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1. BBE,l(EHHE 

1.1. KozepeH111Ht.re cocmoJIHUJI zapMOHU'lecKozo 

OCfiUAAJI1110pa, UX C60UC1116a U npuMeHeHUe 

,lJ;nJI MHOrHX 3a,ZJ;a'l KBaHTOBOH MexaHHKH MHOrHX Ten 

OKa3anOCb O'leHb Y.D;06HbiM pa6oTaTb B 6a3HCe COCTOJIHHH, 

KOTOpble XOTJI H He OpTOrOHallbHW H llHHeHHO 3aBHCHMW, 

HO o6na,ZJ;a10T TeM CBOHCTBOM, 'ITO MHHHMH3Hpy10T npOH3-

Be,ZJ;eHHJI Heonpe,D;eneHHOCTeii cne~H~H'IeCKHX ,ZJ;llJI 3TOH 3a

,ZJ;a'IH KauoHH'IeCKH conpa)f(euuwx onepaTopos. PaccMoTpHM 

B Ka'leCTBe npocTeii:wero npHMepa rapMOHH'IeCKHii oc~unna

Top 

1 ""2 1 H =- p +-X2 
2 2 

. d 
p =-lTx (h,d) /la/ 

[p,x]=-i. /16/ 

,lJ;HCKpeTHWH CDeKTp 3TOrO raMHllbTOHHaHa H KBaHTOBOMe

XaHH'IeCKHe CBOHCTBa OC~JlliJITOpa CBJI3aHW C HeKOMMyTa

THBHOCTbiO ODepaTOpOB HMDYllbCa p H KOOp,ZJ;HHaTW X • 

CooTBeTcTBYJOIQee npoH3Be,ZJ;euue ueonpe,ZJ;eneuuocTeii: HMeeT 

cne,D;YJOIQHH BH,ZJ;: 

.... 2 )2 1 
<(~p) ><(~x > ~ 4' /2/ 

r,ZJ;e 

~A=A- <'I' lA 1'~'>; {<~Af>=<'~'I<~Ar I'~'> 
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H W - DpOH3BOJibHaH BOJIHOBaH ~YHKUHH. ReByiD qaCTb /2/ 
MHHHMH3HpyeT CJie,IJ,YffiiiJ;aH BOJIHOBaH ~YHKUHH, UOCTpOeHHaH 
H3 C06CTBeHHbiX ~YHKUHB raMHJibTOHHaHa /1/: 

I~ I 2 1 2 
-y"" n -rial ab+ 

I -~ln>=e e 
n=O y'n! 

I a>= e JO > 

/3/ 
+ 1 "' 

(b =-= (X-i p )) . 
y'2 

3,D;ecb Jn> - co6cTseuuax uopMHposauuax ~YHKUHH rapMo
HHqecxoro ocuHnnxTopa H a - npoH3BOJibHOe KoMnnexcuoe 
qHCJIO. TaKOB Ha6op KOrepeHTHbiX COCTOJIHHB /3/ HBJIHeTCH 
nepenonueHHbiM B ueopTorouanbHbiM. Ou snepsble 6bln ua:H
,D;eH IIIpe,D;HHrepoM/ 1/ H uawen WHpoxoe npHMeueuue npu 
KBaHTOBOMexauuqeCKOM ODHCaHHH KOrepeHTHbiX HCTOqHHKOB 
cseTa/2 ~ a TaiOKe ucnonb30BancJJ: npu uccne.D;osauuu csepx
npoBO.D;HMocTu, CBepXTeKyqecTH/J/ H ~OHOHOB B KpHCTan
nax /

4
/. 0TMeTHM ew;e O,D;HO Ba>KHOe CBOBCTBO KOrepeHTHbiX 

COCTOJIHHB /3/. Ecnu Mbl HanuweM ypaBHeHHJI ,IJ,BIDKeHHH 
B npe,ZJ;CTaBneHHH reii3eH6epra H ycpe,D;HHM HX B 6a3HCe 
KOrepeHTHbiX COCTOJIHHB, TO nonyquM C DOMOIIJ;biD /1/, /3/ 

i ..i._ <a I xI a> =<a I [x, H] I a>= i <a I pI a> dt 

d A A 

i-<a IP la>=<a l[p,H]Ja> =-i <aJxJa> 
dt 

<a I X I a> = A 0 sin ( t- t 0 ) ; <a I p I a> = A 0 cos ( t- t 0 ) , /4/ 

T.e. Cpe,ZJ;HHe 3HaqeHHJI ODepaTOpOB HMDYJibCa H KOOp,IJ,HHaTbl 
HJMeHHIDTCJI BO BpeMeHH KaK COOTBeTCTBYIDIIJ;He KJiaCCHqec
KHe BeJIHqHHbl. 
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1.2. JlOHJIIIUJI KOZepeHIIHbiX COCIIOJIHUU, 

060611#€HHbl€ JlepeAOM06biM ,U KOzepeHIIHbl€ 

CnUH06bl€ COCIIOJIHUJI 

llocne ycnewuoro npHMeHeHHJI xorepeHTHLIX cocTOJIHHB 
THUa /3/6LIJIH C,D;eJiaHLI MHOroqBcJieHHLie riODLITKB o6o6IIJ;BTb 
UOHHTBJI "KorepeHTHLIX COCTOJIHBB" Ha cnyqa:ii 6onee CJIO>K· 
HLIX, qeM /1/, KOMMyTaUHOHHLIX COOTHOWeHBB, T.e. Ha 
cnyqa:ii 6onee cno>KHOB anre6pbl. B 3Toii pa6oTe MLI 6y,D;eM 
BCDOJib30BaTb TOJibKO pe3yJibTaTLI llepeJIOMOBa/S/. llyCTb 
G - npoH3BOJibHaJI rpynna RH B T - ee uenpHBO,D;BMoe 

yHHTapuoe npe,D;cTasneuHe, .n.eiicTByiDw;ee B rHnb6epTOBOM 
npocTpaucTse H. EcnH JW0 > - onpe.D;eneuuw:H 3JieMeHT 
3TOro npocTpaucTBa, TO see 3JieMeHTbl h rpynnhl G, y,D;os
neTBOPHIDIIJ;He ypaBHeHHID 

i.\ (h) 
T(h) JW0 > =e IP

0 
>, 

o6pa3yiDT cTauuouapuyiD no,D;rpynny H rpynnw G OTHocu
TenbHO I wo >. EcnB MLI o60JHaqBM I w8(x)> = T(g(x))IWo >, r,D;e 
g(x) - O.D;BH BJ npe,D;cTaBHTenei scex 3JieMeHTOB rpynnw 
G,.D;JIH KoTopwx sexTopw IW

8
>= T(g) IIJ.I0>oTJIBqaJOTCJI ,D;pyr OT 

,D;pyra TOJibKO tflaJOBbiM ~aKTOpOM, TO llepenOMOB HaJWBaeT 
IW

8
<xr ua6opoM xorepeuTuwx cocTOJIHBit 3TOB rpynnw. 3To 

onpe,D;eneHBe co,D;ep>KBT , KaK qacTHWi cnyqaB:, xorepeHT
Hwe COCTOJIHBH /3/ rapMOHBqecxoro OCUBJIJIJITOpa. B cnyqae 
npocToB: KOMDaKTHoi rpynnw SU(2), sw6spaJJ: s xaqecTse 
JW0>cocTOHHBe c MHBManbHoi npoexuseB: cnsua· Ha z -ocR, 
MW nonyqaeM 

(2S)I S+M 2-S 
Ia>= I y' · a ISM> O+lal) = 

M (S-M)!(S+M)! 

2 -S "' 
=O+Ial). exp(aS+)IS-S>. 

/5/ 

3.D;eCb S =S +iS , S ,S S - reHepaTopw SU(2),S- noJIHwi 
+ X y ~ y Z 

CDHH paCCMOTpeHHOB CHCTeMLI. 3TH COCTOHHHH, HaJBaHHble 
KOrepeHTHLIMB CDHHOBLIMH COCTOJIHBJIMH, 6LIJIH snepswe 
Hai,D;euw Pa.n.KnH~OM 16 1 B scnonbJOBanHcb B pa6oTax /7 1 
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.. 
JlerKo llOKa3aTb, qTo B cnyqae Ia I<< s s+ MO)I(HO 3a-

MeHHTb onepaTopoM b +, H Bblpa)l(eHH.II 151 H 131 coana,D,yT. 

XOT.II onpe,D,eJieHHe llepeJIOMOBbiM KorepeHTHbiX COCTO.IIHHB 

B cnyqae rap:woHHqecKoro oC:QHJIJIRTopa H B cnyqae rpynnhl 

SU(2) oKa3aJIOCb none3HbiM, OHO He no3BOJI.IIeT nocTpOHTb 

O,D,H03HaqHbiM 06pa30M Ha6op KOrepeHTHbiX COCTO.IIHHB B 

CJiyqae HeCHMMeTpHqHoro BOJiqKa. 

2. OIIPE,4EJIEHHE KOFEPEHTHh/X COCTO.JlliHH 
KBAHTOBOMEXAHHqECKOFO 
HECHMMETPHqHOFO BOJiqKA 

2.1. IlpeocmaeAeHue KozepeHtiiHbiX cocmoJIHUil 

raMHJibTOHHaH HeCHMMeTpHqHoro BOJI~a HMeeT CJie

.IJ.YIOillHB BH,D,: 

H =AxL
2
x +Ay L

2
y +AzL

2
z (Ax,JAY f-Az) 161 

H KOMMY!_HpyeT c KBa,D,paToM onepaTopa noJIHoro yrnoaoro 

MOMeHTa ~2 =L2x +ey+L~= fl H c onepaTopaMH 1x, Jy H 1z . 
3,D,ecb Li (t=x,y, .z)- npoeK:QHH onepaTopa yrnoooro:woMeHTa 

Ha OCH BHyTpeHHeB CHCTeMbl KOOp,D,HHaT, a J i - llpOeK:QHH 

Toro )l(e onepaTopa Ha ocu na6opaTopHoi CHCTeMbl Koop,D,H

HaT. fi03TOMy BOJIHOBYJO lilYHK:QHIO raMHJibTOHHaHa 161 
MO)I(HO 3allHCaTb CJie,D,YJOillHM o6pa30M: 

IM Ia 
'P a = ! C K I IMK > , 17 I 

K 

r,D,e JIMK > - C06CTBeHHble COCTO.IIHH.II on epa TOPOB L 2, L z H 

J z c co6CTBeHHbiMH 3HaqeHH.IIMH I (I+ 1) , K H M . CoaoKyn

HOCTb cocTO.IIHHB I IMK> o6pa3yeT HenpHBO.D.HMoe npe,D,cTaane

HHe nonynp.11:woro npOH3Be,D,eHH.II rpynnbl SU(2) x SU(2) H a6e-

~ 1 
neaoi rpynnbl. OnepaTopbl L i , L H T ~v< ll·v = ±2 ) JIBJI.IIIOTCJI 

reHepaTopaMH 3TOrO llpOH3Be,D,eHH.II H BblllOJIH.IIIOT CJie,D,yro

lllHe KOMMyTa:QHOHHble COOTHOIIIeHH.II 

[Li,Lk]=icike·Le, [ Ji,Jk]=icikf Je [Li,Jel=O 

6 

~ ~, , - ~ - ~ L [ T /LV , T ll v ] - 0' [ L z , T /LV ] - v T /LV , [ ± T~ ' /LV 

=v<
2
1 +vH..i.

2 
±v)T~+u 

/LV -12 IBI 

~ - T~ 
[J z ' T /LV ] - fL fLV 

~ 1 3 - ~ 
[J± 'TfLV] = v<-r ~ ILX 2 ±fL)Til ±~,v 

L+ =L ±iL , 1+ =Jx±iJy · 
- X y -

191 

llocKOJibKY co6cTBeHHble cocTO.IIHH.II 11 I raMHJibTOHHaHa 161 
onpe,D,eJieHbl C llOMOillbiO Tpex KBaHTOBbiX qHceJI, TO Ka)I(

,D,biB 3JieMeHT Ha6opa KOrepeHTHbiX COCTOJIHHB ,D,OJDKeH 6b1Tb 

o603HaqeH TpeM.II KOMllJieKCHbiMH qHCJiaMH, CKa)l(eM X , y H 

Z. ECJIH Mbl npe,D,llOJiaraeM, qTo KOrepeHTHble COCTO.IIHH.II 

aonqKa ,D,JI.II x = z =0 cocTO.IIT H3 cocTO.IIHHB II-I-I> ,aHaJio

rHqHo TOMY, KaK KOrepeHTHble COCTOJIHHJI rapMOHHqeCKOrO 

oc:QHJIJIJITopa - H3 cocTOJIHHB In>, TO nonyqae:w: 

I X= 0, y ' z = 0 > = ! 
I=O,i,l 

__ 1 __ y 2 I _ ...l..J 2 
_

1

-(

2 1 

ll-1-l>e 2 rl 
v I). . 

IIOI 

BcnoMHHaJI, qTo B cnyqae SU(2) KorepeHTHble cocTOJIHHJI 

MO)I(HO nonyqHTb, ,D,eicTBYJI c onepaTopoM ea
5+ Ha co

CTOJIHHJI C MHHHMaJibHOH npoeK:QHei CllHHa, Mbl onpe,D,eJIJleM 

KorepeHTHWe COCTOJIHHJI BQJiqKa CJie,D,yiOillHM o6pa30M: 

1 X J+ z L Jxyz>=exp(--yy*(l+xx*)(l+zz*))e e + x 
2 

y21 
X! -= 11-J-1 > 

I V (21)! 

1 xj+ z L+ 
Jxyz>= exp(- -yy*(l+xx*)(l+zz*))e e 

2 
X 
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- ... -- ~ 

yy2 I +IT-~-~ 
xe 1000> 

/11/ 

I x y z > = exp (- ~ y y * (1 + x x * )( 1 + z z *)) x 

( 21) I I+M 21 I+K 
X I v---~---x y z IIMK>, 

IMK (I+M) !(1-M) ! O+K)!(I-K)! 

... 
r~e onepaTop I onpe~eneu ypasHeHHeM 

II IMK > = I I IMK > . 12/ 

~JI.H HHTerpana nepei<pbiTH.H ~BYX I<OrepeHTHWX COCTO.HHHii 
nonyqaeM 

< x y z I x y z '> = exp I y * y ' (1 + x *x' )(1 + z *z ')- ; yy* O+xx*) x 

x(l+zz*)- Ly'y'*(l+xx'*)(l+z 'z'*) 1. /13/ 
2 

HcnoJIL3y.a: paseucTso 

8 

1 m m' n' e f' 
-:-3'" f dx dz f d y (X X* yn y * Z Z * exp 1- y y * ( 1 +X X *)X 
17 

x(l+ZZ*)I X yy* X (yy*x(l+XX*)(l+ZZ*) -1)]= 

=0 ,o 'Don' mm nn u 
m! e! (n-m)! (n-f )' 

n. 
/14/ 

dx = dRe( x) dim( x), d y = d Re( y) dlm(y), dz=dRe(z )dim(z), 

e~HHHqui.Iii onepaTop MO)I(eM uanucaTL cne~yiO~HM o6pa3oM: 

... 1 
E = l: I IMK>< IMK I= f dx dz fdy -:3 yy* (yy*(1 +XX *)(1+zz"')-

IMK 77 

-1) xI xyz><xyz I· /15/ 

lia3HCHLie cocTo.a:uu.a: I IMK > MO)I(HO pa3naraTL s p.a:~ no 
I<OrepeHTHbiM COCTO.HHH.HM 

IIMK>= ~ fdxdz fdyexpl _J..yy*(1+xx*)(l+Zz*~x 
17 2 

xyy*(yy*(1+XX*)x(l+ZZ * )-1)x*I+M y*21 z*l+K X 

(2 I)! 
x v _ jxyz>. /16/ 

(I -M)! (I -tM)! (I -K)!( I+K)! 

YpasHeHH.a: /15/ H I 16/ ~oi<a3LIBaJOT, qTo I<orepeHTHLie 
COCTO.HHH.H jxyz> npe~CTaBJI.HIOT co6oii flOJIHbiH Ha6op co
CTO.HHHH, 3I<BHBaneHTHwii ua6opy I IMK>. 

B 3aJ<JIIOqeuae 3Toro pa3~ena MW npuse~eM 4JopMynw 
~.a: cpe~HHX 3Haqeuuii onepaTopos /8/, /9/, /12/ s 6a3Hce 
I<OrepeHTHWX COCTO.HHHH. 3TH Bblpa)l(eHH.H neri<O nposep.a:eMW 
H flOTpe6yroTC.H HaM B ~aJILHeiiWeM 

* A 

< xyz I L I xyz > = ~:- < xyz I I I xyz >; 
X 1 +ZZ * 

2 ' 2 A 

<xyzl L lxyz>=<xyziL lxyz> +L<xyzii I xyz> 
X X 2 

i( z-z *) A 

<X y z I Ly I X y z > = < X y z I I I X y z > 
1 + zz* 
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2 2 1 ~ 
<xyziL lxyz>=<xyziL lxyz> +-<xyzlllxyz> 

y y 2 

zz *-1 ,.. 
<xyz ILzlxyz>= <xyzii I xyz>; 

1 + zz * 

2 2 ,.. 
<xyziL lxyz>=<xyziL lxyz>+l.<xyzlllxyz> 1171 z z 2 

<X y z I L i Lk I X y z > + < X y z I L k Li I X y z > = 

=2<xyz1Lilxyz><xyz1Lklxyz> (itk=x,y,z) 

< X y z I I I X y z > = ..!.._ y y * (1 +X X* )(1 + z z * ). 
2 1181 

AuanorH'IHble BblpWKeHHJI .IJ.JIJI onepaTopoa Jx , 1y ,Jz MO)I(
HQ ITOJIY'IHTL, 3aMeHJIJI B 1171, l18lz Ha X. ~JIJI onepaTopa 
T ~ nonyqaeM: 

p.v 

~ 2I 
< x Y z I T1111 I x y z > = ( y + y *x *z *) I ( Y Y * (1 + xx*)(l+ zz*)) 

1212 X 
I (21)!y21+2 

xexpl-yy*(1+xx*) x O+zz*)l 

< I T ~ ( *( 21 xyz ~-~ lxyz>=(x*y*-zy) I YY 1+xx*)(1+zz*))x 
I (21)! y21 +2 

x exp I - y y * (1 + x x *) x ( 1 + z z *) 1 I 19 I 

10 

~ ~ * <xyz IT 11 11 lxyz>=<xyziT1111 lxyz>; 
-12-12 12 12 

~ ~ * 
<xyz IT 11 11 lxyz> =<xyziT 11 11 lxyz>. 

-12 12 12 -12 

2.2. HH•epnpe11a14UJ1 napa.wempoe KozepeHmHr.lx 
COCIIIOJIHUU 

Bao.z:v• yr no awe nepeMeHHble a , f3 , y , 0 , ¢ H pa.n.Ha.m.
HYIO nepeMeHHYIO r 

-ia ~ 
x = - e tan ~ _ -i ¢ () 

2 
• Z--e tan--

2 ' 

y =v2; cos!!_ cos~ e ~ (a+y+¢) 
2 2 ' 

1201 

Mbl MO)I(eM 3anscan. KorepeHTHoe cocTOJIHHe 1111 cne
.IJ.YIOIUHM o6pa30M: 

~ ~ ~r 

I x y z > = I a f3 y () ¢ r > = R J (a , f3, y ) RL ( ¢ , 0, 0) e X 

( 2 r) 1 

X I ~I 1-1-1> = 
I y (21)! 

I I I (2 r) -r 
=I DM 1(af3y)DK 

1 
(¢,0,0) -===.I 1-MK>e 

IMK - . - y(21)! 

~ ,.. ,.. 
,.. -ial -i~J -iyJ 1 z 1-'y z 

r.n.e R/a,f3,y)=e e e ; DMK 0- 41YH~HJI 
Bsruepa. H3 I 17 I, I 181, 120 I cne.n.yeT (I xyz >=I af3y0¢r>=l Kor>) 
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< Kor.l Lx IKor. >=-rcoscf> cosO, 

< Kor . I J I Kor . > = - r cos a sin f3 
X 

< KOr. I L y I KOr'. > = - r sin¢ sin 0, 

< Kor. 11 y I Kor. > =- r sin a sinf3 /21/ 

< Kor. I L zl Kor. > =- r cosO, < Kor-IJz I Kor.> =-rcosf3 

A 2 2 2 
< Kor. II I KOr. >=r, <Kor.ILx+LY+L.:ziKor.> = 

=<Kor. 11 2
+}

2 
+J

2
1Kor. >=r(r+l.). 

X y Z 2 

BH.nHo, 'ITO napaMeTp r - 3TO cpe.nHee JHa'leHHe onepa
Topa yrJIOBOrO MOMeHTa B 6aJHCe KOrepeHTHbiX COCTOJI· 
HHB, T .e. a6COJllOTHaJI BeJIB'IHHa BeKTOpa J. YrJibl cf> H 0 
onpe.neJIJIIOT HanpaaneHHe 3Toro BeKTopa ao BHyTpeHHeii, 
yrJibl a H {3- B Jia6opaTOpHOB CHCTeMe KOOp,l(BHaT. 0HH 
TaiOKe onpe,l(eJIJIIOT llOJIO>KeHHe BHYTpeHHeii CBCTeMbl KO" 
Op.l(HHaT OTHOCHTeJibHO Jia6opaTOpHOB CHCTeMbl C TO'I" 
HOCTbiO .£(0 llOBOpOTa BOKpyr OCH BeKTOpa yrJIOBOrO MOMeH
Ta. qT06bl 0.£(H03Ha'IHO 4JHKCHpOBaTb llOJIO>KeHHe BHYTpeHHeii 
CHCTeMbl KOOp,l(HHaT, Hy>KeH e~e O,l(HH yroJI y, KOTOpblB 
CO.l(ep>KHTCJI B KOMn~eKCHOM 'IHCJie y. ~JIJI cpe,l(Hero 3Ha· 
qeHHJI onepaTopoa T~ HJ /19/, /20/ cne.nyeT: 

/lV 

< Kor IT~ I KOr > = D ~ ( " f3 " ") .1-2 - 2r" (2r)
2 1 

• /lV • /lV a ' ' y v r e "" '--'--==-
1 {21)! y21+2 

D ~ ( "{3" ") "D~ ( ) ~ 
11 v a , ,y ="'- -a,f3,-y D (0,-0,-cf>) /22/ 

p fl.P pv 

H ,l(JIJI HHTerpaJia nepeKpblTHJI .l(BYX KOrepeHTHblX COCTOJI" 
HHB Mbl nonyqaeM: 

- -
<a f3 y 0 cf> r I a 'f3 'y '0 'cf> 'r '> = exp I 2 y r r ' (cos { cos~ x 

i - - -
2(a+y+cf> ) 

x e -1) l, /23/ 
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J 

' 

I 
1 

npH'IeM a , {3 , y , ¢ , 0 onpe.neJieHbl C llOMO~IO CJie· 
.nyro~ero ypaBHeHHJI: 

R 1 (a,f3,y)=R1 (-y,-f3,-a)R
1

(a',f3 ',y') 

RL < ¢, e, o) = RL < o, - o, -cf> ) RL < cf> , , o,, o ). /24/ 

2.3. lioaoHHoe npeocmaeAeHue onepamopoe e 6aauce 
KOZepeH111HbiX COCIIfOJIHUU 

~ 
lioJOHHoe npe.ncTaaneHHe onepaTo,oa T

11
v , Ji , 'Li 

paccMaTpHaanocb no.npo6Ho B pa6oTel8 . 3.necb Mbl noJiy'IHM 
npe.ncTaaneHHe .l(JIJI 3THX onepaTopoa a 6aJHce KoreTeHT
Hblx COCTOJIHHB /11/ C llOMO~biO .£(H4J4JepeHUHaJibHblX onepa
TOpOB d/ dx , d/dy H d/dz. 3TO npe,l(CTaBJieHHe OTJIH'IaeTCJI 
OT npe.l(CTaBJieHHJI/8/ TeM, 'ITO B /8/ paCCMaTpHBaJIOCb 
npocTpaHCTBO cocTOJIHHii, OTJIB'IHblX oT I xyz>. HcnoJibJYJI 
/8/, /16/, Mbl nonyqaeM, aanpHMep, .l(JIJI onepaTopa Jz 

J IIMK > z M I IMK > 

= f dx dz Jdyyy*{yy*(l +XX*){l+zz*)-1) x 

x (x *.A__ .1_ y * ~) x X * I+M *21 Z * I+K 
dx* 2 dy* Y x 

( 21)' 
x y · I xyz> x 

{1-M)! ( I+M)! {1-K)! O+K)! 

X exp(- _l_ yy*(l +XX* )(1 +ZZ *)). 
2 

/25/ 
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113 1111, 1141, 1251 cne,IJ,yeT: 

1 I IMK > = I dx dz I dy yy * ( y y*( 1 + x x * )(1 + z z *) -1) x z 

X x * I+M y *21 z * I+K y ( 21)! X 

(1-M)! (I +M )! {1-K)! (I+K)! 

xexp(- ...lyy*(hxx* )(1 +yy* ))( x.JL- ..Ly _g_)lxyz>, 
2 dx 2 dy 

126/ 
T. e. a 6aJace I<orepeHTHbiX cocTOJIHHii 1 xyz > 1 ,IJ,eiicTayeT 
I<ai< onepaTop xHx-fr-fv-·1HanorH'IHbiM o6pa3o~ .IJ.nJI one-
paTopoa 1.· , L. lA a Yr X Mbl nonyqaeM: AI-y d 

1 /lv - -
dy 

d 1A d A d 
L = z-- --I; L =- L = z (I- z --) 

z dz 2 + dz' - dz 

d 1 A , d , 
1=X---1,1=-, 

z dx 2 +dx 
A d 

L+=x(I-x dx) 

X 1 T.2=Y~+ A2 A 
xx ...;2+1 (l+O ...;1+1 

d d d 
dXdfdZ 1271 

X 1 1 d d d T 1 = xyz + xz -- - - _ -X-X --;:;- A 2 --;::- d X d y d z 
y 2 +I (1+1 ) v 1 + I 

1 (z .JL +X ..4_) ..4._ + _1 

(1 +f> ...;2 + f dz dx dy v2+T 
d 

dY 

T X = zy 1 + z J!._ .1_ __£~_ -
X-X y' 2:1 (1 + f) 2...; 2 + f dy d X d z 1281 
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-~1-, d d ==;;-- --
(1 + n v2 + • d r dx 

X 1 X d d d T =Xy---- + .----
-X X ...;2:1 0 +i'>2 ...;2:1 dy dx dz 

- 1 d - - d 
(1 +I) v 2 + f dy -;};. 

3.IJ.eCb 1± =1 x ± iJ y , L± =Lx ± iLy .Mo)I(Jfo noi<a3aTb, 'ITO 
on epa TOphi /27 I, /281 Y.IJ.OBneTaop.IIIOT I<OMMYT~HOHHbiM 
OTHOWeHHJIM 18/, 191 H B npocTpaHcTae cocTOJIHH:ii I xyZ> 
c e.IJ.HHH'IHbiM onepaTopoM /15/ HMeeT MecTo cne.IlYIOIQee 
paaeHCTBO: 

+ + + + 
(J )=1, (L) =L, 1 =1, L =L +- + - z z z z 

X + 
Tu11=T 1111 , /2/2 -12-12 

X + 
( T II 1/ ) = - T Ill/ • 

12-12 -1212 /291 

YpaaHeHae 127 I npe.IJ.cTaBnJieT co6oii o6o6~eHae 6oJOHHoro 
npe.IJ.cTaaneHHJI ~aiicoHa 191 .IJ.n.ll nonynpJIMoro npoHJBe.IJ.e
HHJI rpynnbl SU( 2) x S U ( 2) a a6eneaoii rpynnbl. Ecna Mbl 
BBe,IleM BMecTo z HOBYIO nepeMeHHYJO Z= z • y, TO c no
MOIQbiO /27 I nonyqaeM 

1-d d d L -d L =-(Z~-y,--), L =Y--::. _=Z-d ., 
z 2 oz uy. + d z y 1301 

- + d + d a JaMeHJIJI z-. b , ~ -. b , y -. a , Tv -> a, Mbl y6e.IJ.HM-
CJI, 'ITO 1301 COBITa,IlaeT C 6030HHbiL npe,IlCTaaneHHeM 
IIIBHHrepa/10/ .IJ.nJI onepaTopa yrnoaoro MoMeHTa. 
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3. 4JH3HlJECKHE CBOHCTBA KOFEPEHTHblX 
COCTOJIHHH BOJilJKA 

3.1. IIpou3eeoeHue HeonpeoeAeHHocmeu 

llocKonLKY Haii.n.eHHLiii HaMH Ha6op cocTOJIHHii I xyz> JIB
nJieTCJI Ha6opOM KOrepeHTHLIX COCTOJIHHH raMHllLTOHHaHa 
/6/, 3TOT Ha6op .IJ,OIDKeH MHHHMH3HpOBaTL npOH3Be.IJ,eHHe 
Heonpe.IJ,eneHHOCTeii TeX onepaTOpOB, KOMMyTaTHBHOCTL KO
TOpLIX O.IJ,H03HaqHo onpe.IJ,enJieT .IJ,HCKpeTHLIH cneKTp ra
MHllLTOHHaHa aonqKa /6/. B 3Toii 3a.n.aqe HeKOMMyTaTHB
HOCTL pa3HLIX KOMllOHeHT onepaTopa yrnoaoro MOMeHTa 
'Li HrpaeT TY )Ke ponL, qTo H HeKOMMyTaTHBHOCTL onepa
Topoa Koop.IJ.HHaTLI H HMnynLca B cnyqae rapMOHHqecKoro 
ocu.Hnn.RTopa. Onpe.n.enHM onepaTop i\ L i = L i -< Korl L i I Kor> 
C llOMOIIJ.LIO HepaBeHCTBa IIIBapu.a .IJ,llJI npOH3Be.IJ,eHHJI Heon
pe.IJ,eneHHOCTeii B 3HaqeHHH pa3HLIX KOMllOHeHT onepaTopa 
yrnoaoro MOMeHTa nonyqaeM 

2 2 
< KOr. l(i\Li) IKor.>•< KOr. l(i\Lk) IKor. >> 

< KOr. 
2 

I i\ L i i\ L k IKor. >I . /31/ 

JlerKO yBH.IJ,eTL, qTo 
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2 1 2 
I< Kor.l i\ L. i\ L kl Kor. >I =- I< Kor.l [ L . ,Lk] IKor> I + 

I 4 I 

+ _1. I .L < Kor. I L . L k I Kor. > + __!_< Kor. I L k L. I Kor. > -
4 2 I 2 I 

2 
- < Kor. I L i 1 Kor. >< Kor.l L k . I Kor. > I· /32/ 

HcnonL:iyJI caoiicTaa /18/ KorepeHTHLIX cocTOJIHHii, H3 
/31/, /32/ nonyqaeM: 

2 2 
<Kor.l{i\Li) IKor.><Kor.l{i\Lk) IKor. 

I < Kor. I L e I KOr. > I 2 

( i ,;, k ,;, e ). 

> 1 
>= 4 

/33/ 

EcnH MLI HcnonL3yeM KOHKpeTHLie Bblpa)KeHHJI /17 I .n.nJI 
cpe.IJ.HHX 3HaqeHHii onepaTopoa L i H L ~ , To .n.n.H cnyqaJI, 
Kor.n.a 

< Kor ·I L i I Kor. > = < Kor. I L k I Kor. > = 0 

~ 

< KOr. I L e I KOr. > =< KOr. I I I KOr. > ' 

H3 /33/ cne.n.yeT 

< Kor.l(i\L i )
2

1Kor. ><Kor.l(i\Lk)lKor. > 

I< KOr. I L e I KOr. > 12 
1 =4. /34/ 

B o6meM cnyqae MO)KHO noKa3aTL, qTo cocTOJIHHe I xyz> 
MHHHMH3HpyeT npOH3Be.IJ,eHHe /31/ .IJ,llJI BCeX KOMllOHeHT ... 
aeKTopa yrnoaoro MOMeHTa L, HaXO.IJ..HIIJ.HXCJI a nnocKOCTH, 
nepneH.IJ.HKynJipHoii I< HanpaaneHHIO aeKTopa < xyz I L I xyz > . 
3TO 3HaqHT, qTo Haii.IJ,eHHLIH HaMH Ha6op KOrepeHTHbiX 
COCTOJIHHH MHHHMH3HpyeT I}JnyKTYaU.HH HanpaaneHHJI BeKTOpa 
yrnoaoro MOMeHTa. HHTepeCHO OTMeTHTL, qTo .IJ,llJI 
< Kor I ( i\ I)2 I Kor > MLI nonyqaeM 

<Kor l(i\I) 2 1Kor >=<Kor IIIKor >. 
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3TOT pe3yJILTaT aHaJIOrH'IeH pe3yJILTaTy ,IJ,JI.II rapMOHH'IeCKO

ro OCUHJIJI.IITOpa, r,D,e 
,.. 2 ,.. 

,..<a\(1'\N) la>=<a\N Ia> 
H N - onepaTop 'IHCJia l}lououoa. 

3.2. Ilepexoo K ypaeHeHuro 3ilAepa 
OA.R HecuMMe,puttHozo eoAttKa 

B npe,D,CTaBJieHHH reii3eu6epra ypaBHeHHe ,IJ,BHiKeHH.II 

,D,JI.II onepaTopoB L i H raMHJILTOHHaua aon'IKa /6/ HMeeT 

CJie,D,yJOIQHH BH,IJ,: 

Li=i(H,Li1 

l i = ;e ( L e L k + L k L e ) c ikf A k . 
/35/ 

Ycpe,D,H.II.II 3TO ypaBHeHHe no KOrepeHTHOMY COCTOJIHHJO H 

HCnOJib3Y.II CBOHCTBO /18/, nonyqaeM: 

< KO['. I i. i I KO['. > = 2 '!. < KO['.I L f IKO['. > X 
fk 

X< KO['. I L kl KO['. > (tkf A k • /36/ 
W· 

Ilocne onpe,D,eneHH.II < KOf' I L i I Kor > = 
2 
~- ypaaueuue /36/ 

I 

MO:>KHO npe,D,CTaBHTb CJie,D,yiOIIUIM o6pa30M: 

w =A w w (-1---1-) 
X X y z A A y z 

w =A w w ( - 1-- -1-) 
y y X z A A 

X y /37/ 

w = A w w (-1- - -1-) 
z z X YA A. 

X y 

3TO KaK pa3 ypaBHeHHe 3iinepa ,IJ,JI.II BOJI'IKa B KJiaCCH'IeCKOH 

MexaHHKe. 
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4. llPHMEHEHHE KOFEPEHTHh/X COCTO.HHHH 

4.1. 3Hepzu..~r u eepo.R,Hoc•u nepexoooe 
8 HeaKCUQAbHOM po•aJfope 

IlocKOJILKy, KaK noKa3auo B pa3,D,ene 3, KorepeHTHMe 

COCTO.IIHH.II 6nH3KH no CBOHM CBOHCTBaM K KJiaCCH'IeCKHM, 

MO:>KHO C'IHTaTL, 'ITO COCTO.IIHHe IJ'IM = piM I xyz > .IIBJI.IIeTC.II 

XOpOWHM npH6JIHiKeHHeM ,IJ,JIJI BOJIHOBOH I}JyHKUHH raMHJibTO

HHaua /6/ npu I »2. 3,D,ecL piM =fdUR
1
(n)lD*I(n)- one-

K MK 

paTop npoeKTHpOBaHHJI Ha COCTOJIHHe C nOJIHMM yrnOBMM 

MOMeHTOM I· Mo:>Kuo noKa3aTL, 'ITO 6naro,D,ap.R npoeKTH

poaaHHIO Ha COCTOJIHHe C onpe,D,eJieHHMM 3Ha'leHHeM yrJIOBO

ro MOMeHTa H HHBapHaHTHOCTH raMHJibTOHHaHa /6/ OTHO

CHTeJibHO BpaiQeHHJI cpe,D,Hee 3Ha'leHHe raMHJibTOHHaHa 3a
BHCHT TOJibKO OT Z . 

E I (z) = 

2 
< IJl IM I '!. i A i L i I IJl IM > 

<IJ' IM liP IM > 

1 ( ) 2.2 ) = - A o 2 I -1 cos ¢ stn e + I + 2 X 

+-}A Y (I (2I -1) sin 
2
¢ sin

2e +I) ++Az (I(2I-1) cos2e +1), 

-i¢ e 
( z = -e tan-). 

2 
/38/ 

dEI(z) dEI(z) 1 1 
113 ycnoBH.II d-=0 , --- = 0 MW nonyqaeM .D.JI.R A> A' 

¢ de x Y 
] 1 2 ° 2 
A?'X cos ¢= 1' Stn e = 1, T.e. BOJI'IOK BpaJUaeTCJI BOKpyr 
OCH zX H 

EI =L(A +A )+I
2 

A 2 Z y X 

IJl = .!_ '!. ..j ( 2 I) ! I IMK > . 
IM 2 I k (1-K)! (I+K)! /39/ 
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Ecnu MLI npe,D,nonaraeM, 'ITO onepaTop KBa,ZJ,pynom.noro 
MOMenTa HMeeT BH,ZJ,: 

Q2 11 =T:oqo +(T11
2
2+T11:_2)q2' 

TO .D.ll.ll npuae,ZJ,enHhiX aepo.IITnocTeii E2 -nepexo,ZJ,OB nony
qaeM: 

B( E 2 'I -d , ) = I I < qt IM I Q I qt , > 1
2 

J1M' 2Jl IM 

2 q 0 3 2 , 
< 1120 I I 0 > ( - - v - q ) e en a I =I 

2 2 2 

0 I '=I-1 

- 2 
(2I-3)/(2I+1) ~ ( v ~ q 0 +q 2 ) 

ecnu I' =I-2. /40/ 

Pe3ynLTaTLI /39/, /40/ coana,ZJ,aJOT c TO'InOCTbJO .D.O 4JnyK
Tyau;uonnLix KO!Ie6anuii c pe3ynbTaTaMH, nony'lennhiMH a 
pa6oTax I 11 • 121. 3TH qnenLI npu6niDKenno MO)I(JIO yqecTb, 
ucnonb3Y.II 6o3onnoe npe,D,cTaanenue /27/ onepaTopoa yr
noaoro MoMenTa TaK :lKe KaK a pa6oTe /I I I. 

4.2. KozepeH•Hble coc•oJIHUJI u MoOeAb 
npuHyOu•eAbHOZO 6pallleHUJI 

HcxoA.II H3 OAHO'IaCTH'Inoro raMHnbTonuana 

H = H - f3 cosy Q 0 - f3 sin y ( Q2 + Q 2).;. w J . 
Cr. sp y2 - 1 

(i=x,y,z), /41/ 

MO:lKno BLI'IHcnHTb nonuyro 3neprHJO apamaroweroc.11 .IIApa, 
KaK 3TO c,ZJ,enano a pa6oTe ll 31. Cl>ynKUBB E i (w) H fi (w), r,ZJ,e 
E i ( w) - 3nepru.11 .II,ZJ,pa, apai.Qaroi.Qeroc.ll aoKpyr ocu i c 'lac-
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TOTOB w· , f. ( w ), cpe,ZJ,nee 3naqenue i - TOB KOMnoneHTbl 1 . 

ODepaTopa yrnoaoro MOMeHTa MO:lKHO C'IHTaTb H3BeCTHbiMH. 
Cpe,ZJ,nee 3Ha'leuue ocTanbHbiX KOMnouenT onepaTopa yrnoao
ro MoMenTa paauo nynro. Hcnonb3Y.II 6o3onnoe npe.IJ.~Taa
nenue Illaunrepa /30/ ,ZJ,n.ll KOMnoneuT onepaTopa L so 
BnyTpenneii CHCTeMe KOOp,D,HnaT, raMnnbTOnHan, ,ZJ,aiOI.QHB 
AHCKpeTnMii cneKTp apai.QaJOI.Qeroc.ll .II.IJ.pa, unaapnanTnMii 
OTnOCHTenbnO Bpai.QenHJI BOKpyr rnaBnbiX OCeB na yron 
rr, MO)I(JIO JanncaTb cne,D,YJOI.QHM o6pa3oM: 

H = h 0 + h1 (a+a+ b+b )+h20 a+b+ab+l~!l(a+a+bb+b+b+a a)+ 

+ h 2Ja+a+aa+ b+b+bb)+h
30

(a+a+b+b bb +b+b+b+baa+ 

+++ +++ h{+++ b+++ +a a a a b b + b b a a a a)+ 31 a a a a a a+ b b b b b)+ ... 

/42/ 

llocne ycpe,ZJ,nena.ll 3Toro raMHllbTonuana no KorepenTnbiM 
cocTo.llnH.IIM I 11/ Mbl nonyqaeM cne,ZJ,yroi.Qee Bblpa:lKenue .D.ll.ll 
3nepruu cocTo.llnB.II .II.IJ.pa, HMeroi.Qero onpe,ZJ,enennoe cpe,ZJ,nee 
3naqenue onepaTopa yrnoaoro MOMenTa 

E(y,z) =ho + h1(yy*tt:zz*) +h
20

yy*zz* +h
21

<lz* 2+:z2y¥)+ 

+ h 2 J Y2 Y * 2 + z 2 z ¥ ) + h3o< Y2 z .z * 3 + z 3.z * Y * 2 + 

+rly*z*2 +z2yy*3)+h3I (y3y*3+ z-3.z*3)+ ... 

<yziLxl yz> = (zy *+yz*), <yziL~yz>=i(zy*-yz*) 

< y z I L z I y z > = z z * - y y *. /43/ 

PaccMoTpHM qacTnbl~ cnyqau ypasnenu.11 /43/ 

1. Y=Z, <Lx> =<yyiLxiYY> =2yy* 

<yy!L IYY>=<yy!L IYY>=O y z 
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-

1 2 
El=ho+hl<Lx>+ 4(h20+2h21 +2h2.2)<Lx> + 

1 3 
+ 4(2h30 +h31 )<Lx> + ... 

2. :l"=-iy, <Ly> =<y,iy!Lyl y,iy>=2yy* 

<y,iy!Lxl y,iy>=<y,iyiLziY,iy>=O 

E 2 = h 0+h1< Ly> + -}<h 20 -2h 21 +2h 22 )<L y} + 

l44al 

+!(h 31 -2h 30 )<Ly}+... 14461 

3. y=O <Oz!L !Oz> =<L > =ZZ* z z 

<0 ziLxiOz>=<OziL I0Z>=0 y 

2 3 
E3 = h o + hi < L z > + h 22< L :i> + h 3 { Lz > + .... I44BI 

ECJIH Mhl C'IHTaeM, 'ITO KOrepeHTHWe COCTOJIHHJI npH ;:tO· 

CTaTO'IHO BWCOKOM CUHHe JIBJIJIIOTCJI XOpOWHM npH6JIJDKe

HHeM ;:tJIJI BOJIHOBoii IIIYHKUHH JI,D,pa, To 3HeprHH E i (w) ;:tOJDKHW 

couna,D,a TL c 3HeprHJIMH I 441, T. e. 

Ex(w)=E1 , fjw)=<Lx>' <L >=<L >=0 y z 

Ey(w)=E 2 , f (w) =<L >, <L >=<L >=0 y y X Z 

E ( w) =E , f (w) =<L >, <L >=<L > =0 /45/ z 3 z z X y 

,D,JIJI Ka)K,D,Oro 3Ha'leHHJI w. llo3TOMY, 3HaJI Ei ( w) H f i (w), MW 

MO)KeM H3 I 45/ Bhi'IHCJIHTL K034141HUHeHTW h n,m raMHJIL

TOHHaHa I 421 H nocne ero .D.HaroHaJIH3aUHH nony'IHTL non

HWii cneKTp COCTOJIHHB BpaJUaiOIUerOCJI Jl;:tpa, BKJIIO'IaJI B03· 

6y)K.IJ.eHHJI, CBJI3aHHWe C HyTaUHOHHhiM ,D,BIDKeHHeM. 3414leK· 

THBHWB raMHJILTOHHaH THUa 142/ 06C~,D,aJICJI B pa6o
Te /14/. 
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5. 3AKJIJOqEHHE 

B 3aKJIIO'IeHHe OTMeTHM CJie,D,yiOIUHB HHTepecHLiii lilaKT. 

Ha6op KOrepeHTHWX COCTOJIHHB 1111 CO;:tep)KHT COCTOJIHHe 

c uenwMH H nonruenwMH 3Ha'leHHJIMH cnHua. TaKHM o6-

pa3oM, UpH HCCJie,D,OBaHHH KBa3HKJiaCCH'IeCKHX CBOBCTB Bpa

IUaiOJUerocJI JI,D,pa Mhl ;:tOJDKHLI paCCMaTpHBaTL 'leTHWe H He
'leTHWe Jl;:tpa O;:tHOBpeMeHHO. 

llocne Toro KaK 3Ta pa6oTa 6wna 3aKOH'IeHa, noJIBHJiacL 

CTa TLJI /l5/, B KOTOpoii paCCMa TpHBaJIHCL aHaJIOrH'IHLie 

uonpocw. Pe3yJILTaTw, nony'leHHLie B /I5/, cne,D,yiOT H3 

pe3yJILTaTOB HaCTOJIIUe:ii pa60TLI, eCJIH napaMeTp Z = 0. 
KpOMe TOrO, B /l5/ He paCCMaTpHBaJIHCL BOUpOCLI, CBJI3aH

HWe C OUHCaHHeM .ztBIDKeHHJI aCHMMeTpH'IHOrO BOJI'IKa. 

ABTop 6naro;:tapeu H.H.MHxaiinouy 3a MHoro'IHCJieHHLie 

06Cy)K;:teHHJI BOUpOCOB, CBJ13aHHLIX C TeOpHe:ii KorepeHTHLIX 

COCTOJIHHB, B pe3yJILTaTe KOTOphiX B03HHKJia 3Ta pa6oTa. 

KpoMe Toro, ou 6naro;:tapeu P .B.,LI;)Konocy, npocMoTpeuwe

MY PYKOUHCL H C;:teJiaBWeMy UOJie3HLie 3aMe'laHHJI. 
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