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<f>IIDHKa CJIHIIIKOM CJIOlKHa 

Ailll qmoHXOB. 

,[(.IlmJ,6epT. 

qacTO MOJKHO cp;enaTL ee 

npome. 

BBE,[(EHRE 

MaTeMaTH'leCXHH annapaT IBa.HTOBOH o6paTHOH oa}1a'IH [lj H TeopHH 

cynep CHMMeTpHH [2] llOOBOillleT IIDMeHJITL no lKella.HHIO 9HeprHH 1006LIX 

Iro6pa.HHLIX ypOBHeH CJij(Oa.HHLIX COCTO.IIHHH [3,4] H C}1BHraTL llOJIOlKeHH.II 

9THX COCTO.IIHHH B npocTpaHCTBe [3,4], CM. puc.l, BO.IITLiii H0 [3]. 

Pwc.l. YBen:B'IeHn npolmBOJJ;HOi ?b'(z = 0) 

'I06p&HHOf0 CB.IO&llHOI'O COCTo.I:JlU BCXI? 

JJ;HOli.. nput:oyrwn.aoi noTeBu;aaauoi UIH 

UpH c 'lXp&BeHBB HOpKBpOB&B BOIIHOBOi 

~YHIIUOI npBBOJI;IIT J. I.OJilleHTpa.QBB pac-

npe)J;elleRia aepo.aTKOCTB JJ;&HHOI'O CQCTQ.I:

HU B6D:aoa Hlo"'aJI& I.OOpJI;BH&T: a)- Tpt.HC

iJ>opK&n;U OCHOBHOI'O COCTO.IHBa B COOTBeT-

CTBy.,m.ee BO'lM.ym,eHBe JUIOCIOI'O JQI& BCXo

JJ;KOi AIUil1 6) - Tp&HCiJ>OpK&IOU- BTOpOI'O 

COCTO.U:U. B HpeAen:e ,P'(z = 0)--+ 00 npo-

BCXOJJ;JIT "BllpeCCOBHBUBe" Jm6palUIOI'O co-

CTo.IHII: B CTeHiy B H&"'Ue IOOpJJ;BB&T 

BooMOlKHO TailKe ynpasneHHe csoiicTBaMH cocTO.IIHHH HenpepLIBHoro 

cneiTpa ( oTpalKeHHeM, npoopa'IHOCTLJO, napaMeTpaMH peoOHaHCOB ). Cy

meCTBeHHO, 'ITO BCe 9TO MOlKHO }1ellaTL C llOMO!IILIO llpOCTLIX aHIUIHTH

'leCIHX cjlopMyll, IOTopLIM OTBe'laJOT TO'IHO pewaeMLie MOAe:IH. HaM YAa

nocL HOBlle'lL cjJIIDH'leCXHH CMLICJI liD COOTBeTCTBYJOIIIHX cjlopMyll, BL!lii!HTL 

yHHBepCaliLHLie "aTOMLI" llOTeH""aJILHLIX BOOMY!IIeHHH, OCY!IIeCTBllUl

IIIHe TaKHe npeo6paoosaHH.II (xBaHToBLiii AHOaiH). 3aMe'laTeJILHO, 'ITO 

npll 9TOM OT}1eJILHLie OCTpOBXII XBaHTOBOH IIHTY~ llOCTeneHHO CJIH

BaliHCL B e}111HYJO xa'lecTBeHHYJO Teopmo ynpasneHH.II cneiTpaMH, pacca.~~

HlleM, pacna}1aMK. 

HeiMaH H BurHep [5] nepBLIMH nOJIY'IJDIH cjlopMyliLI AliJl CBllllaHHLIX 

COCTO.IIHHH B KOHTIIHYYMe ( CCK). il00}1Hee COOTBeTCTBYJOIIIHe 

IICCJ!e}10BaHH.II npe}1npHHIIMIUIHCL Plii\OM APyrliX aBTOPOB 16 - 8] 
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B )la.HHoii pa6oTe YJiaJIOCL pacnpocTpaHHTL Ha cocTOJIHIIll HenpepLI

BHoro CTieiTpa HHTYHTHBHL!e npe)ICTaBJieHIIll 0 TIOTeHD;HaJILHLIX BOOMy

IIJ,eHIIRX, cMeW.a.K>~ B npocTpa.HCTBe crumaHHble cocTO.HHHJL Oxaoa.n:ocn, 
'ITO BOOMYJD;eHIIliMH TOro JKe THTia MOlKHO "C06HpaTL" ( IOMTiaiTHcfJHD;H

poBaTb) B CCK cocTo.stHRH pacceJIHWI; "paoMaoaHHhle" no Bce:B: rrorryoc:n. 

IloTeHIJ;HaJILI, OaTIHPaJOII\He H06paHHLie COCTOJIHIIll B HenpepLIBHOM CTiei

. Tpe (peoOHaHCHLie COCTOJIHIIll C HyneBOH lliHpHHOH), Hpe)ICTaBJIJIJOT C0-

60H Me)IJieHHO (xax ~ 1/r) OaTyXaJOII\He OCD;HllllliD;HH, cxoppenHpOBaHHLie 

C COOTBeTCTBYIOII\HMH OCD;HllliJID;IlliMH BOJIHOBLIX cpyHID;HH TipH H06paHHOH 

<>HeprHH, eM. pHc.2., BOJITLiii HO [6], 1975. 

Pac.2. fioTea:o;aaJI, ocyw.ecTB1IaJOm:Bi B&n&pax•e 

(a:o&~a.iaKeHT) cuoa.Haoro cocTo.aa:n a Henpepu- E& 
BHOM cneupe npB ~BU:BPOBaHHoi GHepriH Eb) H co- Q lrf+J'-t+H+.Pf+-\:7--
0TBeTCTBYDlll.&ll BOIIHOBU lj>JH:I.li;Jl.l: ~ 

V(r) 

,ll,llll cocTOJIHHii pacceJIHHJI, coce)IHHX c CCK, Hapyrna.eTCJt cTporaJt xo

repeHTHOCTh KOIIefiaHHH ITOTeHD;HaJia H <flYHKD;HH, H CBOiCTBa IIOTeHD;HaJia 

C06HpaTb BOJIHOBY!O cpyHK.QHIO OC'l'aiO'l'CH JUUIIb Ha KOHe'lHbiX J"18.CTKaX JIO

nyoCH r. Bne OTHX y'lacTKOB xone6aHIIll cpyHKD;Hii " noTeHn;Hana oxaoLI

BaiOTc.a B "npoTHBO<J>ane" H rrpOHCXOABT BbiTeCHeHHe BOJIHOBOi: cflJHKU.HH 

Ha 6m:I>Kaihn:ne co<flaUHhiC y'lJaCTKH. fiHTeHCHBHOCTb TaKBX "crpe6aHHft" 

H BbiTeCHeHK.il ocna6JlSieTCJI C pOCTOM r, qTo IlpllBOJJ;HT K OaTyXaiOI.QHM 

IlpH 6onnlliHX r 6HeHIIliM OCD;Hllllli!IHH </J(x ), CM. pnc.3. 

Ha acnMnToTnxe 9TH pemeHIUl rrepexop;.HT B CBo6op;uble BOJIHhi 6eo <fla

ooBoro C}l,BHra (noJIHaH BOaHMHaB :KOMIIeHCaD;H.H crpe6aHHi H pacTaJUHBa

Hri IOJie6aHHH). 'fb"'Hee, B TO~IKe CB.B.OaHHOrO COCTO.B.HRH, rrorpyJKeHHOro 

B HenpepbiBHblil cneKTp, llpOBCXO}J,BT Cla'lOI <flaobl Ha 7r B COOTBeTCTBBB C 

o60611\eHHOH -reopeMOH J]eBHHCOHa ( CM. rn.4 B [1], 1990). IlpH npH6JIHJKe

HHH aHeprHH coc'rOJIHHJI pacceJIHHJI I aHeprHH CCK nepHO)I TaKHX 6HeHHii 
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HeorpaHH"leHHO aoopacTaeT, H B rrpep;erre Ha BceH norryocu noMem.aeTc.H 
niimh OI\HO 61IeHIIe, xoTopoe II npei\C1'aBn.lle1' co6oii: CCK (puc.2). 

IIpel\l!OJKeHHa.ll Ol\eCh ei\IIHa.ll To•ua opeHB.II Ha cB.IIaaHHh!e coc1'o.IIHB.II II 
COC1'0.11HBJI pacce.IIHIIJI pacm1Ip.lle1' KBaHTOBYIO IIHTYJiii11IIO. 

i 

·i 
If 

{ 

-1 

r 

Pwc.J. cf:tyHIQ,BR pa.cCeJIHB.I, OTBe'I&~UJ.Be paonuM 3HeprB.IM, coceAHBH c 3Hepr&ei CCK. 

,ll;ll.ll HHX: H&pyW&eTC.I IOppeJIJlQ.R.I BX IOJie6a.Jlaii: C OCII,HDlUQUIIB DOTeKQ.Ba.Jia., 'ITO npBBO

JI:IlT I RX .,crpe6&HHIO" 11Bllll> H& IOHe'IHI>IX: Y'la.<:TI8.X: I.OOpJI.BH&THOi OCB, npo.aJIJU.::t~eMyC.a lJ 

6&eHB.IIX, IJ&TyX&IOIU:HX H& 6eCI.OHe'IHOCT'B. ACRMHTOTBI& Ta.IBX lfl'YHIJt&i COBH&JI;&eT c' HeBOO

HYW.eHHLIMB peweHR.IMB ( C HylleBHMR CJJ;BB1'8.HB lflao) 

<PYHKIJ;HH PACCEJIHHJI KAK "CBJIOAHHbiE" COCTOJIHHJI (PACHPE)J;E
JIEIIHhiE B HPOCTPAHCTBE C HYJIEBOJI HJIOTHOCTbiO) 

PaccMoTpiiM CaMhiH npocToH Cl!Y'IaH Bol!HOBOH ¢>YHI!11III HenpephiBHOro 
cneiTpa, KOrl\a noTeHQBa.JJ TOJKI\eCTBeHHO paseH HYliiO. <PyHIJ11IeH cBo6o
AHOro ABB2KeHH.H Ha nonyocu 0 < r < oo npu <f>uxcupoBaH.Hoii aHeprBH 
Eb = kl .IIBlllleTCJI sin(kbr), CM.p1Ic.4. 

06h!'IHO ¢>YHKJ1BII pacceJIHB.II HOPMIIPYIOTCJI Ha 6-¢>YHIJ1BIO, HO aKaohl-
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P&c.4. &) Cao60AHU: BOJIHoau: lf>YHID;H.I: pacce.axu sin(kbr) np• !flaxca.poaaxxoi BHepr&a 

B xenpepHBHOM cnex·.rpe Eb = ki. 6) BecxoHe'IH&Jl aenpoHHI{&eHU: noTeHn:H&nJ.H&Jl creaxa. 

B TO'I.le nepBOrO yBn& sin(J:br) COGA&eT 6eC10He'IH0 rny601JD DOTeHI{BUI>KJil .&Ky 1 B .tOTO

poi DOJIJBOUH& pacce.I:HK.I: COBJl&A&eT C B011HOBOi cf>YH1D;Bei C:UO&HHOrO COCTD..aHJU. B) fipH 

CTeHU,CJI;BHHYTOi B R- _i yoen- 61n(k&r),yJKe R-e C:UO&HJ[Oe COCTO.I:HBe HOBOi .1:11111 B TO'IHOCTB 

COBD&JI;&eT CO CB060:P;HHK pemeH&eM pa.cce.aHU BHYTPB .I:JIH. B npep;eJJe R -+ 00 BC.I: ~YHXD;B• 

p&eC&.IHHa M0.:6T pa.ccM&TpBB&TltC.I: .l&I CB-.IIl&HH06 COCTOIHB6 1 p&eCP6AO't'Olti!11HOi! no Jlt!i!i 

DOIIYOCB 0 < r < OOj TOliLIO ecliB HOplolllpOB&TL ero II& 11 HyJKHO BBeCT& KC'Ieo&JO~e M&liHi 

HOpHBpOBO'IHHi MJIOlKBTeJJI>""" 1/Vfi 
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Bae'l'C..'I,(. HHMH MOlK.HO llOCTYilHTh
1

Kah. CO CBJitJaHHbiMll COCTO.SlHRllMH1R 

nopMHpoBaTL na 1. EcJIH noMeCTHTL B To'lle nepsoro yoJia r = 1r / k; 

GTOB <jlyHIJ:IHH 6ecxoneqHyJO HenpOHHnaeMYJO ITOTeHJ:IHaJILHYI<l CTeHIY, TO 

nepBa.H llOJiyBoJIHa 9TOro CHHyca COBTia~eT C OCHOBHhiM crultJaHHhiM COCTO

liHHeM 1/J(E;, x) " o6paoosasmeiiCJ! 6ecxoneqnoii rrpl!MoyroJILnoii: noTeH

nHaJILHoii liMe. '[To6LI HOpMHpoBaTL norryqeHHYI<l <jlyHII\HI<l Ha e)IHHHcy, 

nyJKno yMHOJKHTL cHnyc na /2kb/7f. IIepe)IBHHeM TenepL noTeHJ:IHaJILHYK> 

C'renxy B Toq•y r = 27f / kb BToporo yorra cso6o)IHoii sorrHLI. TenepL na 

KOHeqnoM OTpeaKe Y)IBOCHHOH )lliHHLI CHHYCOH)Ia sin(k;r) fiY)IeT B Toqno

CTH COBTia)l;aTb C BOllliOBOil <flYHKUHCii BTOporo CBllOaHHOTO COCTOXHH11 B 

6orree IITHpoxoii liMe. ,[\liJ! ee nopMnposxn Ha e)IHHBIIY noTpe6yeTCJ! cf>ax

Top /k;/1f. IIpo)loliJKaJI paciiTHpenne liMLI, MLIHOllyqnM na n·rnare ·n-e 

COCTO.RHHC rrp.BMoyroJibHOit llMhJ1 TO'tfHO COBllaAaiOID,ee C Bhl6paJ:IHOi: CHHy

COH)IOH, a COOTilCTCTBYJOIIIaJI HOpMHpoBKa fiY)IeT /2k;/(n7r). B npe)lerre 

n ~ oo MLI norryqnM "cBJioannoe" cocToJIHHe 1/J( E;, x) 6ecxoneqrro IITHpo

KOii npliMoyrmiLHoii JIMLI c 6ecxoneqno MaJILIM nopMHposoqnLIM <jlaxTo

poM, HO HOpMHpOBaHHYI<l Ha e)IHHBI\Y jif1/J2(E;,x)dx = 1. 8TO llO)I06HO 

To My, xax 6ecxonequo yoxnii nnx 6-<jlynKI\HH HMCeT e)IHHnqnyJO nrrmna)IL 

f~oo 6(x )dx = 1. 

PBc.5. BonHOBhte qtyHJ.JJ;III CCKJ 

DOliY"'eJJRHe Jro COCTO.HBii: pac-

Ce.I:HIUI, HOpMllpOB&HHHX 

a& ~BHH:QY, npa paoawx BH&

"'eaux BeCOBHX CDei.Tp&JII.HHX 

q.a.xTopoB "c" (aH&"'eHI.I.X npo

HBBOJ{HHX B H&'laJle I.OOpJ{IH&T). 

C poCToK "c" CCK Bee CillhHee 

npilKIKaeTe& I. H&"'&lly I.OOPJW

HaT 

KaJK)IOe HO paccMOTpenHLIX BLIIDe CBliOaHHLIX COCTOJIHU MOJKHO 6Lill0, 

llOliLOYJICL aJirOpHTMaMH o6paTHOB Oa)laqn [3,4), llO)IBHHYTL K O)IHOB liD 

CTeHOK 6ecxoneqHo rrry6oxoi JIMLI C llOMOIIILJO BOliH006paonoro BOOMYIIIe

HHJ! llliOCIOrO )Ilia HCXO)IHLIX llOTeHI\HaJILHLIX JIM, Iai GTO llOiaoaHO )lllll 

IIBYX HHJKnnx coCTOliHnii ua pHc.l. Ho TOT JKe caMLii anropHTM roiiHTCJ! 

H B Hpe)leliLHOM cnyqae, xor11a IipOHOBOIIHai HOpMnpOBaHHOH BOliHOBOH 

<jlyHII\HH B naqaJie IOOPIIHHaT MOJKeT 6LITL C)lellaHa IaK yro)IHO 60JILIITOH. 

Ha pnc.5 nouoanLI c~Jynxnnn CCK npn nOClle)IOBaTerrLHOM ytl~ennn 
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t/>1(Eb,0) II COOTBeTCTBYJO~He HM IIOTeHnHaJJLHLie BOOMy~eHH.lL ,[\llll60llb

WeB IOHfieHTpa,nBH <j>yHinHH y Ha'Iana IOOp~HHaT Tpe6yJOTCJI BOOMy~a

IO~e IIOTeHD;HaJihl CO BCe 60JihiDei aMJIJIBTYJI:OH IOJie6aHBii, CM. puc.6. 

Pwc.6, lloTexu;Ba.nH, O&IIHp&lO- VI - I ~e CCK, TBDa. mo6pa.:.teHHHX 

I ' H& pBc.5. C pOCTOH Dl~p&Me- ,\ 
Tp& ,.C, 6JIB::KaiWBe I K&"'MY 

I IOOPKBH&T SMX& B 6&pbep BCe 

c:a:naee :wx:neHTPHPYJYr CCK y 
0 

TO"'I.Br=Q 

OCHOBHbiE YP ABHEHHJI 

<t>opMyna Tpa.Hc<j>opManuu rroTeHnHana rrpu uoMeHeHHH HopMHPOBO'I

Horo <flaJtTopa C- c HMeeT BH/~ (Mhl HCITOJn,oyeM o6onHa"t~eHHe De~= c~- C~): 

0 2 o I ( o ) o o _ 1 ( ) 2 2 o 4 o _ 2 ) 
v(r)=v(r)-4bc,<p E,,r 'P(E,,,r)p r +2(bcvJ <p (E,,r)p (r, (1) 

r o 2 o 

p(r) = 1 +be~ I <p (E,,t)dt. 
0 

<l>opMyrra >r<.e )lli.O BOOMy~eHHoro pemeHH.O (rp(E,O) = O,rp'(E,O) = 1) 

rrpH rrpmmBOJihHOM E, He paBHOM Ev, oanBChlBaeTC.H B BHAe: 

' 
0 2 o o _ 1( I o o ) o > rp(E,r) = rp(E,r)-bc,'P(E,,r)p r) 'P(E,,t 'P(E,t dt. 

0 

A peweHue rrpH E, ecTh 

o, 0 0 ) -1( ) 'P(E,,r) ='P (E,,r p r. 

(2) 

(3) 

Cny'tfaii nopmKp;eHWI CCK Ha cxnoHe ucxo}l;Horo JIBHeiHoro noTeHn;H

ana 6LIJI paCCMOTpeH B pa60Te [7]. IlpH aTOM IIOTeHnHaJJLHble BOOMy~e-
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HB.H, oanupaiOW.He CB.HOaHHOe COCTO.H.HBe, HeorpaHH"ieHHO BOOpaCTaiOT TIO 

aMUHHTY)Ie C Y)la.JieHHeM OT TO'IXH UOBOpoTa B CTOpOHy OT 6apbepa. 

PBc.7,CB.IIl&HHOe COCTOAHHe BI.OHTBHyyMe, 

o6p800B&HHOe DpB BCX011;HOM OTT&III.BB&I>

W.eM IylJoHOBCIOM noTeuo;aa.ne [8]. 06pa-

TBTe BHBM&HBe H& TO, 'ITO CUtl&HHOe co-

CTO.&HBe yp;eplKHBaeTC. 'IHCTO OTT&lii.RB&D-

lU,BH DOTeHO.B&liOM 

3AKJIIO'IEHKE 

\l(r) 

r 

llHTepecHo pacnpocTpaHHTh peoynhTaTbl <>TOH pa6oTbl Ha MHoroxa

HaJihHhli CJiy"'laii. IlpB. OTOM MoryT 6b1Th paccMOTpeHbl O)J;RHaiOBble B 

paoHhle nopofH, HaJIB"'!He OalpbiTbiX la.Ha.JIOB. JipB:Mepbl MHOrOXaJiaJihHbiX 

CCK paccMaTpHBa.JIHCb paHhllle B [1]. 
As-rophi 6naroii3.Pilhi P<f><f>I! II <!JoHIIY Copoca na UOI\1\epJKxy. 

JIRTEPATYPA 

[1] Newton R.-Scattering Theory of Waves and Particles, 2nd ed. NY, 

Springer, 1982. 
Zakhariev B.N., and Suzko A.A.- Direct and Inverse Problems, Heidel

berg, Springer-Verlag, 1990. 
[2] Cooper F., Khare A., Sukhatme U.-Phys.Rep. 1995, 251, N 5,6, 

p.268 ( CM. TaKJKe CCblJIKH B <>TOM o6nope ). 

Andrianov A.A., Joffe M.V., and Spiridonov V.P.- Phys. Let.t. A 174, 

1993, p.273. 
Bepeoosoii B.II., IlalllHeB A.VI.-TM<f>, 70, 1987 c.l46; 74, 1988, c.392; 

Berezovoy V.P., Pashnev A.I.-Z.Phys.C 51, 1991, p.525. 

[3] Poschel J. and Truhowitz E.- Inverse Spectral Theory, New York, 

Academic, 1987. 
[4] Zakbariev B.N., Chabanov V.M,-Rev.Mod.Pbys. (submitted 1995). 

3a.xapbeB B.H., KocTOB H., IlnexanoB E.B.- To'!HO pemaeMble 0/1HO

H MHOTOKBHa.JibHble M0/1eJIH (YpoKH KBaHTOBOH HHTYHI(HH I), sqAJI, 21, 

1990, N4, c.914. 
3axapbeB B. H.- JjHcxpeTHa.H H nenpepblBRaJl KBaHTOBaJl MexaHHia, 

7 



TO'lHO pemaeMJJe M0)1"eJIH (YpoxH KBaHTOBoii HHTYH~HH II), 3'IAJI, 23, 
1992, N5, c.603. 

3axapLeB B.H., <[a6anos B.M.-KaqecTBeHHa.B TeopHJI ynpasneHHll cnex

TpaMH, pacceKHHeM, pacna)1"aMH (YpoxH KBaHTOBoii HHTYH~HH III), 3'IAJIJ 
25, 1994, N6, c.1561. 

3axapLeB B .H. YpoxH KBaHTosoii HHTYH~HH ( B rre'<aTH, no MO>KHO cro-
IIHposaTL y aBTopa na /IHCKeTy ee LaTEX BapHanT). 

[5) Neuman J ., Wigner E.- Phys.Z. 1929, 30, p.465. 
[6) Stillinger F.H. and Herrik D.R.- Phys.Rev. A 11, 1975, p.446. 
Meyer-Vernet N.~Am.J.Phys., 1982, 50, p.353. 
Eastham M.S.P., Kalf H;-SchrOdinger-type Operators with continuous 

Spectra, London, Pitman, 1982; 
P1111 M., CaHMOH B.-MeT0)1"1J cospeMeHHoii MaTeMaTH'<ecxoii tjJHOHKH. 

T.3, M.: MHp, 1982. 
[7) Calogero F., Degasperis A.- Lett.Nnovo Cim. 1978, 23, p.143. 
Capasso F. et al.- Nature, 1992, 358, p.565. 
[8) Pappademos J., Sukhatme U. and Pagnamenta A.- Phys.Rev., 1993, 

A 48, p.3525. 

Pyx:onHCb nOCT}'JIHJI3 B H3)l3TeJlhCKHi:f OTJ],eJI 

13 HJOHll 1995 ro~a. 

8 


