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© 06oe){HHeHHbiH HHCTMTyr MepHb!X MCCJJe){OBRHMH. Jly6Ha, 1997 

BBEJlEHI1E 

3a IIOCJie)l,HHe .UCC.SITHJICTIHI IIOIDITHe ,llp06Hoif npOH3BO)lHOi1 BOlllJIO 80 MHOfHC 

o6nacTH cJlH3HKH, MexaHHKH, MareMaTHlJecKoH 6Honorww [1-4,11]. Oco6euuo 
llJIO.llOTBOpHO HCIIOJ1h30B3HHC .llp06HbiX npOH3BO.UHhiX rrpH HCCJIC,llOB3HHH CTO

X3CTH'-ICCKHX npOUCCCOB (2,4 ). 

B pa60Te [2) )JJI" Onpe)leneHM" TennOBb!X M ){M!jJ!j:Iy3MOHHb!X OOTOKOB Ha 

rpamtue pa3.uena cpeJl npHMeHeH MCTOJl pacmemteHH51 oneparopa ypasueHJUI 

( ~_L)T~o dt dx2 

H3 .0:83 MfiO)I(HTCJHI, K3)f()l,0Jj::.j H3 KOTOpbiX CO.UCp)[<HT TOJlbKO npOH3BO.UHYIO ITO X H 

npmnno,auyiD nopSIJlKa 1/2 no speMCHH t. Cne.uyer o6parHTb BHHMamte ua ro, !.!TO 

B ( 11] H3JIQ)f(CH HCCKOJibKO HHOJ1: npHeM )l,JISI onpe,neJICHlUI TCIIJIOBOfO IIOTOKa Ha 

IpaHuue x ~ 0, r)le non}"leH TOT )!(e pe3ynbTaT, qTQ M a [2]. 
3a)laqa !jJMnbTpaUMM )!(M){KOCTM BO !j:IpaKTMbHOH Cpe)le (CMnbHOUOpMCTOH cpe)le) 

OIIHCbiB3CTC.sl .LUi<iJclJepeHIUiaJlbHhiM ypaBHCHliCM C Jlp06Hoi:f npOH3BO)lHOi:f DO Bpe

MeHH nop»){Ka 112 [I). 
B pa6oTe [ 4] noKmano KaK )J.po6Hble npoHJBO)J.HLie B03HHKaiOT «ecTeCTBeHHO» 

npH onHcaHHH ¢mJHqeCKHX npoueccon c:roxacn.fqecKoro nepenoca. 

Bo3HHKaeT nonpoc: MO)KHO nw )J.aTL cfJH3HqecKyiO HHTepnperauwro )J.po6Hoii 

npOH3BO)J.HOii, He CB5133HH}'IO C TOii HRH HHOif KOHKpeTHOii rrpo6neMoif? TaKoif, 

HanpHMep, KaK HHTepnpeT3UH.H llpOH3BO)J.HOif nepBOfO OOpS)J.Ka - CKOpOCTh H3Me

HeHH51 HeKOTOpoH QJyHKI..(HH IIO COOTBeTCTBYIOJJ.."(ei\ nepeMeHHOif. 

B )1.3HHOH pa6oTe npe)J.naraeTC.H TaKrui HHTepnpeTaUH.SI KaK )J.JIS rrpOH3BO)J.HOH 

IIOp.H)lKa 1/2, T3K H npOH3BORhHOfO IIOp.H)lK3. 

Ha ocnone npe)lnoxeHHOH HHTepnpeTaUHH nonyqeHM o6o6meHHble ypan

HeHH.H nepeHOCa )J.fl.H Me)J..JteHHbiX H 6biCTphiX CTOX3CTHqeCKHX npOUeCCOB H perna

eTC.H nepnru~ HaqanLHO-Kpaenasi Ja.a.aqa. BMr.mcmieTC51 cpe)J.HeKna.a.paTHqHhiH pa3-

Mep nonHMepnoH uenH H BblBO)J.HTC.H ypanneHHe Tiayim . 

I. 3JIEMEHTbl JlPOEHOfO 11Cqi1CJIEHI15! 

B 3TOM nyHKTe )J.ns Y.ll06CTBa qTeHIDI npune)J.eM HeKOTopble cl>aKThl H3 TeopHH 

)lpo6Horo MHTeipO!lM!j:I!j:IepeHUMpoaaHM». CaMo noiDITHe ilP06Horo 

HHTerpHpOB3HH.SI CB5133HO C HHTerpaiiLHLIM ypaBHeHHeM A6en.H 



r,ne 0 <a< 1, a> -oo. 

I 
f'(a) 

X f <p(l)dl 
a (x - 1) l - a = f{x), x> a, (I) 

YpaaueuHe (1) paccMaTpHsaeTc.H ua KOHe'-IHOM orpe3Ke (a, b]. PemeHHe ypaa
HeHna (I) HMeeT BHJl 

X 

<p(x) , I .!!__ J _jJt)£t_ 
I (I -a) dx ( a · a X- I) 

(2) 

11MeeT MeCTO (5]. 

TeopeMa 1. Jlna Toro, "T06bi ypasnenne A6ena (I) 6Mno paJpellinMo B 
Lr<a, b), neo6xoJlHMO H JlOCTaTO"Ho, "T06bl 

! 1 _ a(x) E AC[a, b], !
1 

_a( a)= 0, 

X 

I J f{l)dl 
r}le ! 1 (x) = r , , AC[a, b]- KJiacc a6comomo nenpepLIBHbiX 

- a f1 - ~ a (x - I)" 

na [a, b] <PYHKI.mii. 

Auanon1quo paccMaTpwaaeTc.si ypasueuHe A6em1 BHJla 
X 

_1_ J <p(l)dl _ 
f' ) ( ! _ ) - ./{1), X < b. 

(a a (x-1) a 

Tor}la BMeCTO (2) npn 0 < a < I non)"laeTca <jlopMyna o6pameHn» BHJla 
b 

_ I d J _jJt)£t_ 
q>(x) - f'(l - a) dx x (x _ I)" · 

Onpe}leJJeHue 1. nycTb q>(x) E L,[a, b]. 11HTerpaJJbl 

X 

I J p(t)dl 
(Ia: <p)(x) = f'(a) a (x- 1)! a' x >a, 

b 
I J p(l)dl X< b, (/;:.. q>)(x) = f'(a) (1- x) 1 a'· 

X 

r,n;e (X> 0, H33hlB3IOTC51 J{p06HbiMM HHTerpa.riaMH nop.H,!J;Ka U, flepBhlf.i H3 HHX fl3-

3hiB3eTC51 JieBOCTOpOHHifM, a BTOpoH - npaBOCTOpOHHMM. }:(po6uoe 
HHTerpHp083HHe o6na,uaeT fiOJJyrpynnOBbiM CBOifcTBOM 

I"J~m=Ja+~'" Iaf~m=J"+~'" a>O ">0 
a+ a+ 'I' a+ -r• b- b- "1' b- 'Y• ' 1-' ' 

V <p E C[a,b], C[a, b] - KJiacc nenpepbiBHb!X na [a, b] <jlyHKUHii. 
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Onpe)leneuue 2. L(n.H cl>YHKIHHI, 3auau11oH ua [a, b], Ka)Knoe tn Bblpa)KeHHH 
X 

(D" f)(x) = I d J _jJt)£t_ 
a+ f'(l-a)dx (<-I)"' a . 

b 

Jltl<lt. I d J 
(D'(;_f)(x) = - f'( 1 - a) dx 

x (x - 1)"-

na3h1Baerc51 npo6noH npmnno;uwn nop.H.UKa a, 0 < a < I, coorsercraeHHO Heno
cToponueH M npaBOCTOpOHHeH. 

Cnpase)lnHBa cne)lyiOIUaa (eM. [5]) TeopeMa. 

TeopeMa 2. nycn 0 < a < I. Torna paBeHCTBO 

D"- I"- <p = <p(x) 
a+ a+ 

BblllOJIIUieTCSI JlJlSI mo6ofi cyMMHpyeMOJ.i cflynKUHH q>(x), a paBCHCTBO 

I"-D"- f=f(x) 
a+ a+ (3) 

- JlJIH <jlyHKUHH f{x) E Ia:(L 1), r11e I,~(L 1)- KIIacc <jlyHKUIIft f(x), npeJlCTasn•e

Mb!X Jlp06HbiM HHTerpanoM nop»JlKa a OT . cyMMapnoii <jlynKUHH j{x) = I"- <p, 
a+ 

<p(x) E L
1
(a, b). 

EcnH JKe BMecTo j{x) E ["-+ (L
1
) npeJlnonolKHTb, qTo <jl}'HKUH» f{x) E L (a, b) 

a . q 

HMeeT cyMMHpyeMyiO npoH3BOJlHYIO Da+/, TO (3) HesepHo w 3aMeH51eTc51 cpopMynoH 

" 
a a - f, - a(a) a- I 

Ia+Du+f-j{x)- ... ,~, (x-a). (4) 

,[(JISJ JlCBOCTOpOHHeH Jl.p06Hoii npOH3BOJl,HOH 110p.S:I)lKa a 6y)leM TaK:IKe OOJib30-

BaTbC5! o6o3Ha1.JetmeM Da:f= (Da:f)x. 

2. <1>113114ECKA51 MHTEPllPETAU1151 .[(POEHOfi nP0113BO.[(HOfi 

nycTb X = x(t) 3aKOH H3MCHeBH51 BO speMeHH UCKOTOpoii rfJ1131!t!CCKOii 

BeJIH4Hllhl. CKopoCTb H3MelteHH51 x(t) 3anwweM s cfJopMe 

dx 
-
1 

= v(t)t0, (5) ll . 
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rue t - 6e3pa3Mept10e speMH, 1'0 - xapaKrepuoe speMH .ummoro npouecca. 

npe.unoJJara5:1 x(O) KOltel.JHLIM, npeJICT3BHM Bblpa)KeJme (5) 8 BH)le 

D
1 12D1 12x(t) = v(t)~ (6) Ot Ot 0' 

I 

I/' I d I x(t)d~ 
me D0 -x = . c -1 112 - Jipo6HruJ npoHJBOJIHM nop»JIKa 1/2. BseJieM 

I "V1t C t 0 (t - t) 

I '2 
o6oJHaqeuue D0: x = s(t). Torna (6) npHMeT BHJI 

1/2 
D 01 v(t)~0 . (7) 

Peweuue ypaBHeHH» {7) HMeeT B«JI [5] 
I 

s - _1Q_ I v(~)d~ 
- -.{i[ 0 (t - ~)I /2 

(8) 

4T06bt BbiYHCJIHTb HliTerpan B (8), Ha)lO 3H3Tb <jlyHKUHIO v(~), KOTOpa>! )Vl» 

pa31JWIHLJX cfJH3Hl.JeCKHX npOUeCCOB 6y)leT pa3JJHl.JHOii. Tipe.UfiOJJOJKHM, l.JTO 

V(t) = V = COnst. Torna HHTerpaJJ B (8) JJerKO Bhll.JHCJJ.HeTCS H pe3yJJLTUT MO)f(HQ 

npe).lCT3BHTb 8 QJopMe 

s2 = ;v2~o'· (9) 

B (9) Mbl BCpiiyJIHCb K pa3MCpHOMy BpCMCHH t. C ilpyroil CT<lpOHbl, HJ 

CTUTHCTHl.JCCKOH QJH3HKH XOpOlllO H3BeCTHa ¢opMyJJa 3i1HlllTei1Ha .UJia cpe.uHeKBa)l

paTHl.JHOro CMeiUeHHa 6pO)'HOBCKOA l.JUCTHUbl 33 BpeMa t 

<x2> = 2kt, (10) 

rne k - Ko3¢¢wuueur )lwcpcpy3HH. TaKHM o6pa30M, ecnw ¢H3Hl.fecKoe HBnemte, 

OfiHCh!BaeMOe ypaBHeHHeM (5), HBJ1SeTCH 6poyHOBCKHM .UBH)f(eJmeM, TO Mhl BOpase 

paCCMaTpHB3Tb s(t) KaK s(t) = ~ a k = 2lt
0

/1t K3K K03<jl<jJHUHCHT 

IIH<jl<jly3HH. 

Ycpe.u:HeuHe s ( 1 0) H.lleT no craTHCTHt.JeCKOMY aHcaM6mo. CornacHo )Ke 3p

rDLUit.JeCKoH rHnoTe3e ycpe.uuemw no speMeHH .uom~mo cosn~aTL c ycpe.uueJHJeM 

no aHcaM611lo. HcxOIDI H3 3Toro H H3 ypanHeHHH (9) H (1 0), MO)KHO c.uenarL BhJso.u: 

perneHHeM ypaBHeHHH (7) npH V = COnst SIBJISieTCH HeKasi ciJyHKUHSJ·, ycpenHeUHllil 

no speMeHH cneumUILHhiM o6pa30M c noMOUJ.LID oneparopa D~(2. 

BpeMeHHa>I J3BHCHMOCT& THna (9) unu (I 0) xapaKTepHa JIJI» )IH<jl<jly3HOHHbiX 

npOUeCCOB, fJle IIe06XOJlHMO )'4HTbiB3Th B33HMO)lei::fcTBHe cjJH3Hl.JeCKOi.f CHCTeMbl B 
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aMcaM6ne. Cne).losareJJLUO, sse.uem-te- Jlpo6HoA npmnno.uHoH no ~peMeHH nop.HJlKa 

1/2 paBHOCHJJLHO sBe.uemuo HeKoroporo cTaTHCTHt.JecKoro aHcaM6mi. B 3TOM cny

"!ae cfJH3Hl.JeCKHi1 CMhiCJI CKOpOCTH V H BpeMeHH. 'tO CTaHOBHTC_H _HCHLIM - 3TO cpe,u-

H_H_H cKopocTL cso6o,uHoro npo6era «t.JaCTHULI» (unu cpe,uHH_H CKOPO'fTh npouecca) 

H cpenuee speMjJ CTOJJKHOBeHH_H «l.J.aCTHU» (npeMa penaKcauHu). 

B CBOIO 0'-Iepe.UL, BBC,[(eHHe CTaTHCTHt.JeCKOfO 3HCUM6Jia paBHOCIUlhHO BBe

)IOHHIO BJaHMO)IeilcTBH», T,e. JaMe~~»» d/ dt Ha Db(2 
s IIH<jJ<jlepeHUHanbHbiX ypas

. HeHH_HX, Mbl He_HBHO BKJIIOl.J.aeM Jl:OflOJlHHTeJlhHh1e clJaKTOphl B33HMO,Uei1CTBH51 

cf>H3Hl.JeCKOi.f CHCTeMLI. no3TOMy' npHXO.UHM K yrsep)t(,UeHIUO, l.JTO ypasHeHHe (7) 
OllHChJBaeT HeKOTOphlA CTOX3CTH1.J.eCKHif npouecc . H np11 V =_canst «lJIICTYIO 

)IH<jl<jlyJHIO». 

BMpiDKeHHH (7) H (8) nerKo o6o6111atoTCH Ha iiP06Hhie npon3BOi1Hbie 

npOH3BOnhHOfO DOp_HJlKa Q < CX < 1. 

TipeiiCTaBHM (5) B BH)Ie D~1 Db,- ax(t) = v(t)~0 n BBe)leM o6oJHaYeHne 

!-a D0, x = s(t). TionyqnM ypaaHeHne 

D~,s(t) = v(t)~0, (11) 

I 
I d a - -

3JiecL D0l- rr1 _ IV'I dt f s(~)d~ 
- ,upo6Ha.H llpOH3BOJlH3.H npOH3BOJILHOI'O 

0 (t- ~)a . . 

110pHi1K3 a; 0 <a< I. PerneHHC (11) HMCCT BH)I (5] 

I 

s(t) = ~ I v(~)d~ 
!(a) o (t -~)a , 

(12) 

r)le l(a) - raMMa-<jlyHKUHH 3iinepa. flpH V =COliS!, BbiYHCfl»H HHTerpan B (12) H 

B03Bp3lllasiCL K pa3MepHOMY BpeMeH~ t, IJOJI)'l.JHM 

V'ta 
0 1- a 

s(t) = ""( 1,-_---'a)'::i:-:-( a-c) 1 • (13) 

Tipn a= 1/2 Bblpa>KCHHC (13) nepeXO)IHT B (9), HO npn iiPYrHX 3H3YCHHOX ypaB- . 

HeHue (11) 6yJleT OOHCbiBaTb CTOXUCTHt.JeCKHli npouecc, HO yJKe He «l.JIICTYIO 

)IH<jJ<jlyJHIO». 

BLirneH3JIOJKeHHM HHTepnpeTallHSI .upo6HLix· rrpoH3BOJlHLIX no3Bonae-r 

o6o6mHTL ypanHeHHH nepenoca (B npHHUHne, H .upyrHe ypanHeHH_H) BBe,ueHHeM 

HJIH 33MeHOH 06bil.JHbiX np0113BOJlHhiX Ha .Up06HLie. nonyt~aiOIIJ,HeCH OpH 3TOM MO

)leJlH 6y,uyr ODWCLIBUTL CJIQ)KHLie cl>W3H1.J.eCKHe SJBJieHHH: 6onee a,!leKBaTHO, XOT_H Ma

TeMaruqeCKHe TPY.UHOCTH B03pacTaiOT. 
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3. YPABHEHIUI nEPEHOCA JlPOEHOfO nOP}I)lKA 

0606IUCHHC ypaBHCHHii nepeHOC3 MO)J(HQ llpOBO)lHTh llO-p33HOMy. 3JlCCh Mbl 

o6o6mMM onpeAeneHHe noToKa (3aKOH <l>ypLe - <l>uKa), BBO/IH /lpo6HyJO 
llpOH3BOJlHYIO flO BpeMCHH 8 <f>opMe 

j(x, t) = -kD~1u)x, t); u 
X 

du 
dx ' (14) 

f/10 k - K03QJ<jlHUIIOHT <</IIIQJQJY31111>>, u(x, t) - KOHUOHTpaUHH (TeMnepaTypa II 
T.n.). 

np01!3BO/IHaH B Bb!paJKOHIIII (14) IIMOOT Bll)l 

t J ux(x, ~)d~ 

(I - ~)" 

I .£. D~tux -f-(1:---a -) at 0 

ilO)lCT3BmJSI (14) B ypaBHCHiie u
1

;;:: -jx' llOJiytiHM 

au= kD" a2
u at Or axz . 

3 " a .llCCb HMCCTC.sl B BHJly, l.JTO Oneparopbi D
01 

H iJx KOMMympyK>T. 

JleiicTBYH Ha o6e qacTM (16) onepaTOpoM D~~· c yqeToM !jlopMynhl 

nyqMM 

azu u(x, 0) 
D

1
- "u = kl + f(ix)t I " Or ax 

(15) 

(16) 

(4) no-

(17) 

YpanHeHHe (17) onHchmaer Me;vteHHbiH cnyqaHHbiH npouecc. 3-ro BhiTeKaer H3 
TOJ.:i HHTepnpetaUHH Jlp06Hoi.f llpOH3BOJlHOti, . KOTOprur Jl3H3 BbiiUe. ilDCKOJibKy 

Jlpo6mUI npOH3BO.[(HasJ - 3TO npOH3BOJJ:HWI OT CllCUHaJlbHbiM o6pa30M ycpeJlHCH

HOii QJYHKUIIII U (x, ~) B (15), a ycpOJIHOHIIO no BpeMeHII II)IOT Ha npOMe)l(yTKe OT X 

0 )lO t, HO B TOl.JKe X, TO «l.J3CTliU3» (npouecc) K3K 6LJ «33nept3» 8 3TOii TOl.JKC H3 

3TOM npOMC)K)'TKe BpCMCHH. fiOCKOJibKY B K3)K)lOif TOl.JKC X 3T3 «OCT3HOBK3» HMCCT 

MCCTO, TO BCCL npouecc 6yner 33Me)liJCHI-ILIM. il03TOMy ypaBHCHHe (17) H33biB3CT

CH ypaBHeHMeM cy6i1HQJQJY3HH. B pa6oTe [4] ypaBHOHHe THna (14) nonyqeHo 
iiPYrMM cnoco6oM. 

Ope.ll,nOJIO)f(HM TenepL, liTO OOTOK j MO)f(HO npe.ll,CT3BHTb B BM,[\C 

j(x, t) = -kD~xu(x; t), (18) 

6 
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me 

X J u(x', t)dx' 
(x - x')a 

I ~ 
D" u = f( 1 a) i'Jx ax a 

no)lCT3BJUISI (18) B ypaBHCHHC COxpaHCHHfl, 0011}"--HM 

au = kD1 + "u 
dt ax 

HJIH 

2 X 

au = I a J u(x', t)dx' 
at f(l -a) ai u (x- x')" 

( 19) 

(20) 

(21) 

Ycpe)lHCHHC B (19) H)lCT no K00p!ll1H3TC x' OT a Jl.O X, HOB MOMCHT BpeMCHH t. 3'fo 

03H3lJ3CT, I.JTO CKOpOCTL «I.J3CTHUbl» (npouecca) 6eCKOHCI.JH3, T3K K3K «li3CTHl!a>> 

npeo,nonesaer ( cosepwaer «npLDKOK») paccrmnme x - a B nanHLIH MOMeHT t. Ilo
CKOJlbKY CKOpOCTL npouecca H3 )l3HHOM OTpC3Ke 6eCKOHC1.JH3, TO BepXltHH npeneJI 

HHTerpHpOB3HH.II B (20) MOIKHO 3act>HKCHpOB3TL. IlyCTb Ha BepXIICM npe)leJie 

X = b, TOf)l3 npOH380)lHLIC no X B (20) MOIKHO BHCCTH OO)l 3H3K HHTerpana. 

B pe3ynLrare nOJI}'I.J.HM ypasHeHHe 

b 

du = k a(l + a) a2 J 
at rc 1 - a) al 

- u 

u(_i, t)dx' 

lx-x'l"+ 2 · 
(22) 

YpaBHCHHe (22), B CHllY CK333HliOrO Bblllle, OOHCbiBaeT 6biCTpLii1 CTOX3CTH1.JCCKHH 

nepeHoc. 

YpasHeHHe raKoro nma npH a= -oo H b = oo HHLIM cnoco6oM non}'I.JeHo B [4]; 

4. nEPBMI HA'IAflbHO-KPAEBMI 3A)lA'IA 
)lfl51 OEOEI.l\EHHOfO YPABHEH115! nEPEHOCA 

)l11" ypaBHOHH" (17) B o6nacm QT =; { (x, r): 0 < x < /, 0 < t < T) pac

cMorpHM uepsylO Hai.Ja.JibliO-Kpaesym Ja,uai.Jy: 

u(O, t) = u(l, t) = 0; 11(x, 0) = 110(x). (23) 
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Pewe1111e 3Ma4H (20), (23), ne panHoe TO)f(JleCTBeHuo HYJIID, 6yJieM HcKan n 
BH)le 

u(x, t) ~ X(x)T(t). (24) 

llO,!lCT3Bn•• (24) B ypaBHeHMe (17), llORY'JMM 

X"+ AX~ 0, X(O) ~ X(l) ~ 0; (25) 

T' + AD«T~ 0. 
ax (26) 

TaKMM o6paJOM, Jw• onpe)leneHw• X(r) MMeeM 33Jl34Y illTypMa - Jlwyswnn• 
(25), peweHHe KOTOpoii HMeeT BM,!l 

.!at 
X/x) ~ sm 1 x, 

( 
kn ]

2 

\~I, k~l,2,3, ... 

YpasHeHwe (26) nepenHweM B BHJle 

T/(t) ~ _ \T/0) 
ro - a)t(J. 

I 

___ L f <r- ~i-a.T/<~Jd~, 
0 

Tk ~canst* 0. 

(27) 

(28) 

Peweuue HHTerpaJJbHoro ypanHeHH» (28) co cna6oH oco6eHHOCTbiO MO)KHO 

BLmwcaTL c noMOIUhJO <j>yHKUMM THna Mwrrar- Jle<jl<jlnepa [6): 

T/t) ~ Tk(0)£1 1~(-\t ~; 1), 

me 

l ~ ~ I - a, E (z, ~) ~ L 
1 

, ~ > 0, p > 0. 
p k=Or(~+kp-) 

Peme11we 33li34H (20), (23) npe.ucTaBHM Teneph B sw.ue P•lla 

u(x, t) = L Tk(0)£11 ~(-A./; I) sin k;x, 

-(.> 

(29) 
k=I 

r:ue t 

Tk(O) ~ 7 J u0(C,) sin "'; C,df,. 
0 

(30) 

8 
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flycn <j>yuKUH• u0(0) B [0, I) HMeeT HenpepbiBHYJO npoHJBOJlHyro, npw4eM 

u0(0) = u0(1) = 0, u~(x) - KYC04HO·HenpephtBHa, Tor.ua P"ll (29) YllOBneTBop•eT 

seeM ycnonw»M Ja,nal.JH (20), (23). nocne;mee _JlOKa3biBaeTcSJ no- H3BeCTHoi-i cxeMe 

060CHOBaHH51 MeTO)la <f>ypbe C HCllOJIL30BaHJfeM CBOi.fcTB cflyHKUMH MHTTaf -
Jle<j><jlnepa. 

llonyqeHHoe peweHHe (29) npeo6paJyeM c noMO!UhJO (30) 

u(x, t)= J [7 i £11 ~(-\t~; I) sin "':xsin "';c,]u
0
(i;)df,. 

0 k =I 

06o3HaqHM qepe3 

o«(x, 1;, t) = [7 I £11~(-Ai ~; I) sin "';x sin "':s], 
k =I 

TOf)la Jlll» pememur 3MaqH nonyqHM npe.ncTaBJieHHe 

I 

u(x, t) = J G'\x, 1;, t)u
0

(C,)dl;. 
0 

JlerKO JaMeTHTb, qTQ ci>YHKU:H51 BJIIDIHHll MfHOBeHI:IOfO TOqeqHOfO HCTOqHHKa 

if(x, 1;, t) y.uosneTBop>IeT ycnOBHJO 

lim oCJ.(x, 1;, t) = G(x, 1;, t), 
U->0 

r.ue G(x, ;;, t) - <j>yHKUH>I rpHH3 )lfl>I Kfl3CCH4eCKOfO ypaBHeHH. IVI<jJ<jlyJHH 
ur = uxx. 

MeTOJlOM anpiiOpHhiX oueHoK MOJKHO noKa33Th, 4TO Jat(aqa (20), (23) wMeeT 
e)lHHCTBeHHOe pelUeHHe. 

5. CPE.[IHEKBA.[IPATH'lHhlfi: PA3MEP 
llOJJHMEPHOfi: 1..\EITH 

YpasHeHII>I (5) H (7) nerKo o6o6IUHTh Ha TpexMepHLiii cnyqaii. llycTh 

i = s; + s~ + s;, a s~ onpe)lemleTc» BLiprurceHHeM (8) H npH vi =canst, r)le 

i = x, y, z BhtpaJKeHHeM (9). HJ 3THX <jlopMyn nonY'JMM 

s2 ~ ivz~ t .Z ~ v2 + v2 + .Z. 
7t 0' X Y Z (31) 
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<f>opMyny (31) MO>KHO npHMeHHTh K nOUHMepHOH UenH. KaK HJBeCTHO (7 ,8], 
OOJlHMepHylO MOJieKyny MO)I(HQ p336HTh Ha CT3TiiCTHl:ICCKHe cerMeHTbl, a TIOJlHMep

HYIO uenL Mo.uem-tponaTb (n npocTeihueM cnyqae) KaK 6poyuoncKoe JlBH)f(eHHe cer
MeuTa. 

B 3TOM CJlyqae CKOpOCTh V B (31) Mhl MO)f{eM Tp3KT083Th K3K cpe):{HIOIO CKO

pOCTb CK3l.JK3 CerMeHT3, a 'tO - K3K BpeM5.1 O,UHOro CK3'-IK3, 

TiycTL d - pa3Mep cerMeHTa (paccTO.siHHe OJlHOro npLDKKa) H N - '-IHcno 

CCrMeHTOB 8 UenH. Toma MQ)!(HQ 330HC3Tl• V'tO ;:;:;: d H t = T.
0
N, _ OO)lCTaBmHI MX B 

(31), nony•mM 

2 s ~ -?=dNI/2 '11t .. . (32) 

ci>opMyna (32) c TOliHOCThJO -1 conna.uaeT c auanorHliHOfi QJOpMyi:wH Jlll51 cno6o)l
HO COl.JJleHeHHOti: OOJIHMepuoti uenH (7-8]. 

AHanOfH'-IHLie paCC)')K)lCHIUI OTHOCHTeJlhHO ypaBHeHJifi ( 11-13) ,[(310T 

s _d~-NI-«_ 
(I - a)r(a) 

B 33BHCHMOCTH OT a uem. MO)KeT 6LITL 6onee BhiT.smyroH, IJeM ,naeT (32). 

(33) 

B <jJopMyne (12) <jJyHKUMIO v(~) MO)I(HO paJUO)I(MTh B P•ll no ~, TOr)la nep

BLIH IJJieH pa3JIQ)I(CHHH .uaeT Bhlpa)KeHHe (33), B CJ1e)lyKHUHe nonPasKH BOii)leT 

ycKopeHHe, a pa3Mep uenH 6y.ueT JamweTL OT .u:eikTsyromeH CHJILI (ycKopem-te}. 

Eonee noJJ.p06Ho 3TH sonpoCLI HccnenyroTCH u JlpyroH pa6oTe. 3AeCL Mhl 
npHBeJIH HX K3K npHMep llpHMeHCHH.H llOHSITUH Jlp06HOi1 npOH3BO)lHOi:f K KOHK

peTHO:if npo6neMe. 

6. OEOCHOBAHHE YPABHEHH~ nAYnH· 
C Hcnonb30BAHHEM APOEHOH nPOH3BOAHOH 

HaJoseM onepaTopoM lllpeJl.HHrepa cneJ(yromee BLipa)l(eHHe: 

a 1 !42 
--~-p . at 2mih (34) 

3)lCCh t - BpCMSJ, m - M3CCa HeKOTOpOi1 l.J3CTJ.1Uf>l, 1i - llOCTO.HHHa51 nnaHKa, 

!4 
P - onepamp MMnymca. 06o3HaqeHM>I cTaH)laPTHhJe (eM., HanpMMep, [9]). EcnH 

onepaTOpOM (34) llOJI.ei.:fCTBOB3Tb Ha BOJIHOBYIO clJJHKUHIO, TO llOJIY4HM ypaBHeHJ-te 

llipe,UHHrepa ,li.nH CB060JlHOfi_lJ3CTHULI. 

10 
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BBC,lieM HCKOTOpLlii BeKTOpHhlfi' onepaTOp J T3KOi1, lJT06bJ (34) MO)KIIO 6biJIO 

npencTaBHTb B naue 

--~~-. fi'2 ~ DI/2+~1-_-J'p' DI/2_~1-.-J'P'. ( 
a 

A J ( A A J( A A ) 

i!t 2mtfr Ot V2mrh Ot V2nu1l (35) 

A 

CtiHTaa. '-ITO D~{2 
H J? KOMMympytor H pacKpbiBruJ CK06KH n npanoH '-laCTH (35). 

nOJIYlfHM, '-ITO paBeHCTBO (35) 6ylleT HMeTb MeCTO, eCJB·I BblnOJJHHeTCH paBeHCTBO 

!4~ ~ 
(J p ) ~ p 2 (36) 

~ 
Orcwna nony'-HIM ycJIOBHH JlJJH J n BHJle 

A A A A 

1Jk + 1k 1; ~ 20;k' (37) 

r)le o- CHMBOn KpoHeKepa, i, k ~ (x, y, z}. 

YcnOBHIO (37) YllOBUeTBOp•IOT xopowo HJBeCTHhle MaTp11Uhl naymt [9]. 
MatpHUbl naynH JlBYXP51JlHbJe. H, lJT06bl He Hapyllia.JJMCb npaBHna M3TpH'-IHOro YM-

:o:r~:) ~hi ilOfl)I(HhJ no)leHCTBOB3Th npaBOH qaCThiO (35) 113 <jJyHKUHIO Bll!la 

nonyqHM 

1/2 ~~~-'+--'> I /2 ~~~ -->'-'> _ 
( 

A A J( A A) 
DOt + V2mi1l 1 p DOt - V2mi11 1 p 'I' - O. 

Bse)leM HOBYIO <jJyHKUiliO X(x, r) no <jJopMyne 

- 1/2 ~~~....,...., ( 
A A) 

X - DOt - V2mifl 1 P '1'. · 

Tor)la ypaBHeHHe (38) npHMeT BH)l 

PeweHHe (39) HIUeM B BH!le 

I ~~ I/2 __ --J P X· VfflD0t X - -Vzm 

(38) 

(39) 

X( r! t) ~X( r')f(t). (401 

no}lCT38JHIH (40) B (39) H p33)lellaa llepeMellllbJe, UOJIYl.JHM )1,83 ypaBtiell1151 

II 
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----~~~~~-~~--~----~---~-----~-----~--------------~--~"-"'-j-~------------------------

'J... 
Dl /2f{t) ; ~ -= J(t), 

Ot -'lt'Fi 
(41) 

~ 
J Px( r'); 'J...-J2mx( r'). (42) 

3JlCCh A- nocTOHHHrui pa3neneHH51 nepeMeHHhiX. lleHcTsy» Ha (41) eme pa3 one

paTopoM Db( 2
, MO)I(HQ HaifTH perneHHC nOJI}"-IaCMOrO ypaBHCHlUI B BH)lC 

f{t) ; exp ( i ~ } 
2 rne 'J... ; £ H £ > 0, qro6hl <jly»KUH» H3 (42) 6blna uenpepb!BHa H KOHeqHa npu 

scex x, y, z. 
TaKHM o6pa30M H3 (41) MO)!(HO nonytntTh speMeHHYIO '-:laCTh ypasnemHJ 

Wpe)lHHrepa. nocKOJJbKY 'J...; ±'-IE, TO (42) npHMeT BH)l 

~~ 
1 P X(r) ; ±-J2mEX(r). (43) 

- -~ 

Ecnw Ha (42} no.ueHcrsosarb oneparopoM J- P • TO MOXHO nonyt-nnh H npocrpaH

crseHHYJO lJaCTb ypaBHeHHH illpe.UHHrepa Jl)lH CB060J:ll~Oii lJaCTHUl>L 

TaKHM o6pa30M BHIIHO, qro ypasuenue (39) coneplKHT sc10 wu<jlopMaUHIO 

ypasueHHH Wpe.UHHrepa .uns cso6o.uHoH lfaCTHUbl. Ho 3TO ypasHeHHe co.uepxwr 

~ 
eme 6onhwe mi<f>opMaUHH Ja clJeT oneparopos J H D~(2 

~ 
J.h (43) SH.UHO, lJTO C06CTSeHHhiC 3HalJCHHH oneparopa J p HMelOT TOJILKO 

.USa 3HalJCHH51. C TOlfKH 3pCHHH HHTepnpeTaUHH_ KBaHTOBOH: MeXaHHKH 3TO 03Halfa-

~ ~ 
CT, lJTO cfJH3HlJCCKa51 SCJIHlfHI-Ia 1-, COOTSCTCTS)'IOlllruJ Oneparopy 1 , npHHHMaeT 

!0_, 
TOJlbKO .usa 3HalJCHHfl j(JIH npOH3SOJlbHOrO HanpaBJICHHH HMOYIIbCa p CB060.UHOi1 

lJacrHUbt. TaKHMH csoH.crsaMH, KaK HJsecrHO [9-10], o6na.uaer cnHH l/2. 

113 BhiWeH3JIO)f(CHHOro sw.uuo, KaK ylfeCTb cmm B oneparope (34) H, reM ca-

~ ~~ 
MbiM, B ypasueuwH Wpemmrepa. Oneparop P nauo JaMeHHTh oneparopoM J f 

0).luaKo H3-3a paseucrsa (36) .UJHI cso6oJu-mH lfaCTHUhi HH4ero He MemierCfl. 

npe.UrtOJIOXHM, liTO lJaCntUa MaCChi m H 3apH.Ua e ,UBH)!(CTC51 B 311CKTpOMarHHTHOM 

---7 ~ ~e---7 
none c noreHUHaJHlMH q> H A, ror.ua P HMO ,3aMeHHTb Ha 8 - - A, r.ue c -c . 

IZ 

CKOpOCTb CBeTa. B 3TOM cnyqae paBeHCTBO (36) y)f(e He 6y.ueT Bbin0JlH51TbC51. 

nonyYHM 

( :0 ( !0_, e --> ) J2 ( "-> e --> )2 J P ~~A * P ~-A . 
c c (44) 

--> Tenepb 3anuweM ypasueuue Wpenuurepa nn» 3ap»na B none A H <p. C )"leTOM (44) 
HMCCM 

il'!f I { :0 ( !0_, -->) }2 
ih dt ; 2m J p - ~ A ljt + e<pljt. 

11cnonb3YH CBOMCTBO (37),{ypaBHeHHe (45))M}~)I(HO npHBeCTH K BHJly 

{) 1 ~ ~ e-..:; A --7 mJ,; 2m 1 ( P -;:A 1J1 ~ wotA 1Jf + e<pljt, 

A A 
--> eli --> 

f)lC J.l = -2- J - OnepaTop M3fHHTHOro MOMCHTa. 
me 

(45) 

(46) 

Cne)losaTeJJbHO, Mhi noKaJanH, '-ITO HcnonLJya noH»THe Jlpo6HoH npoHJBO.U

Hoii no BpeMCHH, MO)KHQ BBCCTH OOWITHC CnJ.·IH3 B ypaBHCHHC lllpC.UHHrepa H Bbi

BeCTH ypaBHeHHe flayJIH (46). 

~-
B .uaHHoH pa6ore oneparop cnwua Mbi o603HalJHJIH qepe3 1 (XOTH craH)l.apr-

A 

HOe 0603HalJeHHC ~), 4T06bi OO,UllepKHyrL, lJTO eCJIH ,Ua)!(e He 6b!J1H 6Lt H3BCCTHbl 

MaTpHUbl flayJlH, O)lHO JlHWb rpe6osaHHe <jlaKTOpH3aUHH Oneparopa (43) 3aCTaB-

~ 
JI5ICT SBCCHI OnepaTOp } H, CJie,!lOBaTCJILHO, COHH lfaCTHUbl. 
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