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1. BBe.n;eHHe 

B H3BecrHon: HaM JIHTeparype ae paccMorpena u, 6onee roro, .ZI.a>Ke He cra

BHJiacL 3a)la'!a OTDICRaHI!JI CIIMMeTp!!l!HOl! RJiaCCi!<j>I!RaUI!I! pemeHI!l! 3D CJI

CTeM ypaBHeHHl! JloTRa-BOJibTeppa C aHTI!CI!MMeTpii'IHOJl npaBoll 'laCTb!O 

rrpH npOH3BOJibHhlX Hoacraarax B3aHMo.n.eikTBH:It. O.n.aaRo paannqable MO.Inl

<j>HRaUI!I< ypaBHeHHll JloTRa-BoJILTeppa 11 BoJILTeppa (xoTJI oHn 11 He Bceua 

paCII03HaiOTCJI B Ra'tJeCTB€ IIOCJI€)J.HIIX, HaiipHMep, [1],[2]) ,UOCTaTO'qHO qacTO 

BCTpe'!aiOTCJI BO MHOrHX 06JiaCTJIX <j>yH)IaMeHTaJI!'Hl>IX H npRRJia)IHDIX I!CCJie

iiOBaHHl! - TeOpHH llOJIJI H CTaTHCTH'!eCROll <j>H31!Re, 6no<j>li31!Re, <j>H3H'leCROJl 

XHMHH, 3ROHOMHR€, conHOJIOnBI H ,.upyrHX. llo3TOMY RJiaccH<!>HHall,HJI perue

HI!l! CI!CTeMDI ( 1) npe)ICTaBJ!JieTCJI HaM He06XO)IHMOJl I! BaJI{HOl! 3a)la'!el!. 

il pOB€.ll.€HHbl:lt a"a.MH HaqecTB€HHblit aHanli3 BhiJIBJlJI€T HaJBi'tJHe 60JiblliOfO 

'lJHCJia pe}l{lfMOB (HJiaCCOB 3RBHBaJieHTHOCTH) peiiieHHfi H ycTaHaBJIHBaeT RX 

CBR3b c CHMMerpHitHhiMH cBottcrBaMn MaTpHUbl B3aHMO,n:ei1cTBHfi. Bonee roro, 

C ycTaHOB1I€HR€M HOBhlX CBH3eit M€lR.liS pa3JIH'tJHbl'M:H MHTerpnpyeMhiMR CH.CT€

MaMH H€JIHH€i1HhiX ypaBH€HH:ti (eM., BanpHMep, (3}), RJiaCCM<i>MHaii.HR perne

HHit CHCTeMbl ( 1) MOmeT OHasaTbC.fi IIOJie3HOfi II pH HCCJieJl,OBaHHH If .ZJ.pyrHX 

ypaBHeH!!l!. 

HacTOHIIIell pa6oTOtt MDI rrpo!IOJJJI{aeM Hamn HCCJJe)IOBaHHJI {[4, 5, 7, 8]) 
MaTeMaTH't!eCHOfi MO,lJ.em! (1). . 

2. YpaBHeHHe 

PaccMaTp!!BaeTCJI o6DIKHOBeHHoe !ln<j><j>epeHI(HaJJLHOe ypaBHeHI!e 

i: = i'(i), 

r11e 

( 

axz- bxy ) 
F(f) = diag(f)Dr = byx- cyz 

czy- azx 

.i = ( ; ) , diag(f) = ( ~ ~ ~ ) , D = ( ~ 
z 0 0 z -a 

1 

-b 
0 
c ~c)' 
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OTHOCHTeJILHO BeHrop-cpyHHU.HII nepeMeHHhiX COCTO.RHJUI 17
1
· 33BHCHUl€'(' OT nO

CTOJIHHOrO BeRropa napaMerpoa P = (a, b, c), onpe.n,eJJ.RlOlUero UJHiJHI'JE'C!iH:H 

IIOpJI.ztOK B33HMOCBJI3e:tt ROMIIOHeHT BeHTOpa f (Ha .R3hiH3X npe.UMeTH.hiX 06-

Jiacre:tt- nHKJIHt~ecKHA xapaRrep B3aHMo.ne:McrBH:M Me»<.ny o61>e:nra~m (Oproa 

X, y,z, HanpnMep, 6HOJ!OrH'IecRHX BHlJ;OB HJIR nBeTOBh!X 3apJI,UOB H T.,U.). )l,1J! 

ypaBHeHHJI H3BeCTHhl ,UBa nepBLIX IIHTerpaJia 

x +y +z =A, 
xcyazb =C. 

3. BeRTOpHoe noJie cHcTeMhi H 

HHTerpaJI:&Hhle RpHBhle 

(2) 

CeMel!crBo nnrerpaJJhHhiX HPIIBLIX B 3D npocrpaHcTBe nepe>reHHLIX .1·, y, = 
IIOJIHOCTLIO ODpe.u,eJIJJeTCJI cJ>HRCHpOBaHHhiMH 3Ha"tJ:eHH.RMH napa~IeTpOB a, b

1 
C. 

B aroll pa6ore craBI!TCJI aa.uaqa RJJaccn<j>HRanun arnx ceMel!crB c ne!lb!O .uan 

IIOJIHhlA arnac HX xapaRrepHhlX Hao6pamen~ofi~; 

Mno»<ecrao ceMeikra Mhl paa6HBaeM na l\.1aCcbi 9RBHBanenrnocrn raR, 

"t!T061I 0TO>K.D,€CTBHTL Te H TOJILRO Te CeMeitCTBa, liOTOphle "ae)l)'T ce6H O.ll.lfHa

JiOBO". Ilpeo6paaoaaHHR I<aR rrpocrpancraa nepeMeHHI>IX, ran H npocrpan

craa napaMerpoa, coxpaHJIIOJ.ll.ne 3TH IVIacnr, o6paay10r rpynnht. H<t:!hiBae

Mhie BH€illHIIMU CHMM€TpHJIMH. 

B neRorophlx ceMe:ttcraax B03Mo.mno cym.ecraoaanHe anyrpemmx cHMMe

rpHit (rpynn IIpeo6pa30BaHIItt, B€Jzyll.I,HX R CaMOCOBMemeHJHO 3THX (f.'}\lei1CTB, 

3BTOMOpqm3MOB ), HOTOpbie Bbi.D,€JlRJOT )l3HHOe CeMeitCTBO CpeJJ.Jf .rtpyraX. 

PaccMarpHBaeMoe ypaBHeHHe xapaHrepnayeTc.R B ~6IUeM noJioa;eHHH 'Je

TLipbMJI oco6LIMII TO'! HaMIL l{oop.unHaTLI oco6Lix TO'!eR ypaBHeHnJI ( 1) II 

COOTB€TCTBYFOll.I:HX HM HOpHei1 XapaHTepHCTHlieCHOfO ypaBHeHHH 

det ( ~ - ).J) = 0 

B HeBhtpom.ueHHOM cnyt~ae A =l 0 rrpHHHMaJOr 3Ha"tJ:emw 

{x = A,y = O,z = 0},). = {-a,b}, 

{x = O,y = A,z = 0},). = {-b,c}, 
{ x = 0, y = 0, z = A}, ). = { -c, a}, 

{ ' a b } ).2 abc 
X= a+b+c'Y = a+b+c'Z = a+b+c ' =- a+b+c' 

2 

(3) 

Pnc. !. PaaBeprna c<j>epLI B npocrpancTBe napaMerpoB. CeBepRLill noJIJOc 

B II;eHTpe, lO>KHLIA - BH€IDHRR rpaHHIJ;a, cpe,ll,HHit Rpyr - 9RBaTop, CMeiD.eHHLIA 

OBaJI - ceqeane c<j>eph! HaRJIOHHOl! ITJIOCHOCTbJO. 

Onpe,UeJIJ!IOII111e llOBe,UeRJ!e l!HTerpaJibHh!X Rp!!Bh!X B I!X OJ<peCTHOCTJIX. 

Tnn oco6ol! TO'IHII B nepBLIX rpex CJI)''IaJIX - cxo,UBII1I!llcJ! yaen, pacxo

Jl.RJUH:t!cJI yaeJI HJIH C€)lJIO B 33BHCIIMOCTH OT 3HaROB HoacpcpauneHTOB a, b, C. 

TJin t~eTsepToa TO"tiRH - ce.u.no HJIH n.eHTp, "tJ:TO 3aBn:cnr oT aHaHOB BeJIH"tJ:HH 

a, b, c 11 a + b + c. B cJiy'!ae a + b + c = 0 l!MeeM neco6cTBeanyJO oco6y10 

TO'!I<Y· 

TaHnM o6paaoM, nocne.n.nHe "tJ:eThlpe B€JIJi'lHHhl uan6onee nonno xapaine

pn3yJOr B€HTOpHO€ IIOJie f( f) H 1 COOTB€TCTBeHHO, DOBe)leHH€ HHTefp3JibHhlX 

HpHBhiX BO BC€M npocrpaHCTB€ COCTOJIHH:f:t B 3aBHCUMOCTH OT Bbl6opa BeRTOpa 

napaMerpoB. IIoaroMy cJie.zzyer paccMoTperh paa6l!eHne npocrpaHCTBa na

paMerpoB ITJIOC!<OCTJIMII a= 0, b = 0, c = 0, a+b+c = 0 aa 14 o6nacrell11 

yqecTb rpannn.hl, pa3,neJIJIIOIU,ne 9TH o6Jiacrn, n TOtJHH rrepece"tJ:eHHH. rpaHHU 

o6;racrel!. 

4. IJ;eHTpaJI:&Hhi€ CHMM€TpHH ITpOCTpaHCTBa 

cocTORHHii H npocTpaHCTBa napaMeTpOII 

JlerHO BH.U,€Tb, qTQ YMHOJReHHe Ha "t!HCJIO a: Bei<TOpa napaMerpOB ji II}Jll.BO)lJiT 

K JMHO>KeHHIO Ha a CKOpOCTH )lBHiReHHJI f llpH coxpaHeHHH HHTerpaJibHhiX 

RpHBhlX. 3To ll03BOJIJieT B paMHaX 3a)la'IH HCCJI€)lOBaJIHR HBTerpaJihHhlX HpH

Bh!X orpaHH'li!TbCJ! paccMOTpei!HeM B npOCTpaHCTBe napaMeTpOB (B Ra'!eCTBe 

3 



Mnoroo6pasnn napaMerpoB) noBepxnocTn e)lRHH'IHOl! c<j>ephl. B MnhHeil

rueM Mhl YBIIilHM, qro aro c<j>epa IlyanKape. 

llo'tiTI:I TaK me o6aapy»e:usaercJI rpynna rOMoTenrA: npocrpaacTsa co

CTOJIBHtt. J1MeHHO, YMHO>R€BHe Ha lJHCJIO a B€RTopa c0cTOJIHJiJI 1-: npHBO

JlHT K yMnomenmo na o? cKopocTn )lBIIJKeHIIH i np11 coxpaneHHH no)lo6HH 

IIHTerpaJJLRhlX Kpi!BhlX. IIocJie Il,eRTpaJILRoro npoeKTHpoBaHHH H3 uenTpa 

{x = O,y = O,z = 0} nnocKOCTIII!HTerpaJILHhiX KpHBhiX x + y + z = oA 
Ha npelKHIOJO nJIOCROCTL x + y + z = A (T.e. o6paTHol! roMOTeTHH) ocTa

erCJI YMHO>R€HH€ Ha TO >1{€ 'tJHCJIO a B II€pBOit 'creneHH CHOpOCTH .ll.BJUR€HlHI 

npoeRUHH f' (npH COXpa"ueHHH CaMHX HHTerpaJibHhiX RpHBblX). 

8TII MaClliTa6Hh!e npeo6pa30BaHJIH, )lei!CTBY!Oll(lle B COOTBeTCTBy!Oll\HX 

npocTpancTBax n coxpaRHJOll(lle I!RTerpanLHhle KpHBhle, o6pa3yiOT rpynnhl 

CIIMMeTpi!l!. lJ,eRTpanLHhle CIIMMeTpi!H o60JIX npocTpaHCTB CO)leplliaTCH B 

HIIX KaK DO)lrpynnhl. 

Bee arn CHMMeTpHH JIBJIRIOTCJI nenpepDIBHhiMH, 3a HCRJIJO'tJ:eHHeM cnyqa11 

X + y + Z = 0, Bhliia,.UaJOIU€ro H3 f0MOT€TIIit IIpOCTpaHCTBa COCTOJIHHfi. 

5. ,lJ)iCKpeTHI:Je CHMMeTpHH IIpOCTpaHCTBa 
~ 

COCTORHHH H IIpOCTpaHCTBa IIapaMeTpOB 

IJpOCTpaHCTBa COCTO.R:HHfi H IIapa,MeTpOB 06Jia,li.aiOT TaR>K€ .ll.HCRpCTHbl!>fH 

CHMM€TpHJIMH - H€ B CMDICJI€ COXpaHeHHJI HHTerpaJJbHhlX HpHBhiX, a B CMDICJI€ 

OTOJR..n€CTBJI€HH.fl pa3HhlX <PaaOBLIX TIOpTpeTOB C TO'tJHOCTblO 11.0 llOBOpOTOB H 

3epRaJibHhiX OTpameHJI:i!. 9ro TI03BOJIJ!eT COHpaT.ATb l:JHCJIO BapHaHTOBl HOTO

piJe CJie.n.yeT paCCl>laTpB:BaTb OT.ZI.eJibHO. 

IJpocrpaBCTBO rrapaMeTpOB, RpOMe JleHrpaJihHOfi CHMMeTpHH OTHOCHTe

JlhliO roqHH { x = 0, y = 0, z = 0}, o6.n:a.n.aer rpynnoit CHMMeTpMit 83 paBHO

croponnero rpeyronLHHRa orHocn:renLHO nepecraHOBRH Hoop.n.miaTHhiX ocefi. 

KalKilaH nepecTaHOBKa JHa'IeHI!fi I<OMnoHenT BCKTopa napaMeTpoB (a, b, c) 

cooTaercrayer nepecranoaRe oce:n Roop.n.nnar ( x, y, z) B npocrpancrae co

croRHH:fi 

(c,a,b)--> (z,x,y), 
(b,c,a)--> (y,z,x)," 
(b,a,c)--> (x,z,y), 
(a,c,b)--> (z,y,x), 
(c,b,a)--> (y,x,z). 
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BnyrpeHHHe .ZI.HCHpeTHhle CHMMerj:nm: npocrpancraa cocro.RHI1i1 no.RHJIR

lOTCJI npH onpe.n.eneHHbiX 3Hal.JCHHJIX napaMerpoa, ttro onpaH..:1hiBaer Hhl.D.e

nennocrb 3THX 3Hal:Jemd:t, H~l.JeM .upyrMM ne or~"'Hl.JaJOIUHXC.R. 

6. BapHn;eHTpHqecKaR cHCTeMa Koop,n;HHaT 
~ 

IIpOCTpaHCTBa COCTORHHH 

IIpocTpancTBO coCTOJIHI!II Ha IIUBapHaHTHOJ! nnocKOCTII .r + y + z = I y!lo6no 

H306palliaTL B 6apnll,eHTpnqecKoll cHcTeMe ROOPilHIIaT (pnc.2). Orn .r,y 

H Z HCXO.ZI.HOfi CHCTeMbl TipOCJlHpylOTCJI Ha Hee TpeM.R nepeCeHalOlUlil>IHCJI B 

rpex TOl.JRax npRMhlMH. Tol.JRH nepeceqenHJI cooraercrBywr Hoop.unHaraM 

{x = O,y = O,z = 1}, {x = O,y = l,z = 0} H {.1· = l.y = 0. z = 0}. 
HanpaanenHe B03pacraliHR RaH<)l.O:fl. Roop.n.nnaThl B 3rofi cncreMe - anyrpb 

o6pa30BaBruerocH TpeyroJILHnKa 6 (p11c.2). 

IlpocTpaHCTBO pa36HBaeTCH DpHMh!MH l' = 0, y = 0 ll Z = 0 He t o6-

JiaCTCI!. IlepBhle TPH oco6h!e TO'IRII ypaBHCHJIH (I) pa3MemaiOrrH B BCj)lllll· 

nax rpeyroJihHHHa 6., l.JeTBepran- na nnocliOCTH B HaiWit-m·t6o o6~1arrH u,;m 

na rpamu.J,e ll.Byx o6nacreit, B 3aBHCHMOCTH or Bbl6opa BE'Hropa napaM<:'TpOB. 

Bo3MO}J{HLJe nonomeHHJI l.JerBeprofi oco6ofi rotnnt H ee nm, onpene~1ReMI>le 

3HaHaMJI KOa<j><j>IIUHeHTOB a, b, C ( CM.(3) ), TIOHa3aHbl Ha J)nc.2 . .llJin OflJW.UE'

JieHHOCTII, MLI nonollillnll a+ b + c > 0. Kor)la KaRoll-nn6y.nL H03<j><jni!Ul<'IIT 

npHHHMaer 3HaGeHue no~'IL, oco6an rotma nona.n.aer na cooraerrrsyJomyJo 

H.oop.n.mrarHyro ocu - cropouy rpeyroJibHHHa 6. B 3TOM CJ1ytrae Ben orb co

CTOHT H3 oco6blX TOlJeR, r.e. oco6on craHOBHTCJI BCJI och. Ha pnc.2 oco6w: 

OCH OTMel.JCHbi HaHJ10IIHblMH H OCRM :1:, y,:; CTpCJIQlJHC\MJL 

<f>opMyJILI 3Hal.JeHHfi HOOp.llHHaT lJeTBE'pTOfi OC06otf TOlJliH (3) TIOI\C\3hllH'IlOT, 

l.JTO ee TIOJIO>KeHHe B npocrpaHCTBe COCTOHHHfi B3aUMHO O)lH03HatiHO COOTHE'T

CTByer TIOJIO/ReHHJO BCHTOpa napaMeTpOB B npocrpaHCTB€' H0.3ciHf>liUHE'HTOB 

(rAe HoopJlHHaThi onpe.n.eJIJJ.rorcJI c roqnocrhJO JJ.O nponopuuoua~1hHocrl-l. r.e. 
nonmn.emte onpeneJinercJI onromemJeM a : b: c, l.JTO .RB)IHerrn ~tOJlC .. lbiO 11pow 

CHTHBHOfi TIJIOCHOCTH): 

'" : y : z = c : a : b. 

HaR yme orMetta~'l!'ch Bbniie, ccpepa a npocrpancrBe napaMerpoB pa:~611HM'TC.R 
na 14 o6nac_refi, BHyrpu HoropbiX coxpaunmrc.n THllhl acex oro6hlx TOlJCH. 

ECJm nepefirH H rrpoeHTHBHOMY npocrpaHrrHy napaMerpos. oron\Jt('CTB~1n1I 
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a>O 
b>O 
c<O 
ce.Qno 

a<O 
b>O 
c<O 
!leHTp 

c=O 

X 

a=O 

a>O 
b<O 
c<O 
!leHTp ' 

I 

a>O 
b > 0 
c > 0 
!leHTp 

a<O 
b>O 
c>O 
CelJ.l!O 

y 

\-b=O 

z 

a>O 
b < 0 
c>O 
C€'.ll,JIO 

a<O 
b<O 
c>O 
nenTp 

Puc. 2. BapHII,€HTplt:tieCRaH CHCTeMa Hoop.n.HHaT CHCT€Mhl. CTopoHbl Tpey~ 

fOJibHHRa II HX TipO,UOJI)J{€HHR o6paayroT OCH 6apHU€HTpHti€CHllX ROOp,UHHaT 

n pa361!eHI!e Ha ceHTopa nl!oCHOCTll cocTOHHIIll cncTeMhl. B_ ceHTopax np!!

BelJ.eHM YCJJOBHJI llOllalJ.aHI!J! B Hl!X '!eTBepTO!l 0C06o!l TO'li!H ll ee TIIJI (ll.nJI 

onpell.eneHHOCTll, a+ b + c > 0): ITpn HeopToroHaJJhHbiX H OCJIM CTpe,10'!Rax 

yRa3aHbl YCJIOBHR TIOTia}J.aHHR oco6ofi TO't!HH Ha OCH - ycJIOBHR OC060it oc·n 

"' 

6 
~ 

.ZJ.HaMeTpaJibHO IIpOTHBOllOJIOffiHhle TO'IKH ccpepLI, o6JiaCTe:li 6y,neT 7, RaR H B 

DpOCTpaHCTBe COCTOJ!Hl!JI • 

.l(JlJI TOrO, 'lT06h! B 3TOM COllOCTaBJJeHl!ll He 6h!JJO l!CKJJIOqeHI!JI, pacCMO

Tpl!M llJIOCI!OCTb npocTpaHCTBa COCTOJ!Hl!JI X + y + Z = 1 Hal! DOllOJJHeHHYIO 

rrnocROCTb - rome Mo.nenL npoeKTHBHoro rrpocrpaHCTBa. K co6crsenHhiM 

ee TOqKaM .ll06aBJUIIOTCH aeco6CTBeBBLie TO'tJKH, COOTBeTCTBYIOll(lle Hanpa

BJieHHJIM (B o.n;aoit neco6crBennoit TO"tJKe nepeceKaJOTCJI ace napanneJibHhle 

rrpHMLte, RMeiOmHe cooTBeTCTByiDm.ee e:tt nanpaaneaue ). Mnomecrso neco6-

crBenRLIX TO'tJeK o6paayer neco6craeanyro rrpHMyro. ' 

3aMeTHM eme pa3, 'lTO KOOp.ZUIHaTLI TO'tJeK B IIpOCTpaHCTBe COCTOJIHH:tt 

X, y, Z JIMeiOT 3Ha'tJeBHJI C TOliHOCTLIO Jl.O npOIIOpUHOHaJibHOCTH, T.e. C TO'tJ

HOCThiO 11.0 coxpaHeHI!JI OTJ!OmeHHll x : y : z. B npocTpaHCTBe (x,y,z) 

npll ycl!OBlll! X + y + Z of Q 'OTHOllieHl!e onpelJ.ellJieT np!!MYIO Jll!Hl!IO, nepe

Cel!aiOlllYIO lll!OCI!OCTh X + y + Z = 1 c' BBelJ.eHHOJI Ha Hell 6apl!!leHTpll'le

CRO:fi: CHCTeMO:tt KOOp,!J.HHaT B co6CTBeHHLIX TOlJKaX. J1CKJIIO'leHHOe MHO}I{€CTBO 

X + y + Z = 0 Ha llOllOJIHeHHO!I lll!OCI!OCTll nona11.aeT Ha Heco6cTBeHHYIO 

np!!MyiO. 

Heco6cTBeRHa.JI npRMa.JI paa.n.enJieT o6nacni, Ha HOTOplllx t.IeTBepTM oco~ 

6a11 TO'!Ha !!MeeT pasl!l!'lHhlfi nm. ITpn 3TOM Tlln HalRlJ.Oil ns nepBhiX rpex 

oco6blX ToqeK npn nepexo.n.e t.Iepea 3TY npRMYIO He MeHJieTCJI. 

lif3M€H€Hll€ napaMeTpOB B npe.n,enax O,UHOfi H3 7 06.ilaCTen: npoeHTHBllOrO 

rrpOCTpaHCTBa napaMeTpOB (n COOTB€TCTBYIOII..J.€€ eMy H3M€H.€HH€ 110JIO/K€HH.fl 

4-il oco6oil TO'lKH B npe11.enax OlJ.HOil o6JJaCTll npoeHTl!BHOro npocTpaHCTBa 

COCTOJ!Hnil) Bl!e'!eT Henpepb!BHYIO lJ.e<jlopMaUl!IO (lJ.H<jl<jleOMOp<jl!!3M) CeMeli

CTBa l!HTerpaJJhHh!X HpnBh!X. Henpeph!BHM rpynna lJ.H<jl<jleoMop<jlH3MOB HB

nHeTcJI BHeniHell CliMMeTpneil, onpaBlJ.hlBaiOmell Bh!6op 11106oro BeKTopa napa

MeTpOB BHYTPH o6nacTH ( mo6oit TO'tfRH) HaH .n.ocTaTOt.IHO npe.n.cTaBnTeJibHOfO. 

BhiXOll. Ha rpaHli!IY o61!aCTn (a = 0, 11116o b = 0, JJI!6o c = O) 11.aeT yme 

Heo6paTl!MYIO lJ.e<jlopMaUliiO CeMei!CTBa l!HTerpanhHhiX l!j)l!BhiX, ll03TOMY Ha 

Ha>K,UOM 0Tp€3H€ rpaHHD;bl TaRm.e CJl€.lzyeT Bb16paTI> rrpe.n,cTaBHTeJibHJ'ffi TOtiRY • 

TaKm.e nocTyrraeM H aa nepecet.IeHHH rpaHHIJ. o6nacTeit. 

7. ATJiac HHTerpaJI:&HhiX- HpHBhiX H 

perneanii 

AT11ac IIHTerpaJJhHhiX Hp!!Bh!X - lJ.l!arpaMM cocTOJ!HIIll - n pemeH!!ll (B <jlyH

RII.HH Bp€M€HH). CHCT€Mhl (1) COCTaBJI€H H3 pHCYHROB, Ha ROTOphiX Hao6pa~ 
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H\.eHbi XapaRTepHbie npe.z:tCTaBHTeJIH RJiaCCOB 3RBHBaneHTHOCTH pernemdt B 

CMMcJie pa31(eJia 3 nacroJim:el! pa6orM. 

B arnac BKJiio"tJ:eao Boce1.ma,nu.arh pucyHHOB, oro6pamawrn.ux noBe.n.eHHe 

pemeHHit )l.JIH )l.BeHa,nn;aTH RJiaCCOB .3RBHBaJieHTHOCTH, nopom,neHHbiX Herrpe

phlBHMMH ITO napaMerpaM a, b, C CI!CTeMhl rpynnaMH I(H<j:><j:>eOMOp<jli!3MOB. 

KaJI(I(Ml! 113 pHcynHOB coorBercrByer onpe)(enennol! HOH<j:>HrypanHII oco-

6hlx TOlleR. CHCTeMhl H COCTaBJieH H3 ,UBJX llO.llpHCYHHOB - JieBOfO H npa

BOro, co.n.epmam.nx, coOTBeTCTBeBHo, <Pa30Bhle nopTJ)eThl H perneHHR ( 3Ha'!e

HHJI <j:>ynKnHl! ,l(aHM B oTHOCHTeJibHhlX e)(HHHnax). CeMel!crBa HHrerpaJibHbiX 
KpHBMX )(aRM Ha pHcynKax B llJIOCKocrnx HHBapnanroB x+y+z =A B 6ap11-

nenrpnqecKHX Koop)(nHarax. B HalR.l\Ol! 113 ceMII o6nacrefi pa36neHHH nno

CROCTH RpHBIUe, npHHa,llJie}J{am.He RJiaCCaM 3R:E~HBaJieHTHOCTH npe.li.CTaBJJeH

HbiM :aa pncyaRax RpHBhlM, rrPoxo.IVIr no.no6Ho HM, :aenpepbiBHO or~·u~:tJaHcb 
or coce.uanx H Henpepb!BHO 3anOJIHJIH o6nacrh, npntJeM tJepe3 Ram.uyw rotiHY 

npoxo.n.HT e,lJ.HHCTBeHHaJI HHTerpaJibHaJI RpHBaJI. Ha npaBOM nonpH<'YHI\e Ha

»<.n:oro BapHaHra H306pa»<eHhl 3aBHCHMOCTH OT BpeMeHH pellleim:H .r. y, Z .Ll.JlR 

O)J.HO:ft BeTBH IIHTerpaJibHOit RpHBO:it, OTMetJeHHO:it 3HatlliOM O. )lJIJI C'I.)'tJaeB 

Koneqaoro, r.e. HepaBnoro Hymo, 3Haqemu MHBapnanra (A # 0) Bhi6paHa 

Berao, npoXO,ll,HJ.U,aJI BnyrpH rpeyronhRHRa 6., ecnH TaKoBan HMeeTCH. 
PellleHnJI )(JIJ! cnyqaJI x + y + z # 0 npe)(craBneH!>I Ha pncyBHax 3 -;-

15. TinrH BapHaHTaM pacnonomeHHR H runa co6crBeHHo:it qerBeproA O<'o6ott 

TO\IHH COOTBeTCTBJIOT .neCHTb pn:cyHHOB 3 7 12, ITO .ZI.Ba pHC.YHHa Ha Raili)lhiA 

BapnaHT, Bbi)leJIRIOll.J.He CJiy"tJ:aH C BHyrpeHHeJ1: CHMMetpHeit, OTJIH\IaiOJUYJ€'CR 

CliMM€TpHefi H03<P<PBU.li€HTOB H COOTBerCTBJIOlll.e:it cm.n.terpneH BE'HTOpHoro 

IIOJIJI. Ilpn: 3TOM CJiytJaH OC06hiX oCeit, COCTOJIIUHX H3 paCXO.li.JillU:fXCR H CXO

i(JIIl\HXCJI Y3JioB, rrpe)(craBneHh! Ha pncyHRax 9 -;- 12. BapnaHTI>I pelllelll!il 

C Heco6CTBeHHLIMH OC06LIMH TOtJHaMH rrpe.n.craBJieHhl Ha pucyHHaX 13 7 }.5, 
npnT.IeM B nocne.z:tHeM cnytrae HMeiOTCR raRme H JJ.Be oco6bie ocH, ttro npn

BO.ZI.HT R IIOJlBJJeHIHO Ha TIJIOCHOCTH IIJIOCiiOIIapaJIJJeJibHOfO IIO~'IR, HM€l01ll€f0 

"tJ:ep€Jzy!Olll,IIeCR HanpaBJieHHR B CM€1RHblX 06JiaCTRX pa36H€HHR, o6pa30BaH

HhlX OC06biMH OCHMH. 

PellleHHJI .l(JIR cnylla.JI BLipom.nenHoro HHBapHaHra A = 0 npe.ucraBJJ€Hhi 

Ha pncyHKax 16-;- 20. MaKcMMaJibi!OJ! ueHTpan!>Holl CMMMerpHeil (6co yqeTa 

HarrpaBJieHJil1: ,llBnmeHHJl no HHrerpaJJhHbiM npRMhiM) ornwiaercn c;rytJ<=l.t\, 

IIp€.li.CTaBJieHIIhl:M: Ha pHc.19, tiro o6ycJIOBJI€f!'O ero BbJCOHOA BLipmKJl€JIHO

CThiO. flplP.IHHhl B03HHHHOBeHHll Bbip01RJl€HHOCTH 0T06pameHLI B TIO)liiHCH H 

pncyHKY. Bonee rro)(po6HI>Ifi aHaJIH3 )(HCRpeTUI>IX cnMMeTpllfi H J\pyrux oco-

6enBocrett, CBJI3aHBhlit C yT.IeTOM 3aJWHOB .U.BJDKeHHR, 3,lJ.eCL He npeJlCTaB~'JCH. 
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8. 3aHJiroqem:re 

B HacroJimett crarbe HaMH npoae.n:eHa HnaccH<l>HHaUHJI pewe~lln_- ·He~~HHefi

Horo O,ll:Y (1) TJma Jiori<a-BoJibTeppa (cllcreMhl), ocuosaHHaJ( Ha K·aqe

CTBeHHOM aHaJIH3e. B3aHMIIO O.z:tH03HaqHoe cooraercraoe MeiH.ny npocrpaH

CTBOM K03<jJ<j>H~IIeHTOB II npocTpaHCTBOM COCTORH!!l! ypasueHIIR ( 1 ) ll03BO· 

llJ!eT yi<a3aTh COOTBeTCTBlle MelKJlY llOJ!OlKeHIIeM BeKTOpa K03<jJ<jJHL\IIeHTOB II 

IIOJIO>K€HH€M_ 1I THIIaMH OC06biX roqeH, a raKH\€ CB.fl3aHHbiX C HHMH H.atie

CTB€HHO pa3JIHtiHMhiMH BapnaHTaMH TIOB€.ll€BHJI HHTerpaJibHbiX HpHBhJX. 

B npHHJia.U.HhiX nccne)loBaHH.RX, HcnoJIL3YlOU.UIX HemmeitHLie MareMaTH

qecKHe Mo.!(emr, .!(llarpaMMhl cocroRHHl! (<jJa30Bhle noprperhl) 11 rpa<jJmm spe

MeHHblX 3aBHCHMOCTeit OHa3IdBaiOTCJI TIOJI€3HbiM H O'I€Bb Y.ZI.06HblM HHCrpyMeH

TOM (eM., uanpnMep, [9]). Tnnii'!Hhle I<apr11Hhl seKropHhlx no;rel! ypaBHemrl! 

(1) npaae)l.eHhl a arnace. Bcero Bhi.ll€~1eHo 12 ocHOBHhlX aapHaHTOB~ ocra

JOIUHXCR nocne Y'Iera aneliiJIHX CHMMerpm1:HhiX cao:ftcra. Cne.nyer o6parHTL 

BHHMaHIIe ua ro, qro cny•~au A = 0 11 A = const # 0 ( or.(2)) npe.!(crasnmor 

)lB€ pa3Hbl€ 3a)la'lJH, TIOCHOJibHY npH nepeXO}l€ OT H€H,Y;J€BOfO 3Hit\J€HH.R TIJ10· 

CKOrO HHBapRaHra K HYJI€BOMY IIpOHCXO,IlMT CJ\aqHOM H3M€H€HH€ CHMMeTplBi 

3a,Ua'lJH, a HM€HHO, TIOJIBJIJI€TCJI BHyrpeHHRJI U€HTpaJibHa.R CHMM€TpH.R. 

YcraHosJieHHaR HaMH npoeKTHBHaR npHpo.n:a npocrpaHcrsa napaMerpos 

H npocrpaHCTBa COCTO.RHHfi B OTHOlli€HJUi ceie:ltCTB HHTerpaJihHhlX RpHBhlX 

B npocrpaHCTB€ COCTORHH:lt, a TaKH\€ HX H30MOp4m3M OTHOCl1:T€JlbHO rpynn 

npeo6pa3osaHHll npoCTpancrsa napaMerpoB cocTaMJJIOT ocuosy nocrpoe

Hl!R HJJaccn<jJHKaiUm pemennll. 
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