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IlocTpoenhl KBa3nsnepreTH1IeCKHe cocT051HH51 (K3C) H cneKTP KBa3nsnep
mn OC~HJIJI51TOpa, IlOMeru;ennoro B CHJihHOe, nepHO_z:\H'leCKH 3aBHC5Iw;ee OT Bpe
MeHH noJie. qaCTOTa OC~HJIJI5ITOpa npe,L\IlOJiaraeTC51 Mengrow;eiicg BO BpeMeHH C 
TeM )Ke nepHO,L\OM, '!TO H BHemnee noJie. IloKa3aHO, '!TO npH nepe30HaHCHOH 
'laCTOTe BHemneH CHJibl cneKTP KBa3H3HepmH OC~HJIJI5ITOpa OCTaeTC51 ,L\HCKpeT
HhIM H 3KBH,L\HCTaHTHhIM, npH1IeM pacCT051HHe Me)K,L\y ypOBH51MH ne 3aBHCHT HH 
OT BeJIHl!HHhI, HH OT qacTOThl BHemuero IlOJI51. IlpH nepexo_z:\e K pe30Haucy 
cneKTp cKal!KOM npeBpaw;aeTC51 B nenpephIBHhIH, a K3C CTaHOB5ITC51 nenopMH
pyeMhIMH. 3To OTBe1IaeT nepecTpOHKe xapaKTepa ,L\BH)KeHH51 OC~HJIJI5ITOpa -
OT qJHHHTHOro K HH(pHHHTHOMY - npH npHJIO)KeHHH pe30HaHCHOH CHJihl. 

Pa6oTa BhIIlOJIHeHa B Jia6opaTOpHH HettTpOHHOH q)H3HKH HM. 11.M.<I>paHKa 
O11.SIH. 

Coo6U-1emrn Qm,e111meHHOI'O 11HCTHTyTa Sl)1epHblX 11CCJie)10BaHl1H. ,ny6Ha, 1994 

IlepeBOA aBTopa 

Skoblin A.A. P4-94-93 
Oscillator in Time-Dependent Periodic Strong Field 

Quasi-energy states (QES) and quasi-energy spectrum are constructed of 
oscullator located in time-dependent periodic strong field. Oscillator frequency 
is supposed to be variable with the same period as the external field. It is shown 
that if external force frequency is not resonant the oscillator spectrum remains 
discrete and equidistant, and interstate distance is independent of the external 
field value and frequency. When external force frequency becomes resonant, 
the oscillator spectrum changes abruptly into a continious one, and QES become 
non-normalized. This fact corresponds to pscillatormotion transmulation (from 
finite to infinite) when the external force frequency is resonant. 

The investigation has been performed at the Frank Laboratory of Neutron 
Physics, JINR. 
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PaccMOTpeHa Oa)J;a'Ia 06 OCD;IInnJITOpe, noMe~eHHOM B CIInbHoe, neplIO)J;II'Ie

CKII OaBIICJI~ee OT BpeMeHII none:· 'tj:a~TOTa OCD;IInIDITopa npe)J;nonarae~CJI MeHJIIO

~e:iicJI BO BpeMeHII C TeM :lKe neplIO)J;OM, 'ITO II BHewHee none. 

TaKaJI MO)J;enb IICCne)J;OBanacb B [1], r)J;e 6hinlI peweHhI ypaBHeHIIJI )J;BII:lKeHHJI II 

nocTpOeHa cpyHKD;IIJI fplIHa. B 'IaCTHOM cny'Iae nQCTOJIHHOU 'IaCTOThI 0Ta Oa)J;a'Ia 

paccMaTp1Inanac1, B [2,,3].· B pa6oTax (4, 5], c 1Icnon1,aonaH1IeM MeTO)J;a KorepeH

THhIX COCTOJIHIIH, npoBe)J;eHO o6~ee IICClle)J;OBaHIIe ypanHeHIIU )J;BII:lKeHHJI CIICTeM 

co MHOrlIMII CTeneHJIMII CB060)J;hI,' C' KBa)J;paTII'IHhIM no onepaTopaM pO:lK)J;eHHJI 

II YHII'ITO:lKeHIIH, aaBIICJI~IIM <?T-BpeM_eRII rwnnbTOHIIaii:oM'. _0)'.l;HaK~ A= np1IMe

HeH1IJI TeoplIII BOOMy~eHIIU HaH6onee ,Y)l;06HhIM JIBnJieTCJI IICnonbOOBaHIIe 6aa1Ica 

KBalJII0Hepre'.t'H'IeCKUX CO~TOJIHIIU (K8C) [~] II neP,CXO)J; K .HTtnpe)J;CTaBn~HHIO [7], 
)J;llJI '!er~ Heo6:X:~)J;IIMO. ir'ocTpOIITb IIOl~HhIU ,Ha6op KSC, t-K8C :a ~~TH cneKTp 

KBal31I0Hepr1III [7). 8Ta nporp~Ma pe~II~~BaH~ B HaCTOJI~e:ii pa6oTe. IloKaaaHo, 

'ITO nplI HepeaOHaHCHOU 'IaCTOTe BHeWHe:ii cHnhI cneKTp KBa131I0Hepr1III OCD;Hn

llJITOpa OCTaeTCJI · )J;IICKpeTHhIM H 0KBH)J;HCraHTHhIM, npH'Ie:!,{ ,paCCTOJIHIIe Me:lK)J;Y 

ypoBHJIMII He aaBIICIIT HII OT BenH'IIIHhI, HH OT 'IaCTOThI BHewHero nonJI. IlplI 

nepexo)J;e K peaoHaHcy cneKTp CKa'IKOM npenpa~aeTCJI .B HerrpephIBHhill, a K8C 

CTaHOBJITCJI HeHOpMHpyeMhIMII. 8To OTBe'!aeT nepecTpOHKe xapaKTepa )J;BII:lKeHIIJI 

oco;1InnJITopa - OT q>IIHIITHoro K IIHq>IIHIITHOMY - nplI np1Ino:lKeH1III peaoHaHCHo:ii 

CIInhI, 

.2. YprurneII:wr µ;Birn<emrn 

PaccMOTplIM CIICTeMy, onlIChIBaeMyro_ raMIInbTOHIIaHOM 
. ' . 

H(t) = w(t){a+a + 1/2} + o:(t)a + a(t)a+ + l(t), (1) 

r)J;e w(t), l(t) - )J;eUCTBIITenbHhie, o:(t) -KOMnneKCHaJI q>yHKD;HII BpeMeHII t, H Bee 

OHH neplIO)J;II'IHhI c neplIO)J;OM T = 21r /0.; 'IepTa OOHa'IaeT KOMnneKCHoe, a OHa'IOK 

+ - apMIITOBO conpJI:lKeHHej onepaTOphI a, a+ YAOBneTBOpJIIOT KaHOHII'l°eCKIIM 

KOMMYTaD;HOHHhIM COOTHOWeHHJIMj 10 > - OTBe'IaIO~H:ii HM BaKYYMHhIU BeKTOp 

r1Ib6epT0Ba npocTpaHCTBa cocTOJIHD H. 
Ilepe:ii)J;eM K KOMnneKCHOMY npe)J;C~aBneimro H [8]. IlycTb z npo6eraeT none 

KOMnneKCHhIX 'I1Icen, lz > - cooTneTcTnyro~:0:e,xorepeHTHhie cocTOJIHHJI (9,. 10], 
If> - HeKoTophI:ii KeT-BeKTop [11]. Tor)J;a, KaK HOBeCTHO [8], 

f(z) = exp{½lzl2
} < zlf > 

, . (2) 

JIBllJieTCJI o;eno:ii aHMIITII'Ieco:ii q>yHKD;1Ie:ii i. YpanHeHIIe llipe)J;IIHrepa c raMHnb

TOHHaHOM (1) nepexO)J;HT npH COOTBeTCTBHII (2) n )J;IIq>q>epeHD;HallbHOe ypanHeHIIe 

Ha f(z, t) [10]: 

i !f(z, t) = w(t)z~ + a(t)~ + { a(t)z + w(t)/2 + l(t)} f(z, t) . (3) 

1 h1itli.tlii:aiii"1nm~:"' . ' ff.,~ l!tC!lell}tt!-'. '. 
' ~fSm1OTEf{h ~--· 



8To ypa.1meHUe nerxo pewa.eTCJI. Ero peweHUe HMeeT BRµ; 

J(z, t) ~ Jo{ e-i~(tlz + R(t)} exp{-e-i~(t) R(t)z - ½IR(t)l2 - iA(t)} , (4) 

rµ;e 

t t 

/o{z} = f(z, t = 0) , ~(t) = j w(t')dt' , R(t) = -i j exp{-i~(t')}o:(t')dt' , 
0 0 

t t ') 

6(t) = ½~(t) + j l(t')dl + Im j d~~t R(t
1

)dt
1 = ~(t) . (5) 

0 0 

3. IlocTpoemie K8C, t-K8C n cnexTpa KBaommeprnn B 
HepeDoHaHCHOM cny"Iae 

IIono:lKHM 
~(T)/T =wo, 6(T) = 6, R(T) = R 

R paCCMOTpllM Hepe:JOHa.HCHbIH cny'la.H: 

Wo-:/= nf! 1 n = 0,±1,±2 ... 

(6) 

(7) 

IIocKo1Ib:s:y K8C, no onpeµ;eneHHJO, JIB1IJIJOTCJI co6cTBeHHbIMH BeKTOpaMH onepa.
Topa 0B01IJO~Hn, B:JJIToro B MOMeHT t = T (7, 12], aannweM, Y'IHTLiBaJI (4), cneµ;y
lOll.lee ypa.nHeHne Ha KBC /J;;(z), oTBe'laJ011.1ee KBa:JH0Heprnn E: 

!E(e-iT""'z +R) exp{-e-iTwi,Rz -½IRl2 -iA} = /E(z)e-iET. (8) 

IIono:lKnM 
E=E0 +e:, JE(z) = e' .. g.(z), 

rµ;e 

Eo = .!.(A- IRl
2 

ctgTwo) 
T 2 2 ' 

R( Two) r = 2 1 + ictg2 . 

IIoµ;cTa.B1IJIJI (9), (10) B (8), nony'IHM ypa.nHeHne Ha g.(z): 

g.(e:-iT"'°z + R) = g.(z)e-iT•. 

Ypa.nHeHne (11) nMeeT peweHHJI: 

en= nwo 1 9n(z) = Cn(z - f't , n = 0,±1,±2 ... 

(9) 

(10) 

(11) 

(12) 

rµ;e Cn - nponaB01IbHbie KOHCTa.HTbI. IIono:lKHM Cn = (n!)-1l2e-l•l2/2 n na (12), 
(9) Ha.Hp;eM En, fn(z): 

En= E 0 +nwo, (z - rr { 1 2} fn(z) = vn1 exp rz - 21r1 , n = 0,±1,±2 ... 

(13) 

2 '····· 

·1 

J 

I f 
f 

BoaBpa11.1aJic1, c noMOll.lblO o6bI'IHbIX ~pa.nun K :s:eT-BeKTOpaM (10], Ha.xoµ;nM KBC 
raMI11IbTOHI1a.Ha. (1) In, > n OTBe'laJOll.llle UM KBa:Jn:meprli:n En: 

En = E 0.+ nwo , ( a+ -: rr 1r > ' In,>= vn1 . n = 0,±1,±2 ... (14) 

rµ;e Ir > - xorepeHTHoe cocTol!Hne, oTBe'la1011.1ee 'lncny r. Ilocxon1,xy onepa.
TOpbI a - r n a+ ..:.. f' :eaa.nMHO apMHTOB~ conpJI:lKeHbI n yµ;on11eTBop.1I10T Ka.HoHn
'leCKHM KOMMyTa.~UOHHbIM COOTHOWeHHllM, a BeKTOp 1r > .IIBJIJieTCJI no OTHOWe
HHIO KHUM Ba.KYYMHbIM BeKTopoM, Ha6op BeKTopoB lnr >, onpeµ;eneHHbIH B (14), 
06pa:1yeT opTOHOpMupoBll.HHbIH 6a:1nc B H. TeM CaMbIM onpaBµ;a.H BbI6op Cn n 
µ;oxa:1aiio, 'ITO cooTHoweHne (14) onnc1,1BaeT Bee nilHeHHO Heaii.Bli:cUMbie K8C. 

,I(nJI nony'leHHJI t-K8C raMH1IbTOHHaHa (1) lnr(t) > Bocnon1,ayeMcJI q>opMy11oi'1 
(25) pa6oTbI (7]. B proynbTaTe nony'lnM. 

ln,(t) >= exp{~tE0 + in[wot-: ~(t)]} {a]pn IO(t) >, (15) 

rµ;e 
a+(t) = a+ - z(t), z(t) = e-i~(!) [r - R.(t)] ' (16) 

a. lO(t) > JIB1I.lleTcJI, c TO'IHOCTbJO µ;o <f>a:10Boro MHO:lKUTen11, KorepeHTHbIM cocTo
JIHHeM, OTBe'laJOII.IHM z(t) : 

IO(t) >= exp{-i [6(t) + Imr R(t)]}lz(t) > . (17) 

4. IlocTpoeHne K8C, t-K8C n cneKTpa KBaDmmeprnn B 
peDOHaHCHOM crry"Iae 

PaccMoTpHM Tenep1, prooHaHCHbIH cny'laii: 

Wo = nf!, n = 0,±1,±2 ... 

Ypa.nHeHue (8) nepexoµ;nT npn OTOM B ypaBHeirne 

'fa(z + R)exp{-zR..:. ½IRl2
'- iAJ = /E(z)exp{-iET}. 

IIono:lKHM 

E=A+e:, { 
R ie:T } 

/E(z)=exp 
2
Rz2

- 11z g.(z). 

Iloµ;cTa.B1I.II.II (20) B (19), nony'laeM ypa.nHeHue Ha g.(z): 

g.(z + R) = g.(z), 

To ecTb g.(z) - nepnoµ;n'leCKaJI ~enaJI q>YHK~HJI. Ee Hau6onee 0611.1nii Buµ;: 

oo { 21rikz }. 
g.(z) = L gk<exp .~ . 

k=-oo 
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(19) 

(20) 
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BLI6epeM CJie;a;y101l{n:ii JIHHe:iiHo He3aBHCllMhIH Ha6op peweHn:ii: 

' 

1

{271"ikz} 
Yk,(z) = Yk,exp ~ ' le +61:571"' k = 0,±1,±2 ... (23) 

(HepaBeHCTBO Hae B (23) CB.IIDaHO c onpCAeJieHlleM ICBamroHeprnn (7]). IIo;a;cTaBllM 
(23), (20) B (19). BLI6epeM YA06Hhie ;a;JIJ[ Hae OHa'IeHWI ICOHCTaHT Yk•• BMeCTO 
µ;BynapaMeTpn'IeCICoro ( no k' e) IlPCACTaBJieHWI g k• ( z) paCCMOTpllM TOT :lKe Ha6op 
<f>YHKQHH B o;a;HonapaMeTpn'!eCICOH <f>opMe. B proynbTaTe nony'IHM Ha6op KSC n 

' ' ' 

cneICTp ICBR0ll0Heprllll: 

' T 112 
' { fl 2 i(E - 6) (E - 6)2

} 

/E(z) = (27r)l/41Rll/2 exp 2Rz - R z - 4IRl2 ' -oo < E < oo. 

(24) 
Ilepexo;a;JI IC ICeT-BeICTOpaM, IlOJIY'IllM 

- T 112 { fl + 2 i(E - 6) + (E - 6)2} 
IJE >- (27r)l/4IRl1/2 exp 2R(a ) - . R a - 4IRl2 IO> (25) 

IlpJIMhIM BhI'IllCJieHneM llHTerpanoB HeTpYAHO y6CAllTbCJI, '!TO: 

1 J I 12 - , ; dzdze- • fE(z)fe,(z) = 6(E - E), 

00 

j dEfe(z)fE(z') = e"
1 

(26) 
-oo 

TO eCTb '!TO (10]: 
00 

< !Elf E' >= 6(E - E
1

), J dEI/E >< !El = I ' (27) 
-oo 

r;a;e I - CAllHHQa B H. 8TnM o6ocHOBhIBaeTCJI BhI6op ICOHCTaHT Yk• B (23) n 
;a;oICROhIBaeTCJI, 'ITO Bhipa:aceHWI (24), (25) OnHChIBaIOT Bee JlllHeHHO He3aBllCHMhie 
Kac. · 

TaxnM o6paooM, B peooHaHCHOM cny'Iae cneICTp ICBROll0Heprnn Henpep~eH, n 
K8C HOpMHpOBaHhI He Ha CAHHHQY, a .Ha 6-<f>yHICQHIO. Ilepexo;a; OT µ;ncICpeTHOro 
cneICTpa B Hepe30HaHCHOM CJIY'fae IC HenpephIBHOMY B pe30HaHCHOM OTBe'IaeT ne
pexoAY OT <f>nHllTHoro µ;Bn:lKeHWI OCQllJIJIJ[TOpa IC llH<f>llHllTHOMY no;a; ;a;eiicTBHeM 
pe30HaHCHOH CllJihI. 

r;a;e 

,Il;JIJI nony'IeHWI t-KSC BocnonwyeMcJI <f>opMynoii (25) pa6oThI [7]: 
Tl/2 ; 

fE(z, t) = (27r)l/4IRII/2 exp{ A(t)z
2 + B(t)z + C(t)} , 

A(t) = ½exp{-2i[w(t)+argR]}, 

B(t) = ~{Im[2R(t)fl] - E + 6 }e-i~(c) , 

(28) 

C(t).= i~t) {Im[R(t)fl] - E + 6 }- (~µl~)2 - i6(t) + itE. (29) 
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5. HT-npe~cTamxemrn 

IIepeii;a;eM Tenepb IC HT-IlPCACTaBJieHHIO (7]. PaccMoTpllM HeprooHaHCHhIH CJIY
'IRH. HaM YA06Ho 6YAeT BBeCTll HOhIH BaICYYMHbIH BeICTop n OTBe'IaIOll{He eMy 
onepaTOphI po:lKµ;eHWI H YHll'ITO:lKeHWI, o6cy:acµ;aBWHeCJI B pao;a;ene 3: 

!Or>= If>, ar = a-r, at= a+ - f'. (30) 

KaIC CJICAYeT llO (14), (30), OCQlllIJIJ[TOp OnHChIBaeTCJI B 0TOM llpCACTaBJieHllll He 
OaBllCJlll{llM OT BpeMeHll raMHJibTOHllaHOM 

HT= woatar + E 0 
• (31) 

PacCMOTpllM Tenepb RHrapMOHll'leCICllH OCQllJIJIJ[TOp, ICOTOphIH OnHChIBaeTCJI B llC
xoµ;HOM IlPCACTaBJieHllll raMHJibTOHllaHOM 

H(t) + V(a,a+,t), (32) 

r;a;e H(t) onpe;a;eneH B (1). B HT-npe/:icTaBJieHllll aToT raMHJibTOHllaH npno6pe-
TaeT Bllµ; 

00 

HT+ VT(t)' VT(t) = E Vmn(t)lmr >< nrl , '(33) 
m,n=O 

r;a;e 

Vmn(t) = exp{i(n - m) [wo(t) - w(t)]} < mlV(a + z(t), a++ z(t), t) In> . (34) 

BLipa:aceHWI (33), (34) CllJibHO ynpoll{aIOTCJI ;a;JIJ[ CJIY'IM OCQllJIJIJ[TOpa JIOCTOBHHOH 

'laCTOThI, ICor;a;a 
w(t) = wo, 

Ilpn 0TOM, ICaK Bllµ;Ho llO (33), (34): 

w(t) =wot. 

VT(t) = v(ar + z(t),at + z(t), t) . 

(35) 

(36) 

IlycTb, ICpOMe Toro, BHewHee none B (1) JIBJIJ[eTCJI rapMOHll'!eCICllM . .IloJIO:lKllM 

a(t) = aeitO' 

Tor;a;a 
1 1°12 

En = ( n + 2)wo + {l - Wo , 

l(t) = 0 . 

a· itO --e z(t) = -0-wo 

(37) 

(38) 

IIony'IeHHhie proyJibTaThI IlOOBOJIJIIOT a<f><l>eICTHBHO llCilOJibOOBaTb TeopHIO BOO
MYll{CHllH, PaccMoTpllM B ICa'!eCTBe npHMepa'cMell{eHHe ypoBHeH ocQllJIJIJITopa, y 
ICOToporo RHrapMoHll'!eCICaJI nonpaaICa VIC raMllllbTOHllaHY H(t) HMeeT Bn;a; 

V= ~(ua+a-a+)4, (39) 

r;a;e Vo = Vo, lul = 1. BocnollbOyeMCJI (31), (36), (39) H noBeCTHOH <f>OPMYJIOH 
µ;JIJI nonpaBICll nepBoro nopJIµ;ICa IC ICBR0ll0Heprllll [13, 6], ICOTOPYIO MhI oannweM 

0B 
Bn;a;e· 

1 T . 

6E!,1> = T j dt < nr-lVT(t)lnr > (40) 
0 
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B peoym,TaTe nony'IHM Bblpa2KeHHe' ~ID[ n:'.Horo ypOBH.lI KB&lHllHeprHH C TO'IHO
CTbIO AO nepB<>ro nopHAKa, no V BKnIO'IHT~HO: 

.. . ·· · I 12 • ,,. I 14 . · ' ., ..... ', 4Volnl2 ] ( '·. ~) _a_ YO a .. 
Ei

1
> = Von

2 
+,[wo +Vo+ (Q _ wo)2 n + 2 · + Q - w

0 
+ (Q - wo)4 

(41) 

K~ BHAHM, nepeMeHHoe none He BIIHH~T (~ nepBOM nopHAKe TeopHH BOtJMy~eHHii) 
Ha_KOHCTaHTY aHrapMOHH'IHOCTHVo, HO, t3a C'IeT Bt3aHMOAellCTBHH aHrapMOHH'Ie
cxoro 'IneHa·H nepeMeHHOro nolIJ[, rapMOHH'IeCKM KOHCTaHTa Wo +Vo Ht3MeHHeTCH 
H CTaHOBHTCH paBHoii Wo +Vo+ 4 Volal2 /(Q -wo)2. KorAa '!aCTOTa BHewHero nona 
f2 6nHt3Ka K pet30HaHCHOll '!aCTOTe Wo, nonpaBKa CTaHOBHTCH t3Ha'IHTenbHOll j:la2Ke 
npH MMOM t3Ha'!eHHH Vo. . 

Pa6oTa B~nonH~Ha npH noi:1Aep2KKe PocCHllCKoro ¢oHJ1a ct,yHJ1aMeHTllJlbHblX 

HCCJleAOBaHHH (npoeKT 93 - 02 - 2535). . . 
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