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BBEJJ:EHHE 

HepemlTHBHCTCKru! JMatJa O )].BH)KeHHH 3lleKTpoHa B none )].Byx KYllOHOBCKHX 

ueHTpOB, pacnonO)KeHHbIX Ha q:>HKCHpoBaHHOM paccTO51HHH ]].pyr OT ]].pyra, (3MatJa 

)].BYX ueHTpOB KBaHTOBOH MeXaHHKH) B nocne)].HHe ro)].bl BHOBb nptteneKaeT 

ycttneHHOe BHHMam1e B CB513ll C ycneWHblMll 3KCnep11MeHTaMll B aTOMHOH ll µ-Me-· 

JOaTOMHOH q:>HJHKe, a TaK)Ke B ceaJ11 c OTKpbITlleM aHrnnpoTOHHoro ren11a [l]. 
B ccpepoll)].allbHOH CllCTeMe KOOp)].IIHaT 3Ta JMatJa CBO)].llTC51 K HaXO)K)].eHlllO 

co6cTBeHHblX JHatJeHHH 11 co6cTBeHHblX cpyHKUllH CllCTeMbl ypaBHeHHH [2,3] 

[ 

2 ....2. 2 ] 2 d d l\E 2 m (1; - 1) - + 21; - + - (1; - 1) + Rz'" 1; - - - A 11(1;) = 0, 
d 1;2 d 1; 2 1;2 

- 1 · 
(1.a) 

111(+1)I <oo, lll(oo)I <oo, ls(±l)I <oo, W(0)=W(21t);t:oo, 

3)].eCb E - 3Hepma 3lleKTpona, A, - KOHCTaHTa pa3)].eneHll51, m - MarHHTHOe 

KBaHTOBOe lJllCllO, z'" =Z1 + z2' Z- = z2 -Zl; zl' z2 - 3ap51)].bl 51)].ep, R - paccT0-

51Hlle Me)K)].y HllMH. CttcTeMa e)].HllllU fz =me= e = 1. 

B nocTaHOBKe lllpe)].lrnrepa B cnyqae )].llCKpeTHoro cneKTpa (E = Ej < 0, 

z'" ~ 0, Z- ~ 0) peweHllHMll CllCTeMbl (1) HBllHIOTCH co6cTBeHHble cpyHKUllll 

(2) 

COOTBeTCTBYIOIUHe co6CTBeHHblM JHatJeHllHM E = E. (R, r, Z-), ).. = A..(R, r, r); 
J J 

j = N,L,m (11ntt n, nl' n
2

) - Haoop ccpep11tJecK11x (11m1 riapa6on11qecK11x) KBaHTo-



BhIX 
1
rncen, KJiaccmpmmpyIOIIUIX CHCTeMy (2), ~ (R) - HOpMHpOBOlJHblH MHO

)KHTeJib. <l>yHKQHH 'P. Y.llOBJieTBop»IOT COOTHOUieHHIO opTOfOHaJibHOCTH . J 

3 
J * R i:2 2 i: d.Q'P.'P.=o .. , r.ue d.Q=-

8 
(.., -1'] )d..,dTJdcp. 

l J I} 
n 

(3) 

TaKtte peUieHH51 HCCJie.UOBaHbl MHOrHMH aBTOpaMH [2-13) H nOJIY4eHbl Ha 
3BM [8-13). . 

B nOCTaHOBKe lllTypMa - IlttysHJIJI51 npn E < 0, r ~ 0 peUieHH51MH CHCTeMbl 

(1) 51BJI51IOTC51 co6cTBeHHbie cpyHKQJIH 

'P _st= N.st(R) II~t(/;; R, E, r) 3_st(TJ; R, E,r) eimcp, 
J J J J (4) 

coorneTcTByJOmne co6crneHHhIM JHaIJeHH51M zt = z.st(R,E, Z-), ').. = ')..~1(R,E, r); 
J J 

j = N,L,m (HJIH n, nl' n2) - na6op ccpeptt'leCKHX (HJIH napa6oJIH'leCKHX) KBaH-

TOBhIX lJHCeJI ,QJI51 

( /;:1'] + /;~1']} 

CHCTeMbl (4). <l>yHKQHH 'P.st opTOroHaJibHbl c BeCOM 
J 

('P.) r. -): -+-): - d:i..1:=u ... J st * tu st ( 1 1 ) n s: 
l J ..,+l'j ..,-1'] lj n 

PeUieHH51 rnna [4) nOJIY4eHbl B [14,15). 

(5) 

Ilpn peUiemm MHornx cpH3H'leCKHX Ja,natJ, B IJaCTHOCTH Ja,nalJH Tpex Ten C 

KYJIOHOBCKHM BJaHMO.UeiiCTBHeM, cpyHKUHH (2) Ji ( 4) HCnOJib3YJOTC51 B KatJeCTBe 

6aJHCHhIX. nrr» nOJIY4eHH51 KOHKpeTHhlX peJyJihTaTOB B 3THX CJIY4a»X He06XO.UHMO 

JHaHJie p5!.Qa MaTpH'IHbIX 3JieMeHTOB, Bblpa:lKa!OlllHXC51 11epe3 HHTerpanbI no 

cpyttKUH51M (2) HJIH ( 4 ). lfame Bcero 3TO HHTerpanbI BH.Ua 

00 

A
1 = J II; 1;

1
IIj d I;, A~= J II; 1;1(1;2 - 1) µIIj d I;, 

I I 

00 00 

"1 -J l _!]_ "1 -J I 2 · µ_!}_ J: A - II; I; d I; IIj d /;, Aµ - II; I; (/; - 1) d I; II_; d ..,, 
I I · 

lAl=frr.1;1-4..II.d/; lAI = OOJrr.1;1(/;2-1)~-4..II.d/; 
ldRJ' µ I dRJ' 

I I 

2AI = j II; 1;1:; IIj d /;, 
I 

l,4~ = j II; /;l(/;2 _ 1) µ /1; i IIj d I;, 
I 

2 

(6) 

l 
j 

1
1 1 3 - 2, 2, 2, ecJIH m;=mj± I, 

r.ue I = 0, 1,2 .. ., µ = 
0, 1, 2, ecnn mi= mi, mi± 2 

H aHaJIOrH'IHbie HHTerpanbI no 1'J C JaMeHOH 

+I 

A ➔ B, /; ➔ 1'], jdl; ➔ Jdl'],(/;2 -l)µ ➔(ll-l)µ, 
-I • 

II. ➔ 3., II. ➔ 3 .. 
I I J J 

BbllJHCJieHHe 3THX JIHTerpanoB, oco6emm HHTerpanoB THna A, npe.UCTaBJI»eT 

co6oH BeCbMa Tpy.uoeMKYJO 3a,na1.Jy H B CJiytJae, Kor.ua OIIH BhllJIICJI51IOTCSI lJIICJieHHO, 

Tpe6yeT orpoMHOrO speMeHH ClJeTa. n,isi peweHHSI cp113HlJeCKOH Ja,lla'IH np11 3TOM 

06S1JaTeJihHblM CTaHOBHTCSI npe.usap11TeJihHOe BbllJHCJieHHe rpOMOJ.UKIIX Ta6mm co

OTBeTCTBY!OlllHX MaTpH'IHblX '.ilJieMeHTOB, nocKOJibKY BbllJHCJie!me HX no xo.uy 

peweHHSI Ja,na'IH npOCTO HepeanbHO. 

n,iSI CJIY'IM .UHCKpernoro crieKTpa 3a,llalJH (I) B pa6oTe BBe.ueHO HOBOe paJJIO

)KeHHe ,QJI51 cpyHKUIIH II(/;), a HeKOTOpbie y)Ke HJBeCTHbie pa3JIO)KeHH51 .llJl51 II(/;). 
3(1']) JanncaHbI B 6onee y.uo6HOM Bn.ue. Ilp11 3TOM sse.ueH HOBbIH oneparnp, .u11aro

HaJihHbIH Ha CHCTeMax co6cTBeHHblX cpyHKUIIH (2), (4). 3TO nOJBOJISleT HCOOJib30-

BaTh auamlTHlJeCKOe HHTerpnposa1me np11 BbllJIICJieHHH HHTerpanOB BH)la ( 6) II 

nonytJaTb Bbipa:lKeHHSI ,IIJISI HIIX B npoCTOM anre6pa111.JeCKOM BH.Ue HJIII B BIi.UC 

cpaBHHTeJibHO npoCTblX CYMM, co.uep)KalllHX K03Q)q:JIIUHeHTbl COOTBCTCTBY!OlllIIX 

-paJJIO)KeHm'i H 11eKOTOpb1e anre6paH'leCKHe Bblpa:lKeHH51. 8bilJHCJie1me 3TIIX cyMM 

He Tpe6yeT CKOJibKO-HH6y.ub 3HalJHTeJibHOro BpeMeHH ClJeTa II snomte ocy

mecTBIIMO Ha PC. 

BhlqHCJIEHIIE IIHTEfPAJIOB TIIIlA A 

B pa6ornx [11,16-19) 3TH lll!Terpanbl BbllJHCJISIJIHCb lJHCJielIIIO. IlpH 3TOM 

,IIJl51 cpyHKQHH II(/;) HCOOJib3OBaJIOCb paJJIO)KeHlte [5] 

II(/;)= (/;2 - 1r/2(/; + l)cr e-p(~-1) I_ gk( ~: ~ r 
k=O 

(7) 

b+ ( R2E )1/2 
r.ue cr = 

2
P - m - 1, b+ = Rzt°, p = T . Kmicpcp11u11e11Tb1 gk ynoBJiernopsiKn 

peKyppeHTHblM COOTHOWeHHSIM 

akgk_l+bkgk+ckgk+l=0, g_l=0; k=0,1,2 ... , 

ak = (k + I )(k + m + 1 ), 

3 



bk =-2k(k + 2p-er) + (m + er)(m + 1) + 2pcr-- 'J..., 

c = (k - 1 - er)(k - m - 1 - er). k (8) 

floCKOJihKY •mcJieHHOe HHTerpHpoBaHHe Tpe6yeT 60JihlllHX JaTpaT Mawmrnoro 

BpeMeHH, a [20] 6hm pa3BHT .o:pyrott anmpHTM Bhl'lHCJieHml A-HHTerpanoB c HC

nOJih30Bam1eM pa3.11O)KeHml (7). Bee HHTerpHpOBaflHH BhinOJIHHJIHCh aHaJIHTH'leCKH 

H CBO.O:HJIHCh K HaxO)KJleHHIO HenoJIHOH raMMa-cj:>yHKUHH H ee nepBOH II BTOpOH 

npOH3B0JlllhlX, KOTOphie Bbl'lHCJIHJIHCh B nporpaMMe peKyppeHTHbIM o6pa30M C no

MOUlhlO uenHhlX .o:po6ett. flpn 3TOM npHMeHHJiaCh nOJIY4eHHaH B [21] mmettHaH 

anre6pa HHTerpanoa 1aua'lu .o:ayx ueHTpoa, KOTopaH noJBOJIHeT caecn1 BbI'lHcnem1e 

acex BO3MO)KHblX HHTerpanoa BH)la (6) K Bbl'lHCJieHHJO TOJibKO HeKOTOpblX HJ _HHX. 

'.'.:ho n03B0JIHJIO COKpaTHTh apeMH Bbl'lHCJieHHH COOTBeTCTBYIOlllHX MaTpH'lHhlX 3Jie

MeHTOB Ha 2-3 nopH.O:Ka no cpaBHeHHJO c anrop_HTMaMH [II, 16-19], HO a cny'lae, 

Kor.o:a Tpe60BMOCh 3HaHHe BeCbMa 60JihlllOro 'lHCJia TaKHX BeJIH'lHH, npo6neMa 

Mawnm,oro apeMem, ace eme ocrnaanach. 

.[lJJH HaXO)KJ:leHHH cj:>yHKUHH 11(1;) 6blJIH npeJlJIO)KeHbl TaK)Ke H .o:pyme pa3.11o

)KeHHH. HanpHMep, B [ 4] 6b1JI0 aae.o:eHo pa3.11o)Ke1me 

11(1;) = (1;2 - I r12 e-p(I;- I) L pkl;(2p(I; - 1 )). 
k=O 

(9) 

3.o:ecb l;(x) - nOJIHHOMbl Jlarrepa. Ko3cj:>cj:>11u11eHThl pk CBHJaHbl. peKyppeHTHhlMH 

COOTHOllleHHHMH 

akpk_l+bkpk+ckpk+l=0, P_1=0; k=0, 1,2···• 

ak = k(er+ I -k), 

bk= 2k(k+ 2p-er)- 2pcr+'J...-(m + I)(m+ er), 

ck=(k+m+ I)(er+m-k). 

3anHllleM pa3.11O)KeHHe (9) B BH)le 

Ill = Il(s) = (2pr(s2 - I)m/2 e-p(I;- I) X 

"" { ( er - k + 1) ]I /2 XLA (k+I) m l;(2p(l;-l)), 
k==O m 

a TaK)Ke BBC)leM HOBOe pa3.11O)KeHHe 

112 = Il(s) =11,(m)(5-::.! r/2 e-p(!;-1) x 
1;+1 

4 

(10) 

(11) 

00 

X LA{ 1 )1/2 
k=O (k + l)m(er- k + l)m L;(2p(f,- 1)), 

(12) 

r.o:e (a)m - CHMBOJI IloxraMMepa, 

_ r(a+m) _ 
(a)m - r(a) - a(a + 1) ... (a+ m - 1), 

'J...(m) - HeKOTOpaH KOHCTaHTa. Ilo.o:crnBJIHeM (12) B (La) H nonY4aeM, 'ITO K03cj:>

cj:>HUHeHThl Ak B (11) I{ B (12) y.o:oBJieTBOpHIOT O.0:HHaKOBhlM peKyppeHTHhIM COOT-

HOllleHHHM 

C\Ak-I +~lk +cxk+IAk+I =0; Ak-I =0; k=0,1,2 ... , 

cxk = (k(k + m)(er- k + l)(er- k + m + 1))
112

, 

~k = 2k(k+ 2p-er)- 2pcr+ 'J...-(m + l)(m + er). (13) 

IlocKOJibKY a6cOJIJOTHM CXOJJ.HMOCTb pa3.11O.lKeHHH (9), a cneJJ.OBaTeJibHO H 

(11), JlOKaJaHa a [4], cpaBHHBaeM (11) 1-1 (12) H y6e.l!(JlaeMCH, 'ITO PM (12) TaK.lKe 

CXOJJ:HTCH. BenH'lHHa ((er-k+ 1) )112 
a (12) HaxO)lHTCH a JHaMeHaTeJie, 'ITO ynyq-

. m 

waeT CXOJJ:HMOCTh 3TOro pHJJ.a no cpaBHeHHIO C pHJJ.OM ( 11 ). 
Bae.o:eM HOpMHpOBKY 11(1;) TaKyJO, 'IT06b1 

LAk2 =l, A >0, 
k=O n~ 

(14) 

r.o:e n1; - 'IHCJIO uynett 11(1;) Ha JIY4e [l, oo). 

Bhl'IHCJIHM HHTerpan 

00 00 () 

Ao= f 11\l;)d; = f 111~<1; = \ m . 
I 1 p 

(15). 

3.o:ecb Mb! BOCnOJibJOBMHCb COOTHOWeHHeM opTOfOHMhHOCTH JlJIH IlOJIHHOMOB 

Jlarrepa [22] 

00 

f e-x .i"L;(x)L;(x)dx=- (k:!m)! okq 

0 

H ycnoaHeM HOpMHpOBKH (14). 

(16) 

. Haii.o:eM Tenepb KOHCTaHry ')..,(m)_ 11cnoJib3YH (12) H (11), C yqeTOM (16) no

JIY4aeM 
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TaI<: KaK 

I ll e-p(l;-l)(<;2-1r/2(2 )m+Id<;=A(m)A ( m! )I/2 
2 p o (a+l) ' 

I m 

J Ill e-p(I;- 1)(<;2 _ l)m/2(2p)m + I di;= 
I 

oo { (a-k+ 1) ]I/200 
=LA (k + 1) m f e-x F(x + 4prLf(x)dx. 

k=O m 0 

. I ( 1l m 
J=(/+m)!/ ! L - Lk(x) 

k=O(k+m)!(l-k)! • 

m 
(x+4pr=L, m!(4pt- 1(m+l)! ± (-l)nL:(x) 

l=O (m-l)! n=O(l-n)!(n+m)!' 

HaXO.!(HM, tJTO 

f Lf(x)(x+4pr?e-xdx= 
0 

{ 

~ m! (4p)m-l(l+m)!(-l)k < 
= k (m - l)! k!(l - k)! , ecnn k _ m, 

1=0 

0, ecnn k > m. 

ITpnpaBHHBIDI (17) n (18), c }"IeTOM (19) IIOJI}"IaeM 

'I (m) = ( I( l) )I /2 J__ ~ (4pr-
1
(l + m)! 

I\, m. a+ m A k (m- l)! x 
0 k=O 

1 
Al-ll((cr-k+l)m)l/

2 

XL (l-k)! k!(k+m)! · 
k=O 

(17) 

(18) 

(19) 

(20) 

KaK BH.!lHM, ,.,(m) - IIOJIHHOM no A cTeneHH m, JaBHCHlllHH TaI<:)Ke OT b+, p. B 

tJaCTHbIX CJI}"IIDIX, Kor.n:a 

m = o ,.,co)= 1 
' ' 

m= 1 ,.,<l)=A+b+ 
' ' 

6 

r.n:e 

HJIH 

m = 2, ,., <2) = (i--. - 1 + b +)(i--. + b +) - 3b + - i--. - 4/. 

BBe.n:eM onepaTOp 

i<•>~[IT (£ +/) l(2p(i',+ l))m, 

" ( d x m m x )(d 1 m m ) 
,C = x dx + 1 -2+2-2 (x+4p} dx +2- 2x - 2(x+4p) +a, 

x=2p(l;-1), 

,C 2p = (<; - ] ) d<; - p(<; - 1) + 1 + ; - '; ( € : ! ) ) X " ( d 

(
d m m ) + 

. x d<;+p-2(1;-1) 2(1;+1) +b -2p(m+l). 

TTo.n:eiicTByeM onepaTOpoM (21) Ha PM (12). TTon}"IaeM 

i(m)I1
2 

= ;.._(m) e-p(I;- 1)(2pt(<;2 - lt/2 
X 

00 
xI,Ak (a-k+l)(a k+2) ... (a k+m) m 

k=O ((k+ l)m(a-k+ l)m)l/2 Lk(2p(l;-1)). 

CpaBHHBIDI C (11), HMeeM 
. ,_ 
;.._(m)n2 = ;.._(m)n, . 

TaI<:HM o6prooM, 

i<m)n@ = ;.._(m)n@, 

(21) 

A 
TO eCTb onepaTOp ,.,(m) .!(HarOHaJieH 11a CHCTeMe cpyHKUHH TT(;), Hero co6crneHllblM 

3HatJeHHeM HBJIHeTCH BeJIHtJHHa A, (m). A 

He B.!(aBIDICb J.!(eCb B .n:eTaJIH TeopeTHKO-rpynnoBOH HHTepnpeTaUllH ,.,(m). Ja-
l\ A 

MeTHM JIHlllb, tJTO ;.._(m) He HBJIHeTCH He3aBHCHMblM onepaTopoM OT onepaTopa A., 
A 

co6cTBeHHblMH 3HatJeHHHMH KOTOporo HBJIHeTCH KOHCTal!Ta pa3.uenemrn A.. A, (m) -
A 

IIOJIHHOM no onepaTopaM A, CTeneHH m, JaBHCHlllHH TaK)Ke OT onepaTopa :mepnm 

7 



I\ 

E (B cnyqae perneHml CHCTeMbl (I) B noCTaHOBKe WpeAHHrepa) HJlH OT onepaTOpa 
I\ 

Ri: (B noCTaHOBKe lliTypMa - J111ysHJ1J1R). 

ITpHBeAeM HeKOTOpbie npHMepbl Bbl'IHCJleHHR HHTerpanos C noMOlllblO pa3IIO-

)KeHHH (11 )-(12) 11 BeJlH'IHHbl '),., (m)_ 
. d 

ITon.ettcrnyeM onepaTOpOM (1; - 1) di; + p(I; - I) Ha npasyIO H nesyIO •rncTH 

( 11 )-( 12), YMHO:JKHM Ha TT(I;) H npoHHTerpHpyeM no 1; OT I .uo 00 • C yqeToM 

(14)-(16) H peKyppeHTHblX COOTHOllieHHH MR noJlHHOMOB Jlarrepa [22] nony<Ja

eM 

OOJ(G)n2d1;=-('),_(m}); AA ((k+l)(k+m+I) )1/2 (22) 
1;+1 2p £... k k+I (cr-k)(cr+m-k) ' 

I bO 

'),_(m) °" 
A

1 =-2 (2p+m+ I+ L 2kAf-
4P bO 

00 

-L AkAk+ 
1
(2(cr-k) + m)( (k + l)(k + m + 1) )1/2 

bO ~-~~+m-~ . 
(23) 

Cornacuo anre6pe HHTerpanos, nony<JeHHOH B [21 ], see ocTanbHbie A I npH 

l ~ 2, i = j JlHHettHbIM o6pa30M Bb1pa:JKa10TCR <Jepe3 A 0, A 1. 

B nocrnuosKe Wpen.m1repa npH p. -:t:- p., m. = m. HHTerpan Ao BbI'IHCJlReM, 
I } I } 

HCnOJlb3Y.SI (IJ)-(12) H [22]: 

00 f e-bxx11L;(xv)L;(x µ)dx= r(m + n + k + 1) (b-vt(b- µ)k 

ITonyqaeM: 

0 k!n! bn+k+m+ J X 

. b(b-v-µ) )· 
x 2Fi(-n, -k, -n - k- m, (b -v)(b- µ) 

1/2 
i i U) (i) 1 m x °" (2p )m'),_(m) 

00 

I { (cr. - / + k + 1) l 
f ni njdl;= r+ 1 LL Ak Al_ (k+ 1) (l-k+ 1)m(cr.-k+ l)m 
I (p;+pi l=Ok=O m 1 

min(k, 1-k) 

X L. 
n=O 

[ ]

/- 2n 
(-l)n-k(/+m-n)! pj-pi . 

(k - n)!([ - k- n)!n! Pi+ P; 
(24) 

8 

~ 
I\ 
I 

l' ' 

Rzt Rzt (i) (j) 
3n.ecb O"; = 2 - m - 1, cr. = 2 - m - 1; Ak , Ak - K03q>q>HUHeHTbI Ak B pa3Jlo-

P; J pi 
:JKeHHRX (11)-(12) MR COCTO.SIHHH i, j COOTBeTCTBeHHO. 

TaK KaK HHTerpan (24) CHMMeTpH'leH OTHOCHTeJlbHO i, j, TO qiopMyna cnpasa 

pasua TaKOH )Ke c JaMettott i ➔ j, j ➔ i. 
B n0CTaHOBKe WrypMa - JluyBHJlJl.SI Bblpaxettue WI.SI HHTerpana (24) ynpo-

maeTCR, noCKOJlbKY B 3TOM cnyqae P; = pi ·. 11MeeM: 

°" '),.,~m) °" ((cr.-k+l) ]1/2 

f n~tn~tdl;=_L_""' A(i}A(!) I m 
, 1 2p £... k k ( cr. - k + 1) ' 

I bO J m 

Rz.st Rz.st 
I } 

O";=~-m-1, O"i=~-m-1. 

ITpu i = j, )"IHTbIBa.SI (14), nonyqaeM (15). 

OTMeTHM, 'ITO p.S!,U (7) TaK:JKe MO:JKHO 3anucaTb C IlOMOlllblO K03q>q>HUHeHTOB Ak. 

A HMeHHO: 

TT{1;)=1C(1;2-l-r/2(1~;1 re-p(!;-l)iAk(-l)k(~~~ frk, 
bO 

(

(--cr)k(--cr-m) }1/2 
rn.e rk = k 

k!(k+m)! · 
(25) 

KoHCTaHTY JC onpen.en.SieM, npHpaBHHBaR TT(l;)/(1;- l)m/
2 

B TO<JKe 1; = 1 B pa3IIo

:JKeHH.SIX (11) H (25). Haxo,uHM: 

_S2£L_ °" ((k+l)m(cr-k+l)m)l/2 
JC- A L Ak ' . 

0 bO m. 

PaCCMOTpHM HHTerpan 

Jk = f TT(l;) fil;)d;, 
1 

rn.e 

f, (1;) = K(1;2- 1r/2(5.±! Jcr e-p(!;-1)(-Ifr( 1=..!_ t 
k 2 "l_s+l)" 

11cnoJlb3Y.SI ypaBHeHHe (I.a) H"TOT q>aKT, 'ITO 

( c1;
2 

- o(tk ~ n-n ~frc )-JI~ =O, 

9 
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nonyqaeM, llTO Jk y.AOBJJeTBOp51eT peKyppeHTHblM COOTHOIIIeHH51M (13) .ll.)151 Ak, " 

TaK KaK Jk )'MeHblllaJOTC.ll C yBellHlleHHeM k, TO 

Jk=KAk, 

r.n.e K - HeKOTOpa.ll KOHCTaHTa. 

YllHTblBa.ll (14)-(15) H (25), HaXO,D.HM 

oo 'l (m) 
~ - 0 /1, 
~A/k=K=A =2 . 
k=O p 

(27) 

(28) 

3.n.ecb Mb! npttMeHHllH cpaKTHlleCKH noqneHHOe HHTerpttpoBaHHe p51.D.a (25), 
KOTOpoe BO3MO)KHO B cttny ero a6comoTHOH CXO.D.HMOCTH [5]. 

BblllHCllllM HeCKOllhKO HHTerpanoB C nOMOll(blO pa3llO)KeHH51 (25). TTocKOllbKY 

s_::1_) I oo ( (k+ 1),(k+m+ 1)1 ]I/2 

( s+ 1 .Il=(-l) LA/k+l (k-a) (k-a-m) ' 
k= O I I 

TO )'MHO)Ka.ll 3TO paseHCTBO Ha n " HHTerpttpy.ll no s OT 1 .D.O 00 , C yqeTOM (26)
(28) nonyqaeM 

oof (.s..=.1.12 - I ')._(m) oo ( (k+ 1), (k+m+ 1)1 ]1/2 
s+l Ilds-(-l) 2p LAik+I (k-a) (k-0"-m) . 

I k=O I I 

B cnyqae l = 1 3TO paBeHCTBO COBna.n.aeT C Haii.n.eHHblM .n.pymM cnoco6oM 

paBeHCTBOM (22). 

lleiiCTBY.ll onepaTOpOM (<s2 
- 1) ~ - ms -cr(s - 1) + p(s

2 
- 1)) Ha npaByIO tt 

neBYIO l!aCTH (25), JaTeM )'MHO)Ka.ll nonyqeHHOe Bblpa)KeHHe Ha n " npOH3BO.[1.51 

COOTBeTCTBy10mee HHTerpttpOBaHHe, HaXO,D.HM 

(a-p)A0 -(a+m+ l)A 1 +pA2 =A0 L 2kAf 
k=O 

3aMeTHM, llTO comaCHO [21] 

Ao _4_ ('l R
2
E )-A2 _4_ (R

2
E )=Alz+

dR 11,+ 2 dR 2 . 

Bl>lqHCJIEHHE HHTErPAJIOB THIIA B 

B cnyqae, KOr.n.a zl = z2' .ll.)l.ll BblllHClleHH51 HHTerpanOB no TJ npttMeH51eM 

HCnOllb3YeMoe B [7] II BO MHOrHX .n.pymx pa6ornx paJnO)KeHHe :S(TJ) no cpyHKUH51M 

Jle)KaH.n.pa, KOTopoe 3allHIIIeM 3,D.eCb B BH,D.e 

10 

00 

:s(
11
)=Ic pm <ll)(c41+2m+28+1)<2i+ 8), )112 

_ I 21 + m + 6 2(2/ + 2 ,;:) 1 , ~o m+u. 

8 = {0, eenH L - m = 2n, 
I, ecntt L - m = 2n + J; n = o, 1,2 ... 

Ko::icpcpttUHCHTbl c, y.n.oeneTBOp51IOT peKyppeHTHblM eOOTHOIIICHH51M 

c,_ 1a1+ c, ~,+ c1+ 1a1+ 1 =0, c_1 =0, l=0,1,2 .. ., 

a =p~ 02_m2)((j- l)2-m2) ]1/2, 
1 l (4/-1)(4(j- 1)

2
- I) 

[ 

,2 2 (j 1)2 2 l 2 . . .2 J - m + - m . 
~,=1..-p -J(j+l)+p 

2 
+ 2 , 1=2/+111+8. 

4j - I 4(j + I) - I 

Bee.n.eM HOpMHpoeKy 3(11), TaK l!T06hl 

L c; = I, en> 0. 
1=0 

(29) 

(30) 

11cnonb3Y.ll (29) " COOTHOIIIeHH51 opTOrDHallbHOCTH .ll.)151 cpyHKUHii Jle)Kall.D.pa, 

nonyqaeM nptt m. = m., 8. = 8.: 
I J I J 

+I oo 

Bo -f = = ,In - ~ ,.ii)--'i) - -;-ju,1-~L/ Lj, 
-1 1=0 

(3 I) 

Ecntt i = j, To e yqeToM (30) Haxo.n.ttM, llTO B0 = I. Cornac110 anre6pe mner

panoB [21], see ocTanbHh1e B2
k nptt k ~ I, i=j, Z1 =Z

2 
Bblpa)KaIOTC511.Jepe3 B0

. Bee 

2k-l B B 3TOM enyqae paBHbl 11yn10. 

lln51 peIIIeHttii IIITYPMOBCKOm mna ttHTerpan (3 I) paee11 Hyn10 npu L. -:t- L. 11 
. I J 

paeeu I nptt L. = L. [24]. 
I J 

B cnyqae z, -:t- z2 cpyHKUHH :.(11) TaK)KC MO)KHO pamaraTb e P51.D. no cpyHKUIUIM 

Jle)KaH.n.pa [ 16]. TTpe.D.CTaBHM 3TO pa3llO)KCHHe B BH,D.e 

'=( ) = ~ D Pm ( )( (2/ + 2m + I)/ ! )' 1
2 

- Tl ~ / I+ m 11 2(/ + 2m)! ' 
1=0 

r.n.e K03!p!pHUHCHTbl DI CB513aHbl peKyppeHTHblMH COOTHOIIIeHH51MH 

11 

(32) 



/Pr Pr- 1Dr-2 + b-Pr D1-1 +y1Dr+ b-P1+ 1D1+ 1+ /P1+2P1+ 1D1+2 =
0

, 

( 
/(/ + 2m) )1/2 -

D_2 =D_I =0; I =0,l,2 ... ; P1= 2 , b =RT, 
4(/+m) -1 

'I 2 (/ )(/ l) 2( l(l+2m) (l+l)(l+2m+l)) y=l\,-p - +m +m+ +p + . 
1 4(/+m/- l 4(/+m+ 1)

2
- l 

Bse,!leM HopMHpOBKY 

~ 2 . 
£..DI =1, D~ >0, (33) 

1=0 Tl 

me nll = L - m- <JHCJIO Hyneii cpyHKl..lHH E:(TJ) Ha HHTepsane [-1, + l ]. 

l1cnOJlh3Y}I (32) H COOTHOllleHH}I opTOrOHaJlbHOCTH .!lJl}I cpyHKl..lHH Jle)KaH,!lpa, 

aHaJIOrHlJHO npe.!lhl.!lYllleMy cny<JaIO HaXO.!lHM 

+I 

Bo =f = = ,In=~ Du>DW -; -j u'I £., I I · 
-I 1=0 

(34) 

EcnH i = j, TO cornacHo (33) 3TOT mnerpan paseu l . 
}lrI}I CJIY'Ja}I rnTypMOBCKHX perneHHH HHTerpan (34) paseH HYJIIO npH i -:I- j H 

pase11 l npH i = j [24]. 
TTpnMeH}l}I peKyppeHTHbie COOTHOllleHHll .!lJl}I· cpyHKl..lHH Jle)KaH,!lpa [22], no-

.!l06HhlM o6pa30M 1:,1axO.!lHM 

+I oo 1/2 

Bl = f Tl ::;2drJ = 2 L DI DI- 1( l(l + 2:) ) . 
-I I= 1 4(/ + m) - l 

CornacHo [21,24] see ocTMhHhie Bk nptt k?:. 2, i = j Bb1pa)KaIOTC}I <Jepe3 

Bo, Bl. 
Pa3JIO)KeHne (32) npHMeHHMO .!lJl}I BhllJHCJleHH}I HHTerpanoB KaK no rnpe,!lHHre

pOBCKHM cpyHKJ..lH}IM (2), TaK tt no lllTypMOBCKHM cpyttKJ..lH}IM (4). Kor.Ila )Ke BhllJH

CJl}IIOTC}I mnerpallbl TOJlbKO no lllTYPMOBCKHM cpyHKl..lH}IM HJIH no cpyttKJ..lH}IM (2) 

npH i = j, Y.!l06HO HcnOJlbJOBaTb pa3llO)KeHH}I E:(TJ) no e±pllp/: m(TJ) [ 4,6], 3an11caH-

llble B BH,!le 

:::I= E:(TJ} = e-JJTI L Bl Pi"'+m(TJ) X 

1=0 

(

(2/+2m+l)/!r(v-m) l )
1
/

2 

x 2(/+2m)! r(v-/-m) (v+m+ 1)1 ' 
(35) 

12 

:::2= E:(TJ) = e tf11 L Bl 11'+ m(TJ) X 

1=0 

x ((2/+2m+ 1)/ ! r(v-l-m)(v+m+ 1)1 )1/2 

2(l+2m)! r(v-m) ' 
(36) 

me 

R(Z1 -Z2) 
V= 

2p 

a.lBl-1 +J31B1+a.1+1B1+1 =0; B_l =0; l=0,1,2 ... , 

[ 

2 2 ll/2 =2 l(l+2m)(v -(l+m)) A =-'I (/ )(l l) 
a.I p 2 , P1 I\, + + m + m + . 

4(/+m) -1 

8hl6epeM HOpMHpOBKY 2:(TJ) TaK, 'IT06bI 

~ 2 . 
£.. B1 = 1, Bn > 0. (37) 

l=O Tl 

l1cnollb3Y}I (35)-(37) " COOTHOllleHH}I opTOroHaJlhHOCTH .!lJl}I q>yttKl..lHH Jle

)KaH,!lpa, nonY<JaeM 

+l +l 

Bo-J = = dn-f ;2dn-c - -1-2 .• - - .,-c.. (38) 
-1 -1 

TTpttpaBHHBM 2:(TJ) / (1 -TJ)m/
2 

B TOlJKe TJ = 1 s pa3JIO)KeHH}IX (35) u (36), HMeeM 

e=e-2PI,B ((2/+2m+l)/! r(v+m+l)r(v-m) )1/2 / 
l (/ +2m)! r(v+ / +m+ 1) r(v- /-m) 

l=O 

°" B ( 2/ + 2m + 1)/ ! (v + m + I)l r(v-l-m) )1/2 

/ L I (/+2m)! r(v-m) . 
l=O 

ITpo.!lHq>cpepettuupyeM no R npaByIO H JleBYJO CTOpOHhl (35) " (36) (3TO B03-

MO)KHO B CHJIY a6COJIIOTHOii CXO.!lHMOCTH 3THX PMOB [4,6]), JaTeM YMHO)KHM nony

lJeHHhie Bblpa)KeHH}I COOTBeTCTBeHHO Ha 2:2 H 2:1 H nponHTerpttpyeM no Tl OT -1 .!lO 

+ 1. C Y<JeTOM (37) u coornorneHHH opTOrOHaJlhHOCTH .!lJl}I cpyHKUHH Jle)KaH.!lpa 

HaXO,!lHM 
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me 

..!i._Bo=-2(EE_ 1n1-(dv) 
dR dR[ dRx 

x I, BT('l'(v+ m+ l + 1) - 'l'(v+ m+ 1) + 'l'(-v+ l + m+ 1)- 'l'(-v+ m+ 1)), 

l=O 

dv - ~ ( P.. - EE_ ) n'(z + l) n'(z) - .!. + _1 _ + + _1 
dR-p R dR 'r -r -z z+l ··· z+l-1 

YMHO)Kllil (35) Ha l'\ 32, ncnonb3Yll peKyppeHTHbJe C00TH0llleHHll )lJlll <pyHK

Uilll Jle)KaH,ll.pa II IIHTerpI1pyll C00TBeTCTBYJOlll.HM o6pa30M, aHanorwrno npe.D.bI.D.Y
lll.eMy nonyqaeM 

00 1/2 
Bl = 2vBo I, B B ( l(l + 2m) . 1 ) 

l=O l l-l (4(/+m)2-1) (v2-(/+m)2) . 

Bb16op paJnliqHoii H0pMlip0BKII )lJlll 3(l'\) B paJn0)KeHHllX (29), (32) II (35), 
(36) He llBnlleTCll npHHUHnilanbHblM II M0)KeT 6bJTb nerK0 ycTpaHeH 3aMeHOii KO-

SlplpIIUHeHT0B Bl a pa3n0)KeHilllX (35), (36) Ha B/"ilf. 

3AKJIIOqEHHE 

B pa6oTe npuae.11.eHbl npIIMepbl BbJqucneHHll HeK0T0pblX 0CH0BHblX IIHTerpa
noB no co6crneHHblM <pyHKUilllM 3a.D.aqlI .11.BYX ueHTp0B KBaHTOBOii MeXaHIIKII. 

AHanomqHbIM o6pa30M BbJqIICnllJOTCll .11.pyrne IIHTerpanbJ BH,ll.a (6). 11cnonb30-
BaHtte npII ST0M nIIHeiiHoii anre6pbl IIHTerpanoB no lllpe.D.IIHrepoBCKHM <pyHKUHllM 
.11.aHHOii 3a.11.aq11 [21], nnHeiiHoii anre6pbl HHTerpan0B no ee llITypM0BCKHM <pyHK
UHllM [24], paJnO)KeHHll (11), (12), (25), (29), (32), (35), (36), ycnOBHii HOpMH
poBKH )lJlll KOS(plpHUHeHTOB STHX paJnO)KeHHii, COOTHOJlleHHll opTOroHanbHOCTH 
)lJlll nonttH0M0B Jlarrepa H <pyHKUHii Jle)KaH,ll.pa Il03B0nlleT nonyqaTb Heo6xo.D.HMbie 
HHTerpanbI cpaBHHTenbH0 np0CTblM cnoco6oM. B cttny a6conJOTHOii CX0,ll.HMOCTH 
ynoMllHYTbIX pa3nO)KeHHii tt 6bICTporo y6LIBaHHll HX KOS<p<pHUHeHTOB Bbl'IHCneHHe 
C 11eo6xo.11.HMOH TQqHQCTb!O nonyqaeMblX CYMM He Tp~6yeT cymecrneHHblX JaTpaT 
MallIHHH0ro BpeMeHH. 

AaTOp Bbipa)KaeT rny6oKyro 6naro.11.apHOCTb A.T.<l>nnnnnoay Ja BHttMaHtte K 
pa6oTe 11 no.11..11.ep)KKY, a TaK)Ke 51.Peaatt Ja noneJHLie o6cy)KJl.eHttll " npoaepKy 
paJJIO)KeHHll (11)-(12), (35)-(36). 
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