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,l BBegeane. MeTog H o6~ne ypaBHeHH.S:. · 

O6hl'IHhIH cnoco6 oan11c11 napuiianhHhIX aMnmtTYA, B KoTopoM Maccbl 11. nmp11Hbl pe-
. -

DOHaHCOB qll!rypnpy10T ~BHo, :no q>opi1ynh1 Bpe1ha-Bnrnepa (BB) LI] n !ix paon11'1Hble-Mo-

. i:in¢nx~nn. lIMeHHO TaKII~ npoCTbJe II JICH_0 IIHTepnpeTiipyeMble q>opMynhl iicnol!h~YIOTCJI 

B n0Aa.Bn.!IIOll\eM qncne cny•iaea npn onncaHnn axcncp11MeHTaJihHhIX AaHHhIX, u onpeAeneH

Hhle c noMOll\blO_ aTllX q>opuyri nap,i'McipMpe;oHaHCOB qi11rypnpy10T B. Ta6nuuax P~ticle . -- ,. 

Data Group. 

<t>opMJllbl BBB cny•iae 0AHoro JH,aommcan 0~Horo lll!IJ HeCK0llbKl!X KaHan0B pacceJIHHJI,, 

l!CX0IIH0 ,YII0Bl!CTB0pll!OT JCJJOBIII<~ ymtTHjlHOC;;I. Uonon~l!';el!bHaJI npo6neMa B0'3Hl!KaeT 

·npu Il0CTp0CHl!I! JIBHO ym1Tap11oii S-MilTJ;ll'-l~l. B cny'lae aiicKOl!bKl!X nepeKpbIBa10w11xc.a 

pec10HaHCO~· C OAl!Hal<OBbIMI! KB,;IITOBb!MII •mcn_aMII Taxux, 'ITO I En, - En, I~ rn; + fn,'-. 

O'leBUIIHO, 'l,To B aT0M cny,ia,; 1111-icpq>rpcHUlu( MC)KIIY p_ec10HaHcaM11 JIBJJ.!leTc.a uen'ipanb-

, HOH 'laCTblO aHan11:;ia I! KJl!O'IOU K,IIIITC(>IIpCTaUl!II _nonr1cHHblX {)CclJllbTaT_9B. 

Ilpo6ne~a nocTpocnm1 aano ym1Tap11oii 5-MaTpll'-lhl, 11cnonhoy10weH B_ cny'lac ncpe

Kpblaa10w11xCJ1 peooH~Hcoa qiopMynhr, cxmK11c i: q>oj;MynaM11 BB, 11aaao 11ccnCAYCTCJ1 B .a11ep'. 

· HOH qll!Ol!Ke 'n ¢1m11xe al!cMeHTapHhIX·'rncTnU. (B npc11hIAYW~H pa6oTe [2) Mhl npuaenu 06-
, ~ \ - ' . . . ,. ' ,. , 

nop II cpaBHeHl!e cywecTaymwnx r-1cT0110B.) OAttaxo, Ao CIIX_ nop · OTC)'TCTByei llBHaJI II 
' . •. - ! 

npocTaJI cxeMa nocTpoemrn ymnapnoii n T-11Haapm1HTHOH S-MaTpnuhl Tpe6yeuoro· BIIAa 

B cny'lae HCCK<JllbKIIX ncpeKpbIBllll)ll\llXCll pcnonaHC0B np11 MHoroxa~anbH0M pacceJIHUU. 

, Hn)Ke Mbl npnBo~UM n~JCJieA<>BaT('JlbHYIO'niiou,~~py n.ocTpoem~ 'yHIITapHOH MH0roxa-. 

HanbHOH, ,MHoropenoHaH<;IIOJ!: S,-MaTj>ll'-lbl AiHi 0611\Cl'~ CJJY'l,aJI '-M KaHaIT0B n· N peoo- ; 

HaHC0B. 

MaTpnua pacceJI:HIIll i S rpynnhr 1m N pcnonaHcoa, pacnono)KCHHhIX B aaepreTn•ie

cKoH o6~acTn ~ocTaTo•mu·yA,UICHHoii oT, nop~roB n <>T Apyriix penottaHcoa, Mo)KeT 6blTh .· . . ,·\ \ ' ' - . 

_ npe11cTa.Bl!CHa B BUAe 

- .. . N - -

S(E) = 13.:.: L AnA'h , 
. ' n=I E-c:11 

(1) 

. rAe B • MaTpnua qJOHa, · COOTBCTCT~YI~m,iaJI npllMblM HepenoHaHCl!h!M pea:x'-llIHM, An
BCXTOpbl napulianbHblX w11p:rn ( K8.K fi,YACT BJIIIH~ iut)KC,' C HC06XOAIIMOCTblO KOMn;iexcHble) 

E:n - X0MnJJCKCHble 0Ha'ICHIIll :mcprnii. 
-.. '.• " . ,-_ .. 

'Ipe6yeTCJ1 onpeiienlITh1
, xaKiie ycnoa1IiI HJ)KH0 HMO)Kl!Th Ha aexTophl An n q>oH· B', 

. - . ... " . ' - . . ~ . ' 

'1To6bl MaTpnua pacceamrn ·s _ 6blna ymITapHa n Cl!MMeTpn'IHa (' T-nHBapuainiia ), To . '• . ,, , '· 

C .061.eAHHe~H•iA HHCTHT)'T 11.ACPHWX Hccnc.AoaaHHA, )1.y6Ha, 1995 

2. 

-! 

~t 

ecTh 

s+(E)S(E)= I (2) 

n 

S;;(E) = Si;(E) (3) 

T0)KAecTaeHHo no E . 

JlcHo, 'ITO p;n.!! CUMMCTpllll ll YHIITapH0CTU MaTpUUbl s Heo6xoµ;nMo, 'IT06bl MaTplIUa 

q>oHa B Tall)Ke 6blna CUMMCTpU'IHa 11 yHnTapHa. 

OrpaHII'leHII.l!, Hallllap;bIBaeMhle Tpe60BaH1IeM YHIITapH0CTll, M0)KH0 noJJJ'll!Tb paol!II'l

HblMII cnoco6au1I. MbI o6o6wm,~ MeT011,' npeAJJO)KeHHblH B pa6oTe [3] Ha cny'laii n;io1IOBOllh· 

Horo 'IIICJJa nepeKpbIBarownxca penoHaHC0B. ( B pa60TC [3] aTll orpaHII'leHllll IlOlIY;'ICHbl B 

llBH0M BlIIIC T0JJbK0 AJJJI cny'laa ABYX pec10HaHC0B II npo11GBOllhHOro 'll!Cna KaHanoa. YTaep

)Kl\aeTc.a, 'ITO a o6weu cny'lae N penoHaHC0B MeT0II o6oCHOBaTb HC JllaeTCJI, n y)Ke 

npl! Tpex pec10HaHcax naAa'la HaCT0l!bK0 ycno.lKHJleTCJI, 'ITO nolIJ'lllTb o6cy~AaCMblC Hll)Ke 

orpaHl!'ICHUJI lI ~qiopMyn11poBaTb MCT0II Ha ypoBHC anropl!TMa H~BOOMQ)KHO.) 

3anl!lllCM_Y~JJOBl!e yHnTapH0CTll ( 2) c y'leT0M npeACTaBJJCHUJI ( 1): 

s+(E)S(E) = B+B + i L BAn(An} _ B+ AnAn +LL An(A:) A1A1 = I. (4) 
N [ ~+ ~+ T ~ <T 1 N N ~+ -+ T - ~T 

n=t E - En E - c:n R=l l=l (E - ~n)(E - c:1) 

.D:= ynpoweHUJI q>oMyn, BKJ!lO'laIOWIIX q>oH, B0Cn0llb□yeMC.l! JII06HbIMll nepeMeHHbIMlI 

pa60Tbl [3]. 

IIocKOllbKY MaTpnua B yHIITapHa II ClIMMCTplI'IHa,-oHa M0.lKCT 6blTb npeACTaBJJeHa a 

BlIAC nponnBep;eHlI.l! 

B = Ve2if3yT' 

rAe V - µ;encTBIITel!bHaJI opToroHaJJbHaJI MaTpnua co6cTBeHHblX BeXTOpOB MaTpU'-lbI B, 

a e2if3 - Allar0HaITbHall MaTpnua ee co6cTBCHHbIX nHa"leHIIH, paBHbIX no MOAJlllO ep;IIHl!Ue. 

IIono)KnM 

B = bbT , r11e b = Veif3 . 

OnpeAellllM BCKT0p 

gn = b+ An. (5) 

·---.a .. , .. .,.·;:'r:-·. 
\·;: . ., .,~, •;t,-~~' 

'.'?' ::: l 



TorAa MaTpHri;a S MOJKeT 6b!Tb oarrncaHa B BUAe S = bSbT, rAe 

N - ::fl' 
S(E) = I - i L YR9n . (6) 

n=t E-c:n 

O'ieBHAHO, 'ITO MaTpHJ:(a S(E) YHHTapHa TOrAa; 1i: TOJibKo TOrAa, KOrAa y~HTapHa 

MaTpHJ:(a S(E) . IIo:noM:i, Tpe6yeMble orpaHH'IeHHJI Ha BeKTOpb! rrapl'.(HaJihHblX urnpirn 

Mb! ?YAeM rroJiy'IaTb HO ycJIOBHJI YHHTapH?CTH §+(E)S(E)= I. 

BBeAeM o6ooHa'IeHHe AJIJI CKaJillpHoro rrpOH0BeAeHHJI 

M 

Vin= (ifi,gn) = L9ik9nk • 
k=l 

YcJioBne yHHTapHOCTH AJIJI MaTpHJ:(hl S(E) MOJKeT 6b!Th oarrHcaHo B BHAe 

M. N . N • • N N • 
"S- s-• c . ·" 9Ri9nj + ·" 9n;9nj +"" V, 9Ri9lj . _ < LJ ik jk = Uij - Z L.., --- t ~ ---. L.., L.., lR * = Uij 
k=t ' • n=1 E - c:n · R=I E - C:n l=I n=1 (E - c:n)(E - c:,) 

lll!H 

i L _ 9R;9ni +z L 9n;9n~ +LL Vin 9Ri91i • = 0 . 
N[ . N • *] NN .•. 

n=1 E - c:n R=t E - c:n l=I n=1 (E - c:n)(E - c:,) 

N 
.IJ:oMHOJKUB TOJKAeCTBo ( 8) Ha trpoH0BeAeHHe IT (E - C:k)(E - c:j:), rroJiy'IHM 

k=l 

N 

i L [9Ri9Ri(E - c:n) - 9Ri9ni(E - c:ii)] II (E - c:k)(E - c:k) + 
n~ ~R 
N 

+ :E Vnn9Ri9Rj II (E - c:k)(E - c:k) + 
R=l k#R 
N-1 N 

(7) 

(8) 

+ L L [l~ngn;gli(E - c:,) + Vn191;giii(E - c:nJ II (E - c:k)(E - c:j;) = 0: (9) 
n=l l=R+l k#l,R 

.Il:= Toro, 'IT06bl Bb!IIOJIHJIJIOCb ycJIOBHe YHHTapHOCTll ( 8), He06XOAHMO ll AOCTaTO'IHO, 

'IT06bl KOGq>q>HJ:(HeHTbl rrpH BCex CTerreHJIX rrepeMeHHoii E IIOJIHHOMa ( 9) 6hIJIH paBHbl 

HYJIIO. 

Ko::iqiq>HJ:(HeHT IIOJIMH0!'{a ( 9) .rrpH CTerreHH Ek nMeeT BHA 

N . N ·. N-1 N 

2 L Im(a~>9Ri9Ri) + L Vnnb~>9Ri9Ri + L L [Vinc/;Jgn;gli + Viii(c}7i)*g1;9Ril • (lO) 
R=l R=l R=l l=n+1 

3AeCb a~), b~>, c};J - KOMIIJieKCHble BeJIH'IHHhl, oaBHCJI~He OT KOMIIJieKcHb!X aHeprnii c:n = 
c:R + ic:~ (B rrpHHJIToii rrapaMeTpH0al'.(HH c:ii .= En, c:~ = -rn/~ ); k = 0, .. .", 2N - l . 

IlpHpaBHJieM HYJIIO KOGq>q>HJ:(lleHT rrpn CTeIIeHH (2N - 1). C x'IeTOM Toro, 'ITO 
' . 

aW-1 
= 1 ' bW-1 = 0' cfJ:-1 = 0 ' (R,l = l, ... ,N) 

4 

,\J, 

IIO:IY'IllM 

N N 
i L [gii,9Ri - 9Ri9nil = L Im(gn;gni) = 0 

R=l n=l 

lllIH 

N 

L [YR,Y~j + Y~;Yiiil = o , (i,j = 1, ... ,M). (11) 
R=l 

3AeCb ?Ji H g1Ji - Ae~CTBHTeJibHble BeKTOpbl, rrpeACTaBJIJllO~He COOTBeTCTBeHHO Aeii

CTBHTellhHYIO ll MHllMYIO qaCTll KOMIIlleKCHoro BeKTopa gn =?Ji+ iifh: 

BYAeM CTpoHTh BeKTOpb! gn TaK, 'IT06bl nx MHllMble qacTn g1Ji JIBJIJIJIHCh JinHeHHb!Mll 

KoM6HHal'.(HJIMll AeircTBHTellhHhIX qacTeir ?Ji : 

g1Ji = Um§'f. + UR2fh. + :·· + URNiflv, (R = 1, ... ,N). (12) 

IloACTaBUB Bb!paJKeHne ( 12) B y~JIOBlle ( 11 ), IIOJIY'IllM 

N N N 

L [gfi; L U nk9kj + 9Rj L U nk9ki] = 
R=l k=l k=l 

N · N-1 M 

= 2 L Unn9R,9Ri + L L (Unk + UkR)(9R,9ki + 9ki9Ri) = D, 
R=l R=lk=n+1 

(i,j = l, ... ,M). 

TaKllM o6pa30M, AJIJI Toro, 'IT06bl KOGq>q>HJ:(lleHT rrpH CTerreHH E 2
N-l TOJKAeCTBeHHO 

paBHJIJICJI HYJIIO Heo6xoAllMO n AOCTaTO'IHO, 'IT06bl 

Unn = 0, URk =-Ukn, (13) 

TO eCTb u -KOC0CllMMeTpll'IHaJI MaTplll'.(a C HyJieBOll AllarOHaJiblO. 

PaBeHCTBO ( 12) orrpeAelIJleT NM ypaBHeHnii CBJI:Jn, KOTOpb!e 0aBllCJIT OT N(N -1)/2 

rraj:>aMeTpOB - aJieMeHTOB U;i MaTpnl'.(hl. U (i = 1, ... , N - 1; j = i + 1, ... , N) . 

IlpHpaBHJieM HYJIIO Ko::iq>q>HJ:(neHT rrpn cTerreHn (2N - 2). C yqeTOM Toro, 'ITO 

2N-2 "( + *) X 2" X • X +. y an = - ~ C:k c:k - c:n = - ~ c:k - c:n ic:n , 
k#n k#R 

bhN-2 =1; cfJ:-1 =1, (R,l=l, ... ,N) 

IIOJIY'IllM 

N N N-1 N 

2 L Im(aW-2gn;gn;) + L Vnn9Ri9R; + L L [½ngn,gli + ViR91i9R;l =f' D • 
n=l R=l R=l l=R+l 

(14) 
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3arrnweM npom:me11eH1rn 9Ri9Ri , 9Ri9R; , 9Ri91; n 9li9R; c y'IeToM npe11cTrumeHnx 

( 12): 

9Ri9Rj (91u911; - g1'n;9¾;) + i(911;9¾; + 9¾;911;) = 
N N N 

[911;911; - LL UnkURv9%;9;;J + i L Unk[911;9%; + 911;9%;], 
k=lv~l k=l 

9Ri9Rj = (911;911; + 9¾;9¾;) + i(-911;9¾; + 9h;911;) = 
N N N 

[ ""·+·"°'"°'UU .,,,,]-+'"°'U[ ""+.""]· 9Ri9Rj ~ ~ Rk Rv9ki9vj I ~ Rk -9Ri9kj -9Rj9ki , (15) 
. k=lv=l , _ , ,., k=l , 

9Ri9t =. (911i9lj + 9¾;90) + i(-911;90 + 9h;9ij) = 
N'·N N· 

[911i9lj +LL URkUlv9ki9:;J + i L[-U1k911;9kj + URk9ij9k;], 
k=l v=l k=l . . ' 

9li9R; (91i911; + 9f;9¾;) + i(-9!i9h; + 9f;911;) = 
N N N , 

[9ii9llj +LL U1kURv9ki9:;J + i L[-URk9!i9kj + U1k911;9%;], 
k=lv=l k=l 

.I(= Toro 'IT06bl Koaq>qmo;neHT ( 14) npn cTeneHn E 2N-2 6h!JI paileH Hyrrro, Heo6-

xo11nMo npnpailHHTb Hyrrro Koa<pqmo;neHThI npn npom:rne11eH1IJix 9;;9;; , (p, q = 1, ... , N) . 

II011cTaBlIM ( 15) B ypaBHeHne ( 14) lI npnpailHHeM Hyrrro ,\eMCTBlITellbHbie lI MHlIMble 'IaCTlI 

aTnx Kmpqino;neHTOB (Hax':ioMHHM, ~To Vin= V,R + iV,h = (§'ign) ). · 

N-1 N 

2c~ - 2 L c~UkP + VPP + L VnnUkP + 2 L L ViRUnpU1p + 2 L VjfpURp = 0, (16) 
R#p R#p R=l l=R+l Rtp 

N N 

-2 L chUnpURq + 2Upq(c; - c;) + L VnnUnpURq + 
R=l R=l 

N-1 N 

+ VP~+ L L V,R[UnpU1q + U1pURq] + 
R=l l=R+l 

N 

+ L!VlfPnq+VlfqUnpJ = 0, 
R=l 

N-1 N 

Uqp(VPP + Vqq) + ~~ + L L V,h[UnpU1q - U1pUnqJ + 
R=l l=R+l 

N 

+ L WnquRp - vRpunqJ = o . 
R=l 

(17) 

(18) 

Ta.KnM o6panoM, npnpailHllBaHlle Hyrrro K00gJqllID;lleHTa npn CTeneHII E 2N-2 npnBO,\lIT K 

cncTeMe N2 ypaBHeHnii:, rrnHeMHhIX OTHocnTellbHO CKall.llpHbIX npom:rne11eHnii: .VRR, ViR, Vih : 

N ypaBHeHnii: (. 16), N(N -1)/2 ypailHeHnii ( 17) n N(N-1)/2 ypaBHeHnii: ( 18). 

6 

Koaqiqino;ueHTbI npu 9;;9:; 11 9:;9;; coBna11aroT, IlOCKOllbKY p n q BXO,\HT B ypaBHeHIIH 

( 17) II ( 18) ClIMMeTpl!'IHO, 

r11e 

Pew1rn cncTeMy, norry'IaeM ::rna'IeHnH cKarrxpHbIX npom:rne11eH1m: 

Vnn = -~[S + 2Qn]ch , 

Vi'n = -¾[Fln(cf - c\) + Gm(cr + ch)] , 

V,h = -¾[Gm(cf - c'n) - Fln(cr +ch)]' 

R = l, ... ,N; I= R+ 1, ... ,N,. 

s 
[N/2] N-2p+I N-2p+2 N I i i 

.l+ ~(-l)1' i~l .2~+1° 0 :i,,=E-,+1 i: i: ~2p I · 
l2p 

Qn 
[N/2] N-2p+2N-2p+3 N IR i i 

~ (-l)P+l i~l i,E+I - · · i,,_,r_,+J R i: i: 
~p~ I. 
I~~ 

Fm 
[N /2] N-2p+J N-2p+2 N 11 i1 i2 

= Um+ ~ (-l)P ;~1 ;,f +1 · · · ,,,=E,+1 R i1 i2 ~1 l~ 

Gm 
[N/2] N-2p+2 N-2p+3 N 11 z I 

~ (-l)P+l i~l ;,E+J · · · .,._,r_,+J R i: i: 
~p-1 I 
l2p-J 

311ecb I . . l Um U1;, . . . U1i. 

(. I i1 i2 •• ) = U;;R ' U;;;, , , , . U,:;• 
R i1 i2 Zk , , . . . , . 

u,.n u ••• , u •••• 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

- Ml!HOp, COCTaBrreHHbIM 113 arreMeHTOB MaTplID;bI U (cTpOK C HOMepaMn I, i1 1 i2, ... , ik lI 
-"). 

CTOlI6D;OB C HOMepaMl! R, i1' i2, ... , ik ). 

CncTeMa ( 12) u CKal!HpHbie npol13Be,\eHl!H ( 19)-( 21) IlOlIHOCTbl{) onpe11errxroT l!CKOMble 

BeKTOpbI napD;l!arrbHhIX wnpl!H. Ecrrn BeKTophI YR , (R = .1, .. ;, N) YI\OBlleTBopxroT cooT

HoweHIIJIM ( 12) lI ( 19)-( 21 ), TO K00qlqllID;lleHTbI npn Mlla,\WlIX CTeneHHX nomrnoMa ( 9) 

6y11yT TOlK,\eCTBeHHO paI!HhI Hyrrro. 

,I(rrx o;erreii: qJUTllpOBaHl!H 0KcnepnMeHTallbHbIX 11aHHbIX y1106Ho nanncaTb orpaHl!'teHlIH 

( 19)-( 21) B TepMlIHax ,\eMCTBlITellbHbIX l! MHl!MbIX 'IaCTeM BeKTOpOB IIapD;llallbHbIX l!lllpl!H 

9k = 9k +iff(.. 
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,[(lIJI onpep;enemrn CKaJIHpHbIX npom:lBep;eHmI p;eIICTBIITeJibHbIX BeKTOpOB §%, nony'!aeM 

CIICTeMy: 

(9R,9R) 

Uii,YR) 

(YR, YR)+ (irk, irk) = VRR 

(iff, YR) + (iff, irk) = ViR 

lIJIIl, c y'IeTOM npep;cTaBJiemrn ( 12), 

· (YR,YR) + I: I: uRpR;(§t,ifJ) = vRR 
if,Rj¢R 

(iff ,YR)+ LL U/iUR;(§f,gf) = ViR 
i#l#R 

PenrnB cMcTeMy, rrony'IaeM: 

(YR,YR) 

(iff ,YR) 

J2 {-(S - QR)2c~ + f, [2FR;GR;c[ + (F~; - Gk;)crl} , 
i=l(#R) 

; 2 {FlR[(S- QR)cR - (S - Q,)e:'] - Gm[(S - QR)c~ + (S - Q,)eY] + 
N 

+ L [(.Fl;GRi + FR;G1;)cf + (.Fl;FR; - Gt.GR;)cm , 
,i=l(-#1,R) 

R=l, ... ,N; l=R+l, ... ,N, 

rp;e S, Q;, F';;, G;; BhI'IMClIJIIOTcx no qiopMynaM ( 22- 25). 

(26) 

(27) 

(28) 

Ilpep;noJKeHHaH cxeMa IlOCTpoeHMH BeKTOpOB napIJ;IlaJibHbIX WilpHH p;nx CilCTeMbI N 

proOHaHCOB II M OTKpbITbIX KaHaJIOB cop;eplKMT N(M + 1) KOMnneKCHbIX napaMeTpOB: 

BeKTOpbI YR II KoMnneKCHbie :meprMM cR, (R = 1, ... , N) . 

YcnoBIIe YHMTapHOCTII BBOJJ;IIT N(N - 1)/2 JJ;OilOJIHIITeJibHbIX p;eHCTBIITeJibHbIX napa

MeTpOB Urn, (l = 1, ... ,N - l;R = l + 1, ... ,N) II HaKnap;bIBaeT NM+ N(N + 1)/2 

orpaHII'IeHIIH - ypaBHeHIIH ( 12) M ( 19)-( 21) ( IIJIII ( 27),( 28)). ThKIIM o6panoM OCTa

eTCH N(M + 1) 'c~o6op;HbIX ,napaMeTp~B (p;en~TBMTeJibHbIX), KOTOpbie MO~rno BbI6IIpaTb 

p&llIIl'IHbIM o6panoM. 

Onpep;enIIB CBo6op;Hbie napaMeTpbI II llOCTpOIIB BeKTOpbI YR , nony'IIIM MaTpIIey pac

cexHMH 

N - -:fl' 
S(E) = I-i L YR9R . 

R=l E-t::R 

BeKTOpbI napIJ;llaJib~h!X WIIpIIH MOJKHO oanncaTb B 0KCllOHeHIJ;llaJibHOH q>opMe 

9Rk = eiwR• I 9Rk I , (R=l, ... ,N; k=l, ... ,M). 

' 8 

y 

\ 
1 
l 

Torp;a 

N ' 
§ .. _ O·· _ i '°' ei(w&+wn,) I 9Ri I· I 9Ri I 

IJ - IJ ki . E - CR • 

KaK OTMe'IaJIOCb BbIWe, MaTpm:i;a paccexHMH S = bSbT , JHMTapHa, ecnM YHMTapHa 

MaTpHIJ;a s. 
EcnII q>OHOBaH MaTpHIJ;a p;MaroHaJibHa, TO ecTb 

B;; = 6;;e2if\ (i,j = 1, ... ,M), 

TO ARk = eif3•gRk, (R = 1, ... ,N;k = 1, ... M), II MaTpIIIJ;a paccexHIIH S MOJKeT 6bITb 

npep;cTaBneHa B BIIp;e 

S;; = ei(f3.+f3,)·[o;; _ i t·ei;wn;+wn,) I 9Ri I· I 9Ri I] - = E-~ 
.[(ononHMTeJibHbIMH CBo60p;HbIMM napaMeTpaMH B p;aHHOM cny'!ae HBIDIIOTCH M p;encTBM-

_Tellb~bIX nepeMeHHbIX /3;, ( i = 1, ... , M). 

EcnII q>OHOBaH MaTpHIJ;a B Hep;IIarOHaJibHa ( B = bbT ), TO noxBlIJieTcx M(M + 
, I 

1) /2 JJ;OllOJIHIITeJibHbIX CB06op;HbIX napaMeTpoB: M p;eHCTBMTeJibHbIX nepeMeHHbIX /3; . II 

J.!-(M - 1)/2 aneMeHTOB opToroHaJibHOH MaTpIIIJ;bI V. 

MaTpIIIJ;a pacceHHIIH S B 0TOM cny'Iae IIMeeT Blip; 

S-- _ B-- _ i ~ AR;AR; 
,,.- '' ki, E-cR · 

rp;e 

b=VeifJ, AR= byR, (R = 1; ... , N). 

IlpII q>IITIIpOBaHIIII 0KcnepHMeHTaJibHbIX JJ;aHHbIX MaTpIIIJ;Y B MOJKHO llOCTpOIITb, Ha

npIIMep, cnep;yro~IIM o6panoM. 

BbI6epeM B Ka'!eCTBe CBo6op;HbIX napaMeTpoB M p;encTBIITenbHbIX 'IIICeJI /3; E [O, 21r) 

II 

M(M - 1)/2 yrnoB Bpa~eHMH 'Pk E [O, 21r) . Torp;a opToroHaJibHaH MaTpHIJ;a V MOJKeT . 
6bITb nony'IeHa KaK npom:iBep;eHne 

V = R.1 • R2 ' ••• • RM(M-1)/2 , .' 

• rp;e MaTpIIIJ;a Rk = {djl};',}=1 OTJIM'IaeTCH OT ep;IIHH'IHOH JIHWb aneMeHTaMH 

(k) _ r(k) = cos 'Pk i 
rPP - qq 

(k) _ -r(k) = sintpk; rpq - qp 

9 
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B Il?.CJiep;yro~mc pa::iµ;enax MhI noµ;po6HO paccMOTpllM CIIOC06hI IlOCTpoeHUH BeKTOpOB 

nap11mun.HhIX WllpllH µ;JIH ClI)"IaeB oµ;Horo, µ;Byx, Tpex ll 'IeTh!pex pe30HaHCOB. 

IlocKOlihKY q>OHOBaH MaTpu11a B GaBUCllT TOlihKO OT 'Illcna KaHaJIOB u He GaBUCllT 

OT "IllClia pe30HaHCOB, MhI B µ;anbHeiiweM 6yµ;eM C'IllTaTb, )llIH IIpOCTOThI, 'ITO B = I -

eµ;UHll'IHaH MaTpu11a. 

2 O;ti;HH peooHaHc 

B cny'Iae oµ;Horo ll30lillpOBaHHOro pe30HaHca (N = 1) u M OTKphIThIX KaHaJIOB Ma

irpu11a pacce~HHH S(E) npeµ;cTaBnHeTcH o6h!'IHhIM BhipaJKeH~eM BpeiiTa-BurHepa: 

. 91i91j 
S,j = 8,j - i E - CJ ' (i,j = l,M), 

rµ;e c1 = E1 - iri72 - 3Ha'IeHue KOMIIlieKcHoii aHepruu peGoHaHca. 

(29) 

IlapaMeTpaMu µ;aHHoii Moµ;enu HBlIHJOTCH 3Ha'IeHUH E 1 , r 1 u BeKTop 91 . Tpe6oBaHue 

YHllTapHOCTl! MaTplll:lhI s HaKlia)lh!BaeT·Ha 3Tll napaMeTphI (M'+ 1) orpaHU'IeHue. 

IlpupaBHUBaH HYlIJO K03q>q>lll:llle.HT npu CTapweii CTeIIeHu £ 1, IIOlillHOMa ( 9), nony'IaeM 

gf = 0 , TO ecTh 91 = YI - µ;eiicTBUTelihHhIM BeKTop. 

Kooqiqiu11ueHT npu CTeneHu _ E 0 HaKnaµ;h!BaeT orpaHU'IeHue Ha cKanHpHoe npou3Beµ;e-

Hlle Vii , TO eCTh Ha µ;nuHy BeKTOpa 91: Vii = -2c\' lllill 

(§;,91) = r1. (30) 

MolKHO onpeµ;elIUTh i-Tyro nap11uanbHYJO wupuHy pe3oHaHca KaK KBaµ;paT a6COlIJOTHOM 

Belill'IllHhI i-TOM KOopµ;uHaThI BeKTOpa if1: 

r1; =I 91, 12 

Torµ;a paBeHCTBO ( 30) OGHa'!aeT, 'ITO o6~aH wupuHa peGoHaHca paBHa cyMMe ero nap11u

aJihHhIX WllpllH. 

B cny'Iae oµ;Horo KaHana ( M = l ) CB06oµ;HhIMll napaMeTpaMll Moµ;enu HBlIHJOTCH 

TOlihKO E1 u r 1 . Eµ;uHCTBeHHaH Koopµ;uHaTa BeKTopa g1 = YI nonHOCThJO onpeµ;eJIHeTCH 

COOTHOWeHUeM ( 30). 

ECJiu uMeeJ'CH M > l OTKphIThIX KaHanoB, To (M + 2) napaMeTpoB Mop;enu E1 , r 1 

ll 91, = 91; (i = 1, ... , M) CBH3aHhI oµ;HllM COOTHOWeHUeM ( 30). 
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CBo60)IHhie napaMeTphI MOlKHO Bh!6UpaTb pa::Jlill'IHhIM o6pa30M. HanpnMep, MOlKHO 

'C'IllTaTb CB06oµ;HhIMll napaMeTp E1 ll KOOp)IUHaThI BeKTOpa 91 . Torp;a napaMeTp r1 

oµ;H03Ha'IHO onpeµ;elIUTCH ll3 COOTHOWeHllH 

M 

r1 = I: 9:i · (31) 
i=l • 

MolKHO Bh!6paTh B Ka'IeCTBe cBo6oµ;HhIX napaMeTpoB E 1 , _r1 u (N - 1) Koopµ;1rnaTy 

BeKTOpa 91, HanpuMep, 911, ... , 91,M-1• Torµ;a KOopµ;uHaTa 91M onpeµ;elIUTCH ll3 ypaBHeHUH 

( 31), ecmr 3TO ypaBHeHue UMeeT peweHue. 

HaKOHe11, MOlKHO BhI6paTb B Ka'IeCTBe CBo6op;HhIX napaMeTphI E1, r 1 ll yrlihI IIOBO

poTa <p1,'P2, ... ,cpM-1 BeKTOpa 91□) = (r;,0, ... ,0f BOKpyr Koopµ;UHaTHhIX oceii. Torµ;a 

llCKOMble napl:lllalihHble WllpllHhl 9Ii 6yµ;yT onpeµ;elIHThCH nocneµ;oBaTelibHhIM YMHOlKeHUeM 

COOTBeTCTBYJO~llX MaTplll:I Bpa~eHUH' Rk Ha BeKTOp gj0 l : 

91 = R1 . R2 ..... RM-1 . 91°) ' 

rµ;e MaTpu11a Rk = {r~fl}~=I OTlill'IaeTCH OT eµ;UHll'IHOM lillWb 3lieMeHTaMu 

rW = ri~ = coscpk; r\tl = -rg) = sincpk; (k = 2, ... ,M). 

3 ;IJ;Ba peooHaHca 

B 3TOM pa::iµ;ene MhI IIOlIY'IllM peGylihTaTbl pa60ThI [l] )llIH cny_"IaH IIBYX pe30HaHCOB 

6onee nocneµ;oBaTelihHhIM cnoco6oM, KOTOphlii npuMeHUM n µ;nH cny'IaH nro6oro 'IUClia pe-

30HaHCOB. 

· B cny'Iae µ;Byx prooHaHCOB (N = 2) n M. BHewHux KaIIaJIOB MaTpn11a pacceHHllH S(E) 

Gaµ;aeTCH BhipalKeHll:eM 

S .. _ <.. • 9Ii91i . 92i92j 
1J - u,, - 1--- - z--

E - c1 E-c2 ' 
(i,j = l, ... ,M). {32) 

IlapaMeTpaMu_µ;aHHon: Moµ;enu HBlIHJOTCH GHa'IeHUH c1 = E1 - iri/2, c2 = E2 - if2/2 n 

µ;Ba BeKTOpa KOMIIlieKCHhIX napL1UaJibHhIX lllllpllH 91 = {91;}~1, 92 = {92;}f!1. 

Tpe6oBaHlle YHIITapHOCTll MaTplll:lhI s HaKJiaµ;h!BaeT Ha 3TU napaMeTphI 2(M + 1) 

orpaHH'IeHue. 
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MaTpmi;a u , CB.lIDblBaIO!Uall AeHCTBUTellhHble u MHUMble 'IaCTll BeKTOpOB - 91 u 92 ' B 

cny-qae ABYX pe30HaHCOB 6)1AeT UMeTb BUA 

TO eCTb 

u = (: -oa) 

gf 

~ 

= -a92, 

agf. (33) 

• II011cTaBlli!J! napaMeTp a B <popMyllbl ( 19)-( 21), IIOllY'IUM Bblpa_)KeHUJ! AllJI CKanllpHblX 

npou3BeAeHUH BeKTOpOB napl:\UanbHblX wupUH: 

UllU 

V, _ y2(1 + a 2
) 

11 - -c1 1 - a2 , 

V :_ v2(1 + a 2
) 

22 - -c2 1 - a2 ' 

V x 2a ( x x) 
21 = -1--2 c1 -c2 , 

-a 

V y 2a ( y y) 
21 = --2 c1 +c2 

1-a 

C"' -) 1 + a2 91,91 = r1-
1 

- 2 , 
-a 

C"' -) 1 + a2 
92,92 = r21 - a2 ' 

C-"'-) 2a(. 92,91 = 
1

_ 02 c1-c2), 

(34) 

(35) 

(36) 

'ITO IIOllHOCTblO COBIIa)laeT C pe3yllbTaTOM, nony'IeHHblM B pa6oTe [1] APYrUM cnoco6oM. 

IlapaMeTp a He BIIOJIHe IIpOU3BOlleH, HO orpaHU'IeH ycnoaueM 

0 < 4a
2 < - r1r2 < 1 

- (1 - a2)2 - I c1 - c::i 12 - , 

'ITO BblTeKaeT U3 HepaBeHCTBa Kowu-IIIBapl:\a I (ii*, b) 12~ (ii*, ii)(b*, b) . 

PaBeHCTBa ( 34), ( 35) MO)KHO 3anucaTb B BUAe 

~ I 91d
2 

i=l 

M 12 I: I 92, 1 + a 2 
i=l =--

r1 r2 1-a2 • 

(37) 

(38) 

3To 03Ha'IaeT, 'ITO cyMMa napl:\UallbHblX wupuH )lllJ! Ka)K11oro pe30HaHCa o6JI3aTellbHO 

npeBocxo11uT ux o6myro wupuHy Ha Benu'IUHY, uc-qe3aronzyro, ecnu pe30HaHCbl xopowo 

pa3HeceHbl. 

12 

11 

1 

1 

':) 

CnpaBep;mmo TaK)Ke npaBuno cyMM: 

(91,91) + (92,92) = r1 + r2. 

IlpeACTaBuM BeKTOpbI 91, 92 B aKCIIOHeHI;\UanhHOH cpopMe 

Yli = eiwi. I 9ti I , Y2i = eiw2
i I 92i I 

IloACTaBUB :3TU Bblpa)KeHUH B ( 33), nony'IUM 

OTCIOAa 

UllU 

I 9Ii I sinw1, 

I 92, I sinw2, 

sinw1, 

-a I 92; I cosw2, , 

a I 91, I cosw1, . 

acosw2i 
acosw1, = - sinw2, 

tanw1,tanw2, = -a2 . 

3To paBeHCTBO BblIIOllHJ!eTCH AllJI BCex KaHanoB i ( KpoMe cny-qaa O)IHOro KaHana). 

(39) 

(40) 

OTMeTnM, 'ITO ecnu prooHaHcbl xopowo pa3HeceHbl (To ecTb I E 1 - E2 I~ r 1 + r 2 ), 

_ TO napaMeTp a -> 0, 'u BeKTOpbl 91 , 92 CTaHOBJ!TCJ! AeHCTBUTellhHbIMll ll opToroHallb- -

HbIMll. Ecnn: a = 1 , TO n:MeeM )IBOHHOH nonroc. ThKn:M o6pa3oM, napaMeTp a MO)KHO 

paccMaTpllBaTb KaK Mepy nepeKpbIBaHllJ! pe3oHaHCOB. 

Jl:= l:\elleH !pllTllpOBaHllJ! aKcnepn:MeHTallbHblX AaHHblX )'A06HO 3_ann:caTb orpaHll'IeHUH 

( 34)-( 36) B TepMn:Hax AeHCTBllTellbHblX n: MHllMbIX 'IaCTeH BeKTOpOB napl:\llallbHbIX wn:pllH 

91, 92 . IloACTaBllJ!J! napaMeTp a B cpopMyllbl ( 27)-( 28) IIOllY'IllM Bblpa)KeHllJ! Alli! 

CKalll!pHbIX IIpOll3BeAeHUH (g'f;g'f), (~.~) ll (§I,~): 

(gf,gf) = r1 - a 2r2 _ 
(41) 

1- a22 , 

(fh,g:) = r2 - a 2r1 
(42) 

1- a22 ' 

(fh,~) = (l~:2)2(E1-E2)- (43) 

MoAellb ( 32) )lllJ! ABYX pe30HaHCOB ll M OTKpbITblX KaHaJIOB co11ep)KllT 2{M + 1) KOM-

- IIlleKCHblX napaMeTpOB - KOMIIlleKCHble aHeprn:u CI, c2, ll BeKTOpbI napl:\llallbHblX wn:puH 

91, 92. 
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Y6romi:e YHIITapHOCTII BBO}J;IIT }J;OIIOlIHIITellbHhlll rrapaMeTp a n HaKlla}J;h!BaeT (2M +3) 

orpaHII'IeHHH- ypaBHeHirn ( 33) II ( 34)-( 36). TaKIIM o6paaoM ocTaeTc.112(M +1) cBo6op;Hh!X 

napaMeTpOB (µ;en:CTBHTellbHh!X), KOTOph!e MOlKHO Bh!6HpaTb Pa.::JlIII'IHh!M o6pa.::JOM. 

HarrpnMep, MOlKHO B Ka'!eCTBe CB06op;Hh!X rrapaMeTpOB Bh!6paTb BeKTOp 91 H ;meprHII . 

E1, E2 . Torµ;a DHa'IeHll.!I r 1, r 2 H. a O}J;HODHa'IHO onpep;ell.!ITC.!I !!D CIICTeMh! 

(gf,gf) 

(g'{,gf) 

(gf, g'{) = 

r1 - a 2r2 
(1 - a2)2 , 

a 2(r2 - a 2r1) 

(1 - a2)2 

2a2 

(1 - a2)2 (E2 - E1) , 

a KOOpp;IIHaTh! BeKTOpa 92 MOlKHO Bhl'IHClIIITb no qiopMyllaM· 

9I; 

9~; 

1 y 
--gli' 

a 

agf; · 

,IJ:pyron: _crroco6 COCTOHT B TOM, 'IT06h! B'Ka'!eCTBe CBo6op;Hh!X rrapaMeTpOB Bb16paTb 

a, E1, E2, r1, r2, (M -2) ymoB IIOBOpc:>Ta 81, 82, ... , 8M-2 BeKTOpa ~ BOKpyr BeKTopa 
' . \ 

g'f_ H ( M - 1) ymoB IIOBOpoTa <pi, 'P2, ... , <p M-1 naph! BeKTOpOB g'f_' ~ BOKpyi- ocen: 

Koopp;IIHaT. 

HarrpIIMep, IIpII M = 3 MOlKHO B Ka'IeC~Be CB06op;Hh!X Bb16paTb rrapaMeTphl a, E1, E2, ri, r 

II yrllhl IIOBOpOTa 81, 'Pl, <p2 . Torµ;a Koopp;IIHaThl BeKTOpOB gf;,. 92; MOlKHO Bhl'IIIClIIITb 

crreµ;yro~IIM o6paaoM. 

rµ;e 

IIorroJKIIM 

~=Ul · ~=(;J 
~ ~r 2 

C1 = V lYi, YI J = 1 _ 02 , 

d = (?i'f.,~) =· 2a(E1 - E2) d ,__ tc~x ::'X)- dJ 
I C1 (1- a2)✓r1 :- a2r2 ' 2 - V' 92,92 I. 

Bhl'IIIClIHM .BeKTOphl q; (rroBOpOT :seKTOpOB Pi BOKpyr OCII e1 ): 

( 

1 0 

if;= 0 cos81 

0 -sin81 

14 

0 

sin81 

cos81 
l ,. 

Torµ;a 

= . 
( 

C0S<p1 

9; = -s1:<p1 

sin<p1 

COS<,?1 

0 

0 l ( COS<p2 
O · 0 

1 - Slll<p2 

O sin<p2 J -
1 0 . p, 

0 cos <,?2 

Koopp;IIHaTh! BeKTOpOB g'{, ~ onpep;ell.!ITC.!1 no qiopMyllaM ( 33): 

gf; = -agt' 

9t = agf; • 

(i = 1, 2). 

B crry'!ae oµ;Horo KaHarra (M = 1) B K_a'IeCTBe cBo6op;HbIX napaMeTpoB MOJKHo BD.!!Tb 

DHa'!eHII.!I E1, E2, r1, r2 . Torp;a DHa'!eHll.!I a, 9f1 II 921 O}J;HODHa'IHO onpep;ell.!ITC.!I IID 

CIICTeMh! 

(gf1)2 
. 

(gf1)2 

9f1. 9~1 

r1 - a 2r2 
(1 - a2)2 

r2 - a 2r1 

(1 - a2)2 

2a 
(1 - a2)2 (E1 - E2) . 

Iloµ;cTaBlI.!l.!I DHa'!eHH.!1 9f I II 921 HD nepBh!X ABYX ypaBHeHHH CUCTeMh! B TpeTbe 

ypaBHeHne, rrorry'IaeM 6nKBap;paTHoe ypaBHeHne a 4 - 2ba2 + 1 = 0, rµ;e 

Torµ;a 

OTcroµ;a rrorry'!aeM 

911911 

b = q + n + 4(E1 - E2) . 
2r 1r 2 

9f1 

9;1 

gf1 

r1 - (b - ✓'ii2=1)r2 

(1 - b + ✓'ii2=1)2 ' 

r2 - (b - ✓'ii2=1)r1 

(1 - b + ✓'ii2=1) 2 ' 

-(b - v'b2=1)9f1 , 

9~1 = (b - ✓,b2 - l)gf1 • 

r 
(E1 - E2)2 - (r~ - rD/ 4 . r1r2(E1 - E2) 

I -i 
(E1 - E2)2 + (r2 - r1)2/4 (E1 - E2)2 + (r2 - r1)2/4 

921921 
r (E2 - E1)2 - er~ - rDf 4 . r1r2(E2 - Ei) 

= 2cE2 - E1)2 + (r1 - r2)2/4 -\E2 - Ei)2 + (r1 - r2)2/4' 

'ITO COBIIap;aeT c qiopMyrron: (7) IID pa6oTh! [2]. 
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4 TpH pe::JOHaHca 

B crryqae Tpex prooHaHCOB (N = 3) H M OTKpbIThIX KaHaJIOB MaTpnu;a pacce.aHH.a 

S(E) oap;aeTc.a BbipalKeHHeM 

S 
c . Y1iY1; . Y2;Y2; . g3;ga; 

ij = Vij - t--- - !--- - z--- , 
· E - CJ E - €2 E - €3 

(i,j = 1, ... M). (44) 

IlapaMeTpaMH p;aHHon: Mop;errn .aBJIHIOTc.a oHa'IeHn.a c:; = E; -,- if;/2 ( i = 1, 2, 3) n· Tpll 

BeKTopa KOMilJieKCHbIX napll;HaJibHbIX lllllpHH 9R = {gR;};',;i, (R = 1, 2, 3). 

Tpe60BaHHe YHHTapHOCTH MaTpllll;bI s HaKrrap;bIBaeT Ha tlTll napaMeTpbI'3(M + 1) 

orpaHH'IeHHH. 

MaTpnu;a u ' CB.lltlbIBaIOIIl;aH p;eI!CTBHTeJibHbie ll MHHMbie 'IaCTll BeKTOpOB 91' 92, 93 ' 

B crryqae Tpex perioHaHCOB 6yp;eT HMeTb Bil)]; 

Crrep;osaTeJibHO, 

( 

0 -a -/31 
U = a O -"( 

/3 'Y 0 

g1{ = -afh, - /3ih, ' 

ifi = afh - 'Yik , 

i5 = /3lh + 'Yfh. . 

(45) 

Ilop;CTaBJIHH napaMeTpbI a, /3, 'Y B q>opMyJihI ( 19)-( 21) IlOJIY'IHM BbipalKeHHH p;rr.a 

CKalIHpHbIX nponriBep;eHHH BeKTOpOB napa;HaJibHbIX lllllPHH: 

1 + a,2 + 132 - 'Y2 
Vii= -2c:{-----'----'--

1 - a,2 - 132 - 'Y2 ' 
. 1 + a,2 - 132 + 'Y2 

½2 = -2c:~----'----'--
1 - a,2 - 132 .,... 'Y2 ' 
1 - a,2 + 132 + 'Y2 

Via = -2c:~ 1 2 132 2 ' -a - -"( 

½~ = 2[a(c:f - c:;) - /3'Y(c:f + c:D] 
1 - a,2 - (12 -,"(2 ' 

u,: _ 2[/3(ci - ca}+ O"f(c{ + c:rn 
V3J - 1 - a,2 - 132 - 'Y2 , 

V:" _ 2['Y(c:i - c:n - af3(c:~ + c:rn 
32 - 1 - a,2 - 132 - 'Y2 . , 

v:Y _ 2[/3'Y(c:f - c:;) + a(t.J + c:D] 
21 - 1 - a 2 - /P - 'Y2 ' 
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(46) 

w - 2[a'Y(c:5 - c:f) + /3(c:f + c:rn 
31 - 1 - a,2 - 132 - 'Y2 ' 

w - 2[a/3(c:i- c:n +'Y(C:~ + c:D] 
32 - 1 - a,2 - 132 - 'Y2 , 

llllll 

1 + a,2 "..f- 132 - 'Y2 r 2 , Vii = 11 - a,2 - 132 - 'Y 

1 + a,2 - 132 + 'Y2 r 
2' ½2 = 2 1 - a,2 - 132 - 'Y 

2 + 2 1- a,2 + /3 'Y r 
2' Via = 31 - a,2 - 132 - 'Y 

2(a + if3'Y) (c:1 - c:;), 
½1 = 1 - a,2 - 132 - 'Y2 

· 2(/3 - ia'Y) (c:i _ c:;), 
½1 = 1 - a,2 - 132 - 'Y2 

• 2('Y + ia/3) (c:2 _ c:;) : 
½2 = 1 - .°'2 - 132 - 'Y2 

IlapaMeTpbI a, /3,. 'Y He BilOJIHe npOlltlBOJibHbI, HO orpaHH'IeHbI YCJIOBHHMH 

4(a2 + 132,,,2) r r 
Q < .,----':-:-,--'-'.,.-C.'-'----,-- < I 2 < 1 

- (1 + '?'2)2 - (/32 - 'Y2)2 - I EJ - €2 12 - , 
4(/32 + °'2,,,2) r r 

Q < .,-----,~-,--,-'~- < I 3 < 1 
- (l + f32)2 _ c 0 2 _ 'Y2)2 - I fi _ €3 12 - , 

4(-v2 + a2f32) r r 
0 < -,---~'---,-~-,- < 2 3 < 1. 

-(l+'Y2)2-(a2-1?2)2 - l€2-tjl2.-

IlepBbie TPH paBeHCTBa ( 47) MOlKHO oanncaTb B Bllp;e 

M 

.L I Yli 1
2 

1 + a,2 + 132 - _,,2 . 
,-1 = ----::---=---=-' > 1' r 1 1 _ 0 2 _ 132 _ 'Y2 -
M 

. L I Y2i 1
2 

1 + a,2 - 132 + ,,,2 
•=l = ------,-' > 1 ' r 2 1 _ 0 2 _ 132 _ 'Y2 -

M . 2 

i~ ~ = 1.--:- a,2 + 132 + 'Y2 > 1. 
r 3 1 - °'2 _ 132 _ 'Y2 -

(47) 

(48) 

(49) 

8To OOHa'IaeT, 'ITO cyMMa napll;HaJibHbIX lllHpHH )J;JIH KalKp;oro proOHaHCa 06.aoaTeJibHO 

npeBOCXO)J;HT llX 061Il;yIO lllllpHey Ha BeJIH'IllHY, llC'Ie3aIOIIl;y10, eCJIH proOHaHCbI xopo!llo 

pariHeceHbI. 

,I(JIH u;erren: q>HTHpOBaHHH tlKcnepHMeHTaJibHbIX ):laHHbIX yp;o6Ho oanncaTb orpaHH'IeHHH 

46) B TepMHHax p;en:cTBHTeJibHbIX n MHHMbIX 'IaCTen: BeKTOpOB napD;HallbHbIX lllHpHH 

91,92, 93. 
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IlogcTaBlliL!l napaMeTpbI o, fl, 7 B q>opMynhI ( 27H 28) nonyqnM Bbipa:lKeHnJJ AJIJJ 

CKaJIJ!pHbIX npon::rnegeHiill 

2 
(if, YD = c1 - 0 2 - .82 - 72) 2 

[20,B7(c:; - c:;) - c:W - 72)2 + 

+c:Ho2 - .8272) + c:H.82 - o272)l 

[20,87(0:r - c:;) + c:t(o2 - ,8272) -

-c:Hl _ ,a2)2 + c:~( 72 _ 02 .82)] 

[20,87( c:; - c:r) + c:H.82 - o272) + 

+c:~(72 - o2,82) - c:Hl - o2)2] 

2 
(~ ,~) = (1 - o2 - p2 - 72)2 

2 
( - =) - =-- 0 2 2)2 93,g3 .-(l-02 -,8 -7 

2 
( - =) - 2 2)2 Yi, 92 - (1 - o 2 - ,8 - 7 

2 
( - -)- 2)2 91, 93 - (1 - o 2 - ,82 - 7 

2 
( - =) - ~- ? 2 2)2 92,93 -(l-02 -,8 -7 

{ o[c:W-:-- 72) - c:;(1 - .82) - c:;c.a2 - 72)l + 

+.87[-c:r(l - 72) - c:Hl - .82) + c:W+ 0
2
)]} 

{.B[c:r(1 - 72) - c:;( 02 - 72) ;_ c:;(1 - 02)] + 

+07[c:r(l - 72) - c:Hl + .82) + c:Hl - o
2
)]} 

b[-c:r(o2 - .82) + c:;(1 - .a2) - c:;(1 - 02)] + 

+ 0.B[c:r(l + 72) - c:Hl - .82) - c:W - 0
2
)]} 

\ 

,!l;JIJI cnyqaJJ Tpex peDOHaHCOB cnpaBegJillBO npaBllllO cyMM: 

Uii,91) + (92,92) + (93,93) = r1 + r2 + r3. 

(50) 

(51) 

(52) 

CooTHOIJleHllJI AJIJI q>ao KOMilOHeHT, ~anorll'!Horo ( 40), AllJI cnyqaJJ Tpex peooHaHCOB 

He nonyqaeTCJI. Ho MO:lKHO OTMeTllTb, 'ITO COOTHOll!eHllJI ( 46) npn oagaHHbIX E;,r; (i = 
, 

1, 2, 3) n napaMeTpax o, .8, 7 q>llKCnpyroT AJillHbI BeKTOpOB napnnanbHbIX lllllpllH 9i, ( i = 
1, 2, 3) n yrnhI Me:lKAY HllMll. 8To ooHa'!aeT, 'ITO ecnn npn oagaHHhIX napaMeTpax E;, r,;o, .8, 7 

IIOCTpOllTb HeKOTOpbie BeKTOpbI 91' 92' 93 ' TO llDMeHeHJ!Tb DHa'!eHllJI xoopgnHaT 9TllX BeK

TOpOB MO:lKHO TOllbKO c IIOMOlllbIO llDOMeTpnqeCKllX npeo6paoOBaHllH ( coxpaHJIIOlllllX AJillHbI 

ll yrrrhI). 

8To Ba:lKHhlll peoynbTaT grr:a ·q>nTnpoBaHllJI axcnepnMeHTaJibHhIX gaHii:bix. 

MogeJib ( 44) gJIJI Tpex peooHaHCOB n M BH~ll!HllX KaHaJIOB cogep:lKllT 3(M + 1) xoMnnex

CHhIX napaMeTpOB: KOMIIJieKCHbie aHeprnn i::, ll BeKTOpbI napnnanbHbIX lllllpllH 9,, (i = 
1, 2,3). 

18 

YCJIOBlle YHllTapHOCTII BBOAIIT Tpll AOIIOJIHIITeJibHbIX napaMeTpa o, .8, 7 II HaKJiagbl

BaeT 3( M + 2) orpaHU'IeHnn - ypaBHeHirn ( 45) II ( 46). TaKIIM o6paooM, ocTaeTCJJ 3( M + 1) 

CB06ogHhIX_IIapaMeTpOB (geMCTBIITeJibHbIX), KOTOpble MO:lKHO BhI6IIpaTb paDlIII'IHbIM o6pa-

3OM. 

IlycTb M = 1 (oµ;IIH OTKpbITbln K~Han). 

'Incno cBo6ogHhIX napaMeTpoB. paBHo 6. EcnII B xaqecT~e cBo6ogHhIX napaMeTpoB 

BbI6paTb DHa'IeHIIJI E;, r,(i = 1, 2, 3), TO napaMeTpbI o, .8, 7 OAHODHa'IHO onpegeJIJITCJI llD 

CIICTeMbI ( eCJIII CIICTeMa IIMeeT pell!eI!IIe ): 

4(02+,8272) r1r2 
(1 + o2)2 - (,82 - 72)2 = I E1 - E2 12 ' 

!l(.82 + 0272) r1r3 
(1 + ,82)2 - (02 - 72)2 = I E1 - _Ej 12 , 

4(72 + 02,82) r2r3 
(1+72)2-(02-,82)2 = IE2,-E312· 

KoopgIIHaTbI. gfu g~I> 931 onpegeJIJITCJI llD COOTHOllleHllll ( 47): 

gf1 

g~I 

g~I = 

1 + o2 + p2 - 72 
r 1 2 ,a2 2 , 1-o - -7 

1 + o2 - p2 + 72 
r2 1 2 ,a2 2 , -o - -7 

1 - o2 + ,82 + 72 r 3--.,----,---- . 
1 - o2 - p2 -,- 72 

KoopgIIHaTbI MHllMbIX qacTeli BeKTOpOB 9i onpegeJIJITCJI 1m paBeHCTB ( 45). 

IlycTb M = 2 (gBa OTKpbIThIX KaHana). 

'lncno CBo6ogHbIX napaMeTpOB paBHO 9. Ecnn B Ka'!eCTBe CB06ogHbIX napaMeTpoa 

Bb16paTb DHa'!eHllJI E,,r,(i = 1,2,3) ll 0,,8,7 , TO KoopgllHaTbI_ B~KTOpOB 91,92,93 
onpegeJIJIIOTCJI OAHODHa'IHO ll3 COOTHOllleHIIll ( 46) II ( 45). 

IlycTb, HanpnMep, 

= ( X1) -,, (YI) 
~I = X2 ' . 

92 = Y2 . , ~ = ( :: ) · 

Torga DHa'!eHI.IJI x,,y,,z, onpegeJIJJTCJI uo CIICTeMbI (ecnn cncTeMa nMeeT pell!eHue): 

x~ + x~ (if; if) 

Yi+ Yi = (~,~) 
z; + Zi = (~,~) 
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X1Y1 + X2Y2 = (~,im 

X1Z1 + X2Z2 = (~, ~) 

Y1Z1+Y2Z2 = (~.~)-

3Ha'temrn CKaJll!pHbIX rrpomJBe,i;eHllli (gf, iif) BblpaJKaIOTCJ! qepe3 rrapaMeTpbl E;, f; 
' 

11 a,/3,7 (cM. <f>opMyJihl ( 50),( 51)). EcTeCTBeHHO, rrapaMeTpbI E;, r; 11 a,/3,7 )l;OJIJKHbl 

Y)l;OBJieTBOpl!Tb orpaHR'teHllJ!M ( 48). 

IlycTh nMeeTCJ! M > 2 BHewHnx KaHanoB. 

'IllClIO CB06o,i;HhIX rrapaMeTpOB paBHO 3(M + 1). llx MOJKHO Bbl6RpaTh paaJill'IHb!Mll 

crroco6aMll. HarrpnMep, B Ka'teCTBe CB060)l;Hb!X rrap~MeTpOB MOJKHO BbI6paTb rrapaMeTpbI 

E;,f;(i = 1,2,3); n a,/3,7 . Tor,i;a ,i;= orrpe,i;eneHIDI -3M KOop,i;11HaT BeKTopoB gf 

OCTaeTCJI 3(M -2) CB0601];Hb!X rrapaMeTpOB, KOTOpble MOJKHo' aa,i;aTb KaK yrJibl IIOBOpOTa: 

( M - 3) ymoB IIOBopoTa 'Pl, ... , tp M -3 BeKTopa 93 BOKpyr ocen e3, ... , ~ i ( M - 2) 
' 

yrJIOB IIOBOpOTa 81, 82, ••• , 8M-2 r11rrepIIJIOCKOCTll BeKTOpOB ffi_, 93 BOKpyr OCeH e2, .•. , eM 

ll (M - 1) yron rfonopora 'PI, 'P2, ... , 'PM-l' BCex BeKTOpOB gf BOKpyr ocen KOOp)l;~HaT. 

HarrpnMep, rrpll M = 4 Koop,i;nHaTbl BeKTOpOB MOJKHO Bbl'IllClIJ!Tb cne,i;yro~nM o6pa-

30M. IlonoJKnM 

_ 0 _ d2 _ e2 

l
~I · ,~1 ,~1 Pl= ~- , P2 = ~ , p3 = e; ' 

r,i;e 

C1 = ✓m,if), 

d1 = 
(gf ,?fi_) 

d2 = Jm,m-af, ---, 
; ,"[ C1 

(iii, 93) Cffi.,93)-d1c1 
e3 = J(93,93) - ei - e~ · e1 = ---, e2 = 

d2, C1 

BbI'IllCJillM BeKTOpbI q; (rrOBOpOT BeKTOpOB p; BOKpyr IIJIOCKOCTll ( e1, e2) ): 

1
1 0 0 0 I _ 0 1 0 0 _ 

q; = ·p;. 
0 0 cos -rp1 sin tp1 

0 0 - sin 1P1 cos 1P1 
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Bhl'Il!ClllIM BeKTOpbI ~ (rroBOpOT BeKTOJ>OB q; BOKpyr IIJIOCKOCTeH (e1, e;i) II (e1, e'.i) ): 

I 
1 

0 cos81 

~ = ~ -s~n81 

0 0 

sin81 

cos81 

0 

\ ' 

ol ll O O O I 0 0 cos82 0 sin82 . ·q;. 
0 0 0 1 0 

1 •0 -sin82 0 cos82 

HaKoHe~, BeKTOpbI g'[, ( i = 1, 2, 3) rrony'IaTCJ! KaK pmyllhTaT IIOBOpOTa BeKTOpm, ~ 

BOKpyr IIllOCKOCTeH ( e2, e;i), ( e2, e4) II ( e1, e2) : 

- sin 'P1 cos <p1 0 0 0 1 0 0 0 ~= . . 

I 

cos cp
1 

. sin cp
1 

0 0 ·1 I. cos cp
2 

0 sin cp
1 

0 11 cos cp
3 0 0 

1 0 

0 1 

0 0 

0 -
sin <p3 I 

' O O 1 0 . - sin cp 2 0 cos <p1 0 0 
· ri. 

0 

0 0 0 1 . 0 0 0 1 - sin cp3 cos <p3 , 

TaKnM o6paaoM, 6 rrapaMeTpOB i/;1, 81, 82, cp1, cp2, cp3, II cooTHOWeHIIH ( 50),( 51) 

rronHOCThIO orrpe,i;enHIOT Koop,i;IIHaTbl BeKTopoB ?[,(i = 1,2,3). 

Koop,i;uHaTbl BeKTopoB iff,(i = 1,2,3) orrpe,i;enJieM c IIOMO~hIO COOTHoweHl!H ( 45). 

AnropnTM Herrocpe,i;cTBeHHO ·o6o6~aeTCJI Ha cny,ran 6onhwero qncna peaoHaHCOB. 3a-

,i;aqa C 'IeTblpbMH pe3oHaH<:aMH B03Hl!KaeT, HarrpnMep, rrpn. II:Jy'IeHIIl! ceMeHCTBa 

1'1:e:JOHOB, KOTOpyro Mb! paccMOTpHM KaK rrpnMep IIpHllOJKeHIDI ,i;aHHOro MeTo,i;a. 

5 3aKJIIO"leHlle 

, 
p 

<l>opMyllhl BpenTa-BIIrHepa ll IIX Mo,i;mpnKa~nn HCIIOllh3YIOTCJ! B rro,i;aBllHIO~eM 'iHClle 

cnyqaeB KaK )l;JIJ! orrncaHnH aKcrrepnMeHTaJlhHhIX ,i;aHHhIX rro ,rrpo~eccaM, n,i;y~nM qepea 

pe30HaHCHble rrpoMeJKyTO'IHble COCTO.l!HHH, TaK H )l;ll.ll_ COIIOCTaBlleHUJ! C 3KCIIepllMeHTaMn 

pa3llH'IHblX TeopeTn'IeCKllX IIO)l;XO)l;OB B paMKax KOTOpbIX uaxO)l;HTC.ll crreKTpbl II CBOIICTBa 

pe30IIaHC0B. 

O6bl'IHO HCIIOllh:JyeMoe rrpocTeHwee BblpaJKeHnH )l;llH aMJillTY)l;bl pacce.HHIIH B BlI)l;e cyMMbl 

BB cnaraeMh!X B cnyqae rrepeKphIBaio~nxc.H pmonaHcoB HeKoppeKTHO n HapywaeT ymITap

HOCTh. 

B HaCTOH~eH pa6oTe rrpIIBe,i;eHa rrocne,i;oBaTellbHaH rrpo~e,i;ypa IIOCTpoeHIIH YHHTapHOH 

MHoroKaHaJlbHOH, MHoropeaoHaHcHoH ?B -Tnrra S -MaTpH~hl )l;JI.ll o6~ero cny'IaH M 

KaHaJ10B ll N pe30IIaHCOB. B cne,i;yro~nx pa6oTaX Mb! rrpo,i;eMOHCTpupyeu rrpllMeHeHlle 
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aToro MeTop;a npn OillICaHlm_ lI )J;lll! lIHTepnpeT~lllI ceMeiicTB B0□6ya.:p;eHllll Bfi{TOpHbIX p 
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lI,eJibIO. pa60Thl SIBJISieTCSI o6o6uieirne KJiaCCH'leCKOH napaMeTpH3aD;HH 
BpeHTa - Bnmepa irn CJiy'laH nepeKpbIBaIOWHXC51 pe3oHaHCOB, . HMeIOm;HX . 
HeCKOJihKO KaHaJIOB pacnai:(a. 06hl1IHO ncnoni,3yeMaSI 3annch aMilJIHTYi:( pacceSI
HHSI B Bffi:(e cyMMhl 6penT-BHmepoBCKHX cnaraeMhIX HeioppeKTHa H HapymaeT 
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YHHTapHOCTb, eCJIH _ HMeeTCSI HeCKOJibKO nepeKphl:QaIOID;HXCSI · pe30HaHCOB 
C O.D;HHaKOllhIMH KBaHTOBbIMH 'IHCJiaMH, TaKHX, ~TO IE R - ER I - r r ' + r R • 

. , · . . · I . 2 ·· I 2 

Mhl npe,ri;naraeM H ,ri;eTaJihHO onHchliiaeM nocne,ri;oBaTeJihHyio npoo;ei:(ypy _nocr
poeHHSI YHHTapirnn T-HHBapHaHTHOH S-MaTpHD;hl .D;JISI o6mero CJiy'laSI M KaHa
JIOB H N pe3oHaHCOB. MeTo,ri; MO)KeT npnMeHSIThCSI n:pn o~mcaHHH u ,ri;JISI 
_ HHTepnpeTaD;HH MHOmX aaJiaq "cpH3HKH pe3oHaHCOB lt'. M~PHOH (pH3HKH. 

Pa6oTa BhIIlOJIHeHa B Jla6opaTOpHH TeopeTH'leCKOH <pH3HKH HM.H.RBoro-
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Henner V.K., Belozerova T.S. P4-95-115 
Construction of Unitary S Matrix for Overlapping Resonances in--·· 
MultichannelReactions . . . 

The aim of this work is to generalize the·Breit -Wigner·parametrization 
for the problem of overlapping resonances with few modesof decay. The usual 
description as a sum of the Breit _:... Wigner terms is incorrect and violates the 

. unitary in the case of overlapping resonances with the same quantum numbers 
when IER

1
-:- ER

2
1 ~ r,

1 
+r.B

2
.Wesuggestanddescribethroughlythemethod 

of constructing the unitarity; T-invariant S~matrix-for the.gerieral case of M 
channels and N resonances. The method can be applied for the interpretation. 
of. diffeient problems of physics of resonances and nuclear physks. 

The investigation has been performed at the Bogoliub~v Lab~ratory of 
Theoretical PliysicsJINR.. . -
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