBJIRDTCR semecTBeHHH­

IoG! <flYHK~H.fiMH aemeCTBeHHHX apryMeHTOB Xk H Jb npH~eM OHH HMeDT 
BH,l!; 

~v[OC+i·$], (t ~xk.J~:.; e;e_t-:1)(, ~£,'~~ \. 

TaK,HanpHMep, 

't -+ l+~ + ttl + 

1vf~J ~ ~JT- V L ~·, Ai Al + V L._ vJAJAi + V 'L Cv"' A,+v~ A,) 
d •·l a J'"J d d m•i 

+ < (~) mfk d·O 
+'j\V(Ak-Ak) + Xk V(Ak+Ak)] =~v[C7(,, + xk·~xl]. 

~R BCeX peaJtbHHX CHCTeY BTOpHe qaCTHHe npOH3BO,ltHUe CB060~­
HHX 3HeprHI .}v[HJ H £v[Ho (O.'v')1 KaK ~YHKQKH XI. (Jk) CYilleCTBJDT 

Ha 111l60M HHTepBMe ( x_kll, X~'1 ) ((~ 'C •:f~'l)) BCil,Jty sa HCltJID~eHHeY, 6HTb 
MOZeT,KOHeqHOro qwc11a Toqex, )eRCTBHTeRbHO, C TOqKH speHHR ~H3H­
KH OTCyTCTBHe B HeKOTOpOI TOqKe V BTOpol npOH3BO,IlHOA ~YHKQHH 

CB060,JtHOA 3HeprHH no HCTOqHHKY 03Haqaer JIH60 HaJixqxe B 3TOA TOq­

Ke <Pasosoro nepexo,~ta nepaoro KJIH aroporo po,~ta, nx6o cxaqKoo6pas­

Hoe H3MeHeHHe TepYO,ltHHaMHqecKHX napaMeTpOB CHCTeMH,.IlOITyCKaeMoe 

onpe~eJieHHOA CHKUeTpHel CHCTe~npH CHRTHH ee B~DqeHHeM HCTOq­

HHKOB; HO nepBBJI B03JlOZHOCTb B Tep.llO,li;HHB.llH~eCKHX CHC.TOMaX .llOll:eT 

6 

( 

peaJIH30BHBaTbCR Ha nD60M HHTepBBAe He 6011ee, qey B KOHeqHOM qnc­

ne TOqeK, a BTOpaR XHIDb npH HyReBHX 3Ha~eHHRX HCTOqHHKOB. 
B CBR3H c 3THY oJie.llyer sa.MeT>!Th, qro HaKna.n;uaaeMHe HHll:e ycno­

BHR cymeCTBOBaHHR npOH3BO,li;HUX no HCTOqHHKaM npH HCCRe,JI;OBaHKH no­

Be,ll;eHHR TepllOAHHaMHqeCKHX cpe.I!HHX B HeXOTOpOA TOqKe V He KCKRD­
qaDT ITOJiyqeHHR HX aCH1mTOTHqecKOrO 3HaqeHHR B ~H3HqeCKH BaXHUX 

CJiyqa.JIX HyJieBHX HCTOqHHKOB, T,K, BHqHCJieHHe TepMO,JI;HHatrnqeCKHX 

cpe.n;HHX B 3THX TOq~aX npOBO,II;HTCR COrJiaCHO KOHQenUHH KBa3HCpe.llHHX 1 

a HV:6HHO, cpH3HqeCKH HHTepeCHii1!H RBJIRJOTCSl npe.n;eRbHh!e 3HaqeHHR 

eim <A /fie"). 
v-o 

l1TaK, lv [ \1] H ~ .,[ Ho (ii'-v' )] RBJIRDTC.II semecTBeHHHMH ~YHKUH.IIMH 

BemeCTBeHHHX nepeMeHHHX x, H ~k BH,II;a ~.(IX +t·£-] 1 npHqe:u: BTOpue 
HX npOH3BO,II;HHe no i cymecTBYDT Ha nD60M HHTepBa1!e ( t <•l, i''l) BCJl.ltY 

Kpoue, 6~<Tb I.IOxeT, KOHeqHoro qHcna roqex. nssecTHO Ill, qro B JID-

6ott TOqKe cymeCTBOBaHHR BTOpOtl npoH3BO.IlHOtl ~/[ iJ1 0. l!el!CTBHTeRb­

HO, ,II;HljxpepeHAKPYR H 0603Ha<ta.JI IX d.·:/i qepe3 f 1 HMeeM 

i 

<n.J Q( + Le=J = _ ':l \ 
Jj_t El J 

S p { J e- f r ,) e- y-t) 
Sp e-it" 

r.lle 

(VJ 

.)= !15-<~lt" 0"'"' ,j . 

ITepeXO~ K MaTpHqHOMY npe.n;cTaBJieHHID 1 B KOTOpOM r ,II;HaroaaneH, 

Hafi,B;Oll /I/: 
1 

t~10t>L~J,_ y_ \ ( ~ -ft;; J -yte d 
()f' QBL )vene nee 'l 

e',n o t .I r.: i-< ¥1 
=- Y [ I.Jenlt )e-e "- 9 1

£ d< 
Qg l,n o _ t': t'e 

(12) =- '::1.. h I J It e a- e- a ~ 0 
Qe [" -r. - r. . ,n e 1'1 

I!OCKOJibKY Ha JID60M HHTepBa1!e ( {"', t,"') BTOpaR npOH3BO.IlHM l
1:l t'J 

cymecTByeT BCD.I!Y KpOMe, 6HTb MOZeT, KOHeqaorO qHCJia roqeK, TO H 
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nepsaa npoHaso~naa \~[fJ TaKxe cymecTsyeT na ~mOoK HHTepsane 

( l"', t ''l) BCD~y Kpo~o~e 1 6HTL MoxeT 1 KOHet~noro 'IHCJra ToqeK. IlycTL B 

TO'!Ke l = io i~fr] cymecTsyeT. Tor~a HaR.nerca: 'b.>o TaKoe
1 

'ITO j~fr] 
cymecrsyeT BCD~y na HHTepsane U. -6.

1 
lo + S.). 

EcHH BTopaa npo~r~aso.n:naa: j~[f] cymecTsyeT B TOqKei Eto, TO 

Ha~,l!eTCSJ 6 ~ (o 1 6o) TaKoe, 'ITO j:[t'j CYIII8CTByeT BCD.I!y Ha ({
0 
-b,{.+b). 

TaK KaK B .lfD6oR TO'!Ke cymeCTBOBaHHSJ j~[f]~o, TO Ra HRTepsane 

(t.-S1 {. S) 4lYHK!lHSJ cao6o.nnoR :meprJIH £v[Ot?+{~] BimyKJia ssepx. 

ECJIH BTOpaR npOH3BO,I!HaR J: [f] He cymecTByeT B TO 'IKe t = fo
1 

TO 

naR.n:eTcll b1 odi'~So 1 TaKoe 1 t~To j:cn cymecrsyer scD.ny na (1.-S,-l.+S) 
KpOMe TO'!KH t= ~ •• !IOCKOHLKy Ha HHTepsane <io -b 

1 
to) J:[r] cymecTBy­

eT BCJJ,!!y H BCJJ,!!y (!2) 

TO 

~;'rrJ~o, 

Vtl,tEU.-8,i.): tl<t~ 

~~ r ru,)J ~ ~~ r rct)J. 
Tot~Ho TaK xe 

\j t, ( E Ua, fa•S): ti dt 

~~ [f(tl)J ~ ~~ [f( UJ. 
!Ioxaxev Teneph 1 liTO 

\/L,E(io-8,to) 

~~ [ n Uh ~~ [fUo )J. 

(!3) 

(!4) 

(!5) 

!IpoBe,l!elol ,I!OKa3aTe.lfhCTBO OT llpOTHBHOrO. !Ipe,!!OOHOXRY, qTo 3TO 
ne raK: nyCTb 

J 11 E Uo-O,to): ~~rn~)J < ~;rru.)J. (I6) 

8 

I 

r 

B CHJIY cymecnosaHHll j~[l(t)] BCD.IlY na <lo -b. 1 to +S•) ~v[f(t)) 
Henpepl:iBHa Ha (to-01 -L.] , <i>yHKUI!ll ~~ [f ( t )] MOHOTOHHO y6HBa8T Ha 

<t. -S, t
0

) 
1 

nonouy cy!l4eCTByeT (KoHetlHI:iR i!JUl OecKoHe'IHH~O npe.nen 

~~[t' ({)] nplrl t.--l.-o. cor.11acHo Teopewe o npe.nene npo~r~aso,n:Hot! 
3TOT npe.l{eJI paBeH npOH3BO.l{HO~ B TO'!Ke ts-loJ~[r( to )] 1 KOTOpa!! no 

npe.nnonoxeHHD cymecTsyeT 1 H1 cne.nosarenhH0 1 KOHe'!eH. 
TaKHiol o6paaou:, 9 ( 0 = ~v[r< UJ nenpepbiBHa na oTpeaKe LC , {. ]<::: 

( ~ -6, -l.o]; ee npOH3BO.llHaR g' (0= J~[f(t)] cymecrsye! H~ Hl!Tepsane 

({
11 

~ o). Tor .n;a no Teopeue narpanxa na~.n;eTca TO'!Ka t E( i1 , to ) c: 

<to -b,to) TaKa!!, 'ITO 

~~ l reT)]~ 1~ En~o)J_-f~rru~)J >D. 
0 l 

ITonyqeH!lOe COOTHOD!elllrl9 npOTMBOpel!viT HepaBellCTBY ( 12), 'ITO H .l{OKa-

31:iBa9T yTBepx.neHHe (!5). 
CoaepmellHO a!lanorH'lHO 

\j t'l.. E Uo 1 to'" b) 

~
1

v [ t' ( L>h ~~ [ f ( L)1 • 

}!a HepaseHCTB (!3)-(!5), (17) cne.n;yeT, 'ITO 

\IL)zE.U/b,to+b): {Ld~ 

~~ [ nL)1 ~ ~~ L I'(U], 

(17) 

(1P) 

T. e, 
1 
'ITO H B TOM cnyqae 

1 
KOr ,n:a BTOpall npOH3BO.l{Hall no { rpyHKUHH 

~.[at+-/_.~) He cymecT syeT B TO 'IKe l =to, Taue HaUeTeR IIIHTepsan 
(-/

0 
-~1 lo+b) (b>0)

1 
B KOTOpOM ~v[tX+t·~J MOHOTOllHO He B03pacTaeT, 

T.e. ciJyHKUIUI ~vl~+t:~] swnyKna asepx. 
BocnonhayeMCll Teneph Teopeuo~ I'p>$fnrrca11

2/, Koropaa rnacHT: 

eCHH nocne.D:OBaTeHbHOCTb BblllYKHbiX .llM¢¢epellUHpyeMUX Ha HHTepBane 

( t '''
1 

t''l) tPYHKUH~ t ~ .. ( t )J CXO.l{HTCII TIOT0'18'lHO K HeKOTOpO~ !jlyHKUHH 
~ ( t) Ha ( t <•)

1 
('') 

1 
TO B Ka:Z.l{O~ TO'IK9 IWTepBaJia ({U)1 (') HenpepYBHO~ 

9 



~H~epeHUHpyeMOCTH npe~eHbHOI ~YHKUHH j(t) nocne~OBaT8HbHOCTb 
npOH3BO~HiiX /j: ( f )j CXO,I(PITCH K J 1 ( t) • 

3aueTHU1 QTO YCHOBHH TeopeMH fpmppHTca MOXHO H8CKOHbKO OC1Ia-
6P!Tb. A HM8HHOJTpe60BaHHe HenpepHBHOCTH npOH3BO,I(HO~ npe.l(eHbHO~ 
~YHKUPIH J1 

(i) B Toqxe t KOZHO 38K8HP!Th Tpe60BaHH8K cymecrBOBaHHH 
3TOI npOH3BO,I(HOI B H8KOTOpOI KaK yrO,I(HO MBAO~ OKpeCTHOCTH TOqKPI 
t. ]e~CTBHT8XbHO KaK nOTOqeqHHa npe~en BHnyKJIHX ~YHXnPIH J~(t) 
npe.I(6RbHaR ~YHK~HH ~ (t) BHnyKHa; HOB TaKOM CJiyqae H3 cy~eCTBO­
HHH ee npOH3BO~HOR B HeKOTOpOI 0Kp6CTHOCTH TOQKPI t CHe.l(yeT, qro 
nocne.I(HRH MOHOTOHHa B 3TOR OKpeCTHOCTH a CTano 6HTb PI HenpepHBHa 
B 3TOR OKpeCTHOCTPI, B 4aCTHOCTH PI B CaMOR TOqKe t. 

TaxHM o6pa3ow, ecnR cy~ecrayer noroqequu~ npe,~~;en ~YHK~HI 
~v[oe + t ~] llPH V- <><:> 

~oo[CX·L-~] "'ti.m ~v[~+L·~], 
V--+oo 

(I9) 

TO B Ka.Z~Oit TOqJCe t 1 B KOTOpOH cy~eCTBYDT npOH3BO,B;HHe ~~ ( -t)t +~:~ 
a npOH3BO.I(HaR npe.ll;eJILHCH !{JyHKL(HH ~:., [ et + t· ~J Cy~eCTByeT B HeKo­
TOpOH OKpeCTHOCTH TOQKPI {, 

~~ [(X+{:I;]v~ J~[ot+ L~]. 
il03TOKy 

J + CVl ':!Jvfft(v) =: (' Ak + Ak)H(") ~ 
Yll<'/, 

J + (V) --';Jjv[H<v) :i.(Al,-Ak/H(~)v~oo 
~Jk 

?J..oLHCvl] 
'i!<k 

J~oo [ HCv)] 

"Jk. 

(20) 

(2I) 

(22) 

eCHH clJYHKL(HJI CBOCiO,li;HO~ 3HeprHH ~HctJcpepeHL(Hpyewa no HCTOQHHKY \1~ B 

TOqxe v, a npe.ll;eHLHaR ~YHXUP!ft CBOCiO.li;HOH 3HeprHH M0.1(8HbHOrO raKMJih­
TOHHaBa Cy~eCTBJ8T PI .li;H¢!{JepeHL(HpyeKa B H8KOTOpOR OitpeCTHOCTR vt. 
CHe.I(OBaTeJihHO,B TaKOK CJiyqae 

A ~V) _ .l:. { 'IJoO[H(v)] + l 'd~oofH(vl]J = 'dj...,[H(v)], (
23

) 
( k 1-l<~)v-ao z. 'd~l... ?Jk 'dvk 

PI TeM CaMUM .J{OK8.38.Ba 

10 

I 

·r 

T e o p e K a I 

ECJIPI A]JR MO.I(61IbHOrO raKHJihTOHBaBa P13 KHacca (I) cy~eCTByeT 
npH V--oc npe.I(61ILHOe 3H8118BH8 clJYHK~H CBOCiO.li;HOI 3HeprPIH 

ei.m ~JHc\n1 = ~oo[H(v)], 
V-+o<> 

(24) 

ro B xaz.u;ol ro11Ke \1 , B ItOTopoR cym:ecrayer qacTHM npoH3BO.I(HaR 
!{lyHX~PI CBOCiO,I(HOR 3HeprPIH npH KOHeqHOK OCi~ewe lv(H (v)] no HC­
T011HPIKY Vk (Uk.~'t+~), a npOH3BO.I(HaJI no vk(i4kn+!l) npe;B;eJILHOI 
!{lyHK~H CBOCiO.li;HO! 3HeprHH ~...,(H(VJ] cy~ecrayer B H8KOTOpOR CKOJib 
yro.li;HO KB.JIOit oKpecruocu 'll, cylllecrsyer npe,~~;en npH v-- o0 repMo­
.D:HBaKH~ecitoro cpeAUero oneparopa Ak (l~k,t+!l) no raYHHLTOHHaHy 
~(~), paBHHI npOH3BO~OI npe.l(e~•BOI <fJYHK~H CBOClO,II;HOI 3BeprHH no 

+ 
HCT011BHitY V!o (i'k$t+~): 

r. /A )<V) _ 'd~..,[HCv)J 
{Ln'l "-. k - '1 + 
v--oo H<v) ov1c. 

(25) 

0.1(BaKO, It COzaJieHHD,MH He MOZeK aHanOrH11HHK o6pa30M HCfi0Jib-

30BaTL reopeyY fpH¢¢HTC8 ARH AOKa3aT8HbCTBa TOro, qTO 

o. m /A, ..tV\ - d l""[H('I)) (26) 
( l <.. k / - (V) - '\ + 
v-- H0 (Q (v),'J) ov,_ 

(npH yc~OBHR, 11TO HK88T KeCTO aCHUTITOTHqecKM 6~H30CTL ~yHK~HA 
CB060.I(HOA 3HeprHH KO,I(8RbHOrO (I) H annpOKCHYHpyD~ero (2) raYHHL­
TOHBaHOB), TaK ItaK CBOClO,II;HaH 3HeprKH annpOKCHtmpymmero r8KP!JibTO­

HHaHa RBJIH8TCft CROXHOI ~JHKL(HeR HCTOQHHKOB \1 BH,I(a 

~v[Ho(ii< .. \y)~ 'J)]
1 

(1'7) 

•• Boo6•e roBOpJI, nocne.l(osarenuocn ~ .. J H. ( Q<V>(\l), ·./)) cxo,~~;ncs 
K npe.l(eUHOI <fJYHltltPIH l~fH( .J)1 .I .. L B roqJte 'I 

1 "'\). 
C .l(pyrol cropouu, uecKorp.a ua ro, qro cpe~ee onepaTopa A.._ 

paBHO TaK%6 IJO~HOI qaCTHOI npOK3BO~OI !{lyHKUKH CB060~0I 9HeprKH 

11 



armpoKCMMHPYDI!lero ramrJihTOHHaHa Ho: 

<A ~V) = f>~y[Ha{i1'v\vl,v)] (28) 
lh.(['-''l(V),'11) V·/k 

( -~)( ) 3TO YO~HO ITOKa3aTb 1 HCITOJih3YR TOT ¢aKT, 4TO Q V RBJIRDTCR pe-
illeHHeM MHHHMaKCHOA 3a~aqH (3)-{5)), MH He YO~eM JTBepx~aTb 1 qTQ 

'£ ly[H. (Q.(v\\>),'Y)] 'd ~ooUICv)] 
'Dvk v-oo 'C.lvk 

TaK KaK He y~aeTCR ~OKa3aTb BHITyKJIOCTh ~YHKUHH CB060~0H 3Hep­
rHH arrrrpOKCHMHpynmero raMHJihTOHHaHa ITO ~eRCTBHTeJibHHM H MHHMHM 
qacrau HCTOqHHKOB c yqeTou HeHBHOR 3aBHCHYOCTH ~v [H.] or \! rrocpe ~­
CTBOM Q.lVl(v). 

HaKOHeu,s rrpe~rroJioEeHHH roro, qro rrpH JID6Hx n cymecrsyer rro­
roqeqHuR rrpe~eJI ~YHKUHH cso6o~Hon 3HeprHH arrrrpoKCHMHpynmero ra­
MHJihTOHifaHa 

ei_m LCH.(o.,v)] = ~<X>[HoUl,v)], 
v--"" 

(29) 

MOXHO 6UJIO 6u paCCMaTpMBaTb CXO~HMOCTh 

d ~ v [ Ho (Q.'v\v), V')] - d ,Soo [ Ho(Q L"")(V), v'D 
Jv~ v~ o0 dv'k (30) 

O~HaKO y HaC HeT OCHOBaHHft YTBepx~aTh, qro 

~v[ Ho(ii(V\'V\V\1 v-<>O .Joo[H 0 ((1.C"")(V)
1
V')]

1 
(eli) 

H1 KpOMe TOr0 1 B TaKOM UO~XO~e He06XO~HM0 1 qro6H BHITOJIHRJIOCb COOT­
HOill6HHe 

;J~.,.,[HoUi(oo\v)_v)] _ D~ .... [HaCii.(""l(v),v)] 
'd\!k - 'd vk (32) 

KOTopoe rpe6yeT oco6oro paccuorpeHns. 

PeaJIH3aUHR rrocne~Hero aapHaHra 6y~eT ocymecTBJieHa B .n:aRhHew­
meM. 

,· 

3. PEillEilllE MHHHMAKCHOh 3A,IINUi )IJl.H IIPEJ!.EllbHO.vl •I>YHKillUl 
CBOEOJI.HO~ 3HEPI'HH AllTIPOKCR:mPYDl!lErO rA!.llillbTOffil AHA 
1\AK TOtiKA CI'Yl!IEHIDI PElllEHH~ MHHHMAKCHOI1 3A.Jl.A.lfli TIPII. 

KOIIDIHOM OE'bEME 

llyCTh npm nm6ax ~ cymecTByeT npe~en 

eLm ~v[fL(a)J= ~cxJHu(a)]. 
v---uo 

Cne~ya pa6oTe 121, BBeAeM ¢YHKUHH 
'l. 'L+~ 

FvUl.)"' ~v[ IUalJ- "f_ v, aiat + ~ '\7; a; o.~ 
c~l L)' r'<-+t0d d d 

=- ~ £n Sp exp{- ~[T-V ~y;(ajt: + o.tALl 
'<.H + "L+-'> -t 

+ V ~+I JJ ( aj A j + aJ Aj ) + V f
1 

( 'Jm Am + v~ Am ) } 

==- V EnS p exp { -i H1

(Q)]. 

B CHJIY (JJ)cymecTayeT rrpeAeJibHaH ¢yHRUHH 
~ ~~~ 

(JJ) 

(34) 

e1.m Fv(a) "'F'oo(a)::: £(XJHo(u)J- ['\7;a[at+ ?- .,io.1-at 
V-= t=l ! J~t•l~c! , "' 

B AaJihHe~meM uu 6yAeM HcnoXh30BaTh o6o3HaqeHHR ~~ H F~, r~e 
CHMBOn tv 6y~eT yKa3RBaTh Ha to, qTO B COOTBeTCTBYDmHX BapaxeHH­
I!X paccuaTpHBaDTCI! KaK ¢yHKUHH ~ • F npH KOHeqBOM o6~eMe lv H Fv, 
TaK H rrpe~eJihHRe ¢yHKUHH ~"" H P""' , T. e. 1J" = V, oO. 

PaCCMOTpHM ¢yHKUHH rlJ npH 3HaqeHHH apryMeHTa O.+M: 

{} e (' I I '}__ 't. -+ 
Fv (a+ .1 Q) == - v n 0 p ex p £-e H (a)+ e [ ~ t: (Li a; A 

"t+~ + 
+ L1 at AJ- f..i lJ (L1rl_jAj +Llaj A~ D\· 

)lanee B OTJIH4Me OT nepsol qaCTH Hamel pa6oTa 6yAeM pac-
CMaTPHBaTb TOT cnyqal, KOrAa onepaTopa AmsBXHDTCH orpaHaqeHHHMH: 

11Am11£M. (35> 
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Tor.11a 

II L1 Om A~ + 11 a~ Ami/~ 21 Ll Om Ill Ami/.( 2/L10ml M' 
H,CJI8,1\0ili1TeJibHO, 

t+.3 

-~En.Spexpi-tHJ- 2M k; tmi110ml ~- ~ £nSpexp{-#H'J 
v 'L + + '<+~ + + 

+ e [ 6 Ji {LJD,Ai +L]Qi A )-/w Jj (d~+~i +,1Qj Aj )]} 

~ -V £ n S p e x p -L- t H 
1 J + 2M b ym I 11 Q m I . 

0TKy,lla ,1\JIH JID6oro V 
t+.', 

IF:(a+.dQ)-fv(a)/£ 2M]; rgml11a,1. (36) 

llepexo)l.a 3,1\ecb K npe.n:eny V--""" , HMee.u: 
,,., 

1r~Jw ·110)-/·~(o)/{ 2M?~ ·(: .. 1!1a,l. 
m 1 j 

( 'l7) 

TaKHU o6pc.30'', 

: r \ 

IF;. ((~ +il u)- ~: ((t) I ( 2M f__ v,, I,'](),.,/, (3fl) 
rlH 0 

nonara.a LlG1 =-tlj 1 nall.n:eu 

tl ~ 

31lr~o(lnJ.{~J)J-1171HJ laJ, lcm~r-.JJ 1cir ()M-ILsl), 
OTKy.n:a 

(d 

~lYUUiGJJoJ)]+ M~~ .D ;-, ~lJ[I/r({c), iuj])/ .. 
Cne.n:oBarenhuo,npM JID6~x ~HKCMposaHu~x u, cymecTayeT ToqHa.a 

BepXHIJS! rpaHb tlJyHKf1HH ~&-[Ho (Cl)] OTHOCJ'!T8JlhHO nepo:.:?HHHX Qj 
1 

KO­
TOpyD Mb! 0603Hilt!H.U: qepe3 

Sup }AHo(a,,a)J. 
QJ 

14 

' 

TIOJIOJ[HB B (38) 

~a~+1 ==(').-l)OuL, odd~ 

/':,Om"' 0
1 

(m = Z.•2, 'uJ, ... ,v~), 

HMeeu 

1vc ~0 c ai, aJ )J- jA ~0 (Ql, ... , at, 1. at·l, a t•2, ... , Qn~ )J 
') 

{ (1- 'A')1t•110tdl (!auk -t-ry;M). 

B czny onpe,l\eJieHHH roquol aepxuel rpaHH 

~ 11 [~o(0 1, •••• 0.r,Allt+J,a,.2,···,Q,,~)]£ .')up ~17-[lio(ui,uj)J, 
tl· 

j 

CJI8,l\OBaTeJibH0 1 

31, LfL(ai,Uj)]- ,>up ~1J'[flo(Q;,Ilj)J 
"j '2 M 

{, U- 'A') Y.Ull u t• ,/ (~ ~ - I Q u 1l ). 

noaropa.a TOJihKO qTo np~ae,n;eHHble paccyx,l\eHHH .1\JIH j ='1+2, '1+3, 

1 l+ \I JJall,l\8M 

\,,[HJu;,ajl]- ,Sup ~tr[Hacu,,oJ)] 
(l. 

J Q 
s (1-X') ~j lui! (wM-Icljl). 

... , 

OTCD,l\a BH.l\HO, qro, ecJI~ xora 6bl .l\JIH O.l\HOro j IClji=M+t (t.>U), 

TO acer,n;a HaR,l\eTCH ),=I~\\;(C 1 l) TaKoe, qTO 
J 

3
17

[kollt;, Uj )] - .~~~p \r: [ Hc(u,,u)J s t'-<.U. 
,j 

nonouy aepxHSia rpaHh Sup ~~rLHc l Qi, Q; J] MOlleT ,~~;ocrnrancH JI~mh Ha 
a,~--~ • 

CJie,l\yD~eM MHOX8CTBe ate~ : 

IL)~M 1 
(39) 
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llpH'I8il OHa )le£fCTBHTeJihHO ,!(0CT!1I'aeTC.f! Ha 'at, T. K. MHOlli:eCTBO n OI'pa-

1!11'18HO ll 3aMKHYTO, a ¢YHKJlHJII 1vCH.([Q;} ,{aj})] Herrpepb!BHhl flO {aj} 
(38). 

TaKHM 06pa30M, KaK .!(JI.f! rrpe.!(eJihHOU <tJyHK!lHH C BOClO.llHOit 3Hepl"HH 
1 

TaK H ).(Jill <jlyHKI{HH CBOClO,IlHOII 3HeprHJII rrpH JIIl<'lO!i KORe•mot~ Ot'l'beMe V 
np11 JID6h!x a; cy•Itecrsyer pemeHMe ilj"''<al) c.ne,llyDrnelt 3a)la'IH Ha ae!co­
JIIOTHHll MaKCH!Jyll 

( 40) ~1YfHalai 1 0/v)!Qil] =max ~ 77 [~o(a;,aJ)], 
d Q· 

J 
rrpHI:IeM 

V 7!~ Vwa urtr) ca;)} E n . (4I) 

B CJIIJiy onpe,lleJieHJ.m utl ( Q;) 

- ~ (IJ') ] l - H N (it) J l~rL~a(a,,~ (Qi))_- jlJ'L o(Gi+LlOi, Qj (Q;+L1Qi)) 

> l ~,1. N(lJ) ]-t ['I N(IJ) 
/ j 11 lnalO;,DJ W;+LlO,)) :\tr r.(Qi+l\D;,OJ (Q;+L1il;))] 

F" N (~) ) C ( /V (lJ) 
"" ~tWi,aj (a;+AO;) -rtt O;+LJ.ai,aj (Qi+!JQi)) 

'c + + 
+ h ~ f al a; - (a;+ Ll a,)( a; + !J at )J , 

OTKY.lla, yt:IHTh!Ba.R HepaBPHCTBO (38),Halt)leK 

~ ~ 

E y; [ 0; ar- ( 0; + L1 0;) w> L1 at )] -2M ,z; r L1 0 i I 

£. ~" [ ~. ( il;, ~(V')(Q;)rJ- ~1J [ Ho ( Qj+L1 Qi, ar) (0; +,.jQi ))] . 
(42) 

!Tonarw s,n;ecb cHaqana!IQ;=-a,, a 3aTellllGP·0-J)ap(p .. l, ... ,t), 
ny:reu paccy111:.n;eHHH, anaJIOI'H'IHh!X npose)leHRL1M swrre, .11erito rrOKa3aTb, 

lJTO ,IJ;Jlll 1J"=V, oo pei!:eHHe C.lle,D;yD!lleR 3a,D;a'IH HU aOCOJIDTH!iR MHHHMy'll 

I [H ,-(!1') ~(v) -c~J] . L [H ~c1JJ J 
jv- olQ;, S (Qi )) =mLn jtr .(Qi,Dj (01)) 

a, 
cyl!leCTByer, np~'!eM 

16 

)! 

\~ 
• 

v lf ur ""} J E (p 
L c/._, ? 

(4J) 

r)le :t-'cJie,D;yllll!B.II o6nacTh npoc:rpaHCTBa ~.,_ 

la,i4M. (44) 

"-' Cll')( -<llh - ('t>) 
O:rKy.Ita, o6osHa'!aH, Ka.K oOblt:iHO, aJ a; 1 qepes o.~, nonyqaeM 

·VJJ io:(tt1"' m m , 

If' u~ 
r,ll;e ~-CJie,ll;yKJUlall oOJiacn npoc:rpJ.HCTBa "" 

IGm/{M. 

( 45) 

( 46) 

TaKHM 06pa30M, ,llJIII npe,D;eJibHO~ <PYHK!.UH'l CBOClO.llHOI'! :lHepl"MM an­

npOKCMMHPYDI!lel"O I'aJJHJ!bTOHHaHa , TaK xe, KaK ,llJIH rjlyHKl{V!M CBOClO,II;HOfl 

3H8pl"HH llpp! KOHe'IHOM OCl'beMe, CYIII8CTByeT pemeHMe li~"'l UHHHMfl.KCHOR 

3a,ll;a'IH 

npM'IeM 

~~ [ H o ( Qi) ~(~)( QL ))] =~~X ~ ,[ Ho ( Gtl Qj )] ) 
J 

t [H (-czt> ~(~) -co'))J · i ['/ ( ~("') )] 
jlt 0 ,0; ~ Qd (Ql ""rl'1Ln ,IV" no Q;) Qj (0;) IJ, 

L 

a?'> = a-c19
; c ti'...,)) 

J J l 

\1 { o.J v 1J { o:r)( ail} E/l't 

v ?J { O;(&)J E /L 

v ?J L aC:>J t rae •. 

(47) 

(4H) 

(49) 

(50) 

(51) 

(52) 

BBH,JJ;Y TOI'O, 'ITO 1Jn eCTb 3aMKHyTall orpaHH'I8HHaH OOJiaCTb, M3 

(52) CJie.J{yeT, 'ITO ).(Jill JIDC!oro ~ =('1 1 , ~<> ... ,~u,)E <C'~cymecrayeT 
(~) (\l.(V) J 

Talta..R llOCJie,llOBaTeJibHOCTb Vn- 00 , 'ITO nocne,llOBaTeJihHOCTh [am n ) 
CXO,IlJITCII K H8KOTOpOxy npe,lleJiy 1 JI8:Ka.IIl8KJ B m 1 ltOTOp!l~ I.!H 6y.l(ell 
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oCi03!1il'laTl> qepe3( Gm~• 
TIOKazeM, 'ITO 3TOT npe,nen HBnH8TCH pemeHH8W G~~> KHHHWaKCHOR 

3a)l.aqn (47)-(19) .li.HH npe,lleJihHOR cjlyHKLUUf CBOCiO)l;HOR 3HeprHH. 

OC!nacTb 1/:c<f • orpaHR'leHa, cJie,liOBaTeJibi!O H3 nocne,llosaTe.llbHOc-
v<')> 

TH {iij' Cct,)J , npxHa.J;Jiem!!!elt U npH JIIICIHX o.,, scer,~;a uo•no suelpan 

CXOJI.HQYVCH DOAflOCJie.J;OBatenbHOCTb. TaKHW oelpa30111 )lftH Jive!HX a, 
cyi~ectsyet nocJie.J;osateJibHOCtb V. , HB.IIHilll{MCJI no)l.nocne.~~:onateJib-

v,.. -(Vn) 
HOCTbll "' TaKaH, 'ITO JJOCJie,II;OBaTe.lloHOCTh {QjlQS) CXO~TCHj ee npe-

,ll;e.llbHOe 3Ha'leHK8 .IOl Oy.-ell 0003H8.111'l.U qepe3{Uj (o., )~ 

~ n. "'<V.l ) 
Q i (Q;)"' CL m 0; (Qi . 
~ n--oo ..J 

(53) 

,D.oKalteu:, 'ITO ,JtJI.II JlllCIHX cj>HKCHpOBEI.HHHX Qi OHO ,II;OCTaBJIH8T aei­

C OJU>Tllhln MaKCirB(YW npe,lleJibHOR tflyHKLUfH C BOCIO,JtHOR 3Hepr11H annpOKCH­

Mnpyllll{ero raux.llhTOHHaHa no nepe11eHHHK aj, T.e • .-o&aKew, 'ITO 

V a, 
v e . ~ c Vn l , . "' l ce > , 
~j(Qi)=n_:~o.j ~a,>=O.j (QJ. 

(54) 

R3 onpe,ll;eJICHH.II (33) npe,ll.e.llhHOA •PYHKLUflll csoelo,nHoR 3HepriiiH cne-
.-yeT, 'ITO 

Vai] V" : Ve>o 3M: Vn'>M 

-c < L)Ho(a;,at~')u.u)]- ~c>QlH.(a,,ilj"':"W;l)l~ (55) 

-l< l~ [~o (O;, Uj (Q; ))] - lvn [ ~o(U; 1 ~ (U;))]. (56) 

B CH.IIy CBORCTBa (38) paBHOCTeneHHOA HenpepHBHOCTH ceueACTBa 

<jlyHKI.\HI f,.(a.) 

ll11'[Ho(o_+,1o..)]- h-[Ho(a)JI 
t•l (57) 

4 ~ (2M+21am1+1£\ll,.l)'[mlt10m1. 

O'rxy,~;a s CH.lly onpe.-e.lleHII.II BeJIJI'IIIH O:j (o.;,) (53) m~eeu 

11 

'I 

)! 

\ 
~ 

I 
/ 

).• 

t"· 

V o.i 3 V. : V c > o 3 Nz. : V n '> N, 

- t < JvJ H. ( Ot, iij (Qi ))] - ~ v. [ ~.(Q,\ ajcv.l(Q; ))]. 
(58) 

"'(\') 
3Ha11eHH.II Qj • Q j (O.t) ,JtOCTaBJIHIIT aCICO.IIIlTHY" uaKCHKyll QJYHKl~HH 

lv[ H. (a, ,aj )] npH iPJIKCJIPOBaHHHX 0.;, B qacTHOCTH. 

v O..t ~ v r1 (59) 
f [H ( ,(1/n) J t [ H i ~:oa) )] 0~ dVn o Lq 1 O.i (Ui)) - dVn o \Qi 10.j (Qi) . 

CKJia)I.HBM noqJieHHO HepaneHcTsa (55),(56),(58),(59), nonyqaew: 

vu. v (.>0 v ,, 

- 3 e. < ~ oo [ H. ( a; , ilj < ai) )] - ~ QO [ H o ( uh 0.{"' Uli ))] . 

Cosepmaa 3,ll;eOb npe,.e.llhHWA nepexo,. e.- 0, Hal,.ew, uo 

V a, 

~mo.~x iOQ El-1.~o.i 1 Uj)] ~ 
:J 

~ 00 [ Ho ; Ut' ujOO) ( ai ) ) ] 

~oo[HoL0; 1 Gj(a.nJ . 
B CHJIY C8.J(OJ! CTpyKTypH 3TOro COOTfl01!13HJ'IJI B Hell B ,lleJ.tCTBHT8JibHOC-

TH peaAH3yeTCJI .1111mb 3HI'l.K paBeHCTBa, liTO KaK pa3 K 03Ha'laeT, qTO 

npK JIIlCIHX 0; Be.IIHqJIHH Qj ( Q; ) ,JtOCTaBJIJillT aCICOJillTHbiA lltl.ltCIIKyll rltyHK-

1{1111 ~vlH.(a.,,a..i )] • 
BHme ,l}IJI KaJ[,ItOrO {U;] E r~ CIHJla nocrpoeaa noc.lle.J;OBaTe.llbHOCTb 

V~ TdKaJI, qyo nOCJI8,JtOBaT8JibHOCTb{a]V~\1l )) CXO~TCR. C ,~tpyroR 
J~:V.l(- )1 (3 

CTOpOHH, nOC.IIe,llOBaTe.llbHOCTbtO.: Ut ]Opll Jlll60il {U;lt I{e.IIIIKOM npll­_. 
HtU.IIeDfT orpaHH'leHHOR OCIJiaGTJI 3l., C.lle,II;OBate.llbHO 113 J!ee BCer.lla 

UO.HO BYCipaTb CXO.J;R~ync.ll IJO.J;nOCJie.J;OBaTeJI&HOCTb{djV")(Q; )}. 

B Tti.KOU CJiyqae,corJiacHO (54), 

'• ~ v:l- r~ (00) -e i m 0..: lU.i)2lli ( Q;), 
n- ..o 4 d 

e• -LV~) ~(ooj, 
L m ~ Wt)= UJ lUi), 

.. _. 00 

,, 



OIKy.D:a BBH.l(y (57) !lOJiyqaeM 

\;j O.t J Vn' : V L> 0 J M : V n > M. 
l ( II ( - ~ cv: L- 1- ' [ H '- ~ ~"")'- J - E<dv~ Mo a(, Qj lGi))_ ~v~ ola,,aj ,Qi)) ' 

' [ H ( r, ~oO) ( ))] ~ [ H I ~ cv:) J -c< Jv' 0 a,, 0.; Ql -- v' .,ar, O.i (Q;)) . 
h (J n d 

(60) 

(61) 

)lOKa.JJteM tenep:& 1 'liTO <PYHK~~HI ~v[ H. ( O.; 1 O:{'J< Q;) )] Henpepb!BHhl 

llO COBOKyllHOCTH nepeMeHHhlX O.t paBHOMepHO OIHOC~!TeJihHO V. 
Jl,e!1CTBHTeJibH0 1 BeJIH'IIHHbl ~(!)>)( Q;ttlO.;) ,ltOCT3BJif!JOT a6CO.'l!OTHbiH 

MaKCHMYM ljlyHKlli!H £ v \. Ho (G.;+Aa; 1 o.j) no nepeueHHIU.I a.d 1 nonoyY 

r ( H il :~), lJ , [ H ( "'~j o J1T Q(O.;, j lO.;) - Jt> o Q.i+LlO;,O.i (Q;+LJQ;)u 

< r [ · · ( ~ (1i'J, J - f [ 'I ( ~ ('1?) ( ] 'J!J" Ho Q;l~ ,Q;))_ :,-v- r 0 O;+LW1\0.j 0;)) 

L' ( r, ('!J) ( ') r.' ( ~ ('!}-) . . 
= I' 17 a;, aj a;J - 1"17' a;+LlO.i, ~ ,a,)) 

... 
- ' i + + - ?-- 'Y; t o, Ll O.; + Q; "' a 1 + LJ a1 Ll a; l. 
,,1 a 

Y'IIHTb!Bafl HepaBeHCTB0(38), HMeeM 

r H ( ~- c~J -, ~ [ ' , ( ~ ~~~-; )] ~ 17 L o 0.; 1 O.j (Q;))J- Jv M. U;+L1Q; 1 0j \O.;+LJQ;) 

't. 

~ L VtC2/v1+2\a;l+ I<~Q;Il·/t.Q;I. 
t•l () 

0TKy.n;a 1 !lp>!HHM3il BO BHHMaHKe (42) 1 !lOJiy'l!aeM Tpe6yeKOe COOT­

HOUieHHe: 

I ' [ I I ( r- ('C') l 1 [ 'I ~ (1]) J I ~"- ro O.;+aQ,~Qj CO.i+10;)L- c~~ ro(O,,Gj (a,)) 
~ . 

~ ~ Jl ( 2M + 2 I o., I + I t. a, I)· I t1 at~ . 
(62) 

B TaKOM cnyqae, nocKORbKY 

I ( v ('I) e. -( Vn) n. - n ) _ -
t m O..· = r( m 0..· - Q· L l l t 

n-oo h_..oa 

cnpase.n;JIHBO yTsepx.n;eHHe 
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V E>O 3 liz: Vn>N2 

I I I , I (63) 
~. [H (-'Vnl ~ cV.) -'Vnl J ( ·[" (- ~,V.J_ )] 

-(_ <. 1v: 0 Qi' I Qj n (Qi' )) - JV~ t1o Ql1Qj (Qi) · 

B CKJiy O!lpe.n;eJieHK.'I npe.D:eJI:&HOll cpyHKUKII C B060)lHOll :Hieprlll1 ( 33 )
1 

U ' I 

v a,, V v;,· : V.;::
00

oe, V [>o 3M: Vn >~ 
L -II '(00

) ·J £ L-1, ( ~too) , -c.( Jo<llnol0; 1 Qj W,)J -Jv: rio a:,a~ W;))J~ (64) 

-E.< h.' [ Ho (O.c) O:"('"l(Q;))]- j""'Uio,'a,, ti.Joo\a;))J. (65) 

Cor nacHo ( 48), HueeM 

V Qi, V n 

'·.1' ' - ·~!.') '\1'· ·I! (6fi) t [H' ....,,vn) J ~ Llj ,-,. ~,.) -·"nl J o 4 J'l~ .w,, ai w,)) - Jv~ r o \a, , aJ co.; )) . 

qaeu 
CKJia.n;HBaa no'I!JieHHo HepaBeHCTBa (60),(61), (63)-(66), nony-

v Ql' v 0 0 

-S c. < ~ = [ 1-io (al, 0:/o>wi ))] - ~oa Uio:a;, ~(oO)c a, l)J. 

llepexo.D:R 3.Jtecb K npe.~teny E-o 1 HaXO.ItHM, 'liTO 

Va, 
L l' H (- " l"") - )J t [ . . v ("'-') J Joo o Q;,~ (Qi) ~ JDO Hc\Cq,aj (u;)J > 

•.i 
T.e. 1 'liTO 

i [H r- ~coo)/_ - . , ['! "'c""l J 
jO<) o.U,,~ ,Q;))J-rr;_~n ~.., r.(0;

1
0j (Qi)), (67) 

·~K • H8aKX 0603H~qeHKRX 
l•l 

Q- n. - ( V" ) ~ c<><>> 
. = (t m 0..· = Q. 
l n-oo l t (6!:!) 
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C ,npyrol1 CTOp0Hli 1 BBH,l(y Onpe,neJieHHfl cpyHKUlm ~oo[~o(al], HMeeM 

V uj, V Vn~~): Vnl>J")~~o<>, \./uo JM: Vn>M 

c [Hr-<""> )l-l [' ,-:=' l 
- t < ~ Y,''J) 0\ o., ' aj - J"" Ho \ o, ' Clj )j l 

(69) 

l L- I I ' - (<>6) - )] ( l- H ( -: l""') - )] 
- f '- J <><> H' ~ Qi ) ~i - J V "<•l o Uj l O.j • (70) 

CorJI&CHO TOJibKO ~TO ,l(OKa3aHHOMJ COOTHOilleHHD (68) H onpe,nene­

HH~ BeJIH~HH Qj 1 CBOACTBO (57) ,naeT 

\1 (j\ j vn_v) : v [;. 0 J JJ~.. ~ v n ;. Nz 
J (~) 

- e< 3 v"'") [ Ho ( O.,c v~ \ ~-1]- £ v~~l [ ~lo (at": ad)], (7I) 

o - I-\"")- -<Vnl~\ -
-c:<JV:·'nLHO\ai , o.j)J- ~v~v)[ Ho(O; , a). (72) 

- ('/)( -<Vl <Vl,-<Vi 
ITo nocTpocnrm Qj 49) o._} = o..j \U; ) 1 nonouy 

V Qj 1 Vn 
l [ -<V~'ll -tV~''k-1 

0 ~ .J v;-vl H, ( Qi p~ 11 - ~y"cvl [ Ho (O.tvn''ll l Clj )]. 
(73) 

CKJIEl.l\UBaH noqneHHO (69)-(73) H 

BeHCTile K npe.neny [_ ...... 0 1 nonyqaeM 

nepexo.ll:fl B nonytJeHHOM nepa-

v o.j ~<Xl[HoUlt"\ OJ)] { ~~[ H,(O.t"), Qj)l 

0TKy.n;a 

~oa [Ho(G(.oo\ ~ )] == ~-O.'i ~oN [ H, (0:(") 1 0j )J. 
.I 

TaKHM o6pa3ou, 

(VI 
- D. -(V") ..... <oal -to..>)) -<oa) 
Q · = c < m Q · == 0. · ( o, -:;; Q · , 
J n- oo J J j 
- -\V~'l - ,1 _,v~'\, 

T.e. Qi = Cit))Qi TaK xe,KaK HV.;=(i""a.; ~68) .HBJil!DTCll pemeHH.HMH 
d "-...., <J n.-....o 

l.GIHJIMaKCHOtl 3a)laqK (47)-(49) ,IJ;Jill npe.D;eJibHOn tjlyHKitHJI CB060,lU!O!I 

(74) 
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3Hepr:HJI annpoKCHMHpyromero raMHJibTOHHana. 

llTaK, COrJIUCHO OCHOBHID8 pe3yJihTilTa!.l (68) H (74) llOJiyqaeM CJie­

.'!IY!Ofl{yiO Teopeuy 

T e o p e M a 2 

ECJIH ,n1111 vo,~~;eJII>Horo ra~.mnbTOHHaHa H3 KJiacca (I) c orpanHqen­

HHMH onepuropaMH Am 

liAmii~M (75) 

npl'! JIJ06b1X Qm 4n=I 1 21 ••• 1 "'+-'>) Cyl!leCTByeT npe~en tPYHKL(l1H CB06o,n;­

HOll 3HeprHH annpORCHMHpy!ODiero raMHJibTOHHaHa 

eun 
v-oo 

~ v [ H o ( Q m) J = ~ oo [ H o ( 0. m )] 
1 (76) 

TO 

1) ,!;Jill 3TOll npe,D;8JibHOn (jlyHKUHH , TaK J:e, KUK H ,IJ;Jill rjly!IKUHH CB0-

60,l(HOl1 3HeprHH npH KOHetJHOH o6-neue cymecTByer pemerlv.e 0..<,!1(m=I
1 

21 •• , 1 l+!>) CJie.D;yiOmell MHHHMaJ~CHOll 3a,l\a~H: 

~~[~.(a,)o:{'>ca;))] == ~o.>: ~~[H.(a,)ajl] 1 
-r:•7) ~<'0') -l~) J · L 1 ~(1.1') 

l~[~o (0.~ ) ~ (Qi ))] = ~~n J1J[I-Io lG,,~j (O.i))], 
\ 

-Q(11-l = a:.cv-l(ii.<"'>) 
d J l ' 

(77) 

(i=1,2, ... 1 't,i j=-t•l.) tr2 1 ••• , t·~i 7Y=V~= ). 
v.'"l t+~ 

2) JIJ06afl CXO.D:llmaHCi! llOCJI8)\0BaTeJibHOCTb {Qm" )(-,1 )J E([ (m=l
1 

2
1 

•••• 1.+~) TaKaH, 'ITO v:~-~oc, CXO,ll;HTCfl K pemeHHD {Ci.';'l(--1)} (m= 
cl 1 2 1 ••• , t+.!.) MHHHJ,mKCHOll 3a,n;a~H n.l ,II;J!ll npe,lleJibiiOI! 1JYHKliH11 

CB060,II;HOI 3HeprHH annpOKCHlmpyromero raMHJibTOHHnHa, npH~eM MHO-

Z8CTBO TaKHX IIOCJie,IJ;OBaTeJibHOCTefi He nyCTO: 

{) _ CVnl"1
) -(ool 

Ci.m O.m l'J) = Gm ('J). (78) 
~-<.>0 
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4. ACHMTITOTH1lECiWI EJll130CTb TEPMO.IrnHAJmqECKliX CPE.lliDIX, 
EHqHCJIEHHHX HA OCHOBE MOnEllbHOrO l1 AITITPOKCRMHPYDmErO 
rAMHJ!bTOIDIAHOB 

lO&aSaTen&CTBO OCHOBHHX YTBepE~BHHR 6y~eU npOH3BO~HT& cornac-
HO cne~~eR cxeue: 

V ·~ (~ -l n ) (VII) A )(V., ) (IV) 

a., iVl = < k -~v.'"\ == 
H.tQ " 1'11) '11) 

l 
n ' 

(U) l '\' 7£ ) 
00 ,_~ ~ 

-tool ~ (VIII)L~~ 
Qk (\1) = 

/ ~ 
(IX)jt 

v (~ 
rV) 

( A~,;)~(v) V __....""' 

{c~ 

v. ("II) 

div~•>[ HoU'i'" l(v),v)] 

d~ 

oml1 
(<><>) 

'd ~oO [ 1-t (ii CV), v)] 
~v+ 

k 

(V) II 
<D£oo[ ~io(ii t...o>(V),v)] 

'Dv; 
(VI) II 

~~""[H(v)J 
"dvt 

I) Cornacao Teopeue I n. 2 Hactoa~e~ pa60TH B ~~6oR 
TOqKe ~, B KOTOpOR Cy~eCTBynT npOH3BO~HaR ~YHKnHH CB060~HOR 3Hep­
rHH H HenpepHBHaR npOH3BO~H8B npe~eA&HOft ~YHKnHH CB060~HO~ 3Hep­
rHH KO~BA&HOrO raumnhTOHHaHa no HCTOqHHKY ~~ 

A {'> ':l~-[H(v>] 
< k H(") v-- ilv~ (79) 

II) nna npoHsson&Horo v sos&ueu HeKoTopy~ nocne~oBaTen&aocr& 
v;•>, CTpeMliUIYJJCII K ClecKOHe'!HOCTH np11 n-oo, TaKyll, qTo nOCJ!e~o­

<V:<-1) 
BaTeJibHOCTh {ii..,•c-.1} CXO.lU'ITCS. TOr~a no n. 2 Teopeuu 2 

_(y"<Vl) (OO) 

a..., ('\)) n-<><> (lm CV). (RO) 

III) B TaKOM CJ!yqae,s cHny csoRcTsa (27),Hueeu 

V -v' V Po 3 Nt: \/ n? M 
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i [I I I -(y,t>'l) I] ( I I I (- (OO) ' J 
-[< .)Vt') Holam (V), \1) - JV:;'lr1o am Cv), v) (.c.. 

BBH~y onpe,ll;eAeHHS (33)cpyHK!UtH ~oo[H,(Q.,..)] 

V v 1 \1 c_ -,.o 3M_: V n >A{ 

I - 1/ - (OO) I ] ( [ H ' - <""": ( . I ] 
-E.< ~V~"' L r.o(Qm l 'Jl 1 V) - ;:;= olOm ,v J1 V) ( [, 

(el) 

(e2) 

Cxna,IU:lBas noqneHHO aepaseacTBa (80) Jll (81), nony•raeu, qro 

\;/-.;' l - _,v.,'"'l _, ... > 
Jv'~, L HoCam Cv), v')]~ ~""'[ H.(a cv), v')]. 

" 
(BJ) 

TI n.2 HacroameH pUClOTU Cluno llOKaSaHO, 'ITO 

~v [HoUi'v'(xm,~m\ xi, ... ,XH,x~, xk+l\"'1 XtB">}'" )] ' 

t [II (-tVl ) 1 !( )] 
.JV Ho 0. (Xm,~"' 1 X"''~1,···,Jk-r,~k<Jk•1 1 ···, 0 t•.l 

Bhlnyxnu aaepx no nepeueHHHM x~ H ~k· Tor~a,corJ!acHo reopeue fpH­
ifxt>lltca/I21, BCJIH qaCTHaR np01!3BO~H8B cpyHKUMH Jv[fl" (({V'(V),vi}no 
Vk cymecTByeT B TO'!Ke v, a np0113BO~Has! npe~enhHO~ ~YHKUHII l-[H. 

-(co<l) 

(Q ( V), V)] no Vk Cyl!leCTByeT B HBKOTOpOR OKpeCTHOCTH TOqKI! {• TO 
V'"l . 

~ l vi"' Ul. Ul' " >c v), v)J ? J oo [Ho (Ci.'""1c v), v)] 
<av~ 

__ .... 
Gl "~ 

(84) 

IY) B Kax~oB ToqKe v, s KOTopo~ cyl!leCTByeT qacTHaa npoHsao~­
Haa cpyaKnHII CBOClO.liHO~ 3HeprMH annpOKCHMHpy10111ero raHI!JlbTOHHAHa no 
IICTO'IHHKy Vu 

?h[Ho(il'v\v),v)] _ 
ov~ -

cV> 
/A,) _,v,(v) ">. 
' "H.(Q ' 

(85) 

Y) Cor nacHo onpe~enem110 (34 ),1>yHKnH.f! 1\. (a, v') Hueet BH~ 

F (Q v) =- f:v(v--'\5·a· V·+V·O.·) v ) ( d [ [' J dJ d ' 

Il03TOMy 11 ee npe.IleJI f: (G., V )= ei.mfv(ll, V) SBJIHBTC.f! ~VHK'lHell TBX Ie 
v-+oo 

aprylleHTOB: 
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Foo(a, v) = F"" (V. -y~a., -.JJ + tJaj l. 

Tor.~ta, eCJIH B HeKoTopol TO'lKe (a.,v) i,,Dio(a.," )], a cne.nosa:renao, 
H r~(a,v) ,JtH~epeH!lHpyeua no Vk1 TO B 3TOR TO'lKe ~(a,v), a CJie­
,li;OBaTeJihH01 H ~'lr[Ho (a., v )) .J(HqxpepeHnHpyewa no v~. 

ll03TOwy, eCJIH B TO'lKe \} cy~eCTByeT 'laCTHaH npOKSBO.J(RaR 

~\.,.( Ho(0.;1Cv), 'II)] 
'av~ 

TO B 3TOR TO'lKe cy~eCTByeT H npOH3BO.J(HaB 

vh(HoCo.rn,v)JI 
<Jat a,..=a~"~v)' 

-(t>\ ~(.t) -(~) -(11) -(")<- (11) 
a TaK KaK O.j .,Q.j (G.; ('ll),v) X1 CJie.I(OBaTeUBO, Q.~ •Q! ai (v),v) 

t [H c-<•l-'"' _,,.)o .I(OCTaB.IUieT a<!COJIDTHI:d'l KaKCHwyu 4JyHK!lHH ;..,_ o Oi ,<Zw 1 ... 1Cl
1
, ... 

1
0.u.!ol, 

d 1,.[ f.lo (i'i/"(v), Clj, \1)] I . = 0 'iJa• a ~a:.<"'C\!l · 
1 d d 

llyCTh B TO'lKe V cy~eCTBYDT npOH3BO,li;HHe 

~~<11) 

c~a.1 (a., v) j . 
dQ~ 0.;"' (1;'"'1(\1) I 

B TaKOII CJiyqae, eCJIH cymecTBYDT qacTHHe npOH3BO.I(HHe 

d l" [ Ho (il~'c v), v)] 

eN ' J 
TO nOJIHaB npOH3BO.I(HaB 

d ~v- [ H o ( !1~.:'\ "h'n] 
i>'llp 

~<"") ) 
'£) 3,. ( H 0 ( d.i ) Cl,j ( Q.; ) \) ) \} )J I 

f>a.p I a., ~ o.t">( v) 

TaK•e cymeCTByeT H paBRa 

~(,\ 

~ ~t> C H. (a;, Cl_j (a;,v)2 v] I 
3a.r a.l = a,<">c v) 

[ II ( . - ~") . ) J [ - ( .,_) . J 9111- noa.,,acl (a,,v ,v) = ~3,. Ho(O.;,~i <a,,'II\V) 
~u ~a 

<•~ d£,. c H/<Ci;1
"
1 a. v)ll 'da·fl:"1i ai, v) ( 

+ L: • J ' - <"l • J - ,,., i•••L 4Clj G.,j=O.j (\1) 9Qp O.ir(li (v) 
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(86) 

(87) 

i -c111 .., = J,...[ 1-1. ca,, a; (a;,v), lllJ/ 
'ClaP a1=a/"'cv) ~ 

r~e <!Y~O HCnORL30BaHO COOTHOmeHKe (86). 

Tax Kax no onpe~e.II8HHD Ci{"1(v) .II;OCTaBJIRDT a<lCOJIIJTHHP. lmHJ.Ulj'll 
$yHK~HH ~.,.[flo(a,,ar>(a.,,v),v)J, TO 

- (&t) [I-I -1") 7 d\".[ Hq(a., <2_j ('II), v)] I = 'D~,. o{ai,aJ (Q;, V),v) I =0 (88) 
- <11> 'fla • a G.p Q; =a, ( v) f .. ,=a;'"1cv) 

ECJIM B TO'lK8 v Cy~eCTBYDT npOM3BO~HHe 

'Jii~oo'cv) 
'Clvk 

" - (00) J ~ l""UI.(a,., cv), v) 
a.,.,., ' 

?ar'(ae. \!) 1 caY) 
'da1 1 a,di~""'cv)' 

To 7cornacHo paseHcTsaw (86),(88),no.lly~aeu, 'lTO H noJIHaa npOH3BO.B;­
BaB 

f)~..,[ HoC ii~'(''vl,viJ 
Vvk 

cy~eCTByeT H paBBa 

~ ~ ... [ Ho( 0.'.:"1
( "\ v)J 

Clllk 

£:Jj-CHoU2t"\v\,iit"'">cv),v)] _ ~ "d\<><>[1-io{Gr-Cli""'cv) \1)]1 
"'·' - L ca· -<"l 
'-'Vk l·l ' a,=ae cv) 

1 Jo}""'Cv) + 2: ~1-(HoU:V""'c"\,at>v)]/ . ?O.~"">cv) 
<Nk ·=~+1 'd~ a,.at"1cv) v~.: 

~ ?j 00 [H. lii"JJ.':'c"'\' iitc-1Cv),vl] = 'dl.,.,UI.(ai""'("},iil<""'Jcv\_v)] (
9

0) 
'dvk ";)vk 

YI) llpe~nonozHK, qro pa3HOCTh ceo<lo.~tHHX aHeprxR MO~eJII>Horo H 
annpOKCKMHpyiJmero raWHJILTOHHaHOB CTpeMKTCB K Hy.IID B TepMO.I(HHaiiJI­
qecKOM npe.D;e.Be: 

sJHo(a~v\v),v)]- ~v[H(\!)] v-- 0. (91) 

B TaKOM C.llyqae COOTHOMeHHe (83) .B;aeT 

~""[Ho(0~""1 (v\'V]= ~oo[H(v)] 
1 (92) 
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OTKy.l{a 
-II - (OC) 

iJloo Lno,Qm ('v), \1)] 

£) vt = 
'd1og [HCv)] 

ca..;,: (93) 

TaKHU 06pa30M, COrJiaCHO COOTHOmeHH.fUl (84),(85),(90),(93) .ltll.fl 

v. (v) V.'o) npOU3BOJlbHOti IJOCJie.l{OBa.TeJibHOCTH n TarW!t, QTO n __,. <>O nplll ,_.....,Ill 
v: '"' IJOCJie.l{OBaTeJibHOCTb { Q;," '} CXO.l{HTC.fl, 

( v. '"') 
A '> " '"' <._ kt" ,-QCVn \v) v) 

no l.. m ' 
n_.., oo 

) ~""[H(v)] 
'dv~ (94) 

~OKaEeu, QTO B .l{eiCTBHTeJibHOCTH npH C.l{eJiaHHHX npe~nOJIOXeHR~X 
OTHOCHTeJibHO cy~eCTBOBa.HHH npOH3BO.l{HHX (85),(89) .l{Jl.fl JI~OO" IJO­

CJie.l{OBaTeJibHOCTH Vn, crpeu.fl~eacn K OecKoHeQHOCTH npu n_.~, 

cV.) 
zAk), c-cv.)cv) v) n-oo no Q.., 1 

T.e,, QTO 

CYl 

( Ak?,, ~-a'v'cv> v) v-CXJ 
t1o 1.. ,.,., ' 

'd ~"" [ H (v)] 

'dvk" 

d!roo[H(v)] • 
(hlk 

(95) 

(96) 

Ilpe.l{rrononM rrpoTHBHoe: nycrh cymecrayer noc.Jie.noaarenbHOCTb 

Vn , crpeMHIIIMCH K OecKoHeQHOCTH rrpH n-..o, TaKas, qro 

3t:->O: VN Jn>N: 

(A '> cYnl ~ ). 'd!..,[Hc~)J_ <JJ ... CHM] _ C' 
k /" (- CYn' ) F ( ?"-• t: l ~V., + € l - 0 k c_ ' n 0 o., (Vl,v "k k ' 

ror.l{a, yqHruaaa cao~crao (52), nonyqaeu,qro cymecrayer no~nocne-
~, ~ 

.l{OBaTeJibHOCTb Vn nocne.l{oaarenbHOCTH Vn, raKa.fl, qro 
~, 

)
<Vn) s 

< A k No (Q.~v:\v), v) f m I k,t.' Vn 

IJOCKOJibKy MHO;K8CTBQ m I~\ {. orpaHJ.ItieHO H 3iillKHyro, TO' B 
C'l'.1 ' 

CBOD oqane.l{b 1 H3tQ~ JMOXHO BU0paTb CXO.l{.flfl\YDCH UO.l{UOCJie.l{OBaTeJib-
-•51Ji}l ~11 

HOCTb{O..._~ TaKyD, QTO Vn~"" npH n--+oo H 
~, 

CVn) ~ 11 
{ A k \o ((i_ ( Vn \ '1!\' \1) n - oo 
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d~-[H(v)] 
'dv~ (97) 

COOTHOWeHHe (97) npOTHBOpeqHT (94), tiTO H .l{OKa3UBaer yraepx­
leHHe (96). 

TaKHil o6pa30M, npHHHMa.fl BO BHHilaHHe COOTHomeHHe (79), nonyqa-
811: CJI8lYD~YD reopeuy: 

T e o p e M a 3 

fly en .llJI.fl MO.l{e.ll&Horo raMHJibTOmmHa H3 KJiacca {I) c orpaHH­
qeHHHMH oneparopaYH Am: 

IIAmii~M) (m=1,2 1 ••• ,t+0) (98) 

npH RDCiHX Q, {111=1, 2, ••• , 't+3) cy~eCTByer npe.l{eJI nplll V-.. oo 

~YHKUHH CB000,l{HOA 3HeprHH annpOKCHMHpyD~ero raMHJibTOHHaHa {2): 

e i m ~ v [ Ha ( o.) v )J = ~ oo [ H a (a,\})]~ 
v-oo 

{99) 

TOr~a, eCJIH HMeeT MeCTO aCHMUTOTHqecKB.H 6JIH30CTb ~YHKUHA CBOCiO~­

HO~ 3HeprHH MOleJibHOrO H annpOKCHMHpy~~ero raYHJibTOHHaHOB: 

E i m { ~ v Ul o (a?'' ( v \ v )] - £ vf ~ c v) Jj = o , 
V-->oo 

(IOO) 

TO B ~OR TOqKe v, B KOTOpOA cymecTBYDT npOH3BO.l{HHe 

dh[ Ho(a'•>cv), v)] 
'() Vk 

d h [f-l(y)] 
0 vi: 

'd~""[II.Ca>""\v),u)] (1.;l<.~t·~ .• -."t, ..... t•~ (IOI) 
~~,..., ) 

n~""\v) 
'd v~, ) ? il·'""lcae 'Jl\ 

il 'Ja, > n~=a~""lcv)'Wbt•.:~;m•l, ... ,'l.+~il)e=l, ... ;t\1~',··,~"') (I02) 

a IJpOH3BOlHHe 

d ~00 [ Ho(Q [oo)(V\ v\] 
CJv~ 

:DJ,.,Uio(d.toa\v), ll)] 
Vvk • u~L~·j) (!OJ) 

cymeCTByDT B H8KOTOpOR OKpeCTHOCTH ~~, HlleeT MeCTO aCHMUTOTHqeCKaS 

0JIH3ocr& rep~~:o.nHHawHqecKHX cpelHHX oneparopa A~, BHQHcneHH»X Ha 

OCHOBe MO.l{eJibHOrO H annpOKCRKHpynmero rrulHJibTOHHaHOB, npwqew HX 

001.1\HA npeleJ! paBeH ~aCTHOR H IJOJIHOA npOH3BO.l{HHM npe.neJihHOA 

~YHKUHB CBOCIO~HOI 3HeprHH annpOKCHKHpyD~ero raMXJ!bTOHHaHa ITO HC­
TOQHHKY \1~: 
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cV> N>' 
[tm < Ak7H = Pim <Ak~H (-M ) 004) 
v--~ <"l v-ao 0 Q (v), ') 

= ~joo[f--lo(ii.l''"\v),\J)]= 9:J±oofl-loUi.("")(\l),v)J u$bt+~).(I05) 
d\lk D\lt I 

5. ACll!.IIJTOTM"4ECtti:!E 3H.A1-!EIDl51 TEPMOntmAMWIECKRX CPE.lTHMX 
KAK PEillEHRH MRHMMAKCHOn 3AEA~R ~ ITPElEnhHOM PYHrtllKH 
CBOJJOJlHOw :JHEPr.vrn 

YII) Ecm~ B roqKe '.1 cymecTByiOT npo>~3BO.l\Hble 

-<Vl l dv [ f-io(O.., (\I),\))_ 

;) ""-
~d~ "I lfi''il,v) \l)] "Q~cV>,u. ")I yLrQ, ,.,, ,_ d ~ 1. l>" 

dvj ' ~Clak Q,~o.';v\v) 

(cymeCTBOBEI.HI1e npOI13BO.li;Hl:lX (ICJ7) HeOClXO,I\l-IMO Jll-lllih eCJIM 
TO COrHaCHO COOTHOilleHI-IHM (96),(88) ~MeeM: 

_ ,v> A cV> 
U.k ( \l) = < klHo(o' 1\v), v) · 

YIII) B Cl-IHY (ilO),(i(),(~')),(lC'P),nonyqae\1 

0 t'0
\ \)) = d j oo C Ho Ji. '""\ \!) y )~ 

fJv~ 

(106) 

(ICJ?) 

i ~ k~ '!. ) ' 

U08) 

(109) 

IX) OrKy.na,BBH,ny coorHomeHM~ (79),(90),(9J),cne.nyer, qro 

(A )tV) - 'oo) 
k f.lCv) v-oo O.k (\l). (liO) 

TaKI-IM o6pasoM, pes~MMPYH nonyqeanue pesynhTaru, y6ex.J~aewcH 

B cnpaBe.nnHBOCTl-1 cne.nynme~ reopeMU: 

T e o p e » a 4 

Ecm1 MH MO.nenhHoro raMHHhTOHHa.Ha 113 Knacca (I) c orpaHJ>rqea­
HUMl-1 orreparopa»H A,.: 

IIA,II~M, cm=J, ... ,t·~l (III) 
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np11 mo6u:x n., (m=I, ••• , t +~) cy!llecTByeT npe,neJI np11 V- oo lt>YHK­
~HH CB060.liHO~ 3HeprHH annpOKCHMHpynmero raMMJihTOHI-IaHa (2): 

ei.m ~v[Ho(Q,'I)]= ~oo[Ho(a,v)J, 
v-oo (II2) 

TO 
!) .liJIH 3TOA npe.neJihHOR ~YHK~HH, TaK ~e, KaK ~ ~yHK~~~ CBO­

ClO~HOR 3HeprHH anrrpOKCHMHpyD~ero raMHHhTOHHaHa,npH KOHeqHOM Oel~e­

Me cymecTByeT pemeHHe u<~> ( v) (m=I, ... , 'l +.5; 7J' = V, oo ) cne.ny~>­
~em MHHHKaKCHOR 3a,naqH: 

~'l)"L~o(ll.,arwi,v))]= maQx ~]J[Ho(ai,llj, v)]) 
d 

t l- H (- <,> "'(If) - <"> l- · ~ [ H ( ~~">( -J J'!J o ai (v)) ~ w,. (v\,v),v)_- ~~n Jt7 o a;,aj a;,v),V\ ,(IIJ) 

IT(lJ)< \) \ = a.c1}) ( 6. (1}) c \)) v) 
d J I I ' 

C i = 11 ... , 't \ j = 't • 1, ... 1 t + ~ ; 7J-= V1 oo ) ; 

2) eCJI~I pa:3HOCTh C B060,IlHU:X 3HeprR~ KO,l(eJihHOrO H annpOKCJI!!rn­
pynmero raMHJihTOHHaHOB crpeMHTCH K Hynn s repMO,l(HHaMHqecKDM npe­
.nene: 

t?tm t ~v[H.(Q.lV\'V),v)J-£v[H(v)Jj=O, 
v-oo 

(II4) 

TO B KaE.I{O~ TO'IKe \! 1 B KOTOpO~ cymeCTByDT npOH3BO~HHe 

~~v(HoUi'v\v), v\] dh[HC\1)] d~oo[f.lj(O.'""lcv),\ll] (I~k<t+J·m=l t•..S) (II5) 
d v.,_ . \ 9v~c ' ' v., ' - ' ,... ' 

~a.\;'\v) ~[("">ca,,'V)I k , . _ , .. o_ . ·= , 
" 1 <1" . _ ,.o1 (L' Jt s,m-i, ... ,t ..s,<,l-l1 .. .,t,1 t•1, ... ,t..s)1(II6) 
uvk oQ, ~·Qr (v)) d 

~Jv[Ho(lit'./)(\1),\1)] d(l.tV\Ut \1)

1 

k . _ . ( ) 
'J-v. 1 d ;~ ' ;;tv1 1 (jJ H·~, €-11 ... 1 t; Jd•1, ... ,t•~) II? 

<1 a~,. Qt = u.e C v) 

(Cy!lleCTBOBaHI!e npOH3BO,II;HU:X (II7) He06XO,IlHMO HHmh, eCJIJI! 1' k 4 't. ) 1 

a rrpOH3BO.JU1He 

J!oa [ Ho(O.(oo)Cv), \l')] 

C!v.; 
D j oo [ f.lo(il. <"'\11), v)] 

'D v~:_ 
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CJIII8CTByllT B H8KOTOpoR OKpeCTHOCTH \1 1<. 1 npe.l(eJI npH V- o<> Tepuo­
.l(HHaKHqeCKOrO cpe.l(Hero oneparopa AknO uo~eJILHouy raUHJILTOHHaHY 
H(v) cyl!lecTByer H paBeH pemeHPill ~·;) (v) I.IHHJUm.Kcao~ 3a,JJ;aqH n.I 
,l(JIH npe,l!;eJILHOA ~yHKnHH CB060.l(HOA 3HeprHH ~-l~(~,v)J: 

j) LV) ~ LCO<l) 

t:(m <.A~c)Htv)': ll~e (J), 
\/-+Co<) 

(II9) 

6. OECYlnEHHE PE3YllhTATOB 

B HaCTOHIIleR pa6ore .l(eTaJibHO paCCMOTpeHa H TIOJIHOCTbll 060CHO­
BaHa cxeua -roqHoro B -repMO,l!;HHaMHqecKoM npe.l(ene BHqHcneHHn cTa­
THCTHqecKHX cpe,l!;HHX B paMKaX 1.18TO.l(a H.H.EorOJID60Ba(MJI.) ,l(JIH MK­
HHMaKCHOM 3a.l(aqH 06IIlero BH.l(A, OXBaTHBallmeA WBpOKHA KJiacc MO.l(eJIL­
HHX 3a.l(aq (cu.,Harrp.,/I/,/2/,/4/-/II/). 

OcHOBHHe pe3yJI&TaTH c~opuynHpoBaHH B reopeuax I,3,4. Teope­
ua I yTBep~.l(aeT B03MOXHOCTb aCHUTITOTHqecKH TQqHoro BHqHCJ18HHH 
C~aTHCTHqeCKHX cpe.l(HHX ,l(JIH CHCT8MH C raMHJibTOHHaHOM (I) KaK npo­
H3BO.l(HHX npe.l(eJibHO~ ~YHKUHH CB060.l(HO~ 3HeprHH annpOKCHMKpyDmero 
raMHJibTOHHaHa (2) TIO MCTQqHHKal.l, ~HTepeCHO OTMeTHTb

1 
qro B YCJIO­

BHHX 3TO~ Teopei.IH He HaKJia,l(HBaeTCH HMKaKHX OrpaHHqeHH~ Ha onepa­
TOpH, BXO.l(HIIIH8 B raMHJibTOHHaH. B TeopeMe 3 C~OpyYJIHpOBaHH ycno­
BHH aCHMITTOTHqecKOR 6JIH30CTH CTaTHCTHqeCKHX cpe,l(HHX .l(JIH repMO.l(M­
HaMHqecKH 3KBHBaJiaHTHHX B CMHCJie BaHTUeJIH / 3/ 1.10)(8JibHOro (I) H 
annpOKCHMHPYDIIlarO (2) raMMJibTOHHaHOB ,l!;JIH CJiyqan orpaHHQ8HHHX 
oneparopoBAm• Teopeua 4 o6ocnoBHBaer HaH6onee y,l!;06HHA H HaH6o­
nee qaCTO BCTpeqaDIIIHHCH Ha rrpaKTHKe CITOC06 aCHMTITOTHQ8CKH TOqHQ­
ro BUqHCJI8HHH Ha6JID.l(aeMUX CHCT8MH KaK perueHHR MHHHMaKCHO~ 3a~aqH 
,l(JIH rrpe.l(eJihHOR ¢YHKUHH CB060.l(HOR 3HeprHH arrnpKCHMHPYIDIIlero raMMJib­
TOHHaHa (33). 

Cron& no.l(po6noe npoae,l(eHne .n:ocraroqHo rrpocrHx c MaTeMaTHqec­
KOR TOqKH 3peHHR paccyx.n:eHHA o6yCJIOBJI8HO CTpeMJI8HHeM aBTOpOB MaKCH­
MaJihHO ITOJIHO H B 3aBeprneHHOM BH.I\8 npe.l(CTaBHTb CXeMJ BHt:IHCJieHHR 
TepMO,l(HRaMHqecKHX cpe.I\HHX 1 qro npe.l(CTaBJIJ'!8T 60JiblliOe 3HaqeHHe )J.JIR 
pa3BHTHSl M6TO.l(a annpOKCHMHPYJOIIIHX raMHJibTOHIWHOB. 

Aaropu aupa~aror rny6oKyJO 6naro.l(apHOCTh npo¢eccopy H.H.Eoro­
mo6oBy (MJI.) 3a TIOCTaHOBlcy 3CJ.JI;at:IV. H TIOCTOi!HHOe BHHMaHl~e K pa0ore, 
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a TaK•e yqacTHHKaM C6MHHapa CeRTOpa TeOpKH ROH.l(eHCHpOBaHHOrO 
COCTORHHH 3a TIOJie3HHe Odc~eHHR, 
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